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A b s t r a c t 

The thermodynamics of the "anomalous" state of a Fermi-system (in which the cor

relation of the pairs of particles with parallel spins is taken into account) is in

vestigated. The transition temperature Tc. to the "anomalous" state is found and 

the temperature dependence of the specific heat for T tV 0 and ·T-v T c. • ForT= Tc. 
the specific heat has a jump. In addition the formulae for paramagnetic susceptibility 

for T .-v 0 and T "'-' T c. are obtained. 

~ 



1. Introduction 

In the paper1) (referred to as part I) the possibility of an "anomalous" (non -

superconducting) state .of Fermi...:system is studied. This- state is connected with crea

tion of pairs with parallel spins. The creation occurs' if the electron-electron interac

tion is attractive; we find that in .the expansion of the· interaction term in spheri

cal harmonics. only the coefficients·with odd indices give a contribution • 

. If in the expansion of the interaction in spherical harmonics retained terms with 

even indices J.Z.'I'V only (for ,instance in the paper2)-. '10 ) the compensation equation for 

the pairs with antiparallel spins has two solutions: one trivial and one nontrivial 

(giving the superconducting state). H~~wever the compensation equation for the pairs 

with parallel spins has the trivial solution only. 

If in the expansion of the interaction in spherical harmonics are retained terms 

with odd indices JJ."'-t-1 (paper1) - tl, ) , the. compensation equation for the pairs of 

particles with antiparallel spins has the .trivial solution only. On the other hand 

the compensation equation for pairs with parallel spins has two solutions: trivial 

and_nontrivial (giving the "anomalous" sta1;e).· 

The solution~ of the compensation equation and.of the secular equation for the 

collective csoillations are in the case :JJ.,.._ even functions of f' J), 4) (the ~uper-. 
conducting state, longitudinal oscillations) in the case :Jltti.M odd f'llnction~· of ,p1)5) 

(the "anomalous" state the oscillations of the type of the transversal oscUlations). 

In the papers 4), 5) is proved that for the. general 'form of the interaction term 

the collective oscillations ~plit into two branches: for the pairs of particles with 

antiparallel spins a~d for the pairs of particles with parallel spins. The terms of 

'the type ·~~ give ·~o~tribution to the oscillations of the pairs with antiparallel 

spins only (the solution of the secular equation the eYen function of ji"', therefore 

the longitudinal oscillations), the terms of the type of ·'13.tt1.t1 · give <'. contri -

bution to the oscillations of the 

lar equations the odd function of 

transversal oscillations). In the 

pairs with parallel spins (the solution of the secu
~ f .therefore the oscilletions of the type of the 

paper1) is shown that if 3 J-1 ) J 0 the energy of 

the "anomalous" state is lower than the energy of superconducting state and certain 

properties of this state are studied (for T =0). 
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Now· we wimt to examine the properties of this state for temp~rature T · .P o. 

1. The compensation equation. 

The compensation equation has the form1) 

L ·}Cf) ~Cf,.r-)- A- ~ F(f) C(,P,~) =· 0 

·cc.p,G") =~ .iv I. J(:;;>Fi .:f'J·t> cpc;~a-) 
f' 

tp(f,G")~ :U(f)'l1-(f,G")(~- 2tti,P~r) I 

F {.f) ~1t(f,")(~-~.p, ... )t Ut.(fJ~.;;,cr J 

l(t 1 = t(t) + ~I. [ zJCt lj :;:~ f)- J(f;v ;,i'Jl (/ .,, . "j 

(1) 

(2) 

(J) 

(Ja) 

since the expectation value of c~.,:, d.~ is not zero but -n.~ .4). The functions {a 'I)'} .fi.,.. Ttr to- . . I 

are the coefficients of the Bogolubov transformation for transition from the Fermi-
+ . + . "{ . J operators a.... 

1 
Q.l ~ ·to . cJ.:t:, · ol._, ; these U.

1
1t satisfy the condition 

,per ·per r,. 1 'cr 

where 

. A. . . 

.u}(,f') t ~ (1tl·) = 1 C 4) 
Ill!< 1) . • . 

Similiar;r as in the paper we putt 

:1(¥~-rj-f~ f') = L. J""(f,f')e,_c~~)= qir.r')~~ .~ ~ctF)(~eC4')e'+ C#.>f -ii1\B1iite'), 
. 1\. . . (5) 

G (f,cr) ~a- Clll8 "f'C~) 

e a' ( are the angles betwe~:n vectors· f and { 1 . and the· polar axis, and 

f the angle round this axis. . 

The equation (2) after taking into account (l),(J),(4) can be write in integral 
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form 

\7hero 

) 

Hence we finally get for Y' .as the function of temperature.the equation 

-1 cJ th. ~ ;~/cr)xt t ~a. 

1 ~ ~-~ s"'tci)\ ~ .z. T c£3 ~ 
0 0 ~ 1'.1,~f) }\ t. t ~J. 

" cJ S1 
=- )

1 
~ )(.!.cL~ ~ m rr c( S1 
0 """ VSl/·-'1fZ.X2. 

where 

J 
this means we assume that tho interaction is attractive. 

J. The dependence of 1f on the t:mperature and the transition 
temperature to the "anomalous" state. 

After a change of variables 6lJ :::1f1Kcltr we get similiary as in 6) 

oO 

" oO -1 ) l!fl.H K (1j)X m..) k ~ ~ 6( 1\~tx( c£~ = 6 ( J\.tch L (-1) o T 
1'Cr) ) ) "{'Ci)l( <lt'f IT ) ttK.( 4 

o 0 e +~ o 

(6) 

(7) 

(8) 

(9) 

(10) 

Hence for T ~ 0 making use of the asymptotic formulae for Bessel-functions 

for great argument we obtain 
1 

,. x1f\O>fr \I ]I;: rh(\l ~)( T \~"' {I. V 
1.. "l'Ql) ~ ~ -ig'!rT l )\ Vz.e d.'!. :::. 9 ~ L 't' \ T 1JCo)j :: /0\l~Jj 
Atrl.'1fCT) - ,,0) ) . J (11) 

0 

(lla) 
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where pcz.) in the error function. 

Nov; we want to find the critical temperature T c, (for T :? Tc. must be '{JCT) =0). 

Uoreovcr we want to get l{ICT) for T "'- T c.. • For this purpose we make use of a 

suitable representation of Bessel function Kotz.) 7), 6). We obtain 

. '\V@l 12.V>tfi 2. -1 -A .1 .,_ 1 ~ 
.tm. ifci-J ~ fM. T 'I!(TJ + ?J ~x <i.x { ur t [ (,!Hl'IT ~~ +(H-tl'1i"] (12) 

where ,(,n J = O, 577, ~ 
Putting in (12) "f 

Hence 

For T rv T C. 

1,8. 

0 we ftnd 

lji(0)-=2w:1l(e_-fv-t)
3

:: ~"6 ~Te. 

"!' lO) 

Tc. 
= 2,45 

Jnv T -::. .i !OJ (1ftcr>)J.. + .§.. )(r) (y;cr)) ~ 
Tc:. ~ 7iL T 16. 7Tlt \ T } 

where rr"'-J zeta function. 

Therefore for T"- Tc. 

"''Cr) ::: ~,A \I rc. -r 
Tc. V ·Tc. 

(lJ) 

(lJa) 

(14). 

(15) 

From (lJa) and (15) results that the· function~ '\jl~T};Tc, decreases from 2,45 to 0 

in the temperature interval (O,Tc. ). 

4. Entropy and specific heat. 

Now we want to obtain the formulae for the temperature dependence of the specific 

heat, especially for T rv Tc . Therefore we must first get the formula for the entro-

py. 

We start from the expression 

~ ::- 2 '[_ [ 11. -9 tn~t + (1-1'l-f) ~( 1-~p' )j r r . (16) 
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Putting (7') in (16) and passing to the integral form we obtain 

~ oO 

1 = ~ ::- ~ ~ 1= ) lx \~.Q~-r~x~ a ~~J~ 
0 l'" 

(17) 

After changing variables similiary as for (10) we have 

"' oO 
~ = ~ elM. I. 2. (X .tctx L (-1) -mr1 KJ. (1fXT'm) 

dE T ) ,...14 
0 

(18) 

Hence for T "-' 0 , making usc for the asymptotic formulae for Bessel-functions 

for great arguments 

(19) 

Now we want to find ..0 (T) 

(17) in the form 

for T"'" Tc. • Since for T -;.Tc. 1Cf) ....:=J 0 we put 
I 

~('111) = t1(o) + 1'Co}111 + -1''(o) 111'2.. + J/"(o) 1/J 3 + ~ i!(eJ 1/J'f-
T -1! T .t! T 3! I ft.' T -

: ':3 1i
1 

elM. T [ J - .!. !'!.. ) t + ~ 102 (l \ ~ ] 
ctE 'I ~tr:..~r go 'il'~ T J (2o) 

Having found ~(T) we can obtain the temperature dependence of specific heat C (r) 
for T"" 0 and T 1'\.. T c. • The specific heat in normal state for T;:: Tc. wn denote by 

C,,.JrJ = ~ Tl2. ~ Tc 
For temperature heat T::. 0 we have 

Ca. Cr) - 3 e. -ft,_, (.I.'\ 4 = 4 9 s(L )"" 
(,...(T<-)- t fi, 'f(o)j I 'V'C9J (21) 

however for temperature:: T ~ T, ( T ~ T, ) 

G(l. Cr) l 5" T- Tc. 
- " 1,8, + , Tc 
c~c~) c2~ 

From (22) we see that for T::. T c. the specific heat han a jump since 
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5. The total momentum of elementary excitations. _., 
Let us consider the total momentum J? of elementary excitations in the case _, 

of macroscopic motion with conatant velocity ""'-

p :;. L. ii( 1\17" + IJt-i:, " ) r n. ~,_ ,, 7.z.. (2J) 

now tn::: 1t(Q,- r.a) . For small velocities 

....., "') _.,(....:, .....,) d11. 
p =- 2., L- k. It .u. '0 Sl,(~) r . (24) 

In·the integral form we have finally 
+ao '\ 

_., . A . . ( CJ1'i- cJ.. 

·f= ~ =-f:~ ~[~(~-"~}+ ~~~.ZJ<a.]dJ<_)..u '~UU".~) } 
D 

(25) 

_., 
where 

-) 

.«.! is the component of vector .U. perpen....; _., 
dicular to the .quantization axis of electron spin and U If the parallel component of 

-7 
-U, • We see from 

_, -7 
(25) that vectors f and -U are 

write the dependence 
..., _, N 
1' .::: N111. 11'\, U. and define the number .m,. 

not parallel and we cannot 

of normal electrons in 

"anomalous" state. 

Consider f' for T"-0 and fo·r T"-- Tc... After changing variables ?J"""/1"$/tf 
we get 

-1 . T cM.Cftl'f 
_ _,_ 4 ~ ~ "/' ([J(1-Xl.){ U 2x.t]x~tx) ( "f1d41f(r \( -"f!.C.Ar/r A f -1'F cte T ) r 11 o e. +1 1 e + ,, 

0 .. (26) 
~~ 

lienee for T rv 0 ' 
-) _, -") ,...... _., 
f=·P.L+ fu='P1 (27) 

where 
-1 -fJ 

-=J _ .t. ~ ( T \ ~ _., _ 1\1- ( T \ .t. _., 
f L- fF ifE frF "flo)) , -<L .L- N ~ ~ fT' tfCo)) '»'- .t\ ) 

' . . _., -} ~ ~ (L '{/.t _., N .9. If- ( L fh. _, . 
f 11 - 'i PF · GtE 'fif' '\Col) ,u, 

11 
-= If dr 1(9)) 11'\. u. u 

(28) 
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is the mass of the electron, N the number of electrons in unite volume 
,pt dM. 81r~2.. 

N = % ~ ctE :::. 3 cz.:r~ (29) 

I 
since in the formula (9) E ""fF/111'\- • 

. From (28) we see that the perpendicular component of f? dominates for T"- 0 ,. 

it is three orders of magnitude smaller· than the parallel component. 

In order to obtain. (26) for TIV fc.. ·we must use the following identities 

(29) 

and 

(JO) 

where fer) 

(Jl) 

For 

(J2) 

Hence fl for T "- Tc. 

R Cr.·)~ ..iT t tf. ~ (.1.) - li. J. (s) {J!) 3 

.t 1' .t~ v.a. i 3~o JT't T (JJ) 

Finall.y j' for T"' T c. ( T <. T c.. ) 

/f= N1n. (_a + ~ (~11L'i- s<~u J T" ~: 'j 
(J4) 

we see that even tor T "'T c. the parallel component of -f is smaller than 
I 

the perpendicular one. 
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6. Paramagnetic susceptibility. 

l) . From the paper we have for the paramagnetic susceptibility ~ 

le.z. o(M. [ ('1/'Cr) ).t] Xcr) =- ~.t. cte. 1 - J.w · (J5) 

where t'\j/CT) we get from (10). 

For the temperatures T,...; 0 we obtain from (lla) 

} 
2..·~.z. cJM. [ -~ -.Z.o(T/1'{.o)) ~ J 

(t) =- - - "' - -1 .96 e, 1 e ~2. 'fE 'I I (J6) 

For the temperatures T- T c. we get '£rom (15) . 

( Cr)=- zet ~r J - 3 t'> i~~ f!·- r 
}' . . 1)1-\.~ ci.E 'I I Tc. 1 (J7) 

With the elementary excitations considered here (type j<~+~ ) we could ex

plain the Reif experiments) which gives the dependence of paramagnetic susoeptibi-

lity, if we put ~"I'VJ,5. 

It is a pleasant duty to thank Prof.N.N.Bogolubov for proposing this problemand 

helpful advice, D.V.Shirkov for valuable discussions. 

~ 
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