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I. Intr o duct on 

How s h o uld a n opera tor A look like, tha t Is to denote by the phra se 

"multiplicative with respect to a group G " ? The answer is: A s sume one has 

vectors 
I 

0
1 I 

cu "' "' 1 2 a 
belonging to representations 

such tha t N a is a part of the Kronecker product 

a multiplicd tive one, if A cu 
a 

the restriction of the opera tor 

c oincides (up to an 

A(cu x cu)-AcuxAcu 
1 :1 t 2 

on Na • 

N 
1 

, N 
2 

N a of the group 

N 
1 

X N 
2 

• We call A 

overall cons tant factor) with 

Now we will find the g eneral fo rm of such an operator, for the indecomposa ble 

rep resentations of an arbitrary local bicornpact group which occur in Its regular 

representation. There is no restriction for the compact Lie g roups , and this co -

vers· the ma in series of the semi- simple non- compa ct Lie groups also. 

2 . The reg ular representation H 

Let G be a l ocal bicompact topological g r o up/ l/ • We denote by .II the 

Hilbert s p a ce of all measureable, square integrable a nd complex- valued functions 

with res pect to the l e ft- inva ria nt integ ra tion/ 2 / on the gro up. If f 
1

, f 
2 

C H then 

( f I' f.) - f f (x) f (x) d x • 
I 2 

xCG 

Here d x denotes the left- invariant me a sure on 

d e fines a unitary opera to r in the Hilbert space 

y .. V(y), 

defines a unitary representation o f 

r e presenta tion" of G • 

G 

y CG 

in 

3 

H 

H 

G • The map 

x C G 
0 

a nd 

tha t is cal!ed " the regular 



3. The Continuous Functions of the Group 

In H there is a special dense subset F which consists of all such 
0 

functions f( x) of H being ( up to a point set of measure zero) continuous 

on G • On the other hand, F o is a subset of the commutative symmetric 

algebra/ 3 / F consisting of all continuous functions on G • Identifying func-

tions that differ only on point sets of measure zero, we have 

F
0

.. HI"\F 

The multiplication 

(ff)(x)•f(x).f(x) 
I 2 I 2 

is indeed the Kronecker product of the regular representation of G by itself. 

This is true because of the following general definition. The Kronecker product 

of two representations x .. U 
1 
(x ) and x .. U

2
(x with x C G is the 

restriction of the direct product representation 

X X y -+ U I (X ) X U 
2 

(y) 

of Gx G on the ele:nents x x x . Finally the last mentioned elements of 

GxG will be identified with the elements of the group G • 

4. Multiplicative operators 

Let A be a bounded operator of the Hilbert space H The operator 

A is said to be a multiplicative one, if and only if there exists an operator . 
A 

a) 

b) 

which maps F 

A f-A f 

into .F having the properties 

If fcF. • HI"\F 

A(f+f) -Af+A f. 
- 1 :1 .. l- :J 
A (f

1
f) c Af

1
.Af

21 
for all f 

1 
, f 

2 
C F 

Note that property b) implies: 

sentation, we can extend A 

Given A on some subsets of the regular repre

with the help of the Kronecker product. 

Fortunately it is possible to give the g eneral structure of multiplicative 
. -

operators more explicitly. First, because F has a unit element, A induces 

an automorphism of the field of the complex numbers. An automorph~sm of the 

field of complex numbers is either the identity or the complex conjugation. The-

" refore A is either an automorphism or an involution of the algebra F • 

From the theory of symmetric commutative algebras one knows, that every auto-

morphism ( invoiution) is induced by a continuous mapping r of the carrier 

space 

Hence we have 

r 
:1 .. I 1 X c G 

4 



Theorem 1 Let A be a multiplicative operator from H into H • There 
exists a continuous mapping from G into G with either 
Af(x) ~f(x') (au x c G ) or Af(x) =f(x') 

(all xCG ). 

(The bar stands for complex conjugation). Clearly in the first case A is li-
near and in the second-antilinear, From theorem 1 and the form of the sca lar 
product in H we further conclude: 

Theorem 2: The multiplicative operator A transforming 

inverse, if the inducing transformation 

H into 

ma ps G 

H has a n 

one-to- one 
onto G If furthermore the left- invariant me a sure is stable under 

dx'=dx, 

A is a unitary or antiunitary operator. 
•' 

Finally we add the following remark, ln general, a unitary multiplicative operator 

will not.-- map an irreducible representation onto another representation. ln gene

ral, such an operator maps an irreducible representation onto a part of a Tedu

cible one, The requirement, that a multiplicative operator only permutes the repre

sentations, thus mapping every irreducible representation onto another represen

tation, is a very restrictive condition. For the compact, simple and simply con

nected Lie groups of the four main types these multiplicative operators have been 

given by Biedenharn, Nuyts und Ruegg/ 
4

/ , however, they used the point of view 

of group extensions. 
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