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In the present paper we study the structure of the 

metry with non- compact group 

S - matrix in the sym--

G = P · S ( 1) 

where P is the Poincare group, S is a non- compact semi- simple g r o u p of 

internal symmetry, and the point between P and S denotes the semidirect 

product. W e consider also conne ctio n between the collinear subg roup o f S a nd 

the SU( 6) w symmetry of Lipkin and MeshkoJ 
1

/ a nd Dashen and Gell- M a nr{ ~/ 
The symmetry group ( 1) was suggested by Budin! and Fronsdai 

3
/ and s tudied 

in a series of papers by Fronsdal/
4
/, Delbourgo, Salam a nd Stra thdee/

5
•
6

/ and 

Ruhi/?/. A detailed version will be published in/ B/ . 

We introduce some notations. The generators of the symmetry group S 

and the homogeneous Lorentz group :f will be denoted by 

respectively. 

subgroup by 

S contains some subgroup isomorphic to 

and its generators - by • For the 

I 
I'V s~ a nd 

:f . We denote this 

corresponding in-

finitesimal operators of the representations we use the same notations, and we 

put 

The operators I' 
I'V 

I' I - s 
I'V I'V I'V 

form a Lie algebra of some grouP ~ , isomorphic to :f 

and commuting with S . 

group P ' isomorphic to 

tog ether with the translation group forms some 

and G is the direct product of P' and S 

G= P' X s 

is the maximal compa ct subg roup of S which c o ntains the su( 2) 

group _with g enerators s . . 
lJ 

i , j • 1, 2, 3. Let an irreducible unitary repre-

sentation of be chara cterized by a set of p a rameters a • These represen-

tatlons split into direct sums of the irreducible representations of the subg roup s 

each of which i s c haracterized by a set of parameters the bas i s v ee-

to r s with a g iven being c h a r a cte rized by a s et o f p arameters v • This 

basi s w ill b e called t\ cano n ic.:U o n e , u nd the bas i s v e cto r s w ill be den o ted by 

3 



I a j v > • The representations of the g roup P ' are c haracterized by two num-

bers: p2 and s' We shall con s ide r the c ase 

P' w ill b e den o te d b y I P > 

s' • 0 a nd the basis o f the 

rep r esentations of 

Consider the r est p articles •and denote by P ll their momen ta: 

• 1 , 2 , 3 , Stat e vectors are o f the form 

A A 

lpa jv > = l p >xl aj v> 

p J .. o, 

( 3) 

In a pure Lorentz transforma tion A • ..._ ; they transform in the following manner 

I p a j v > 
A 

p *- p CltjlVW/lV 
A 

I p a j v > 

t t, UJ 
C f.l.ll (LV I p > x e t s p.v (tJilv I a j v > , 

(4 ) 

where w
1
,v are the parameters o f the tra nsfo rmatio n A P ._ ; • The firs t fa ctor in 

the right- hand side of E q. ( 4) i s e q u al to I p > by d e finitio n. We d e note the 

second fa ctor by I a j v > In s tea d of ( 4) we have 
p • 

A A 

I j v'> 
p f- p I p a j v > p a ---

~· p 

( r,) 

The vector p a j v > 
p • 

is the state vector of a par ticle with momentum p 

We p ut 

S 
1 s w 

((p} = e fLV p.v 
- 1. 

S ( e p.v "' p.v 
( 6 ) 

These o pera t o rs satisf y the same commu tatio n rel a tio n s a s the g ener a to r s 

In the basis I a j v > • • 
they have exactly the same matrix e lement s a s 

S,; 
s.; 

h ave in the basis I a j v > • In o ther wor ds I a j v > 
p • 

th e g r o up w ith g enera tor s S ( (p ) depending o n p • 

is the c a n o nical basi s of 

In the sca tte ring p r ocesses particles h ave different mom e nta, a nd th eir s tate 

a r e c l assifie d a c c o rding to d iffe rent c a n o nical basis . Therefo re in c o n s tructi ng 

S -ma trix w e h a ve to c h oose a commo n basi s fo r a ll p a rtic les. W e d o this 

in the f o llowing m a nne r. Fro m the s ta te v e cto rs I p a v > w e con s truct 

fo rme rly the ir line a r comb inatio n I p a j v > in s uch a manne r tha t in the basi s 

I p a j v > the oper a to r St: h a s the same ma trix e l ements as in the ba,sis 
A 

I P a j v > fo r the r e s t p a rtic l es. We h a v e 

·t 

I p a j v > = 
p p 

a 
D '' J v J 11 

p • 

a nd the ma trix elements of the 

(>. A) 
" c- . 

S - rna 

express ed linearly throug h o ut the matrix 

r al form of which c an be f o und fro m th• 

we denote the p a ir i v by a a nd o 

the functio ns D o ne c an see what in 

o f two r e pres entatio n s c an conta in s o me 

dis tinct thes e equivale nt r epr e s entatio ns 
a a ~ 

by C the Clebsh- Gor d a n c o e f fic ie 
a l a t a2 a 2 

o f a b inary s c a ttering p r o c ess is 

T ( q2a2a2; p2{32 b2 lqlal al ; pl f3 1bl) 
a2 

D 

a l 
D 

a a 
I 

(>. A} 
• t-. 
I 

a ' 2 

0 (3 1 ( >. A } ~ 
b b , p """=" p /: t: 

1 t 1 ~ s 1 "·2 

-;:-r,-
c 

a 
2

a "{1 
2

b 

Putting this expressi o n into the rig ht- h a J 

(T_T +} = T 

we see tha t i r the two- p u rticie a ppro xim 

s tructure as the s u gge s te d s truc ture o f 1 

c o nditio n lea d s only to the inte g r a l e qua 

y 
lm F.; ~ (s,t) 

2 I 

_l_ J ~· ~ .S' (p' 
8rr2 2p ~ 2< 

If w e c o n s truct the a mplitudes o f o the r iJ 

lion a n d we p ut the s e amplitudes into t h 

lio n, then w e o b tain a g ain the s truc tu r e 

theory under cons idera tio n the r e exists n 

Let the g r o u p S be U( 6,6 ). In 
w 

l e d u( 6) w who se g enE>r u to r s s .; s 

s ;' (p) = 5 w . . ( p //Z 
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·ou p 

the case 

a re characterized by two num

s' • 0 a nd the basis of the 

by I P > • 

1ote by P P. 

form 

x I a j v > 

their momenta: P' .o, 

(3) 

they transform in the following manner 

. 
\ p a i v > 

( 4 ) 

r a nsfo rma tion A r .,_ 
0 

• The firs t fa ctor in 

to I p > by d efinitio n. W e denote the 

:::>f ( 4) w e have 

j 1 ~' > ( c;) 

rector o f a p a r ticle w ith momentum P 

( 6) 

ttation relations as the g enera tors 

tly the same ma trix elements a s S.; 
.s I a j 

0 
v

0 
> 

ling on p. 

is the c a n o nical basis of 

·s h ave diffe r ent momenta, and their state 

•nical basis. Therefo re in constructing 

,on basis for a ll particles. We do this 

tectors I p a v > we construct 

> in such a manne r tha t in the basis 

same ma trix elements as in the ba;;;is 

( 7) 

a nd the ma trix elements of the S - matrix between the states are I p a j v > 
p p 

expressed linearly throughout the matrix elements between I p a j v > the gene-

r ai form of which can be found from the invariance considerations. F'or simplicity 

we denote the pair i v by a a nd omit the index p • From the 
the functio ns D one can see what index is to be added to 

argument of 

The product 

of two r epresentatio n s can contain some r epr esentation many times. In o rder to 

distinct these equivalent representations we 

by C a a ( the Clebsh- Gorda n coefficients 
alala2 a 2 

introduce the index f, • We deno te 

o f a binary scattering process is 

D 
a a 

I 

(A • ) . ~. 
I I 

o f the g roup S 

Putting this expres sio n into the rig ht- h a nd side o f r e l a tio n 

Then the a rrplitude 

( 8 ) 

we see that i r the two- p a rticle approxima tion the a ntihermitic part h a ve the s ame 

s tructur e as the suggested s tructur e of the matrix element ( 8 ), and the unita rity 

condition lea d s only to the integr a l e quations 

y 
lm F f, ( (s,t) 

2 I 

If we cons truct the amplitudes of o ther inelastic proce sses w ith the pu.rticl e c rea

tion and we p ut the s e amplitudes into the rig ht- h a nd side of the u n i!i.lrity c o ndi

tio n, then we o bta in a g ain the s tructur e of the f o rm ( 8 ). Thus in the synunetry 

theory unde r consideration the r e exi sts n o contradictio n w ith the unita rity conditio n. 

Let the g r o u p .~ be U( 6,6). In this case there exists a s uug r o up c ·:tl-

satisfy the condition l ed u( 6) w whose g ene r a to r s 

5 



i.e. do not cha nge in the transition from the rest syste m to the system under 

c o nsideration. 'This subgroup is common for all particles involved in the given 

collinear p rocess a nd the study of the invarlance under this subgroup can be 

carried out using the technics o f the U( 6) symmetry. 

'The collinear subgroup u( 6) w under consideration coincides with the 

U( 6) w g r oup uJ 1•2/ • However, the consequences of the symmetry U( 6) w ob

tain ed by the method developed here do not coincide with the predictions obtained 

by the method o f Lipkin and. MeshkoJ 
1

/ • 

Indeed, in the theory o f Lipkin- MeshkoJ 
1

/ the representations o f the 

g roups u( 6) w a nd u( 6 )p coincide but in the theory develope d in the present 

paper the vectors in each irreducible representation o f the g r o u p U( 6) w are, 

g enerally speaking , the linear combinations o f the vector s from different multi -

-plets of the g roup U( 6) P w ith generator obtained from the g e nerators of the 

g roup U( 6) by means of the transformation ( 6). 'This difference l e a d s to the 

differences of the physical consequences o f two theor ies. 

In conclusion the author expresses his g r a titude to P r of. Yu.Verle and 

Ja..A.Smorodinsky for their interest in this work and shmulating discussions. 
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