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Intr od u c t on 

The p r esent paper is devoted to some problems rel a te d to the r o l e of t ime 

in quantum mechanics: 

1. Is time an operator o r a paramete r ? 

2 , Is energy conserved in time? 

3 . What is the mean i n g o f the unc e rtain ty r elation !:J. E !:J.t ~ h ? 

As fa r as these p r obl ems are con cerned ther e is a great deal o f opinions 

often contra dictory. In o r der to sketch the s itua tio n we s hall g ive some o f them. 

Fro m the Plank- De B r oglie r e l a tio n E = hw a nd the fact tha t a f i n ite 

time is need ed to measu re the fre quency ther e follows the r ela tio n !:J. E !:J. t - h/1. 2 / . 

S u i table gedanken exper iments a r e k n own / 
3

/ , In gen eraliz ing rel a tivi s tically the 

commu tatio n rel ations [I 1 ,x 1 )~i o 11 ;i,j = 1,7,3; we o btain a l so the r e l a tion 

[I 0 •"ol ·=-ih. 

However, in spite o f this , pred o mina nt · i s the opinion tha t time i s n o t a n 

oper a tor, but a p arameter. It is bas ed o n the fact tha t the e nergy oper a to r i n 

q uanb!:n m ech a nics is n o t ih a; at but a Hamilto nia n w h ich i s a func tion of 

o nly momen ta a nd coord ina tes com muting w ith t / 2 • 4 / • Such an opera tor may 

have a d i scr e te eigenvalue s pectrum ( In accordance w ith our exp erience), 

it fo llows that the energy must h a ve only n c o ntinu ous w hile fro m 

spectrum/ S/ ( in a s imila r way a s from [ x , p z I a i h it follows the continuity 

of the p z spec trum/ 
6

/ ) , Our interpretation of the wave function implies tha t 

time may be o nly a parameter: fllJ' ( x , · t ) I 2 
d 

1 
I may not be considered a s the 

probability for the system to be a t the point On the contrary, the probabi-

lity fllJ' ( x, t ) 1
2 

d a I must be a time- independent cons tant ( c onserva tion o f 

the normalization). 

In the p r esent paper a genera l point of view i s suggested which natural

ly inc ludes the lis ted aspects of the pro blem (as well as some o ther s not men

ti::>ned yet ) . It a llows o n e to d iscuss the r ole of t ime from apparently more gene-

3 



r a J p o int o f view than this is done in the papers by Mandelstam and Tamm/ 
2

/ , 

F o ck a nd KryloJ ?/ , Aharonov and Bohm/ S/, 

I. Time as an Operator and as a Parameter 

Firs t, we s hall cons ider a system consis ting of one free partic le. The all 

possible s tates o f it can be obtained from any one state by displacements, rota

tio n s a nd L o rentz transformations (as well as by superposition of the obtained 

s tates) . This fact underlies the application of the theory of the inhomogen.eous 

I:,or e ntz g r o up representations ( further we call it the Poincar/ group PG) for des

c ribing the s tate of a particle /
9
/, In particular, the particle physical operators 

a r e th e PG generators (or can be constructed from them) , The displacement ge

n e r a tors P ll and the four- dimensional rotation ones M ll" must obey the 

well- kno wn commutation relations ( the method of their derivation is presented, 
. I 1o/) 

e .g ., 1n r e f. / 

[P1l,~]*O [Mil" ,P,\ J~i(P"Sil,\ - ·Pil Sv,\ ); 

[Mil" ,M>.o ] .- i(Sil" M,~.v + ·Sil,\ Mw _+Svo Mil,\+ Sv,\M"1L). 

Her e a nd in wha t follows we talce the system of units in which h - 1 

ll•" ~ 1.43,4. 

( 1) 

and c= 1; 

The c ommutation relations ( 1) do not determine unambiguously P ll and 

M ll" • ; different representations for them are possible. The ordinary represen-

tation in the simplest case ( spinless particle) is got · by introducing the operators 

Ill ~ ( ~ , it ) and p ll = (; , i:E) satisfying the commutation relations 

[Ill ,pv ] .a iS/lV (2) 

If now we put 

pll = pll ; Ill"' - Ill Pv - •Iv p ll (3) 

then ( 1) a re satisfied, But the representation ( 3) is, generally speaking, re

ducible, This s tatement will be clear somewhat below, As for the particle (more 

exactly , the e lementary system/ 
9

/ ), it must be described by an irreducible PG 

r e pres entatio n with definite value of t p ll p ll ~ p 
2 

(and by the spin value in 

the g enera l c a se). It is most easy to consider this statement as a 

4 
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1
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elstam and Tamm/ 
2

/ , 

•meter 

free particle. The all 

'Y displacements, r ota

.ition of the o btained 

f the inhomogen.eous 

=arrf group P G) for des-

1e physical operator s 

• The displacement g e 

I IW must obey the 

.ration is presented, 

( 1) 
) . 

•hlch h ~ 1 and c= 1 ; 

tmbiguously P P. and 

e ordinary represen

:roducing the operators 

1utation relations 

(2) 

(3) 

·ally speaking. re

or the particle ( more 

y an irreducible PG 

by the spin value in 

nt as a 

postulate
1

/ (further we shall see that it is equivalent to the requirement that the 

wave function should obey the Schr~dinger e quation). 

Therefore the particle wave function must belong to the space M 

tions obeying the e quation 

0 • 

of func-

( 4) 

The condition for lhe norm to be positive (or lhe condttion for the particle energy 

to be positive) gives in fact that the wave function obeys the equation of the 

first order in time (for example, ia'l'.,/a t= y~ 2 + m2 '1'., for the scalar case 

see/ 
11

/, ( 3.10); or the" Dirac equation i a 'I'., /at = ( ;;~ + {3m) 'I'., for spin 1/2 ), 

i.e. the r·elativistic Schro dinger equation. 

ln the space M 

and , namely: 

it is possible to indicate another representation of 

M,, o = \S(z, .,fp2 +m" +~ z, l- tp, 

p 
p. 

( 5 ) 

It can be verified that eq. ( 1) is satisfied as before, but now all the operators 

( 5) commute with t. Since they exhaust all the physical operators, according to 

our fundamental assumption, may be considered as a parameter,. Note that 

the function tq• m does not belong to M and therefore [ t, E)ll'., does 

not reduce to 

In his paper on various forms of dynamics/ 
12

/ Dirac has formulated and 

solved an inverse problem: how to change the representation ( 3) for P P. and 

so that new generators would commute with • The solution of this 

problem leads again to the condition ( 4) and is of the same form ( 5). This ap

proach togeth'er with the previous one makes the condition ( 4) necessary and 

sufficient for time to become a parameter. 

In the same paper Dirac indicated that one can obtain that the proper time 

1
/ The postulate can be commented as follows. As is known, the wave 

functions of representations with different p
2 

must be orthogonal : ('!'., ,'I' )= 0 
where m ~ and m ~ ar~ different eigenvalues of - p 

2 
• As far as 

1 aJi the 
PG generators commute with P 2 

, we have also ( '!'., 1 , P p. 'I'., 
2 

) - 0 a nd 
( '!'., 1 , M p.v 'I'm 2 ) = 0 lf there is not a s ing le particle operator which could 

not be constructed from PP. and M ., (to this postulate reduces our origi-
nal postulate) then the wave function P. 'I'= l: a., 'I'm of the re ducible PG repre
senta tion will behave as a mixed assembly of particles with different masses/9/ 

Namely the norm o f 'I' is broken up into the sum of lhe norms l: la.,l
2('1'., , 'I'.,) ; • 

the matrix elements of any phys ical operator are broken up in the same w ay, 
so that the state in fact is described by the density matrix of lhe typel:laml2w.,'l':. 

5 



r ( ins te a d of ) , r 2= t
2

- x 
2

, will be a parameter, In the same way as t 

numbers the planes parallel to xyz , r numbers the hyperboloids t 2~ ·x2-r2 

which a t t 2
- x 2 > 0 are space-like surfaces 

2
/ • This remark i s given here be

cause it can illustrate a dditionally the general viewpoint of the present paper and 

some possible modifications of it. 

So, time is a parameter in the M - space a nd an oper a tor outside it. In 

the latter case it is possible t o get formally from l t , .E] - - ·i the corresponding 

uncertainty rela tion. As is k n own, to do this it is necessary only to define the 

n orm or the scalar product ('I' 1 • ll' 2 ) o f wave functions not belonging to M . 
We may assume the invaria nt expressions 

• Jd x'l':(x,_. )11' 0 (x ,_.) • and Jd P¢; (P,_. )¢ 2 (P,_.) 
( 6) 

in the coordinate and momentum representations resf>ectively
3

/ . Let us stress 

tha t the interpretation of the wave function ll'(x,y,z,t) not obeying equation 

(4) is unclear. Indeed, Jl11'(x,y,z,tl
2

d
3

x may even vanish for some values of 

so the usual interpretation (see Introduction) is not suitable. 

Note that the concept of function spaces wider than M is necessary in 

the apparatus of the theory. For example, before writing eq. ( 4) it is n e cessary 

to indicate the class of functions in which the action of each operator 

( including a 2 / at 2 
) is defined. 

2 
P,_. 

Phys ical systems consisting of interacting particles or fields are characte

rized not only by the q uantities P,_. and MIW (total momentum and angular 

momentum) but also b y other operators. Following D irac /12
/ the constru ction o f 

the r e lativistic dynamics for a system is g enerally reduced to finding P a n d 1-' 
M,_. .., s u c h that they satisfy (·1) and at the same time commute with t. To 

show tha t other operators commute with t, a concrete consideration is needed, 

2 / In ref./ 12/ the considera tion is made in the framework of the classic 
( nonquantum ) mechanics. The author has made the corresponding consid eration 
in a quantum case, In contrast to ( 5) it turns out to be necessary to change 
the representation of the operators P 1-' ; M .., may b e left the same as in 
( 3) . The commutation relations ( 1) must again be fulfilled in the sense 
( 'P,_. , P,_ ] '!' m = 0 a nd so on. The form of new repr esentati<ves p of the dis-

placement genera tors is rather cumbe:rsome, 1-' 

3/It may be of some interest to note that if 'I' obeys ( 4) then ( 6 ) redu
ce i n some sense to the corr:sp~nding ~nown expressions. ·For example, ¢ ( p 1-' ) 
then must be of the form ll (p + ·m )IJ(E)f(p) and therefore we have 

Jd'p¢,:, (p,_. )¢m
2
(p,_. ),.Ill (m

1
-m 2 )Jf';(p)f 2 ( p )d 

3
p/ .. J "f2 + m 2 . 

As is seen, the known definition of the s calar product for the solutions of eqs . 

( 4)/11{ appears. 
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/ . Let us stress 

not obeying equation 

;h for some values of 

1ot suitable. 

M is necessary in 

q. ( 4) it is necessary 
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fields are characte-

nomentum and a ngula r 

~/ ·the construction of 

l to finding p and 
IL 

commute with t. To 

onsideration is needed. 

•work of the c lassic 
sponding consideration 
.ecessary to change 
>e left the same as in 
in the sense 

:ttiwes 'P,. of the di&-

~ys ( 4) then ( 6) redu
; . . For example, ¢ ( p IL ) 
we have 

)d 3Piv""r• + m2. 
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But in any case, in the constructed dyna mics the total energy P
0 

with t. 
will commute 

The a b ove consideration is a rela tivistic one. A presentation bas ed on the 

Galilean g roup would be more difficult, see/ 13/ . 

2 . Energy Conservation in quantum Field Theory 

Systems with interaction are usually described in the framework of field 

theory. As for this theory we note only tha t in the available formulation of the 

quantum field theory time is a parameter 
4

/ and discuss only one problem: con

servation of e nergy with time. 

All the physical quantities of t h e s eco nd quantized theory may be referred 

to a definite time including the total energy opera tor 

( 7) 

As is known, this integral is independent of time ( owil<g to a TIL II I a XII = 0 ; the 

system is assumed to be clos ed) • 

Thus, in field theory the expressions: "total energy in moment t ", " to

tal energy is conserved in time" have an exact operator meaning. Let u s show 

tha t this operator law o f conservation means the conservation of the probability 

amplitude of distribution over the eigenvalues of the operator H • 

II 

The' general solution of the Schro dinger equa tion 

a ~<t> 
lot- H~(t) 

c a n be written in the form 

(9) 

where 511 means a summation or integration over some variables, including the 

number 11 of the . eigenfunction ¢ 
11 of the H operator (which belongs 

4
/ The coordinates x , y , •z in field theory are also parameters number-

ing the degrees of freedom of the field. However, in quantized theory they can 
simultaneously play the role of the • particle coordina te. Indeed, the Fock one- par-
ticle amplitude ~ 1 Ci, t) is connected with the field operator <11

1 
( t , t ) -

• < 0 I .¢ ( x, t ) I ~ > so that its arguments are the same x, t as for the 
field operator ¢ (-;, t). On the other hand, it must be interpreted as the wave 
function of a particle in coordinate representation. Therefore i may be interpre-
ted as eigenvalues of the operator of the particle coordinate 

( seeJl-1{ ch. 7 § 3; we notice that :r is an Hermitean operator, if ( 6) is used). 

7 



to the eigenvalue W" ) ; fv does not depend on • Such a fonn is 

possible just because H is independent of ( hence, it follows that it is 

possible to separate the variables in ( 8) and to write the complete orthonormaJ 

system of the solutions of eq. ( 8) in the form ¢v (t) = ¢., ezp (- iWvt )). 

The probability amplitude for finding the state ¢,. ( t) with the definite energy w,. 

in the state ( 9) at the moment is(¢,. (t), <ll(t~)·fw Notice that the law of 

energy conservation is just expressed in the fact that fv is time independent 

but not in the fact that the corresponding 

formulas. 

8 - function is present a nywhere in 

The deduced law is in an apparent contradiction will-> the well-known re

sult of non- stationary perturbation theory; energy is not conserved during a fini

te intervaJ of time. Sometimes this result is considered as an illustration for the 

uncertainty relaiion !'!. E !'!. t ~ h S/, see, e.g./ 
14

/ § 29. Show that this contra

diction is due only to a wrong physical interpretation of the formulas of nonstatio

nary perturbation theory. Let us obtain them in such . a way which automatically 

garantees the fulfilment of the law of conservation o f totaJ energy. Namely, to cal-

culate <ll ( t) we take the expression ( 9) and make use of the ordinary stationp.-

ry perturbation theory for finding the ¢v and W v • The coefficients f., 

as usuaJ are determined by the initiaJ wave function <ll ( 0 ) • lr:1 the usual rep-

resentation (the Dirac method of variation of constants/
14

/ ~ 29) <ll ( t ) is pre-

sented in the form: 

<1) ( t) 
-IE t 

Snan(t)une n ( 10) 

I !ere un is the complete system of eigenfunctions of H0 = H - H' ( H' is 

perturbation energy) with eigenvaJues En ; a" ( t ) obeys the Schr6 dinger 

equation in the inter·action picture and is found according to perturbation theory. 

s/ Mandelstam and Tammf 
2

/ has aJready stressed that such a treatment 
d oes not follow, strictly speaking, from the perturbation formulas. The transition 
probability to states with energy E different from the initiaJ one E 0 does 
not, in fact, decrease a t all with increasing t , but it Dscillates: it is propor-
tionaJ to Sin 2 ( t/ 2) ( E - E

0 
) / ( E - E 0 ) 

2 It is only the tnansition proba-
bility Rer unit of time that contains the multiplier Sin 

2 
(t/2) (E -'E 0 )/(E- E0 )

2 t 
which a t t .. "" turns into 8 ( E - E 0 ) • 

8 
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f H
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= H - H' ( H ' is 

th S 
~ . 

>eys e chro dmger 

1g to perturbation theory. 

that such a. treatment 
'ormulas. The transition 

initial one E 
0 

does 
.t .oscilla tes: it is propol'
Jn.ly the Ulansition proba
'2) (E -'E 0 }/(E- E

0 
)~ t 

For our purpose it is sufficient to g et from (fl) the f01:mu!a of the fir s t app

proxima tion. In the Schiff notations (see/ 
14

/ § 25) w e have 

H~ u#L 

( 11) 

Let the initial state be described by the function u • 1 From 

( 12) 

we find 

( 13) 

The tra nsition amplitude to the state uk ezp (- i Ek t), k I m a t the moment t 
is ( in the first order in H' ) : 

( 14) 

H~lll I(Ek-KDl)t 

--- (e - 1). 
E k- E., 

As is known, just such a n expression for this a mplitude (it is equal to ak ( t) , 

see ( 10)) is o btaine d in the Dirac's way, see ( 29.9) in/ 
14

/ . 

Note that since the initial state u., is not the eigens tate of H we 

have no definite total energy initially, In the superposition ( 12) there a r e s tates 

with energies Wk close to Ek I E., • Therefore the fa c t that at a moment 

t > 0 in <ll(t) there may be another s tate u k with ~ f. E., does not 

contradict the law of conservation of energy (by the way, total energy h as no 

definite value in the state u k also). 

The fact tha t the transition amplitude to the state uk 

creases linearly with time while the amplitudes with 

w ith Ek = E., 

only o s cilla te 

should be considered simply as a phenomenon of the resonance type . In this 

case the qualitative rela tion (.E - :E ) t • h gives the upper bounda ry fo r 

in-

times t when the oscilla ting a mplitudes a re still comparable with the inc reasing 
I 2/ one, comp. . 
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D s c u s s o n 

The a bove opin ion o n the role of time allows us to a n swer the question s 

put in Introduction as follows: 

1. 'I'ime is a parameter when the considered physical system obeys some 

equa tion of motio n (the 'Schr~dinger equa tion in qua ntum mecha nics). In the fra

mework of a set o f qua nta! postula tes (prec edin g the w riting of the equation) time 
is an oper a to r Are there physical situations w hen time i s a n operato r ? It is u sually be-

lieved that during the measurement the Schrodinger equation does n o t work. However it 

is p o ssible that there a re some equations which describe this process. If so, time may be 

a parameter even in the measure')'lent. Therefore the a uthor thinks tha t the a b o 'Ve ques

tion is s till to be s tudied. 
2. Energy mus t be c onserved in most d etails E ( t 0 ) = E ( t 

1
) = E (t;> ·· - when 

the system is freely extended according to the Schr~ dinger e q uation. The widely 

spread opinion that s uch a conservation is n o t obtained by perturbation theory 

is based o n a wrong interpretation of the formulas (the identifica tion of the total 

energy w ith its zero approximation). Analogously the expression "the energy of · 

an iso lated system at the time m oment "has the meaning in quantum mecha-

" nics with Schro d1nger e quation. 

The problem of the meaning of the law of conservation of energy in mea

surement process s hould be consid ered s till unsolved as well as the problem of 

a physical existence of the time oper ator . 

3 . If time is a parameter then the relatio n 11. E 11. t - b may have o nly the 

meaning of the M a ndels tam- Tamm relation/ 
2

/ or of the rela tion between the life

time and the -level widtr/ 
15/ • In the sense of the Ebhr- Heisenberg uncertainty re

latioJ 7 / it may be understood only in those situations w hen time i s an oper a tor. 

Since the ques tion a bout the existence of such situa t ions was left open then this 

s tatement has yet n o p hysical content. But it has a quite definite the oretical mea 

ning , especially in connection with the available dis cussion o n the relation 

11. E 11. t - b J 7 •8
•
1 5- 17/ • The point is tha t in this discussion both s ide s con si-

der time as a parameter while measuring. Form the point of view of this paper 

such a pos ition means tha t the a boveme ntio ned o p e n ques tio n i s a ssu me d to be 

solved in favor of time- parameter. It i s the following p r o blem th a t i s discu ssed in 

fact 
6

/ : I s the Bohr r e l a tio n 11. E 11. t ~ b valid fo r rneus ure 111 E'nt proces >' in 

6/ As . , . . j 18/ ( . ' I " to the Landa u a nd Peterls pomt of vte r epe•1led m r·e f.' 

a.nctf 8 / ) we notice only tha t it is entirely based on the a bove w r ong intEtP' c•(. '

tion of the formulas of perturbation theory (see a l s o the F o c k' s c riticism/ · 1 ) • 

10 
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spite of the absence of the corresponding commutation rela tion !!. E !!. t • b ? 
Aharonov a nd Bohm/ B/ s tressed tha t in such an interpretation the relation 

loses the b ase which underlies other uncertainty rela tions: it cannot 

b e deduced w ith the help o f the apparatus <;>f quantum mechanics. It may be as

sumed o nly as a n a dditional postula te (we call it the "Fock' s postulate") but 

then it is necessary to prove its consistency with other qua nta! postula tes . The 

present- day state of the discussion can be described as follows: Aharonov a nd 

Bohm suppose tha t they have indicated the (gedanken) method o f measuring ac

curately the energy during a n arbitrary small time in contradiction w ith the Fock's 

p ostulate. While Fock states tha t they take into account his postulate n o t every

where and there is no proof of the contradiction. 

The following solution of the problem is s u ggested: The Fock' s postulate 

is unnecessary. In fact, the purpose for which it has been introduced i s achie

ved in the present paper: . there is a place i n the apparatus o f quantum mecha-

nics for the relation ll E!!. t ,. h in the Bohr- Heisenber g's sen se . No other 

theoretical or experimental difficulties are solved by the p ostula te . As to the geEl 

danken experiments it is possibly difficult to disprove the postula te if its general 

applicability is s tated. But if this has n o t be done then o ther qua n ta! postulates 

do not forbid to measure the energy exactly a t the moment • Thls has a 

clear meaning from the point of view of the pres ent paper: if time i s a parameter 

then the energy of a free particle is express ed in terms o f its momentum . Nothing 

forbids to measure the momentum exactly a t the mom ent t The ged anken 

Aharonov a nd Bohm's experiment is an illus tration of s uch a possibility fo r mea

suring the energy during an arbitrary small time intervcil. Moreover, the Fock' s 

postulate leads to an e s sential difficulty in the theoretical apparatus (whic h is 

otherwise absent). ~ne of the dynamics problems is th e prediction of the future 

state of the system knpwing the iriitial one ( the Cauchy problem). Among th e 

state characteristics there is energy which cannot be referred to a definite time 

following Fock. Hence, we are not allowed to consider a definite state of the 

system at the initial moment t 0 

on. 

or a t the subsequent ones a nd so 

In conclusion I express my gratitude to Prof. M.A. Markov and I.V.Po lu

barinov for useful discussions. 
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