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I. Introduc ti on 

In the last time there were published several papers in which the authors invest ig ated the differential and 

integral momentum spectra in elasti / 11 or inelasti / 2•7/ nucleon-nuc leon and meso n-nucleon interactions . For 

fitting the theoret ical or sem i-empi rical formulae to the histograms of experimental data, they applied several 

different distributions . Th e experimental resul ts used for this purpose were taken from invest igati ons either on 

cosmic ray interactions or on elastic or inelastic collis i ons produced by artificially accelerated parti cles . In 

most cases it was not possible to measure the momenta of secondary particle s produc ed in these intera cti on s 

by one of the known methods and it wa s therefore necessary to determine the m in an indirect way . 

The aim of this paper is to compa re the mentioned theoret ical and sem i-e mpirical formulas with distr ibutions 

of measured momenta of secondary "-mesons and recoil protons fro m the ("-,N) interactions at 7 GeV. These 

events we re found by the conventional scanning in severa l stacks of nuclea r emuls ions NIKFI -R wh ich we re i r­

radiated in the externa l "-· beam of the synchrophasotron of the Joint Institu te for Nuclear Re se arch at Dub na . 

The energy of primary pions was 6.8 GeV , 7.3 GeV and 7.5 GeV . The ident ifi cation of partic les and the meas u­

rements of their momenta were done by measurements of ionizat i on and of multiple scatter ing on their trac ks in 

the collaborating laborator ies in Berl in/ 8/ , Budapest/ 9/, Dubna/ 10/ and Prague . General as well as some 

specific resu l ts were presented at the Conference on High Energy Phys ics at Rocheste / 4/ and in Genev / 121. 

According to known criteri/ 13 •14/ 951 pion-nucleon interactions were selected from which the recoil protons 

were identified in 208 cases . The measurements of the momenta obtained on these events are used in the pre­

sent paper . 

n. The Momentum Spectra in the Laboratory 

The investigations of cosm ic ray jets have shown that Heisenberg•s formula N(p)dp ~ p·(! M > d/ 15/ can 

be considered as a good representat i on only in the region of the high-momentum tail of the spe ctra, but that 

even then the constant a i s larger than un i ty/ 16 / , or a > 2/ 17/ , or a= 1.67/ 18/ _ Besides th is, the shape 

of the experimental distribution of the momentum spectra does not fit Heisenberg's formula in the region of 

low-momentum values . Therefore , M.F .Kaplon et a1 / 5/ looked for a special formula and found that the differen­

tial momentum spectrum in the laboratory system can be well represented by 

N 
N(p)dp = --"---

I -+<I 
p 

[ 1- 1 
(lOp)'\! 

c 
] exp ( - --.-'---) dp, 

p 2 

where a,c
1 

and c
2 

are constants, Nn is a normalization factor. 

(1) 



We used formula (1) to approximate our experimental differential and Integral moruntum spectra of secon· 

dary ,. mesons and recoil protons from the (II'';"N) interactions at 7 GeV, by the least squares method/ 191. 
Figs . I and 2 with the momentum spectra of secondary , -mesons show a better fit than Figs. 3 and 4 with the 

momentum spectra of recoil protons because of the larger total number of secondary rr·mesons (2480), than of 

recoil protons (379). The corresponding values of N
0

,a, c 1 and c2 and the values of >! IX' are given in Table I. 

Value of 

No 

a :t 6.a 

c
1 

:!: 6.c
1 

c2 ± 6. c2 

x2Jx2 

Table I 

Secondary rr-mesons 

3.1144 . 108 

3.94 .:!' 0.13 

13.59 :!: 0.06 

0.250 ± 0.008 

0.53 

Recoil pro,or&& 

'7 .344. 107 

4.'72 :!: 0.52 

13.87 :!: 0.18 

0.316± 0.022 

1.92 

The fact that the values given in Table I represent the best fit of the curve calculated from formula(!) 

to the experimental histograms of Figs. I and 2 was further proved in the following way: the X 
2 

was calculated 

for a -1,2,3,4 and 11 and its corresponding values are 697 .9, 366.9, 83.8, 34.3, 204 .0, respectively. They show 

that X 2 has its minimum for a .. 4,which characterises the best mathematical fit. It is clear that a> 1. 

The values of the constants a, c
1 

and c., are also larger than those given in ref/6/ , but this is probably 

caused by the lower energy of the primary , ·-meson (only .. 7 GeV), by the fact that the momenta were direct· 

ly measured and by the separation of secondary , -mesons from recoil protons . 

We expected the integral momentum spectra and therefore the constant a, c 1and c
2

to depend on the number 

of charged particles in the investigated stars. For this reason we can calculate the distribution of differential 

momentum spectra of secondary , ·mesons for four groups of stars : for (I+ u + m) .·prong stars and separate· 

ly for the remaining (IV+ v +VI+ VII+ vm +IX)· prong stars and also for (I + D'+ m +IV)· prong 

stars and separately for the remaining (V +VI+ vu + vm +IX)· prong stars. The results are given in Table u. 

Group .of ol·ars 

I + D + m pro11~ stars 

IV+V+VI + VII+VID+IX 
pro11~ stars 

I + D + m +IV • pro11~ stars 

a 

2.14:!: 0.40 

6.06 ± 0.23 

3.92 ;t0.14 

V +Yf+ VD + vm +IX· pro~ 6.52 ± 0.41 

·-· 

Table D 

c, c2 

5.40 :!: 0.211 0.3'1'4 :!: 0.029 

15.13 i 0.811 0.3116 :!: 0.011 

13.Z3 :!: 0.0'7 0.2811 :!: 0.008 

111.96 ± 0.14 0.311'1' ± 0.019 

With the cons tans a , c, and C2 for ( 1 + u + m +IV ) • prong stars and ( v +VI+ VII+ vm +IX.) prong 

stars uslna formula(!) the curve for differential momentum spectra was calculated and Is shown In Fig. 5, to· 

gether with the exper1mental histograms. The correspondlna.lntegrill momentum spectra are shown In Fig. 6. 



The constants in table II and the curves in Figs.S and 6 prove clearly the dependence on the number of prongs in the 

prove clearly the dependence on the number of prongs in the stars. Unfortunately our number of investigated events was not 

large enough to allow the construction of the momentum spectra for separate groups of stars with equal number of prongs. 

The applied emuls ion method did not make it possible to estimate the 17°-rneson momenta. 

m .·Tbe Distribution of the Transveme Momenta 

The distribution of the transverse momenta for the secondary charged particles from the meson-nucleon 

and nucleon-nucleon inleractims has been compared either with the Maxwell -Boltzmann distribution (MBo(3,4 ,6/ 

or with the linear-exponential distribution (LED) or with Planck•s law distribution (PD)171. 1n the present paper 

tlle experimental results from (17-, N ) -interactions at 7 GeV were used/ 8- 12/ , to lnvestlaate this distribution 

again . The values 

P, = p sin 8 
(2) 

were calculated using the measured values of the momenta p and the corresponding emission angle 8 of the 

secondary 17 ·meson or the· recoil proton . The distribution of the p
1
- values of secondary 17 -meson (2480)is 

alven In Fla. 7 All the three mentioned theoretical distributions are fitted to the exper im ental results with the 
value 'Jl!x 2= 1,40 for the MBo / 3·6/. 

2 P, 
N (p ) dp = N ·--

t t o A2 

with the value >(! x 2 =1,26 for theCLEDt 71 

exp ( -

and with the value x2 / x2 -1,40 for thecpnfS.7 / . 

2 
P, 

-2--
p 

) dp 

' 
(3) 

(4) 

yu2 c2 + p2 c2 p, nyul,f+~C1 dp, 
N (p ) dp = N -

1
- ( ' ) ( ) I(K ( ' ) (II) 

t t o F(a) liT 'ki"""' I II T -.;y-• 

In the case of ( ~~-, N) • interactions at 7 GeV, it is not possible from the mentioned values of x2 1 x2 

to 111ke a conclusion, which of these distributions gives the better fit. 

There are only qualitative reasons/ 3,6.7/, which can decide what distribution should be preferred for ap­

proximation. From tha (LED) fitted by me1ns of (3) to the experimental histogramm of P, , for secondary 17-

mtson we obtained the value <P >. 2 p = 0 .385+0.011 GeV/ c agreeing within error with the experimental 
average value of p , lou nd to 6e o -• 

< p > - (0.2H *" 0.011 > GeV/ c 
' 

(7) 

From A = 0.304 in the ( MBD ), which is related to < p > by < p >- ,;-; A/2 according to171, we 

' ' obtained from the fit to the experimental histoaramm of P, the value < P, > - 0.269 GeV/ c, 

whleb is 101 SlUiter than the experimental value < P, > . 

If we compare equation (3) with equation (1) from rets / 3/ .14/ , we obtain the relation A2a <P2> . 

• obtained from the experimental results on secondary 17 -mesons and the value The value < p2 l> - 0 .133 

' 



A2 = (0.304)2 = 0.09Z4 differ by 30%. Nevertheless the relation(< p2 > )
11 2 

= ( 4/ rr)
11 2 

< p :> 131 
is ful -

' t 
filled with the error only of 7.4% . 

Using the relations for kT from/7/ we obtained from the (LED) fit for kT the value kT a 0.153 GeV . 

The distribution of the P,- values for recoil protons from the same (•r. N) · interactions has recently 

been published in refs / 3.41 and is therefore omitted here . 

The angular distribution of the P, · values for secondary , ·mesons divided by the average value/7/ of 

P, is shown in Fig. 8.1t illustrates very clearly that it is possible for many purposes to consider the value of 

p as constant in the region of angles from 20° to 160° . How ever in the neig_hbourhood of 0° and 180° it may 
t 

be very dangerous to apply this assumption . This is the case of cosmic ray jets produced by primary particles 

of very high energy, in which the secondary , -mesons are collimated within a very narrow cone in the labora­

tory system . 

Consider this point of view we shall make an attempt to use the value < P, > to evaluate the momentum 

spectra of the secondary , ·mesons . 

4. Evaluation of Momentum Spectra Using tbe <P, > -Value 

Using the mean value of < P, > rr for secondary rr -mesons , the values of p for all secondary particles 

(secondary rr -mesons and recoil protons} emitted at the angle e w_ere calculated from equation (2}. Taking 

into account that, according to the results shown in Fig . 8, the values of P, for secondary particles differ 
significantly from the value ofp in the angle region of o and 180 ,we made the cut off forp at 7 GeV/ c. From the 2840 cal-

' culated momenta p, 2751 values are in the interval from 0 to 7 GeV/ c, whereas only 89 cases , i.e. 3.1%, have the values of p 

higher than 7 GeV / c. 
The curves calculated from formula (1} fitted to these experimental spectra gave the following values for 

the constans a=4.27+D.l2, c = 13.88+0.06, c =0.278+0.007 and the value x 2 / x2
= 1.97. The 

- I - 2 -
fit can be considered to be good• . The shape of these curves is practically the same as in Figs . 1, 2 and 3. 

This first procedure prooved applicable for the interactions, for which it was possible to measure the mo­

menta p , of secondary particles can be used to in such cases - for example in cosmic ray physics -where it 

is difficult to determine p directly . 

5. Discussion and Conclusions 

Remembering that in the (11 · , N ) · interactions at 7GeV it was possible to measure on the tracks of se­

condary particles in the emulsions the momenta as well as the transverse momenta, we can make the following 

conclusions from the obtained experimental measurements and from their comparison with the fitted curves of 

different distributions: 
1} We can confirm the results of ref / 6/ that the shape of the secondary particle momenta, in high energy 

interactions can be well represented by semi-empirical formula (1 }. 

2} The constant a has larger values for stars with larger number of prongs. In all cases the value a is 

larger than 1. 
3} The (MBD), (LED) and (PD) distributions can be fitted with practically the same x' 1)? to the expe-

rimental distribution of P, · T There are different qualitative reasons for using one of these distributions . The 

The applloatlon o f fo rmula (t) ehould be In this o aee more c o rrect If we use the value 3. 8 p Instead o f 10 pIn 
formula ( 1), 
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best•treerunt with the average value of pt was found with the value < P? obtained from the fit of (LED). 

4) Taklnalnto account the anaular distribution of pt (Fig. 8), Ills possible to use the relation p - < P? sin 8 for 

the construction of 11011entum spectra in cases when Ills not possible to measure the values of p directly. 

The authors express the ir sincere thanks to E.Feny ves , K.Lanius and K.D.Tolstov for permission to 

use also the ir experimental data, to J.M are k for help in the work and to J. Van icek for the fit of distributions 

to the pt • ~lstogramms . 
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i &· 1. Differential momentum spectrum of secmdary rr -aesons from(,-, N) -interactions at 7 GeV. 
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Fig. 2. Integral momentum spectm111 of secondary rr -mesons from(,-, N) -interaction& at 7 GeV. 
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F i g. 3. Differential momentum spectrum of recoil protM& from (rr, N)- interactions al 7 GeV. 
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Fig. 4. Integral momentum spectrum of recoil protons from (rr , N ) - interactions at 7 CeV. 
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i g. 5. Differential momentum spectrum of oecondary 11 -mesons from ( I+2+3+4)- prong stars 

(curve I) and from (5+6+7+8+9)- prong stars (curve 2) induced by (rr- , N) interaction• at 7 CeV. 
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Fig. 6. Integral momentum spectrum of secondary rr -mesons from (1+2+3+4) · prong stars (curve I ) and 

from (5-Hi+7+8+9) -prong stars (curve 2) induced by (rr-,N) interactions at 7 Ce V. 
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