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The present paper is a continuation of papers 1- 3 where the relativistic 

three- body problem has been discussed, Using the equations for the transition 

operators we obtain a system of equations for the scattering amplitude natrix 

elements. In particular, the approxirnatlons for three-particle scattering amplitudes 

are considered which appear to be respectively veJid for the cases of strong 

and weak coupling inslde two-. particle bound states, 

We shall consider three relativistic particles with different masses • 1 , m
1 

and mk, Assume that between the particles there exists only pairing interac­

tion what allows us to use the results of the previous papers. In the present 

paper we employ. also the Jacobi coordinates in the :x;.. representl!ltion and the 

momenta conjugated to the latter, 

Earlier3 it was shown that the S-matrix elements are expressed in tenna of 

the matrix elements of the scattering amplitude as follows: 

( 1) 

T11 can be written in the form 

(2) 

where M 11 satitsfy the equations 

.II ·JI x .. +/3~1 .1{3 g {3 K {3 
(3) 

Here g
1 

is the two-particle Green function; K 
4 

are the pair kernels, and 

x: is the solution of the two-particle E!ethe-Salpeter equation for the .i-th 

two-. particle subsystem. In this paper we restrict ourselves to consideration of 

II 11 determined by eq, ( 3) . which ~re denoted in re£? by II~ because the 

use. of the secohl type operators 11 11 has given us so far nothing new, As was 

noted earlier the operators can be also determined by the following relations 

( 4) 
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where g is the full three- particle Green function, and 

gl-&o+goKigl • (5) 

From ( 4) it ia seen that 

1 1 11 11 '• - gllllk gk • ( 6) 

'The 11 11 determined in such a way do not practically depend on the second 

index what indicates that there exiats some connection between the 11
11 

for 

various i • From ( 6) it follows that eq. ( 3) can be rewritten in the form: 

1111 = (K-K I )+1111 ,, (K-K l) (7) 

'Thus, we have obtained a system of uncoupled equations for all II ll • 

In what follows we shall restrict ourselves to consideration of the problem 

of scattering of a particle on the two- particle bound state. We are going to 
consider two approximations: 

1. Weak coupling inside the two- particle bound state. In that case the bo~ 

state mass ll 
1 
< m l + m k and are of the same order that Ill 11 +m 

l k 

2. Strong coupling. In that caa~e ll 
1 

« m l + m k • Consider. the first case. 

For definiteness we write down, e.g. the equation for M 
11 

• Owing to ( 7) we 

have 

11 11 - K
2

+ K
8 

+M 
11

g
1 

(K
1

+K
1
). 

( 8) 

Due to weak coupling we neglect the interaction inside the bound atate putijng 

g 1 - g 0 • A fonna.l solution of eq. ( 8) in our approximation ia of the form 

-I 
M 11 = ( K 1 + K 8 )(1- g 0 ( K 1 + K 

8 
)) (9) 

'l'aking into account that 

-1 -1."' 6 
K 1 - T 1 (1+g 0 T 1 ) ;T1 -S

1 
T 1 , 

( 10) 

where 't
1 is the two- particle scattering amplitude, we obtain 

•u· n:l ..:s_go Tk lo Tl ... ..., (11) 

l~k-2,1 '1; 
The expansion ( 11) is an expansion in multiplicity of interactions. So, e.g. the 

first two terms correspond to the single scattering of an incident particle on each 

of the particles forming the bound state, the second two terms correspond to the 

consecutive scattering first on one particle and then on another and so on. 
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Of special interest ia the case when multiple scatterings may b 

'This occurs, e.g. in scattering of a nucleon on a deuteron at abc 

energy in the c.m.s. of the deuteron. Then 

M11 -T
1

+T
8 

Froaa ( 12 ) we can obtain the expressions for the amplitudes describ 

ring processes on the bound state accompanied or not accompanied 

as well as scattering processes with production or without propuctior 

state, Notice that the considered approximation is a direct analog oJ 

approximation 
5 

• 

Now we go over to strong coupling. 'The approximations we are goin 

would be justified, provided either ll « m 1 + m 
1 

or 11 
1 

, m 
1 

.. .. , ll 

We obtain quations making use of the transition m 1 , m 
2 

.. .. • 1!'1 doiJ 

free term of the two particle Bethe- Salpeter equation vanishes ( & 
0 

-

spinor particles, g 0 - ~ for scalar ones). 'Then for the two-~ 
m 1m2 

function we have the equation satisfying the homogeneous Bethe- SalJ: 

tion. Using the expansion of the Green function in the two- particle w 

tions and noticing that in this expansion only the bound states contrl 

n +" 
i;'

1
(P

1
i

1
f

1
) _:I "'P (r 1 )0Jp cJ1 ) 

"P1o-..;rr;~+ ~~~+if 

1Vhere "'; (i" 1 ) obey the equation 
I 

• 1 
"'P (xl )~ --flo(Pl 

I (211) 8 
x; U I )K 1 (P1 ~ V .) ... ;

1 
(v1 )do I dv; 

Starting from the equation for M 11 ( 7) we can obtain equations sim1 

for the matrix elements T1\ and T
10 

• Indeed, from the connectior 

11 u and 111o r &1 11u &1 = gl M 10go) 

TI:
0
(Pp '!l't>- rx"- (XIilz;>l!lll (X-Y r i" y y) X I I I Pp1 I I I I 

+ -- - - - -
X)( ;-,-,(Yy1 y1 )dJI;dYdx

1 
dy 

1 
dt

1
cly

1 PI PI 

In ·addition 

T:;" (Pii ~·> -fx" (Xi' i'1 )1!1 (X-Y,'iJ Y' f > x 
I I Ppl I II I I I 

X X~ (Yy y )dXdYdi' elY: di df ' 
Pv1 I I I I I 1 

5 



full three- p4rlicle Green function, and 

gl • Ko+gOKI gl • (5) 
n that 

giMII gl • giMik gk • ( 6) 

ned in such a way do not practically d~end on the second 

e that there exists some connection between the IIIJ for 

it followe that eq, ( 3) can be rewritten in the form: 

II 11 = (K -K 1 ) +IIIJ g I (K -K I ) ( 7) 

system of uncoupled equations for all II 
11 

, 

·s we shall restrict ourselves to considemtion of the problem 

two- p4rlicle bound state, We are going to 

,g inside the two- p4rlicle bound &tate. in that case the boWJ4. 
and are of the eame order that 1'-1 m +m 

I k 

In that ctU~e p. 1 « m 1 + m k , Consider. the first case, 

write down, e,g, the equation for M 
11 

, Owing to ( 7) we 

1111 = K2+ Ka +M llgl (K2+Ka). 
(a) 

tg we neglect the interaction inside the bound etate putt,lng 

solution of eq, ( 8) in our approxlmatton t. of the form 

-I M II = ( K 2 + K a )(1- g o ( K 2 + K a )) • (9) 
that 

-1 -1"' 6 K1 = T 1 (1+g 0 T
1

) ;T
1

-S
1 

T
1

, 

( 10) 

o- P4rlicle scattering amplitude, we obtain 

Mil- D:l ~ (11) 
1,0k=2,a a 

an expansion in multiplicity of intemctions, So, e,g, the 

pond to the single scattering of an incident p4rlicle on each 

tg the bound state, the eecond two terms correspond to the 

first on one particle and then on another and so on, 
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Of special intereet is the case when multiple ecatterings may be neglected, 

'I'hls occure, e.g, in scattering of a nucleon on a deuteron at about 100 MeV 
energy in the c,m,e, of the deuteron, Then 

M11 • T
2 

+ T
8 ( 12) 

Fr-0111 ( 12) we can obtain the expressions for the amplitudee describing scattel'­

ring processes on the bound state accompanied or not accompanied by decays 

as well as scattering processes with production or without propuction of a bound 

state, Notice that the considered approximation is a direct a:na.Iog of the impulse 
approximation 5 , 

Now we go over to strong coupling, The approximations we are going to consider 

would be justified, provided either p. « m 1 + m 
2 

or m 
1 

, m 
2 

-+ .,. , p. being finite, 

We obtain quations making use of the tmnsition m 
1 

, m 
2 

-+ " , In doing so, the 

free term of the two p4rlicle Bethe- Sa.Ipeter equation vanishes ( g 
0 

- -L for 
1 m m spinor p4rliclee, g 0 - -::o::-r for scalar ones), Then for the two-partibJJ Green m 1m2 

function we have the equation satisfying the homogeneous Bethe-Sa!peter equa­

tion, Using the expansion of the Gt-een function in the two-particle wave func-

tions and noticing that in this expansion only the bound states contribute we get 

g I (PI X-I fl ) -

where "'; (x1 ) obey the equation 
I 

ll 1 

D. - +D -
,I "'P, (xl )ldpl (yl) 

D P10 - ..;rr;"+ 11- ~~ + if 

"'P (xt )m -fgo(P
1 I (2~r) 8 

-- ll- --x; U 1 )K 1 (P1 u1 V •)"'PI (vI )du I dv
1 

( 13) 

(14) 

Starting from the equation for M 11 ( 7) we can obtain equations simultaneously 
for the matrix elements T

11 and T10 , Indeed, frfm the connection between 
Mil 

and MIO 1 Cl Mil gl = gl M lOgO) 

T1:

0

(Pp'fl'f')- Jx"_ (X1 i;z;>M
11 

(X-Y txy y) x 
I I I Ppl I I I I 

+ -- - - - -X)(:-,-,(Yylyt)c!J(c!Ydxl dyl dtldyl 
PI PI 

In ·addition 

-T 11 CP'P J') -fx" (Xi' i 1 )M (X-Y,'i
1 
i" i Y' > x 

I I p' I II I I I 

\( 
' 
" 

X~ •, (Yy y )dXdYdi elY: di dy • 
Pll'1 I I I I I 1 

5 
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t 

where 
0 XPptpl (Xi,~)• e-tPX-t»t~. 

x ~. cxi,i, >-
-tPX -lpl;. a 

e Cil 

... p +11 - (i ) 
W I'PI I 

w, P +PI .. (i' I) • 

(17) 

( 18) 

Here we notice that when the masses of particles entering the bound state ~ 

equal to infinity the~ is no rea$On to consider the amplitudes for the produoo 

tion and the decay, since they are all exactly zero. However, we assume that 

I' « m 
1 

• I' « m 
1 

but m 
1
, m 

2 
< .. then T 

01 
and T

10 
diUer from zero and can be 

approximately found by means of T 11 at m
1

m
2 

... .. • 

'raking into account eqs. ( 7), ( 13) and ( 16) we get the following equation: 

a. 11a -II •' - _ 
T 11 (P~1 p;)-.<K-K 1 > 11 (Pp1 p;)+I,Gbr) fT

11 
(Pp 1 p~)x • , 

S( ..... , •• ---~ Tp +pI ) < K- K, >II (Pp I pI ) 

X ~-
ll,pO + p'"' - y[!LI' + J"JI .+ ,. 12 + i£ 1T 10 1 ,. 

(19) 

where 
~ - +D • 

<K-K 1 >11 
(Pp

1
';:) • (x~(K-K 1 )xp-) 

·~I PI 
(20) 

DO --- +a 0 
<K-K 1> 11 (Pp p'p )•(){ (K-K1 )XP_,_). 

0 I I I Pjl"
1 

PI PI 

The scattering amplitude matrix elements T 11 from eq. ( 19) are, obvious-

ly, approximate for the case I' « m 
1 

+ m 2 • Making aJmilar calculations and 

using eq• ( 15) we get 

ao _ - . -1a ••' 
T

10 
(Pp p'p')- <K-K > "

0 
(Pp'p'P" )+ (211) IJT

11 
(Pp P'"> x 

I I I I II I I I D I I 

X 

S(~ P + p" )< K -K
1 

>"'o (Pp"p' p' ) 
M I II I I I 

dp'"' ~~;------_-,.---=;Mr=~===.;$~~;=~,~~~-.-- I 
.::LP o + P -y[_Lp + p"] +I' + I( 

M to M " 

(21) 

T 
11 

entering this equation can be taken out from ( 19 ), since CQrrections to 

it (because of m 
1
m

2 
< .. ) will be of higher order in the expansion in the 

inverse powers of the masses of particles fo.rming the bound state. 

In conclusion we note that if. instead of the pole expression for g ( 13) 

we took into account the scattering states, then we would not able to obtain a 

6 -

separate equation for 'lj, • Thus we hAve shown that in the case o 

coupling the equations for the three- particle scattering amplitudes are 

simplifled and reduce to the multichAnnel two- particle Lippmann- SchwiJ 

tions. 

We would like to express ~ gratitude to Prof. A.~'Tav.khelldze 

discussions;. 
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-cPx-cp-; 1"1 Xi1 i;)• e 
~p +JJ - ('i ) 

M I ,pi I 

-tPX -1P1;. a 
1 i 1 >-e "'w1 P+;C:~t1 ). 

W I 

(17) 

(18) 

when the masses of particles entering ·the bound state are 

there is no reason to consider the amplitudes for the produoo 

since they are au exactly zero, 

but m
1
,m 2 <.. then T

01 
and T

10 
by means of T11 at m

1
m

2 
..... 

However, we assume that 

dlt!er from zero and can be 

count eqs, ( 7), ( 13) and ( 16) we get the following equation: 

... -11 •' .... _ 
-K 1 > 11 (Pp1 p;)+l:,(2rr) fT

11 
(Pp

1 
P7) x 

• , 
';) < K -K1 >:,• (Pp';' p;) 

I ~-vr!....Jt + ~"J" + ,. •• + i• 
M • 

(19) 

llllll - ~ +· • 
K-K 1 >11 (Pp 1p1 ) • (x....,.(K-K

1 
))(P_) 

·~I PI 

DO - -,- + a ) 0 ) 
K-K 1 > 11 (Pp p p )•()( (K-K

1 
)(P_,_ • 

0 
1 1 1 Pv1 PI PI 

(20) 

1plitude matrix elements T11 from eq, ( 19) are, obvioua-

case P. « m 1 + m 2 • Making sJ.rnllAr calcUlAtions and 

- -11 aa' 
ji'p') = <K-K > 

80
(Ppp'P' )+ (2rr) .I fT

1 
(Pp ji") x 

I I I I II I I I ,;1' I I I 

m _ a~o - - _ 
,--!. P + p" )< K -K 1 > (Pp"p' p' ) 

M I II I I I 
(21) 

t d--_, M ;:t ... " PI 
Po+P -v'[-lt' +p"] +,. 12 + it 

10 M • 

.tion can be taken out from ( 19 ), since CQrrections to 

) will be of higher order in the expansion in the 

Particles fonn.ing the bound state, 

note that if, instead of the pole expression for g ( 13) 

e scattering states, then we would not able to obtain a 

6 

• 

separate equation for ~1 • Thus we have shown that in the case of strol'IS 

coupling the equations for the three- Particle scattering amplitudes are noticeably 

slmpllf.led and ~uce to the multichannel twe>- particle Lippmann.. Schwinger equa.­tions, 

We would like to express 0\.q' gratitude to Prof, A.N'Tavkhelidze for useful 
discus.sions• 
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