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1, Introduction 

The structure of the ground and excited states of odd- mass deformed nuclei 

is very simple in the independent quasi- particle rmde/ l/ . The ground state and 

some excited states_ have a single- quasi-particle structure. Further three- quasi-­

particle states of ·the h¥o types follow: 1. ( 2n, p ) , ( 2 p, n ) when there are two 

neutron quasi-particles and one proton quasi- particle or there are two proton 

quasi-particles and one neutron particle. 2. ( 3p ), (3n ) when the three quasi-par­

ticles are proton or neutron ones. Then, there must be ftve--quasi-pr.1.rticle states 

and so on. 

As is known, the interactions of quasi- particles in the nucleus play an 

important role. In even nuclei the interactions between quasi--particles cause fol'­

mation of collective non- rotational states which are described as one-phonon 

excitations. In the odd-mass nucleus there is ·one quasi-particle in addition -to 

phonons and to quasi-particles of the even nucleus. The interaction of quasi-pal'­

ticles with the even nucleus phonons in odd-A nuclei was considered .in refsf 2•3J 

Secular equations were obtained the roots of which are the energies of the 

ground and excited states of odd-mass nuclei. The wave functions were found 

and it was shown that the interaction between quasi- particles and phonons leads 

to the appearance of admixtures to the one- quasi-. particle states as well as to the 

formation of collective non- rotational states and complex structure states. A 

secular equation was studied and some general conclusions about the peculiarities 

of the collective non-rotational states in odd-mass deformed nuciei were drawn. 

In the present paper a further investigation of the secular equations is pel'­

formed. The energies of the non- rotational states of odd- mass deformed nuclei in / 

the range '.\-53 ~A :S 186 are calculated. The structure of these states is studied. 

The reduced electromagnetic transition probabilities B (EA) , the decoupling para.­

meters and the spectroscopic factors in direct nuclear reactions are calculated. 

2, Secular Equation Investigation 

The structure of the collective non- rotational states of even deformed 

nuclei is rather well investigated/ 4- 9/. As is known, th~ wave function of the 
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colleC::tive states _ls a superposition of the wave functions of two- quasi particle and 

two- quasi- hole states. In this case, the more strongly ls collectivized the state, 

the larger ls· the number of two- quasi- particle states which gives a noticeable 

contribution to the wave function of this state, and the more strongly is lowered 

the energy of this state with respect to the first pole corresponding to the energy 

of_ the two-quasi-particle states. In the ranges 150 :;A :'.::,190 and 226 "S_A::::, 256 the 

first Ku• 0+, 2+, 0- states of deformed nuclei are collective in the overwhelming 

majority of cases, The first Ku• 1-, 2-. states are weakly collectivized since the 

admixture of other states to the two- quasi- particle one corresponding to the first 

pole is about ( 2-. 20) percent. The energy and the structure of Ku • 0+, 2+ 1 0-- 1 l­

and 2-. states for the first and second roots of the secular equation are given in 

rer/
9
/. 

In the odd-, mass deformed nucleus there is one quasi- particle in addition to 

the quasi-particles and the phonons of the even nucleus. Let us take into account 

the interaction between quasi- particles and phonons describing the even- nucleus 

collective states without going beyond the framework of the method of approximate 

second quantization; 

The Hamiltonian of the system is written in the form: 

H =Ids) B(ss)+It(v)B(a,i,.)-I' f>..,,.Q (>..,,./ Q (>-,,)-
• V Afl.l I I I 

-¼ I 1 I I cl1ss') B(ssh f>..,,.(ss') B (ss'),}V + 
Afl.l yYI (.\µ) ••' u' 

+(f>..,,. (vv)} B(vv?+fAfl.(vv')B(vv')) Vvv, l(Q
1

(>..,,.t+Q
1
(.\µ))+h,c,, 

( 1) 

where Q (.\/>)is the phonon operator of muitipolarity A with the projection µ , 9!_Afl. 
I I 

is the part of the muitipole- muitipole interaction taken into account in the method 

of approximate second quantization in the investigation of the collective states of 

.even nuclei, an explicit form of f>..,,. is given in ref/ 
9

/ • The quantity ~ contains 
Aµ, -NL I I 

the f (ss 1, f (11s)natrix elements of the muitipole momentum operator (>..,,.) • ru 7 is the 

energy of the collective non-rotational state of the even nucleus with A-1 nucleons, 

Here the sum ls taken over the one-particle levels of the average field of the 

neutron ( proton ) system, t(s)=v c2+1E(s)-A J2c is the correlation function, ,\ is the, 
n n J n n 

chemical potential in the neutron system: 

U ,= U V ,+ U ,V .. . . . . 
u2= ½ ( 1 _ E(s)-,\ 

• -- n ), 

<Cs) 

B(ss')=I a+ a 
U ■U 

, 
OU 

V ,= u u ,- V V , 
•• • • • s 

2 2 
V = 1- U 

S I 

B(ss? = I 
u 
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a 

·" 
is the quasi-particle operator. 

Y'(>.µ) = I (fAf'(ss?~f,\µ(ss'l 2)U 11,<uJ(,(s)H(s?) 

((€(s) + ds? ) 2
- ( <il,\µ ) 2 

)
2 

+ I 
w' 

, .. 
I 

(f,\µ(w? \£-,\µ(w? 2 ) u •• '"\,\µ (<(v)+f(v?) 

((dv)H(v? )
2
-(<ilAf' ) 2 

) 2 

I 

+ 

(2) 

The quantity Y1(,\µ) is comparatively small for the collective states and Y 1 (,\µ) ➔ oo 

when J.µ. ➔ €(v)+€(v? i.e. it is very large for states close to the two- quasi-particle 
I 

ones. 

It should be noted that writting the Hamiltonian ( 1) we have •used the 

secular equations det~rmining (,),\µ the energies of collective state in ei.:aen nucle­
i 

us. 

For 
,\ ,\ ,\ (,\) 

K • = K P = K • P: = K this equation is of the form 

= 2K(,\) I I ( fl' (ss ') 
2 

+ f-,\µ(ss')1 U 
2 

, 
+ 

• • ' • (s) + ds ') (<ill'f:' ) 
2 

(£,\µ(vv/)2+ f"l'(w?2) tsJH(s') 
w' 

.w' 

The summation in is the summation over the roots of 

Owing to ( 3) the last terms of eq.( 1) do not contain the rnultipole-multipole 

interaction constant K {,\) • 

To take into account the interaction of quasi- particles with phonons ,\ = 2, 

µ = 0 it is necessary, in addition, to exclude the spurious state. For this, use is 

made of th~ two terms of the total hamlltonian H(n)and H'(p) , where 

H '(n) = ~ I ( u 
2 

- v 2 ) u , v , I I ( rf, 1 
Q 1 (20/ + 

.../2 ••• ' ' ' ' 1 •• 

+ ¢' Q /20)) B(s's'l+ B(s's')(rf, 
1 Q (20)+ ¢, 1 Q

1 
(20)+) I, 

•• •• I • • (4) 

( for the notations see refi,/ a,9 / ). 

Let us take into account the interaction of_ quasi- particles with phonons 

helving different values of ,\µ! • The wave function for, e.g., an odd-proton nucleus 

which describes the states with the projection of the momentum on the nuclear 

symmetry axis K and the pat'ity rr , is written in the form 

(s) 
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where 

Q •(>.p)IP0-o 
( 6) 

+ C + 1.. + + 
0 (K11,)-...::..el I a +I I o..,,.1 a Q ().p) I, 

,/2 CT pa ).pi VO' pvu W I 
(7) 

where p ( or p ) denotes the average field level with a given value of K,r • The 
• 

normalization condition ( 5) is. written as follows: 

C 
2

11 + ½ I I ( 0¥
1 

) 
2 I a 1 

P ).pi VO' pvCT . 
( 8) 

Let us find the mean value of H in the state 'l'·(K,r) and determine C and o¥1 
. p 

.using the variational principles in the form 
pvCT 

+ 2 2 
ol<O(KIT)HO(KIT)>-71[C (1+½ I I (D>.i,1 ) )-1]=0 (9) 

I P ).pr va pva 

where 71 is the Lagrangian multiplier, After some calculations we get the follow­

ing secular equatior/ 
2

/ , 
2 

P(71)e ¼ ! I ~ 
AµI v yl (Aµ) <(v) + .,>.p _

71 
I I 

fAµ(pv)2+ f,\µ(pv )2 - (,(p)-71 i) = 0 
(10) 

The poles in ( 10) correspond to the sum of the quasi-particle energy <(v) and 

Aµ ( ) • . the phonon one '"'. • the roots of eq, 10 71
1 

determine the energies of the 

non- rotational stat~s in odd- mass nuclei, i,e, if ( 9) is taken into account th .. n 

< !l ( K ") H !l ( K ")+ > = 71 , The multiplier V 
2 

points out that the particle-particle and 
I pv 

hole-hole- interactions are preferred to the particle- hole ones. It should be noted 

that the terms in ( 10) with ,\ > 3 and i> 2 give a very small contribution since 

the quantity Y 1 (>.p)"
1 

tends to zero when the corresponding even nucleus state 

approaches the two- quasi-- particle one. 

The behaviour of P (71) for K,r=3/2- states in 171Yb is given in Fig, 1, where 

the dot-and-dash line denotes P0) for p=52H, ,(521t)=0,317bcll~ x) the dashed 

line is P(71) for p=51U ,<(512l) =0,405bdl The first pole corresponds to ,( 521,1. )+w22 
o I 

=0.34h Jl 
0 

, the second one to ,(521 )+o,~2 =0.340&.::
0

.From Fig. 1 it.is seen that 

P0) has up to the first pole, one root, between the first and the second poles 

the second root and so on. 

Using the normalization 

written in the form 

c·
2
= 1+ ¾ l: 

p . ,\µ1 

condition ( 8) the functions 

2 Aµ -Aµ 2 
y f (pv)2 + f (pv) 

I ..:.Jll' --------
,., y1 (,\µ) (<(v) + '"'>.p _ "I ) 2 

I I 

C and o¥i can be 
p pva 

(11) 

x)By Nn At we denote the K=A+I state of the Nilsson potentlal. by' Nn A,1- the 
K=A-I • one, • 

6 

I 
I 

j 

( 12) 

>.i, -A 
D~ ·= ½ ....:!£!!. f ~-CTf µ ~ 
pva yYI (>-t,) ,(~+,;fl' _71 

2 I I 
The quantity cp. determines the contribution of the one-quasi-particle state 

• 2 
with a given p . to the state under consideration. If C P = 1 ll?,en the state is a 

one-quasi-particle state, if c; is somewhat smaller_ than unity then the state 

posse·sses a complicated structure and if c; « 1 then, as a rule the state is a 

collective one, The quantity c2 (D>.i, 1 ) 2 determines the contribution of the com-., p pv 
ponent with a quasi--particle in the v - state plus phonon Aµ 1 to the wave 

function 'l'(K,r) • Here 

< o>-ii' >2 = ½ I < o>-ii' > 2 = ¼ 
pv CT pvCT 

2 

~ 
YI (>-t,) 

r>-ti (pv,) 2 + f Aµ(p,, ) 2 

( ,(v) + c,y\µ _ 71 )2 
. I I 

( 12) 

It should be noted that the secl..lW.r equation is derived under the assump-

tion that [ a , Q. ().p) l = 0 i,e. it is believed that the 'phonon is a boson arid the 
W 1 

fact that Q (>.i,) is a superposition of the operators a a , , , a+ a+ is neglede 
i J..U vu va v'o' 

The phonon-phonon scattering and the Coriolis. forces which are of importance 

in some cases are neglected, as well, 

The secl..lW.r equation ( 10) can be, in some respects, improved. So, the 

values of • ( p ) should be calculated using the values of the correlation function 

C(p) and of the chemical potential A(p) for a given p state of the system 

consisting of an odd number of particles, or replacing in eq, ( 10). • ( p) by 

Ii, (p)- & 1.e, the difference of the energies ( reckons. from the corresponding 
. 0 

A, A(p)) of the system consisting of N+l particles with a quasi-particle in th• 

P state and of the ground state of the N particle system. Further we can take into 

account the influence of the blocking effect on the phonons i.e. calculate the 

quantities '"'·Aµ and y i (>.p) starting from the fact, that the wave function of the 
1 

ground state is a+ 'I' and of the excited one is Q (>.pf a+ 'I' , . Due to the 
VU o + I . VO o . 

Pauli principle the 1phonon operator Q 
1 

(Aµ ) contains in this case, no compo-

nent with a quasi-particle a+ and the quantities w¥ and y 1 (>.p) weakly de-
v CT I / 1C 

pend on v T , Corrections ot such a type are taken into consideration fr1 re~ .; 

.Let us use eq, ( 4) and exclude the spurious state, then the secular equatic 

reads 2 

<(p) - 71 -¼ I I ~ 
>.p, v,/p yr (>.p) 

-¼ I 
1 yr (20) <(p)+w20 -71 

I I 
2 20 -5 I f (vv) 

Y 1 vv' ,(v)(4<(v)--{w20 ) 2 ) 
P I 

f>.p (pv,2-,. 'f Aµ (pv) 2 

• (v) + Cu¥ - 71 
I I 

_L f f 
20

(pp)( E ~) -A) '­
,(p)2 

7 

E(v)- E (v') 

<(v, ( 4,{v'}-(w20 ")2 ) 
I 

12=0 

( 13) 



al.I the notations are taken from ref/ 
8

• 
9 

/ • However, if the contribution in ( 13) of 

the terms with A=2 , µ=0 is small, then eq. (10) can be used. 

We make a further improvement of the secular equation ( 10). We bear in 

mind, that there are several one- particle states with a given K,r and take the 
wave function 'l'(K,r) in the form 

'l'(K,r)=O (K,rp , .. pt 'l'
0 1 n (14) 

where 

+ 1 + + 0 ( K,r p ... p ) = _ N (p ... p ) I { C a + ... + C a + 
1 n ,/2 I n r, p I p1 u p • p • u 

+I DAjll(p ... p)a+ Q (>.p.)+l ( 14') 
:V,1v vu 1 / zf w I 

This general case is considered in ref. • In the present paper we study a 

particular case of two-- one-- particle states p and p with a given K,r • The 
wave function is written in the form: 1 2 

where n ( K,r p p ) + =-2.... N 
1 2 ,/2 

'l' ( K,r) = 0 ( K,r PP )+'l' o 
1 2 

(p p ) I I C' a + C' a+ + 
1 2 u pl p J" p 2 p 2 u 

+ I o>.it1 (p p ) a+ Q (>.p. tl 
AjLIV vu 1 2 VU I 

( 15) 

( 15') 

Using the variational principle we obtain a secular equation in the form: 

where 

P(11) = I VI (p 1 ~ 1) - ( ,( p 1 ) - \) 

Vl(plp2) 

V (p p ) 
I I 2 

=0, 
V (p P ) - ( , (p ) - 11 

t 2 2 2 I 

>.p. >.p. ->.p. ->.p. v, (p ,p )=¾ I VpqvVp
0 

v f (p
9

v) f (p.v)+f (p
9 

v)f (p
0

v) 1 
q " AjliV Y 1(>.p.) ,(v) + cuA/L _ 11 

I • 
Note that in eq. ( 16) there are poles of the first ord~r only. C' 
tak . . pl en m a symmetric form: 

then for 
Ajll 

C' = 1 -
pl 

C' = 1 -
p 

2 

D (p p ) we have 
vu 1 2 

V~) 

V (p p ) - (,(p ~-11 ) 
1 I 1 I 

V. (p, p ~> 
V /P 2 P 

2 
) -( ,(p /-11

1 
) 

D.\µ1 (p p ) 
Va I 2 

Ajli ~ .. 
C ' D . + C' D '"'1 

pl plvu p2 p2vu 

8 

( 16) 

( 17 ). 

and c' are 
p2 

( 18) 

( 18') 

(20) 

·I 
.1 

\ ( 

-2 av (p ) 
N (p p ) = C' ( 1 + I I P1 ) + C ' ( 1 + a V (p 2 P J ) 

•• 12 P a P a 
I 11 I 2 11

1 

+2C' C' av<P1P,) 
pl 1'2 a11 

I 
(20) 

The contribution of the one-particle state p to the wave function ( 15) is 

N (p p )
2 

C' 2 • 
I 2 p 

I .. 
Let us investigate the peculiarities of eq. ( 16) and compare them with the 

secular equation ( 10 ). Consider the function V (p , p ) for the values of 11 
I q n 

which are noticeably smaller than the first pole in eq. ( 16). The function V (p ,p 
I q I 

is a sum of a large number of terms taken over _.\µi and ~, however, the 

main contribution is given by terms the poles of which are not so far removed, 

and .. yl (>.p.) the matrix elements of which are large, V = 1 
. ~ 

are small. The 

diagonal functions · V. (p , p ) are the sum of only positive terms. The non-
. 1 q q 

diagonal functions V (p , p ) 
I I 2 

are far smaller than the diagonal ones because, 

firstly V (p , p ) is a sum changing the sign, secondly; conditions under which 
I 1 2 

the term in y (p p ) is large is not simultaneously fulfilled for p and p • 
I I 2 I 2 

Therefore the determinant ( 16) turns actually into the product of diagonal terns: 

only and we are led to the product of eqs. ( 10 ), one for p 
I 

and the other fc 

p 
2 

• If the value of 11 is rather close to that of the first pole the~ in tJ-le .• s 

Vlp , p ) the 'predominant role is played by the pole term. In this case ·u,:e poles 
.'I n 

of the second order in eq. (16) are cancelled and the function P(11) has, at 

the point ,(v)+cu>.p. a pole of the first order. Then we are led again to an 
I 

equation of the type ( 10). But eq. ( 16) does not turn into the prod~ct of eqs.( 

for large 11 • Besides, it is necessary to analyse the solutions of eqs. ( 16) 

order to exclude false solutions, which appear in solving eqs. { 10) for p anc 
- I 

P· • Fig. 1 gives the function 'P(11) for p +p = 521'1- + 51U • • From Fig. 
2 · I 2 

it is seen that, in spite of the fact that the behaviour of the functibn P (11 )' for 

512+ + 521♦ essentially differs frc>Jll both curves P ('1) for 5214 and P(11) fo 
512~ the roots of eq. (16) actually coir:cide with those ·of the (10). However, 

there are two false solutions for 512+ when the values of 11 are close to thoi 

of the first and second poles. In the considered case , ( 521:~ is smaller tru 

the first pole, and ·, ( 512-l, ) is larger than the second pole. We find the strU< 

of the first three states; 11 .. 0.275 h & , the wave function contains 70 perc 
I o 

of the one-quaslparUcle 521 ♦ state 25 percent of the 52 H + Q 
1 

( 22) state, 2 J 

cent of the 651♦ + Q ( 30) state and so on, 11 • 0.334 h Jl and the wavia 
I 2 o 

function contains 67 percent of the 512.t, state 20 percent of the 514• + Q ( 
I. 

state, 5 percent of the 510 ♦ + Q 
1 

( 22) state and so on, 11 3 .. 0.338 h &l 0 and 

9 



(20) 

The contribution of the one-particle state p to the wave function ( 15) is 

N (p p ) 2 C, 2. 
1 2 p

1 
Let us investigate the peculiarities of eq. ( 16) and compare them with the 

secular equation ( 10). Consider the function V (p , p ) for the values of 'I 
. I q " 

which are noticeably smaller than the first pole in eq. ( 16). The function V (p ,P ) 
I q " 

is a sum of a large number of terms taken over .A/Li and ~, however, the 

main contribution is given by terms the poles of which are not so far removed, 

the matrix elements of which are large, V = 1 
pv 

and are small. The 

dlagonru function~ V. (p ; p ) are the sum of only positive terms. The non-
1 q q 

diagonal functions v
1 

(p
1

, p
2

) are far smaller than the diagonal ones because, 

firstly V (p , p ) is a sum changing the sign, secondly; conditions under which 
I 1 2 

the term in V (p p ) is large is not simultaneously fulfilled for 
I 1 2 · 

p
1 

and p
2 

• 

Therefore the determinant ( 16) turns actually into the product of diagonal tems 

only and we are led to the product of eqs. ( 10 ), one for and the other for 

p 
2 

• If the value of 'I is rather close to that of the first pole the~ in t[ie .. sum 

V lp , p ) the' predominant role is played by the pole term. In this case the poles 
~ " 

of the second order in eq. ( 16) are cancelled and the function P ('I) has, at 

the point <(v)+ruAIL a pole .of the first order. Then we are led again to an 
I 

equation of the type (10). But eq. (16) does not turn into the prod~ct of eqs.(10), 

for large 7J , Besides, it is necessary to analyse the solut_ions of eqs, ( 16) in 

order to exclude false solutions, which appear in solving eqs, ( 10) for p 
1 

and 

p2 • ~ 1 -gives the function ' P(7J) for p
1 

+ p
2 

= 521t + SIU , From Fig, 1 

it is seen that, in spite of the ~act that the behaviour of the function P (7J) for 

512,1, + 521♦ essentially differs froJTI both curves P ('I') for 521♦ and P(7J) for 

512+ the roots of eq. (16) actually coin::ide with those of the (10), However, 

there are two false solutions for 512 ~ when the values of 7J are close to those 

of the first and second poles, In the considered case • ( 521:+) is smaller than 

the first pole, and ·• ( 512• ) is larger than the second pole, We find the structure 

of the first three states; '1
1 

• 0,275 h & 
0 

, the wave function contains 70 percent 

of the one- quasiparticle 52H• state 25 percent of the 52 H + Q 
1 

( 22) state; 2 pel'­

cent of the 651+ + Q
1 

(30) state and so on, ,,
2 

• 0,334 hJ\
0 

and the wave 

function contains 67 percent of the 512 ,I, state 20 percent of the 514 + + Q ( 22) 
1 

state, 5 percent of the 510 ♦ + Q 
1 

( 22) state and so on, '1
3 
•0,338 h &l 0 and 
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. the· wave .function contains 11 percent of the 52H state~ .6 percent of the 512+ 

state, -49 percent of the 521,._ + Q
1
(22) stat~, 30 percent of the 521J. +Q/22) 

state,_ 2_ percent of the 514J. + Q 
1 
( 22) state and so on. From here it is seen 

that both one-quasi-particle states p and p · contribute to the wave function 
1 2 

corresponding to the third roots. · 'The solutions of the equations such as ( 16) 

with the determinant of higher order have a similar structure. 

'The smallest roots. of eqs. ( 10), and ( 16) as a rule, coincide. Some rules 

can be. formulated for excluding false solutions of ( 10), not solving eq. ( 16). So, 

the _ s~lution of eq. ( 10) for p 1 is fals~ if the root is very close to the pole 

c(v) + eu ¥- and the matrix element f (p v) is small and at the same time there 
. I >.p. 1 

is a _large matrix element f (p v) which connects the given pole with another 
. 2 . . 

one-particle state P 
2 

having the same K11 as p 
1 

• It should be noted that 

· . solutions of eqs. ( 10) somewhat removed from the poles are not ~sually false • 

'Thus, the main role . of eq. ( 16) is the exclusfon of false solutions of ( 10) 

and the determination of the structure of higher states with a given K tr • 'The 

study of eq. ( 16) has led to the improvement of the conclusions about the posi­

tion of the collective non- rotational states which were formulated in ref.I 
2

/ basing 

on the analysis of eq. ( 10). 

'The secular equations ( 10) and ( 16) have not a single free parameter and 

the arbitrariness consists -only in that how many values of >.p. and roots 

should be_ taken into account. We obtained the lowest roots ( as a rule, the 

first two or three roots) of eq. ( 10) and ( 16) for nuclei in the range 153 :A'.:_187. 

As the quantity c(p) we take the difference of the energies of an odd-mass 

nucleus in the p state ( calculated taking into account the blocking effect) and 

of an even nucleus. 'The first and second roots ( i= 1,2 ) of the quadrupole 

K tr 0 + and 2+ and of the octupole K 11 ,. 0-, 1- and 2- states, were taken into 

account in the calculations. 'The investigations showed that the lower~g of the 

energies with respect to the one-quasi-particle values of c(p) as well as with 

respect to the first poles c(v)+eu ~ is ~ainly due to th;· terms of ( 10) and ( 16) 
1 . 

with .A,.2, p,=2, i=l and .A,.3,p,=O, i=l , 'The terms with .A,.2, p,=2, i= 1 are of impot'-

tance almost in all the nuclei, the terms .\.:3, µ =0, i = 1 play an essential role 

in the beginning of the region of deformation and in the region of the isotopes of 

Yb-Hf, In some cases, e.g.,for ½ +, p • 660+ states, 3/2+ , p • 651 + state and 

5/2- , p •512-♦ state in 
161Dy and in other ones the t~rms with .\..3, ).<=0, J= 1 

play a predominant role. In some other cases the terms in eqs. ( 10) and (_16) 

with .\..2, p,=2, i=2 and with .A,.2, µ=0, i= 1 and others are important. So, 

the terms with .\..2, µ= 2, .i = 2 are of importance for the first K11=5/2- and 
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,j 
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½ - states in 175Hf and the terms with A= 2, µ=0, i= 1 

in 161Dy and 155sm and so on. 

in K11= ½+ states 

'The positive parity states in 157 Tb and 
159 

Tb up to 1.6 MeV are shown 

'Table 1. 'The energies, the structure and the lowering of the energies of these 

states with respe~t to the one- quasi- particle values • (p) as well as with respe< 

to the "first p~ies <(v) + eu ;1' ( if their energies are not higher than c(p) or 

c(v) + eu>.p. ) are given. 'The experimental values of the energies are taken from 

refs./ 11• 12• 13/ • From this table it is seen that for a m.u~ber of states the termf 

with >=Z, µ=0, i=l are very important. 

It should be noted that for odd proton nuclei the states with positive parity 

are usually more strongly collectivized than those with negative parity. For odd 

neutron- nuclei, on the contrary, the states with negative parity are more strongly 

collectivized, on th: average, than those with positive ·parity. 

'Thus, basing on the investigations perfornEd we may prove the conclusion . 

drawn . earlier in ref.f 3/ _ that those approximations which fake into account ( al­

though more accuratelyf lO/, that in our case) only phonons with .\.:2, p,=2, i=I 

and neglect the remaining ( first of all with .\= 3, µ = 0 , i= 1 ) are rather rough 

for most nuclei in the range 153 ~A~ 187. Nevertheless, even in the cases whe 

the terms ·with A=2, µ=2, i=l play a main role, the account of the terms with othe 

.\µ i is necessary since in some cases the lowest pole · corresponding to a ph 

non >.,;. i which differ from A=2, p,=2, i=l can noticeably change the energy of 

the calculated state. 'There is no necessity to take into account in eqs. ( 10) an< 

( 16) terms with >.:> 3 and i > 2 

very small. 

since the total contribution of such term_s is 

3. Odd- l\/Iass Nucleus States Close to the 

One-~si-Particle Ones 

'The analysis of the secular equations ( 10) and ( 16) shows that if 7/ 1 

is very close to c(p) · then the state will be actually of the one- quasi- particle 

type. If 7/ noticeably differs from ,(p) and from the first pole ,(v) + eu.\µ the . 
1 I 

structure of such a state is very complicated since the contribution to the wave 

function is given not only by the one- quasi-particle states but also by many 

states with different quasi- particles and phonons. If 7/ 1 is close to the first pole 

of the secular equation t.1--ien the state is collective. So, if 711 

pole, i.e. 

'l'( Ktr) I ( )+eu.\µ-71 ➔O 
l V 1 1 

=I_! 
u y 2 
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is very close to ,(p) then the state will be actually of the one- quasi- particle 

type. If 71
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noticeably differs from ,(p) and from the first pole ,(v) + w~I'- the 

structure of such a state is very complicated since the contribution to the wave 

function is given not only by the one- quasi- particle states but also by many 

states with different quasi- particles and phonons. If 71 
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then th1s state may be called a gamma,..vibrational one, If A = 2, µ = 2 or an 

octupole one, If A= 3, µ = 0 and so on. 

Let us consider the states in odd deformed nuclei whlch are close in their 

structure to the one- quasiparticle states. The contribution of the p state to the 

wave functions is predominant and the quantity C 
2 is somewhat smaller than 

p 
unity. The state possesses a structure similar to the one-quasi-particle one, if 

the following condition is fulfilled 

<(p) « min I <(v) + «l>.,,} , 
I (22) 

, I.e. when the quasi-particle energy is much lower than the value of the secular 

equation first pole, In some cases there are comparatively hlgh-lying states close 

to the one- quasi-particle ones when 71 is close to <(p) and the condition ( 22) 

1s· not fulfilled. In· the case ( 22) K= 11/2, 9/2 states and parUally 7/ 2 states are si­

milar to the one-quasi-particle ones and the contribution of the p state to 

their wave function is, as a rule, ( 95-99) percen/ 3 /. For example, the contri­

bution of 523 + one quasi-particle states to Krr = 7 /2- state is 99 percent in 161Tb, 
~9 ~7 W5 

98 percent in Tb, and in Tb and 97 percent in Tb. K=V2, 3/2, 5/2 

states are rather close to the one-quasi-particle states and the contribution of p 

state · is ( 97- 99) percent. The admixtures of the states quasi-particle plus phonon 

are more important and their energies are more strongly lowered with respect to 

·<(p) than for K= 1V2, 9/2 states. For example, as is seen from Table 1 the 

contribution to the ground Krr = 3/2+ state of the one- quasi- particle 411 + state in 
157 

Tb is 90 percent and dp) - 71
1 

= 200 keV. 

The calculations of the levels of odd- mass deformed nuclei in the range 

153 '.:: A :S 187 showed that the interactions of quasi- particles with phonons lead 

to a different decrease with respect to <(p) of the energies of the states close 

to the one- quasi- particle states. Therefore in a number of nuclei the calculated 

succession of the excited states differs from the succession of the Nilsson 

scheme levels. 

So, in the Lu ana Ta isotopes the Krr=9/2- -state is very close to the 

one-particle 514 + state ( the contribution of the p state is larger than -g9 

percent) and the lowering < ( 514♦ )- 71 = ( 10 - 20) keV. At the same time in 

these nuclei the admixtures in Krr=7/2+ state close to 404 ,I, one are somewhat 

more important, since the contribution of p is of the order of 97 percent and 

the lowering is < (404,1,) -71 = 50 -100 keV. Therefore in all the Lu iso-
1 

topes and in the Ta isotopes with A • 177, 179 and 181, 7/ 2 + 404,1, state is a 

ground one and 9/ 2 - 514t is an excited one, 

12 

Another example: in nuclei with N.911 according to the Nilsson scheme 11/: 
· 153 - 505 t state should be ground one, while according to our calculatioJl , in Sm 

3/ 2 + 651♦ state is the ground one and in 
155

Gd the 3/ 2 - 52H state, what 

agrees with experiment. Thus, the 11/ 2•- 505t state is not a ground state in 

nuclei with N • 91 - 93, although • { 505t ) - 71 1 = 100 keV. 

Thus, the interaction of quasi-particles with phonons weakly affects K • 11/ 

9/2 states close to the one-quasi-particle ones and more _strongly affects the 

states with smaller K • As a result K • 11/ 2, 9/ 2 states are not ground in odd­

mass deformed nuclei if in the average field level scheme there are levels with 

smaller K , near these states. 

We have calculated the energies of the levels close to the one- quasi- partic 

le ones and their structure for a large number of odd-mass nuclei in the range 

151 :SA'.: 187. The average field level scheme for 8 .. · 0.3. was used/ 
9

/ in whic! . . 
the following changes are introduced: in the neutron system 50511' state is raised 

by 0,15 b cB 
O 

, 651 f, state is lowered by 0,05 h i
0 

and 660 f state by 

0,10 b &
0 

, in the proton system 404 ♦ 1 422t states and 404+ , 514 + states 

interchanged their places and 541{ state is lowered by 0.13h £
0 

• The values 

of «l~/L and yi .(>.,,) are recalculated according to the modified scheme, but in 

most c~s they are close to those in refJ 9/. The Re isotopes are calculated 

(or the deformation 8 =0.2 according to the scheme and the values of 

(<)~\ yi(>.,,) obtained in ref/ 14/. 
1 

S~me results of calculations are given in '!'able 2, namely the experimental 

and calculated values of the energies, <(p)-<tK
0

) ( ,(K
0
)is related to the ground 

state) excitation energies in the independent quasi-particle model ( taking into· ao 

count the blocking effect) and the structure· of these states. The experimental dat 

are taken from refs/ 13• l5- 22/ • From the table it is seen that in. some cases, · 

even in comparatively strongly excited states the admixtures are not· so important, 

e.g. in the Krr • 1/ 2+ _with energy 612 keV in 
181

Ta the contribution of 411+sta· 

is 95-percent, in K,. 7/ 2 + state with energy 995 in
175

Yb the contribution of 633 t stat 

is 98 percent and so on. 

The calculated energies of the levels close to the one- quasi- particle ones 

somewhat better agree ( especially high excited ones) with experimental data 

than those calculated according to the independent quasi- particle model taking 

into account the blocking effec/ 
23

•
24

/. However, this agreement is not sufficienU; 

good since it depends on the position of the average field levels. In a number oJ 

cases the Coriolis interaction which is neglected by us could be very important. 
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and calculated values of the energies, ,(p)-,tK
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state) excitation energies in the independent quasi-particle model ( taking into ac­
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/ • From the table it is seen that in some cases, 

even in comparatively strongly excited states the admixtures are not so important, 

e.g. in the Krr • 1/ 2+ with energy 612 keV in 
181

Ta the contribution of 411-l-state 

is 95.percent, in K •7/ 2 + state with energy 995 in175Yb the contribution of 633 t state• 

is 98 percent and so on. • 
The calculated energies of the levels close to the one- quasi- particle ones 

somewhat better agree ( especially high excited ones) with experimental data 

than those calculated according to the independent quasi-- particle model taking 

into account the blocking effec/ 
23

•
24

/. However, this agreement is not sufficiently 

good since it depends on the position of the average field levels. In a number of 

cases the Coriolis interaction which is neglected by us could be very important. 
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The change in the energies of excited non-:rotatlonal states in odd neutron 

nuclei in the transition from one nucleus with a given N to another ( or in dlfferent 

isotopes in odd proton nuclei) is due to many causes: change in the average field 

levels, change in the equilibrium deformation, interaction of quas.hparticles with 

phonons ( due to the change in the values of w"':" , Yi(~)) and others. In some 
• 1 

·cases the change of the energy in dlfferent isotopes or isobars may be due to the 

change of the equilibrium deformation of the nucleus in the excited state as com-,; 
. - J 25/ t pared to the ground one. So, the calculations made in ref. , showed tha such 

a situation takes place for some states in a number of odd-odd nuclei in the trans­

uranium region. Since the interaction of quasi-- particles is one of many causes then 

using it one does not succeed in explaining the change of the · energies of the le­

vels for dlfferent isotopes and isobars, e.g. the behaviour of the states close to 

541,I, in the Lu isotopes. 

The fact that the states in odd-mass nuclei are not purely quas.hparticle ones 

is displayed in the beta decay probabilities ,in the magnitudes of the spectroscopio 

factors in direct nuclear ·reactions, in the values of the decoupling parameters a 

for K • 1/ 2 states and so on. Let us consider, as an example, the beta decay 
161 161 from 3/2 -411 state in 'I'b to 1/2 -521 state in Dy for which 

log ft = 8,2 / 
26

/ • The correction due to pairing correlations R,. 0.06/ 
24

/ • 

( This transition ls strictly forbidden in the independent particle model). The 

values of C 2 are equal to 0.93 for 411+ state and to 0.53 for 521y state, there-
2 p 2 

fore RC • C •0.03, thus this transition is hindered about 30 times. 
P=41 If P=52H 

Our investigations show that when a given average field level p is near 

the Fermi surface then the admixtures in a state close to that one- quasi-- particle 

state are, as a rule, the smallest ones and C2 is close to unity. As the level 
p 

p moves away from the Fermi surface, i.e. as the excitation energy increases, 

the role of the admixtures in the state with a corresponding K" becomes greater 
2 

and the quantity C decreases. This peculiarity can be seen from the change of 
. p ' 

the decoupling parameter and spectroscopic factors. 

We investigate the influence of the interaction of quas.h particles with 

phonons on the decoupling parameter a for K • 1/ 2 state. Using the wave func­

tion of the state in the form ( 5) we get for the decoupling parameter the following 

expression: 

a= C2 { a N 
p pp 

+}; 

w'1 
2,1 0 201 

vi,,' pv 

-}; 
N 301 

a D 
w' pv w'1 

i;o1 
pv' 

0 301 

pv' 
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where a N , a N , are the decoupling parameters calculated with the Nilsson wave 

functio~ 15
/ • ~r the states ( 21} close to the pole with I' =I O the quantity a 

is equa,t to zero. The role of the second and the third term ( 23) is, in most 

cases, small. 

It should be noted that if in the commutator [ Q. (A/!) , a l we take into ac -
1 J)U 

count that the phonon operator is a superposition of the quasi- particle operators, 

then in the expression for a there appear terms linear in the admixture, which 

will lead to an additional change of a • 

Let us consider the changes of a for K" " 1/ 2- state close to the one-

quasi-particle state 52H in the transition from nuclei, where this state is a pa.1'­

ticle one, to nuclei, where it is ground and further hole excited one, Table 3 

gives the ex(:erlmental and calculated values of the energies of these states, the 

experimental 27/ and calculated values of a as well as the quantity C2 des-
p 

cribing the contribution of the one- quasi-particle state. The table gives also the 

difference of the energies <(p)-<(K 
O

) calculated in the independent quasi-particle 

model, taking into account the blocking effect (<(K
O 

) is the value for the ground 

state), If the considered state is believed to be a pure one-quasi-particle 521t 

state, the values of a calculated with the Nilsson wave functions for l'i = 0,3 

are aN •0.89. From the table it is seen that when 521,1, state lies on the Fermi 
2 

surface then the _admixture are small C p • 0.96 - 0.99 and a are close to 

a N • In the cases, when 521t state is a particle excited one the admixture to 

it of states of the quasi- particle plus phonon type is large and a is far smaller than a N • 

From 'I'a.ble 3 it is seen that the account of the interaction of quasi-particles with 

phonons allowed to explain changes in the behaviour of a for states close to 

521 ~ ones in different nuclei. 

However, in some cases the account of the interactions of quasi- particles 

with phonons does not lead to the elimination of discrepancies between the calcu--

lat!?d and experimental values of the decoupling parameters a • For instance, 

for 510 • state al!. - 0,2 while in 183w, a .. 0.19 and the account of the interac­

tions of quasi- particles with phonons does not eliminate this disagreement. . As is 

shown in ref.I 
28

/ only a noticeable change of the Nilsson potential parameters 

leads to the elimination of this disagreement. In some other cases, e.g., for 411 ( 

state in odd proton nuclei the experimentally determined values of a little differ 

from a N and the interaction of quasi- particle with phonons is not displayed ·so 

effectively as, e.g.
1 
for states close to 521+ ones, 

We consider the effect of the admixtures on the spectroscopic factors in 

direct nuclear reactions. So, when the one- quasi- particle state p is excited in 
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the ( dp ) reaction on an even A target the spectroscopic factor is u2 • If we 

take into account the 

form of eq. ( 5 ), then 

p 
admixtures, i.e. the wave function is assumed to have the 

the spectroscopic factor is C
2 

u
2 • Table 4 gives the cal-

p p 
culated values of the spectroscopic factors for excited K" • 1/ 2- states close 

to 510 t ones in the Yb and H! isotopes, the values of C 
2 

as well as the ener­
P 

gies of these states. The calculated values of the spectroscopic factor C 2 u 2 
P P /19/ correctly reproduce µte behaviour of the cr_oss sections for the ( d, p ) reactions , 

the decrease of C
2 

u
2 

in the light Yb isotopes being due to the decrease of c2 . 
p p p 

Thus, the interaction of quasi- particles with phonons in some cases essen-

tially affects states close to the one- quasi- particle ones in odd deformed nuclei 

and it should be taken into account in investigating excited states. 

4, Collective Non- Rotational States 

Let us consider another limiting case, when the energy corresponding 

to the first pole ( 10) or ( 16) is much lower than the one- quasi- particle one, i.e. 

min I ( • (v) +<,.>,\µI « • (p ) 
I (24) 

In this case the term ( 10), ( 16) corresponding to the first pole plays a predo­

minant role in K•11/ 2, 9/ 2 states, the latter have a. structure: quasi-particle 

plus phonon. It is only in this case that we may use the words gamma-vibrational, 

octupole • and so on states in odd deformed nuclei. The contribution of p to these 
2 / 165 . states is C p • 0.001 - 0.050. So, K" .. 11 2-st.ate in Ho with an energy 

687 keV is gamma-vibrational one, 

ing with respect to • ( 523·♦ ) + 

The calculated energy is 850 keV, the lower­

<,.>22 • 1700 keV is 3 keV, • ( p •505't) • 
1 

•4500 keV, C 
2 •0.001. 

p 

In the case ( 24) K • 1/ 2, 3/ 2 states have a somewhat more complicated 

nature, since in eq. ( 10) ( 16) several terms with different ,\ and /l play 

oiten an important role. The contribution of the one- quasi- particle st.ate p is 

CP • 0.01 - 0.10 • K • 5/ 2, 7/ 2 states occupy an intermediate position. The 

state is collective if its energy is very close to the pole, for high states this can 

occur when eq. ( 24) is not fulfilled. 

The most frequent is the intermediate case 

< ( p ) = ( 0.S - 20 ) min I c(v) + <,.> >,p. I 
1 

(25) 

Here the interaction between quasi-particles and· phonons is most effective, it 

causes the strongest lowering of the roots of eqs. ( 10), ( 16) both with respect 

16 

to <(p) and to the first 

one- quasi-particle st.ate 

terms with different A/li 

pole of the secular equation. The contribution of the 

is c; •. 0.3 - 0.8. The secular equation contains many 

and v which,. are import.ant. The energies of K • 1/ 2, 

3/ 2 states are. loy.rered with respect to c(p) and to the first pole more strongly 

than the K • 9/ 2, 11/ 2 state eAergies. Thus, in the case ( 25) the interaction 

of quasi- particles with phonons leads to the formation in odd deformed nuclei of_ 

collective non-rotational states having a complex structure.· 

The important quantity which characterizes the structure of an excited state 

is the reduced probability of the electromagnetic transition. So, the increase of the 

reduced probability B( E2) for the electric E2 transition as compared to the one-

particle value points out that the wave function of K = K O 2 or K = K
0
+ 2 state: 

( K 
O 

is . related to the ground nucleus st.ate) has an appreciable admixture of the 

component quasi- particle plus phonon ,\ = 2 , /l = 2 , An increase of B( E3 ) as 

compared to the one-particle value points to a noticeable admixture of the compo~ 

nent quasi- particle plus octupole phonon and so on. 

For the reduced probability of the electrical E2 transition between the two 

st.ates ( 7) we get: 

B ( E2, IK ➔ J'l{ ') = I ( 12 K K'- KI I'K') <K'I '.Ill (2,K'-K)IK> + 

I '•K' 
+O2K - K'-K 1 ,,_ K~<-t> <K' R·

1
1,nc2,-K'-KllK>i 2 

I 

(26) 

where <K'l"1(2v)IK> is the matrix element of the v component of E2-transi-

tion operator, R i is the operator of rotation at 180° around the axis 2. Though 

actually eq, ( 26) contains two terms, in all the cases we are inter_ested in, only 

one of them operates and the other either is exactly zero or negligibly small. In 

Tables 5- 8 one gives the values calculated with the Clebsh- Gordon coefficients 

e~ual to unity. Such values are usually obtained by experimenters in Coulomb 

excitation experiments ( see, e.g.f 1
2

/ ). For the transition irom K to ~+2 this 

corresponds to the usual B( E2) one, for the transition from K to K-2 this cor­

responds to the B( E2) T one i.e. to the total probability of excitation of the whole 

rotational band. 

The matrix element < K 'I '.Ill (2v) I K > consists of four parts 

< K'i"1(2v) I K>= C C , I l: D221 M (2i)+ e f 22 (pp) V + 
p p I p'p+ of/ 

+ e l: 
• If ,\µ1 

l: D>.p.
1 ·oA/-11 f22 (v'v) V + I D221 M (2i) 

vv' p'v+ p'v+ v'v i pp'+ 
(27) 

Here M(2i) is the matrix element of the collective E2 transition in even nucleus 

between the ground state '¥ • and the phonon state Q1 ( 22 /1¥ 
0 

, All the terms in 

eq. ( 27) have a direct physical meaning, The first one corresponds to' absorption 
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of the phonon in the Y(K'tr' state, the second one to the one-particle transition 

between quasi-particles in both states, the third term to the one-particle transition 

accompanied by absorption and creation of a phonon and the fourth one is con­

nected with the phonon admixture in the 'P(K tr-) state. In purely one- quasi-particle 

states only the second term will operate, in the transition from a purely collective 

to purely one- quasi-particle state only the first will operate ( and we get B( E2 )ocl'd 

• 1/ 2 B( E2) ). even 

For many solutions the contribution ls given by all the terms in eq. ( 27 ). If 

7/ ls lower than the first pole then the first, second and fourth terms are summed 

up coherenUy. In this case enhanced E2 transitions can occur, although the pho­

non admixture is comparatively small. ~ takes place e.g., for the first· Ktr= ½ + 

states in the Tb isotopes. If 7/ is higher than the first pole dlfferent terms in 

eq. ( 27) have dlfferent signs and an additional enhancement does not take place. 

'.I'he quantities M(2i) in eq. ( 27) are taken from earlier calculated B( E2 / 29/ 

for E2 transitions between the ground and gamma-vibrational states of even 

nucle.l. '.I'he values of the, effective charge are taken from the same paper. In cal-
I 29 / ·cu1ating on the electronic computer an error was made which did not ai-

fect the values of B ( E2) but led to a wrong determination of e eff • In the pre­

sent paper corrected values e ff • 1.2 e for protons and e ff "' 0,2e for neutrons 
e /29/ e 172 

were used. It should ,be also noted that in ref. • B( E2) for Yb is rather 
173 173 ) small and therefore in Lu and Yb underestimated values for B( E2 were 

· / 29/ obtained, while for E2 transition for the even Gd and Dy isotopes in ref. the 

values were slightly overestimated, what should a!fect the values of · B( E2) in 

the corresponding odd nuclei. 

A part of the results which are . concerned with the states of the complex 

and collective structure ls given in Tables 5-9. Tables 5 and 6 on odd-proton 

nuclei and Tables 7 and 8 on odd--neutron nuclei give the results for K.K
0 

- 2 

and K•K
0

+2 states where K
0 

ls related to the ground states of odd-mass 

nuclel • '.I'he experimental and calculated values of the energies, of the decoupling 

parameters. a and of the reduced probabilities B( E2) as well as the co.ntribution 

of the one- quasi- particle state C 
2 

and the contribution c 2 (D 221 ) 2 of the term in p p pv 
eqs. (10) or (16) con-esponding to the first pole with A=2 , µ=2 are given. 

In some cases there are several states with given Ktr having dlfferent structure 

therefore Tables 5- 8 give not only the first but sometimes the second and the 

third states wlth those K tr • Some complex structure states which are most 

interesting are given in Table 9. '.I'he experimental data are taken from the re­

views/·13•20/ and also from refs/ 15- 22• 2 6-37/. It should be noted that the con-
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tribution of the states corresponding to the nearest poles of the secular equation.5: 

' given in Tables 5- 9 ~- obtained from the normalization condition of the wave funo­

tion. '.I'he role of the terms corresponding to the nearest poles is considerably in­

creased as compared to the role of these terms in eqs. ( 10) and ( 16). 

Let us consider the peculiarities of some nµclel having an odd number of 
· 153 155 ( ) . protons. In Eu, Eu the admixture of the 413+ + Qr. _22 state to the first 

k • 1/ 2 + states is 11 and 10 percent, and to the second. ones 80 percent. '.I'he 

calculated values of the decoupling parameter a . disagree with the experimental 
N 

values whli:;h are larger than a •--:0.79 for S •0.3 and 

'.I'he contribution of the gamrna.-vibrational state to the 

S .. - 0.89 for S .. 0.2. 

first Ktr ~ 9/ 2 + states ls 

negligibly small while the second Ktr • 9/ 2+ states are pure gamma-vibrational 

ones. In 155Eu Ktr •3/ 2- state of energy 1095 keV is interesting, its structure ls 

given in Table 9. 

In the 'I'b isotopes the first Ktr •1/ 2+ states contain 60- 65 percent of the 

one- quasi-particle 411-(. state ~d, in spite of this, B( E2) is large and equals 

1.6- 2~8. Due to the large contribution of 41U state the disagreement with e~peri­

ment · in the value of a is:· large • In 159 
Tb the calculated decoupling parameter 

for the first Ktr • 1/ 2+ state ls closer to the experimental one for the second 

Ktr • 1/ 2+ state and on the other hand the calculated • for the second state 

ls closer to· the experimental a for the first one. As to Ktr •7/ 2+ states the 

first ones have a complex structure, the third states are, to a large extent, octupole 

ones. 

As ls. seen from 'I'able __ :!;_~comparatively high--lying Ktr •3/ 2+, 5/ 2+ states 

in 15~ Tb strongly dlffer from those in 157 
Tb. According to the calcula'Uons, in 

; 57 
'I'b the first excited Ktr •3/ 2+ state with an energy 1050 keV is beta "vibrat­

ional one and the second state with an energy 1600 keV is close to· 422 ,I. one, 
159 · · 

in 'I'b the first Ktr •3/ 2+ state with an energy 1600 keV 1s close to 422~ state 

and the second one ls a beta-vibrational state. '!'he second excited Ktr • 5/ 2+ 

-state in 157
Tb with an energy 1100 keV is a beta-vibrational one and in 159

Tb 

CLl20 in 
I 

with an energy 1250 keV oclupole one. '.I'hls is due to the increase of 
158 156 

Gd as compared to Gd • 

In the Ho isotopes the calculated energy of Ktr •3/ 2- state ls much higher 

than the experimental one. The solutions of ( 16) with p •541 t p •532-1, do 
I .. 2 

not improve the situation. Ktr •11/ 2- states are gamma-vibrational ones. Ktr •5/ 2+ 

states in 
165Ho with an energy 995 keV for which log ft •5, 7 in the beta decay 

of 165ny/ 32/ is possibly a three-quasi-particle state with the configuration 

n 633 t + n 523.I, - p 523 + • 
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In the_ Tm isotopes the first K1r .,.3/ 2+ states contain a large contribution 

of the one-quasi-particle 411t states and the second ones are mainly gamma­

vibrational states. In the region 0.8 - 1.4 MeV there are three K1r •5/ 2+ states, 

two of which contain a large contribution of 41U + q
1
( 22) and 413 4 states and 

the third one is close to 402 1' state. 

In the Lu isotopes the first K1r •3/ 2+ states contain a large contribution of 

one- quasi- particle 411 f state, and the second ones are mainly gamma-vibrational 

states, K1r • 11/ 2+ states are gamma-vibrational as well. the condition { 24) being 

well fulfilled. In the 
173

Lu there ia a K1r .3/ 2- state with energy 888keV. Accord­

ing to our calculations K,r •3/ 2- state has an energy 1.3 MeV and it is rather 

close to 532 i, state, since C2 
• 0.9. This is due to the fact that in our level sche-

P 3 
me • {541t ) •1.6 MeV and Y 1 {22).7.10 because the first K1r • 2+ state in 
172

Yb is close to the two- quasiparticle one, according to ref/ 9/. 

'The calculations of the Re isotopes have a tentative character because of 

some defects of the average field level scheme. So, < { 400 + )• 0.210 h& 
0 

is very 

small. this leads to underestimated values of the energies of the first K1r • 1/ 2 + 

states and to underestimated values of B( E2) due to a large contribution of 400+ 

state. K,r •9/ 2+ states of the Re isotopes are mainly gamma-vibrational states what 
. th . I 33,34/ well agrees w1 experiment' • 

Let us consider the peculiarities of some odd neutron nuclei. In 153sm and 
155

Gd there is a K,r .1/ 2+ state which is rather close to 400 + state since 
2 

C p • 0.65 - 0.69 this state is lowered with respect to <(p) by 600 keV and with 

respect to the first pole by 400 keV, and K,r • 1/ 2- state with an energy 600keV 

has a complex.structure. In the nuclei with N-93 K1r •l/ 2-, 7/ 2- states haveacomplex 

structure and it would be interesting to measure for them the quantities B{ E2). 

In the nuclei with N-95 the first K1r • 9/ 2- state is gamma-vibrational one. 

In 
161

Dy K,r • 1/ 2- state with an energy 365 keV has a complex structure ac­

cording to our calculations, the contribution of 521 ~ state is 53 percent. In 163ny 
K,r •3/ 2+ state with a calculated energy 370 keV should have a complex struc­

ture. In the first K1r • 1/ 2 state of 
163

Dy the calculations give an overestimated 

contribution of 5214 state • 

In the nuclei with N .,99 the first K1r •3/ 2 + states in 165Dy and 167Er are 

gamma-vibrational ones, as is seen from Table 7, the calculated energies and 

B( E2) are in a rather good agreement with experiment, however, in 169Yb, ac­

cording to the calculations, the gamma-vibrational state energy increases by 

600 keV as comp~ed to 
165

Dy and 167 Er, which is due to the increase of .,,22 
. 168 , 164 166 . . l 
m • Yb as compared to Dy and Er. Table 9 gives a complicated 

165 167 structure of Ku • 3/ 2- and 1/ 2- states in Dy and Er. 
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In 171Yb and 173Yb the calculations give overestimated energies of K - 2 
. 0 

, and K +2 states due "to the increase of the values of .,,22 and Y 1 (22) in 
170 o 172 168 l 176 · / 

Yb and especialiy in Yb as compared to Yb and Yb. Ku •3 2-

and 1/ 2- states in 173
Yb have a complex structure. In 173

Yb there are two com-

paratively high-lying K1r • 3/ 2- states, one of them has an energy 1340 keV 

and is close to· 512+ state, for the other with an energy 1224 keV we get two 

possible solutions, one with a complex structure and the second close to 521 + 
state. In 175Yb the first Ku • 3/ 2- state with an energy 809. keV is relatively 

2 
close to 512 i state, CP • 0.77 tl:le second Ku • 3/ 2- state with an energy :1:6'.tO 

1616 keV is mainly gamma-vibrational one and the contribution of 521 + state is 

18 percent. The first Ku •3/2- state in 
177

Yb with an energy 709 keV_ is close 

to 512 + one, c2 • 0.77, and the second K,r .. 3/ 2- state with an· energy 1365keV 
p 

has the contribution of one- quasi-particle 501 + state of the order 67 percent. 

· It should be noted that in calculating the levels oi 175
Yb and 

177
Yb and of 

the Hf and W isotopes we should take into account the decrease of the equilibri­

um deformation as compared to li "' 0.3 what was not done. 

In refp./ 
2

,3 / it was noted that the energies of the states close to K• K -2 
0 

gamma-vibrational ones are lower than those for K-,K +2 states: 
0 

&(K
0
-2)<'& (K.,+2) 

(28) 

The fulfillment of this relation is caused by the two following facts: first, for small 

K in eqs. ( 10) and ( 16) there are more terms in summing up over v than for 

larger K. Second, in the scheme· of the average field levels there are less 

K..11/ 2, 9/ 2 states as compared to K..1/ 2, 3/ 2 states and therefore for large K 
, ~ 

there are rarely cases when <(p) is only somewhat higher than the energy of the 

first pole and when the first non-rotational state energy is lowered 'very strongly. 

Eq. ( 28) must be fulfilled for states for which the energy of the first gamma--

vibrational pole is lower than <(p) • otherwise, these relations have a complex 

structure and eq. ( 28) may not be fulfilled. The calculations prove the validity 

of eq. ( 28) in the cases when both states are close to the gamma-vibrational 

ones, what is seen from Tables 5-8. It is difficult to compare the results of cal­

culations with the experimental data on !i;{K 
0
+2)./i;(K

0 
-2) since there are at present 

not many experimental data on the splitting energies where both states are close 

to the gamma-vibrational ones. 

'The comparison of the results of calculations of the characteristics of the 

collective states and the complex structure states with the. corresponding experimen-
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ta!, data. allows us · to conclude that the interaction of quasi- particles with phonons 

gives a rather good description of the energies of these states and of the quanti­

ties. such as B( E2) the decoupling parameter a and others. It is necessary to 

stress that in many cases states which were earlier interpreted e.g. in 

r,;,fs} 13• 3 o, 37/ as gamma vibrational ones, according to our calculation have a 

complex structure. 

Conclusions 

We have made calculations of the properties of the ground and excited. sta­

tes for 62 nuclei in the region 151_:> A::. 187. 20-30 states were calculated for 

each nucleus. Thus, the obtained material is sufficiently large. Tables 1-9 give 

only a small part of the results concerning the most interesting cases and the 

cases for which there are experimental data. The remaining material can be used 

when additional experimental data will be available. 

The aim of the present paper is to give a general picture of the excited 

states for mo.ny odd- mass nuclei. Therefore we do not analyse here each nucleus 

taken separately. In developing further this topic a detailed and careful calcula.­

tions of the properties of the most interesting nuclei with an improvement of the 

Nilsson potential parameters, taking into account the Coriolis interaction and so on 

is needed. Using such an approach better agreement between the results of cal­

culations and experiment can be obtained and the predictions for the considered 

states can be improved. So, e.g. a small displacement of the average field one-­

particle levels 411 ,I. and 411 t can noticeably improve the description of a nwn­

ber of states of odd-proton nuclei. 

It should be noted that in investigating the interaction of quasi-particles with 

phonons there is not a single free parameter. The quantities 01, and yi c;\p) are 
1 

obtained in calculating the collective states of even nuclei. Therefore in the cases 

when the agreement between theory and experiment was not sufficiently good in 

even nuclei, this discrepancy should take place also in odd-mass nuclei. A ge­

neral picture. of the excited states of odd-- mass nuclei is more complicated, and 

the descriptions are somewhat more rough as compared with even nuclei. By the 

way, in the present paper we do not consider pure three- quasi- particle states. 

The investigation performed showed that the structure of the excited non­

rotational states of deformed odd-mass nuclei is very different. l\1ost low-lying 

states are one- quasi- particles one, but when the energy increases the number 

ot states close to the collective ones and to the states with a complex structure 

22 

increases. The account 'of the interaction of quasi-particles with phonons f?as led 

to the improvement of the description of the states close to the one-quasi-particle 

ones as compared to the kldependent quas~ particle model and to a rather correct 

description of the collective states and the complex structure states. For a further 

investigation of the structure of the states of odd-mass deformed nuclei it is ne­

cessary to increase the amount of the experimental data on the state energies, on 

the beta and gamma transition probabilities, on the spectroscopic factors in direct 

nuclear reactions and so on. 

The position of the levels of deformed odd-- mass nuclei is to a large extent 

determined by the behaviour of the average field one-p~cle levels. Therefore 

the accuracy of calculation of different characteristics of odd-mass nuclei is es­

sentially restricted by a rough description of the energies and the wave functions 

with the Nilsson potential. 

In conclusion we express our deep gratitude to Profs. N.N.Bogolubov, A.Bohr, 

M.Bunker, D,Bes, D,Burke, B,Elbek, L.A.Malov, B,Mottelson and C.W.Reich for 

interesting discussions and to A.A,Korneichuk, M.K,Zheleznova and G,Jungklaus­

·sen for assistence in constructing the programm and in calculation on the machine, 
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The behaviour of P(11) ( in units h 8, 
0 

) in the left-hand side of eq, ( 10) 
for p •521+ the dashed and dotted line, p •512-1- is the dashed Urie and 
the behaviour of P('l) ( in units (hc>S'

0
)2 , the scale ls increased ten times for 

clarity ) in the left-hand side of eq, (16) for pt+p2 • 521l + · 512~ ls 
the continuous curve. The first pole corresponds to , ( 521·♦ ) + ru

22
" 

.. 0,324 h ll the second one to , ( 521 t ) + ru 
2
2
2 

• 0,340 h ll, 
1 

0 0 
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Positive parity states in 157Tb and 159Tb 
States close to the one-quasi-particle ones, in odd mass nuclei 

I 

I 
I exp. 

Eners.r{ keV2 I I Energy(keV) Lowering(keV) Nucleus I(,. Structure 
lluclei K1r calc. eCgl-Hl<'.l 

respect to the Structure 

Cacl. 
1. pole 

exp. l:,l!:P 15JEu J/2+ 4llt 94% loJ loo 180 

Tbl57 J/2+ 0 0 200 llOO 41H 90%;41H+Q 1(22)6% 
161Tb 5/2+ Jl6 280 200 41J~ 96"h; 411++~(22) 2% 

5/2+ JOO 80 770 41J+ 96% 161Tb 5/2- 482 580 450 5J2+ 96% 
1/2+ 597 5JO 440 770 41U 65%; 4111 + 01 (22) 25% 161Ho 1/2+ 211 220 240 41H 96%. 
J/2+ 990 1050 420 - 4llt+Q.(20) 100% 161Ho 
7/2+ llOO 420 260 404+ 81%; 4o4++ 01 (20) 10% 

5/2- 826 9!)0 920 5J21 91,J% 

5/2+ 1100 0 41J++ Q ,(20) 100% 
~65Ho 7/2+ 715 650 850 4o4+ 9J%; 402J+01(22) 5% 

9/2+ llOO 270 200 4o4+ 70%, 4o4t+ 0,(20) 25% 169Tm 7/2- J79 J50 JJO 52J ♦ 99% 

1/2+ lJOO 41J++ 01(22) 75%, 4llt+Q1 (22) 
20% 

17JLu J/2- 888 lJOO 1500 522~ 9·2% 

9/2+ lJOO 41J++ 0£22) 95, 4o4t 1,4% l81Ta 1/2+ 612 540 600 411i95%, 4111+01(22) J'J(,; 

7/2+ 1400 4llt+ 0!22) 100% I 41J•+ 0,(22) 2% 

1/2+ 1550 520 420♦ 70\o, 422++01(22) 15% 181Re J/2+ 851 550 440 4oH 98% 
7/2+ 1550 52Jt+Q,(JO) 90%, 4o4+J% 

J/2+ 1660 400 422+75% 
161ny J/2- 75 60 llO 521+95%; 651++0,(JO) 2%; 521H 

+ 01(22) 2% 

Tbl59 J/2+ 0 0 260 1600 4llt905b, 4ll•i0£22) 8% I 16.Jn,. J/2- 251 280 400 52lt 91% 

5/2+ J48 JJO 120 900 41J++ 94%, 411++0(22) 4% 165n7 5/2- 5J5 5JO 560 52J+ 94% 

1/2+ 580 4JO 570 700 411+60%, 411++01(22) JO% 165n,- 5/2- 184 240 410 512+ 89% 
7/2+ 1100 420 60 4o4+ 66%, 52Jt+Q 1 (JO) JO% 

167Er 
9/2+ llOO 290 10 41J++a 1(22) 95%; 4o4t4% 5/2- J48 300 410 512 ♦ 91% 

5/2+ 1250 0 5J2t+0 1 (JO) 100% 169Yb 5/2- 191 400 470 512+ 95% 

-1/2+ 971 ll50 0 41J++o 1(22) ·00%;411++0£22)15% 169Yb 5/2- 570 540 560 523, 97'1, 
7/2+ 1270 1150 0 4llt+Q 1(22) 100% i 

7/2+ 1J50 52Jt+O,,(JO) 701,, 4o4+25% 
169Yb 5/2+ 584 600 740 642 ♦ 89%; 52J++Q 1(JO) 4%; 

9/2+ 1400 4o4t90%, 4o4t+0£20) 4% 
6421+ 01(20) 4% 

1/2+ 1500 650 420t65%, 422++0,(22) 20% 169Yb J/2- 657 820 1000 521+ 94'1.; 6511+0,(JO) 41 

J/2+ 1600 450 422+ 69% 171Yb 7/2- 8J5 1200 lJOO 514,+ 88% 
J/2+ 1650 0 4llf+Q.(20) 100% 171 

Yb 7/2+ 95 160 120 6JJI 99'](, 

17Jyb J/2- - 1J40 1560 1600 512+ 90% 

17Jyb 7/2- 6J6 450 4JO 514+ 99'](, 

17JYb 7/2+ J51 5JO 520 6JJt98% 

17JYb J/2- (1224) 1900 2000 521+ 80% 

175Yb 7/2+ 995 1140 1100 6JJI 98'](, 

177Hf 9/2+ J21 400 J50 624+ 100% 

177Hf 7/2- lo60 1200 1400 50Jt 09'](, 
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Table J ~ 

Energy, decoupling parameter and c• quantity for a state close 1/2- 521i $ 

state ( Ca.culation for 'i, * o.J, where fer c:= 1, 0, = 0.89) 
Spectrosoopical factor and the one-particle amplitude 

tor states close to 1/2 - 510t . I 
I ---

Nucleus Enei-gy(keV) Decoupling parameter 0.. 
c,. 

.! 

exp. calc. ec9H'.C~.) exp. calc. ·100 I Nucle~ 
Energy (keV) Spectroecopic 

c"" 

15Jsm 
exp. calc. E<s)-E(IC,) 

X factor 

91 698 900 1500 o.JJ ! O.J6 o.50 56 
S,' "-~ 

155smgJ 824 950 1J50 o.J2±0.2s 0.58 66 169Yb 
99 805 lJoo 2Joo o.J9 o.JB 

161D 
, 

Y95 J65 450 920 o.~~ 0,47 5J 171Yb 950 1200 1800 o,51 o,49 lol 
16JE 

r95 J46 480 920 o.47 o.49 55 

16JD;r - Joo 5Jo - 0.60 69 
17JYb lo4o 1160 1J4o o.65 o,6J 

97 
loJ 

165E 
r97 297 J40 5JO o.56 o.65 7J 175yb 

lo5 500 660 Boo o,9o o,85 

165n 
Y99 108 lJo 180 o,58 o.86 97 

167E 208 150 180 o.71. o.87 98 I 
177Yb J20 loJ Joo o,89 o,77 

r99 
lo7 

169Yb 24 150 180 o.79 o.87 98 
175Hf lo7o 1J40 o.75 o,7J 

99 
loJ 

169Er 0 0 0 ·o.BJ o.85 96 177Hf 
lol lo5 680 800 o.9o o.85 

171Yb 0 0 0 o.85 o.86 98 
lol I 179 • 

17JHf 
Hflo7 J78 110 JOO o,9o 0.79 

lol 0 0 0 o.82 o.87 98 

17J ' 400 280 290 o.88 99 t l81Hf 
YbloJ 

0,74 lo9 0 0 0 o,96 o,70 

175Hf 126 280 290 o.75 o.85 97 
loJ 

175_yi,105 913 Boo 850 0,71 o.84 95 

177Hf 800 850 - o.84 95 
lo5 

177Yb looo 12Jo - 0,81 91 
lo7 

179Hf lo5o 12Jo - Q.82 92 
lo7 

1s1w 
lo7 746 looo 12Jo 0,59 o.85 81 
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Table 5 
' K=K0-2 states in odd proton nuolei ( K0 is related to the ground state) 

Nucleus ICir v for Ener gy(ke V) 
B(E2),/B(E2)8 .p. 

Decoupling parame- ct· c; 1.1>;:1 )'. 
~ grou:ad ter a.. 

state exp. I ca.lo. exp. oalo. e:x:n. calo. •loo 100 

15JEu 1/2+ 41H 413 l 635 650 o.5 -o.95 -o.61 72 11 
63. 1800 1.1 -0.10 10 80 

155Eu 1/2+ 41H 413 ~ 765 650 o.6 -1.o -o.63 74 10 
69 1800 1.2 -o.lo lo Bo 

155Tb 1/2+ 41H 41H 761 500 2.2 0.1 -o.5o 64 28 
65 1200 o.2 0 o,J lo 

157Tb 1/2+ 41H 4111 597 530 2.1 o.o4 -o.5o 65 25 
65 lJoo 0,5 0 o.2 2o 

"' 
159Tb 1/2+ 41U 4111. 580 4Jo 1.5 2.8 o.o5 -o.47 60 Jo 

0 65 971 1150 o,J -o.81 0 o.4 15 
1600 38 4o 

161Tb 1/2+ 41U 4111 550 1.6 -o.5o 64 25 65 
1200 o.2 0 o.5 15 

16180 
67 

J/2- 5411 523 I 593 looo 1.9 12 65 

16Jao 
67 J/2- 5411 523 I 940 2.4 9 78 

l~~o J/2- 54lt 5231 515 820 1.9 2.8 4 90 

167Tm 
69 3/2+ 411' 411 • 570 0.1 81 16 

lo5o 2.3 15 80 

169T 3/2 + 4llt 41H 570 620 1.5 o.3 91 6 · 69 m 
900 1200 o.3 2.o 6 90 

171Tm 3/2+ 4111 41H 675 650 o.l 95 2 
69 1350 1.6 J 9o 

173 
J/2+ 411+ 4o4 i lo5o 96 1 

71Lu 
1400 1 9o 

175Lu 3/2+ 411 t 4o4• looo o.2 82 16 

71 

177Lu J/2+ 411 t 4oH 900 o.5 61 36 

71 

179Ta 3/2+ 411 t 4oH looo 53 2 

73 4o2 • 1200 1.1 5 9o 

181Ta 3/2+ 411+ 4oH 1200 62 

73 

"' lBJRe 
1/2+ 4oot 4o2t 460 o.5 o.34 87 5 .... 75 

41H llo3 900 94 0 

400 t 1400 2.5 0 2 95 

185Re 1/2+ 400' 4o2 + 647 400 J.6 o,5 o.38 o.J2 79 7 

75 41H 872 850 92 0 

400 t 1100 1.a 4 9o 

l87Re 1/2+ 400 t 402 t 511 400 3.1 o.6 o.JB o.Jl 78 9 

75 41H 618 850 -1.l 9o 0 

400 I 1150 2.4 0 J 9o 



~ 

K=K0+2 states ill odd-proton nuclei ( K0 corresponds to the ground state, 

175 
11/2+' 4o4 i 

71
Lu 1600 l.o 0 loo 

Energy (keY) B(i;2;/4(E2) s.p. 
2 > .,., 

'Y for cs C!tt>,. 
ground 

Nuclei ~. s state exp. calc. exp. calc. loo loo 

)' 177Lu 11/2+ 4o4 ~ lJoo l.J 0 loo 
71 

15JEu 9/2+ 404 t 41Jt - 700 - - 84 0 
181Ta 11/2+ 4oH 1400 l.o 0 loo 

7J 
6J 1800 1.5 0 loo 

155Eu 9/2+ 404 t 41Jt 750 86 0 
6J 1800 1.6 0 loo 

lBJRe 9/2+ 4o4 t 402 t 1J5o 2.5 4 95 
7J 

155Tb 7/2+ 4o4+ 411' 1060 77 0 
65 lJoo 2.7 0 loo l85Re 9/2+ 4o4 t 4o2 t 966 lo2o 2.6 1.9 J 95 

7J 

157Tb 7/2+ 4oH 41H lloo 81 0 
65 

159Tb 
7/2+ 4o44 411' 1270 lloo 66 0 65 

187Re 
9/2+ 4o4 t 4o2 t 840 1080 J.8 2.6 2 95 7J 

1150 2.0 J.o o.5 99 

161Tb 7/2 + 4o4 + 41H lloo 81 loo 
65 1200 2.5 0 loo 

16lH• 
11/2- _ 5o5+ 52Jf lo5o 2.8 o.l 99 67 

16JHo 11/2- 5o5+ 52J+ 1ooolc J.l o.l 99 
67 

165Ho 
11/2- 5o5 t 52J t 687 850 1.7 J.2 o.l 99 67 

167Tm 5/2+ 41J+ 41H 820 2.1 Jo 10 
69 

4o2 ♦. 900 77 0 
41Ji lJoo o.7 66 Jo 

169Tm 5/2+ 4o2+ 41H 900 '32. 0 
69 41Jt 1170 950 1.5 1.2 56 4o 

41Jt 1J5o 1.2 42 57 

171Tm 5/2+ 4o2 t 411+ 950 95 0 
69 41:'.3+ 912 lo5o o.6 Bo 2o 

41Jt lo4o l.J 18 Bo 

32 33 
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Table 9, Complex structure states 

Nucleus K,-
Enersz !keV2 

exp, oalouJ.ation 
Structure 

155Eu J/2- lo95 1060 541170'1>; 541++0 1 (20) 19%; 41lt+O,(JO) 5,5% 

155Gd 1/2+ 850 400+ 69% 

159Gd J/2+ J40 651177%;5J2t+Oi(JO) 6%; 5211+0 1(JO) 6% 

161 D1" 1/2- J65 450 521i5J%; 52J++0 1(22) 28%; 521t+ oi22) lB'ili 

l6JD7 J/2+ J70 651171½; 52ll+0 1 (JO) 14%; 5J2++0 1 (JO) 6% 
l65n7 J/2- 574 800 52H 68%; 521+ +o 1 (22) 25%; 65H+ 01 (Jo) 4% 

.., l65D7 1/2- 570 640 5lo+ J2%; 512++0 1 (22) 6J%; 512++,ot22) 4% "' 
l65Er 1/2+ 508 6Jo 660142%; 642++0,(22) 4J%; 651t+0,(22) 7% 

l67Er J/2- 545 750 521 ♦ 79%; 521++0 1 (22) 15%; 6511+0,(JO) 4% 

l67Er l/2- 800 51o+J2%; 512++0 1(22) 65%; 5l2i+0,(22) J% 

l69Er 5/2- 915 850 52Ji46%; 52U+O J22) 47%; 642t+0 1 (JO) 2% 

l69yb 1/2- 805 lJ01 5101 J9%; 5l2t+0 1 (22) 56%; 5l21+0J 22) J% 

JllYb 1/2- 945 1201 510151%; 512!+01(22) 41%; 521i+0,(20) J,5% 

l7JYb J/2- 1224 lJ50 5211 7%; 52U+01 (22) 90% 
l75Yb J/2- 1616 1700 52H 18%; 52U+0 1(22) 80% 

177Yb J/2- 1J65 900 501 t 67%; 5oJ++ 0
1
(22) 26% 




