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Introduction 

Use of the polarized proton targets considerably extends possibilities of 

measuring polarization effects in various reactions. So, in the case of the 

meson-nucleo n scattering the polarized target makes it possible to measure the 

parameters R and A which can not be deterrrined from experiments with unpolarized 

target. As is shown in ref .fl./ the problem of a direct reconstruction of the 

meson-nucleon scattering matrix from experimental data at a given angle may 

be solved if the cross section for scattering of mesons by an unpolarized 

proton target, the nucleon polarizaton produced in the scattering from a n unpo­

larized target (asymmetry in the scattering from polarized target) as well as 

the parameters R and A are measured. This method of reconstruction of 

the scattering amplitude may turn out to be most effective in the region 

of high energies where unique phase shift analysis is difficult due to the large 

number of states involved and to the contribution of inelastic processes 

leading to the phase shifts being complex. The formulas for the reconstruc­

tion of the meson nucleon scattering matrix obtained in ref/1/ are valid only 

in the nonrelativistic region. As is known, in the relativistic case while 

obtaining formulas which connect experimentally observed quantities with the 

scattering amplitudes in c.m.s. it is necessary, in addition to. the usual rela­

tivistic kinematics, to take into account also a specific spin rotation/?.-~ In Sec­

tion 2 we get relativistic formulas for the direct reconstruction of the elastic 

meson-nucleon scattering matrix from data at a fixed angle and energy. In 

Section IT! the pion-nucleon scattering is considO>red. Owing to the isotopic 

invariance the pion-nucleon ·.scattering matrix is characterized by four complex 

func tions of the e nergy and the scattering angle. We shall show that to deter­

mine these functions (up to over-all phase) it is necessary for given value 

of the angle arrl the energy to measure nine quantities. 
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II. Meson-Nucleon Scattering 

We consider the elastic scattering of mesons with spin z ero on nucleons. 

Let ~ f be unit v ector in the lab. sys. The projection of the polarization vec-

tor of a recoil nucleo n on the direction ~ f measured in the lab. sys. is/
2

/ 

-+ -+ .... .... ..... ..... .... + .... -+ 
P ' ;e=-1_ Spa (sf) M(k' ·,k )~( 1 +u .P)M (k ',k) 

U R 
(10 

wher e M(k',·k) is the sca ttering matrix in c.m.s. ( k (k'·) is the unit ve_c;tor 

in the direc tion of the momentum of the initial (final) mesons in c.m.s.), P 
..... .... -+ ...... + -t -+ 

is the initial polarization u = Sp M ( k' ·, k) ~ ( 1 + u P) M (k'; k ) is the 

d iffe rential s cattering cros s section in c.m.s. and 

( a f )R = R: (0) a f (2) 

Here R;: (!l) is the rotation operator at the angle n around the normal 

.. .. 
D ( D = 

k X k_,' "!' · (2) · f ~ ) • he rotation 1s cons dered 
I k X k' I 

in detail in refs 
I 2-5/ 

w h e r e a gen e ral expression for the rotation angle is obtained. By means of this 

e xpression it can be shown that in the case of elastic meson-nucleon scatte­

ring the rotation angle n in (2) is 

n = 2<lle - <ll (3) 

where <ll = rr- 0 is the recoil nucleon angle in c.m.s. ( IJ is the angle 

between k and k' a nd <ll f is the angle between the momenta of the 

initial meson and the recoil nucleon in lab. sys. It is obvious that 

nonrela tivistic limit n vanishes. We note also that 

2 l> 

tg <lle= 
( M +I' 2+ 2M E ) 

E+M 

<ll 
t g z-

in the 

(4) 

where I' and. M are the meson and nucleon masses, and E is the meson 

energ y in lab. sys. 

To determine experimentally measured quantities we introduce in the lab. 

sys. two o rthonormalized sets of vectors 

kf X k( .. .. 
D = = D ' k" ;-~ = ;f X k'i (5) 

f 
I kf x ke 1 

f ' 

.. 
;e= ;t x 'e "e • k f • (6) 
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Here k f (k'e ) 
ta of the initial (final) 

final nucleon polarizat 

the set (6). 

Using the inva 

u 

u 

"' 
Here 

is the differential eros 

c.m.s., 

Po= 
2. 

ts the polarization of l 

asymmetry arising in 

the scattering plane) 

Using the condi 

tions in the reaction 



spin zero on nucleons. 

f the p o la rization vee­

in the lab, sys. is/
2

/ 

~ -+ -+ 

( k ', k ) (10 

is the unit vector 

sons in c.m.s.), P 

is the 

(2) 

·ound the normal 

I 2-5/ 
•tail in refs 

:tined. By means of this 

1eson-nucleon scatte-

(3) 

() is the angle 

the momenta of the 

v:ious that in the 

(4) 

d E is the meson 

· introduce in the lab, 

: e (5) 

(6) 

-+ 
k" e are the unit vectors in the direc tions of the momen-

ta of the initial (final) meso'] am recoil nucleon respectively, We expam the 

final nucleon polarization P' in the set of vectors (5) am the initial one in 

the set (6) , 

Using the invariance considerations, from (1) we get 

(7) 

Here 

(8) 

is the differential cross section for scattering from an unpolarlzed target in 

c.m.s.1 

p = 
0 (9) 

ts the polarization of the recoil nucleons arising in this case (the left-rig ht 

asymmetry arising in the scattering from a target polarized orthogonally to 

the scattering plane) and 

+ 
u0 D =% Sp u "£ M ~ ~ M 

-+ 
u

0 
R' =% Sp ;; ( k" ) M e R 

Using the condition of invariance of the M 

tions in the reaction planJ
6

/ 

-+ 
u 0 

5 

M 

( 10) 

matrix umer the reflec-

(11) 



it is easy to show that the parameters D A' , R' A and R in the 

relativistic case obey the same relations as in the nonrelativistic one: 

D = 1 , A'-= R , R'=- A (12) 
'I'he matrix M (k'1 k) has , as is known, the following general form 

M(k' ,k) =a +b;;; (13) 

where a and b 

ring angle. 

are the complex functions of the energy and the scatte-

We introduce also the functions 

a+ b 
g= ---· h 

a - b (14) 
..)2 .j2 

By means of (2) and (3) we find 

~ 

( k "e ) R = k cos a + n x k sin a (15) 

( ;,~ ) R =-k sin a + ; x k cos a 

where 

a= n- <llf =<I> f- <ll 
(16) 

Using these relations, from eqs. (a) -{10), (13) and (14) we get tJ::le following 

expressions for the observnbles 

~ 

ao= lgl +lhl~ 

~ 2 
a'O P

0 
= I g I - I h I 

a 
0 

R ~ 2 Re dl* cos a - 2 Im gh* sin a 

a 
0 

A = - 2 Re gh* sin a - 2 lm gh* cos a 

From where we easily find 

I & I~ .. ~ a
0 

( 1 + P ) 
0 

I h I ~= ~ a < 1 - P l 
0 0 

·Ia &h* =*a (R-iA)e 
0 
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(17) 

(18) 

·r 
.. 

I 

'I'hus , the measurem• 

P 0 (the left-right asymmett) 

us to determine the moduli 

is unambiguously determinE 

In conclusion we not• 

cted by the quadratic relat 

whlcl1 can be easily obtair 

that if P 0 and R are m• 

value of the parameter A 

unambiguously the relative 

of A. 

m. 

In this section we cor 

m and m' the projections 

and by 11 and 11' those 

ce transition amplitude is c 

<~<'·m'·l M l1 

Here J is the total isotop 

and 3/2) and (11' ~ m II* J! 

lng matrix in the state wit 

As in the above-considere 

x) 'I'he relation (19) 
nication). 



A and R in the 

eiativistic one: 

-A (12) 

ling general form 
' l 

(13) 

nergy and the scatte-

(14) 

(15) 

(16) 

we get t.t_:le following 

r 
(17) 

(18) 

Thus , the measurement of the cross section u 
0 

and of the polarb'..ation 

P 0 (the left-right asymmetry) for given value of the angle and the energy enable 

us to determine the moduli of the amplitudes 1\ 

is unambiguously determined by the parameters 

and h • '!'heir relative phase 

R and A 

In conclusion we note that the parameters 

cted by the quadratic relation: 

R
2 

+ A 2 + P2 = 1 
0 

R A and Po are conne-

(19) 

whicl1 can be easily obtained by means of eq ( 18). From this relation it is seen 

that if P 
0 

and R are measured with a sufficient accuracy then the absolute 

value of the parameter A is determined by means of (19) and to reconstruct 

unambiguously the relative phase it is necessary to determine only the sign 

of A. 

Ill. Pion-Nucleon Scattering 

In this section we consider the pion-nucleon scattering . Let us denote by 

m and m' the projections of the isotopic spin o f the initial and final nucleon 

and by p. and p.' those of the initial final meson. Due to the isotopic invarian­

ce transition amplitude is of the form 

<p.'·m' ·l Mll'm> -I (lp.' ·~ m'il~JM)MJ. 
J (20) 

• (11' ~ m ! 1 ~ J M ) 

Here 1 is the total isotopic spin of the system ( 1 assumes the values 112 

and 3/2) and (11' ~ m It~ J M) is the Clebsh- Gordan coefficient. '!'he scatter-

lng matrix in the state with the total isotopic spin J is (c.m.s.) 

(21) 

As in the above-considered case it is convenient to introduce 

g = _l._ ( a + hJ ) 
2J ..;2 J (22) 

h = _1_ (a - b ) 
~ ..;2 J J 

x) 
The relation (19) was obtained earlier by N.P.Klepikov (private commu-

nication). 
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By means of (20)-(22) we get the following expressions for the observables 

(uo) • • 
p.,. tp.m 

- I F (p.' ·m' ·;p.m. ; J J').{ Reg ~ ,+Reb b* , 
, :IJ 2J 2J 2J 

~.~ 

(23) 

J,J, 

F(p.' ·m';· p.m;JJ')(Reg~ ~~,-Reb 2~ h*~,) (uoPo)p.'•'1·p.m a I 

J,J, 

F (p.' ·m' ·;p. m; JJ'){( Re& b* t Re& b*) cos a-
2.J 2J 2J, tJ 

(u 
0 

R ) , , 
f.L m tl'• 

=I 

-(lm&~ h;~,+lm&~, h*~ )sina ] , 

J,J' 

F (p.'·m'; p.m; JJ.,.[(Re& h* ,_ +Reg , h*) :sin a 
~ ~ li.T2J 

(u0 A) , , 
11m J· l'm 

- I 

+ ( Im & h.;. , + Im & ,h* ) cos a ] • 
2J U OJ 2~ 

Here 

F(p.'m';- p.m; JJ') ,.( tp.'~.Jil~JM) (1p.~m'\l~J'M) • 

(24) 

• (1 p. ~ m 11 ~ J M ) (11p. ~ m 11 ~ J 'ltl ) 

The following processes a re studied experimentally 

+' + 
7T + p .. 7T + p (25.1) 

71-+p->Jl'+p (2 5.2) 

IT-+ p -> rf' + D (25.3) 

Let us look what experiments a re to be done for an unambig uous (up to the 

over-all pha s e) reconstruction of the amplitudes g ~ and h 2.T • It is obvious 

that I& I a nd lb I can be d etermined if the cross section and the polari-
8 8 

zation of the processes (25,1) with an unpolariz ed target are measured 

lb 1
2

- ~[(u) -(u P) + ] , 
a o tr+1 rr + 0 0 rr+i rr 

(26) 
I g 12 

= ~ [(u ) + + + (u P ) ] , 
a o rr ; rr o o 77"*- ; a+ 

8 

.. 

From (23) we g et also tha. 

1 g 1• = 3/ 4 l «u 
I , 

+ ( 

I h 1• = 3/4[ < < 
I 

-((c 

Re g 
8
g" 

1 
= 3/8 [ ((, 

+ ( 

Re h h* = 3/8 [ 
8 I 

-(( 

Here (u 0 ) rr+; 
71

+ , (uo) 
71 

G! brevity, the differential 

(25.3) In c.m.s. and by (u~ 

the products of the cross ' 

for the c orresponding proc• 

Thus, the measuremet 

nucleon polari:z.ations p 
0 

(25) allows o ne to determin 

as the cosines of the diffet 

i.e. the moduli of all the c 

differ ences (we assume tha 

to " ) • To determine the 

cp and Y, it is necessar 

independent phase differenc 

arg 



IS for the observables 

b b* 
2J 2J, 

~J h*~,) 

Rett b* ) cos a -
2.J, tJ 

in a l • 

+ Rett r)l* ) :sin a 
~u 

"'sa } • 

I • 

IHIJ'M) 

unambiguous (up 

(23) 

(24) 

(25.1) 

(25.2) 

(25.3) 

to the 

and h ~ • It is obvious 

section and the polari­

get are measured 

} . 

(26) 

From (23) we get also that 

I g
1
l ~ = 3/4 (((u

0
l,,-, 

71
_ +(u 0 l,,.,, 

71 
_ -1/3(u 0 )

17
+; 

71 
+ ) 

) ] 

rr-;rr 

Re g 
3

( 
1 
= 3/8 [ ((u ) _ _ - 2( u 0 ) 0 

0 fT ; " 7T; 7T 

+((u p ) 
0 0 -rr; rr 

- 2(uo P o) o - +1/ 3(u P) )) 
0 0 11+. 1T + 

" ; 1T 

Here (u
0 

),+;"+ ,(uo)
11

-;
11

- ,(uo)
11
o;

11
- we denote, for the s ake 

ef brevity, the differential cross sections for the processes (25.1), (25. 2) , 

(25. 3) In c.m.s. and by (u0 P0 )
71
+," + ,(u

0 
P0 )

71
_;

71
_ ,(<r

8
p

0
)

710
; ,-

the products of the cross section on the polarization of the r ecoil nucleons 

for the corresponding processes. 

'Thus, the measurement of the differential cross sections u 
0 

and o f the 

nucleon polarizations P 
0 

(the left-right asymmetry) in all the three proc e s s es 

(25) allows one to determine the moduli I g I , I g I , I h I , I h I a s well 
3 1 3 1 

as the cosines o f the differences of the phases 

arg g a - arg g 
1 

= ¢ (28) 

arg h 
3 

- arg h 
1 

= 1/J 

i.e. the moduli of all the amplitudes and the absolute values of the two phase 

differences (we assume that the phases are determined in the interval from -IT 

to " ) • 'To determine the third independent phase difference and the signs of 

</> and .p it is necessary to make use of other observables. As the third 

independent phase difference we choose 

arg g a- arg h
3

= '1 

9 
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F'rom (23) w e find 

Reg 3 h*3 =~ [(a0 R )
17

+, 
77

+ cosa-(a o A )rr+: "+ sin a] 

(30) 
lm g h* = - ~ [ ( a R ) + + sin a + ( a A ) + cos a ] 

8 3 0 " ; 1T 0 " +; 1T 

Hen ce it is seen that the measurement of the parameters R and A in the 

,+_ p scattering a llows one t o determine unambiguously the phase difference 'I ~) 

Finally, the signs o f the phases ¢ and 1/! can be found i f o n e of the remai-

ning parameters is measured, for example R 
11-; TT-

(a 
0 

R 

8 
,9 

1T -. 1T 
- 1/9 (a 

0 
R ) 

tT+; TT + 

Re g h* cos a - Im g h* sin a ) + 
1 I 1 1 

• F'rom (23) we 

+4/9 [ ( Reg
1 

h*
3 

+ Re g
3 

h*
1

) cos a - ( Im g
1 

h*
8 

+ Im g
3

h*
1

) sin a ] 

get 

(31) 

If vve express the real and imaginary parts of this expression in terms of 

the real and imaginary parts g 
8 

g; , 
moduli then it takes the form: 

I! b* 
8 8 

h h* 
8 I 

and the amplitude 

a=h<q,+ eel/! +d< ¢ < 1/J (32) 

where < = _!_ 
1¢1 

and < = ~ are the signs o f the phases ¢ and 
I .PI "' res pectively, and 

a = [ (a R 
0 71-. 1T 

- 1/9 (a R ) + + l I g I I h I -
0 11 ; 1T 8 8 

4 • 2 
- - cos ( 7J + a) ( I h I Reg g* + I g I Re h h* + 2 Re g g * Re h h* ) 

9 8 a1 a a1 a1 a1 

b = 4/ 9 J1 g 12 I g I 2 - ( Re g g* ) 2 sin ( 7J + a ) ( 2 Re h h* + I h I 2 

a t a t a t a 
(33) 

c = - 4/ 9 J1 h I 2 1 h I 2
- ( Re h h* )2 sin ('I + a ) ( 2 Re g g* + I g I 2 

) 
3 I 3 I 8 J 8 

d = 8/9 J1 g 1'1 g I 2- ( Reg g* ) 2 
8 1 8 I 

/1 h l 2 lh 12 - (Re h h* ) 2 cos ('I+ a ) 
3 1 3 1 

x) As was pointed o ut earlier, to determine uniquelly a relative phase 
it is sufficient, in principle , to d e termine only the sign of the paramete r A. 
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All the quantities rmtering 

((27), (30)) and assumed tc 

of (32) , (33) < ¢ and < .p 

In conclusion vve nob 

struction of the pion-nuclec 

values are mea sured with 

large then to reconstruct 

ining observable may be n 
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x) If a is equal (or 

to one of the coefficient 
by the absolute value and 
< ¢ and c .P use should 



+ TT 
sin a] 

+ cos a] 
+-; " 

(30) 

~ters R a nd A in the 

.!sly the phase difference 71 x) 

;, found if o n e of the remai-

• From (23) we get 

(31) 

sin a ] 

s expression in terms of 

h* 
I 

and the amplitude 

(32) 

:o> phases ¢ and 

e h h* + \ h \
0 

) 
3 1 a 

(33) 

liquelly a r el a tive phase 
1 of the parameter A. 

.. 

All the quantities c,nter ing here can be expressed in terms of the observables 

((27), (30)) and assumed to be known from previous measur ements. By mea ns 

of (32) , (33) < ¢ and < y, can be found.x) 

In conclusion we note that the above-considered procedure o f the l'e con­

struction of the pion-nucleon scatterin g matrix implies tha t the experimental 

values are mea sured with a sufficient accuracy. If the expermental errors are 

large then to reconstruct the scattering matrix the information about the rema ­

ining observable may be needed • 

The authors are grateful to L.L Lapidus for useful discussions of the 

problems considered here. 
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x) If a is equal (or is equal by its absolute value and opposite in sign) 

to one of the coefflcient b,c, or d and the remaining two coefficients are equal 
by the absolute value and opposite in sign (or are equal) then to determine 
< ¢ and , 1/J use should be made of one more relation. 
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