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1. Introduc tio n 

The purpose of this paper is to develop a method fo r calculatio n o f the bind­

ing energies a nd the r .m.s. radii o f some nucle i w ith closed s h e lls accordin g to the 

Goldstone formula ( ref,1 ,) . This problem wa s solve d by Eden e t a l. fo r o16 
( r e f.2.). 

They obtain ed a g ood r·esult for th e binding e nergy b ut the r oms. r a dius was found 

too small. In o r der to obtain a mo re c orrect valu e, r:::den propose d tu use in stead 

of a ha rmonic o scilla to r s ing le- p a rticle potentia l <<nether s ingle- particle potentia l 

which would g ive the wave functions be having asymp to tic a lly as e - x . However fo r 

such a pote ntia l the separ a tion in the C MS sys tem canno t be practically perfot'­

med and thus the proble m b e come s ver y c omplicated, On the o the r han d the disc re­

pancy in the value o f the r.m,s . r adius c a n be due to the applie d self- consistent 

method, which a pproxima te s the g r o und state wave functio n by a Slate r d eterminant 

constructe d from the s e lf- consistent s in g le- particle functions, It is p ossible tha t the 

influence o f the pair corre la tio ns is esse ntia l. 

Our idea is therefo re to r e tain a h a r mo nic o scilla to r p o te ntia l with a free p a.­

rameter a nd to c alcula te the first thre e terms o f the Goldstone formula for the 

ground state energ y and wave function imposing no self- consistency requirement. 

The free parame te r is to be c hosen to make the conve r g ence as good as possible, 

Such calcula tio n can a l s o indic a te w h e ther the Golds to n e series actually converg es. 

In o rder to perform this p r o g ram we nee d a me tho d whic h would g iv e us the 

solution of the B G e qua tion sufficiently exact to be sure that eventual n egative 

results a re n o t d u e to the use d a p p r oxima tions. ln this p a p e r we d e velop suc h a 

method a nd prove numerically its accuracy fo r a ma thematically s impl e o ne- dime n­

sional cas e . Our starting a ssump tio ns a r e ( 1 ) a h a rmonic o s c illa to r fo r m for the 

single- p a rtic le p o te ntial is u s ed, ( 2 ) the exclusio n princ ip le ( E P ) is tak e n e xact­

ly into accou nt, ( 3 ) the inte rnuc leon pote ntia l v (r) c onsists o f a h a rd c ore ( w hich 

is trea ted a s the limit cas e of the r ectan g ula r r e p uls ive pote ntia l w ith a varia ble 

h e ig ht v 0 a nd o f a n attra ctive p a rt o f the Yukawa type. The calc ula tions a r e 

performed in rela tive Carte s ian coor d ina tes and the d ependen ce on the varia bles 

y and z is omitted, In this way the p r o blem b ecomes o ne- dimensio nal. The 

reason for the use of Cartesian c o ordinates is the s imple fo rm o f the tra nsfo r mat­

ion coefficients fo r the tra nsition form the la borato ry system to the C MS (re f. 3 , 4 ), 

Otherwise o ur o ne- dime nsional e qua tio n s a r e almo st the same as the e qua tio n s in 

spherical c o ordinate s for an inte rnucleon p ote ntial a cting in the S - state o nly. 
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In o ur next paper we shall demonstrate that this method is applicable in the 

general three-- dimensional case for different phenomenological internucleon poten­

tials and derive the formulas for the more complicated matrix elements of the re--

action matrix occuring in the third term of the Goldstone for nula for the ground 

state energy. The necessary matrix elements of 

merically. 

will be then calculated nu-

II. The System of Integral Equations for the Wave 
Function of a Pair of N..lcleoms 

The BG equation in operator form ( ref.1) 

t=v+v__Q__t 
Eo- Ho 

( 2.1) 

determines the reaction matrix of a pair of nucleons in nuclear medium if the 

internucleon potential 'I 

The Hamiltonian 

is known. 

A 

H0 = I 
j = 1 

Tl + ~ ) 

contains a model single- particle potential V. E 0 is the energy of the lowest mo­

del eigenstate <!> 0 ( we consider only such nuclei in which no deg eneracy with 

respect to H0 arises). The projection operator Q ensures that intermediate 

states of a pair of nucleons in ( 2.1) are both excited with respec t to all occupied 

states in <I> 
0 

The single- particle pote ntial V 

ing eigenvalues are of the form: 

1 normalized eig enfunctions ctnd correspond-

V(r) = \-lmw 2 r
2 

¢. (x) 
n -~ 

[ 2 n! fol 

'L <i') = ¢. (x) ¢. 
n x y 

-~ (ax) 2 

e H 
0 

(ax )Va : a 

(v) ¢. 

ym w 
1i 

E
0 

n n = nw(n+_j_) 
y Z L 

n = n x + ny + n z 

( z) 

( 2 .2) 

where m is the mass of a nucleon, 

in ref.5. 

11
0 

(x) is the I-:errnite polynomial as defined 

Expressing ( 2 .1) in the representation ( 2.2) we obtain 

(
-+ -+ I ...,. ...,. .... .... ...,. ...,. <-+ -+ I I ...,., .... , )( .. , .... , ...,. .... 
m I m 2 t I n n ) = ( m m I v I n n ) + I' m I m 2 v n I n 2 n I n ,It I n I n 

1 2 1 2 1 2 ...,.,...,. , 2 
"1"2 E +E -E--E--8E 

nl "2 "t "2 

( 2.3) 

Here 8 E is expressed by means of the single- particle energies En according 

to ref. 1 and ~- means that the summation extends over excited states only. 
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Further we restrict ourselves to the study of the matrix elements o f t COl'-

responding to the transitions from occupied initial states, i.e. ; 
1 

and 

occupied states and 8 E = 0 • Multiplying ( 2.3) by ,J..,_ and denoting 
11 w 

v = _ 2_v we get 
1i w 

< .;
1

.;;
2

1 t I ; 1 ~ 2 > 

+ I' 
It; 11 '2 

d s, 2 l 

; 
2 

denote 

t = -
2- t 

1i w 

The solution of this equation retains all important features of the general case 

( 2.3). 

lt we denote the square bracket in ( 2.3' ) as 

+ I' 
tt; :; 

Further we introduce CMS and relative coordinates 

R = r = 

we get 

( 2.5) 

so that the form of the eigenfunctions -remains the same as in ( 2.2). Denoting 

( 2.6) 

we have from ( 2.4) 

+ I' ( 2.7) 

This is a n infinite "ystem of integ r al equations equivalent with ( 2 .4). 

Now we shall drop the dependence on y and z • We can further express 

the functions IN n 1 n 2(x) explicltely see. ref. 3): 

I ( x) 
Tn 1 n~ 

</> ( x) ( 2.8) N n J n 2 N, n 
1
+n

2
-N nl+ n 2 - N 

N! nl ~ k n 1 n~ Tntn:J 
=8 n

1
+n"N+h 

( n t! 
j I (-1) ( j ) ( k • 

N D n 2! 2 N +h J+k ==n 

Let the occupied states be n l = 0,1 ••• n 
0 

- 1 Introducing a dimensionless 

variable r= ax and 

Y, (r) = _1_ Y,N (x) 
N Dl D 2 Va D I D 2 

v(r) =;(.fix) 
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we obtain from ( 2 . 7) 
o/JN (,) Tn 1"2 </> 

( r) + 
D I 1'1. 2 N, n 1+niN n 1 +n:fN 

+k 
N '=-0 

¢ n;+n2-N(r} T"1"2 

2(n 1 + n 2 - n~-n;) N,n;+n~·N 

, , +oo 

T D 
1
n a r dr' </> ' '<<l v(r')o/J ' (r'l( 2 .9) 

N'n'+n'-N' n +n •N N n n 
' 1 2-oo I 2 t 2 

~ l: 
n ;>en 0 n ~n 0 

The kernels in ( 2 .9) can be transformed if we introduce new indices in the 

double sum and use the orthogona!ity relations and symmetry properties of the 

coefficients T 

where 

( 2.4) 

v=n'+n' 
1 2 " > 2n

0 ~ = D~ 

~ 

KNN'( r, r') = 'k ~ 
D "=0 n '"" D 

I 0 2 0 

¢ n :+n"x N (r') (r} rf>.~·N' 

2 ( n 
1 

+ n 
2 

- n '
1 

- n '
2 

) 

~ ~\,_,.,(r)<>.,_N,(r')[o 

V=max(2n
0
,N, N")2( n

1 
+- n

2
- v) NN 

a V NN' j 

U VN N 

N+N ' ru· 1 

=[I+( -!} ]l: 
fL=O ~. V-N 

V-Jl, Jl 

T 

n 0 -s_~<5_v- n 0 ; 

Tn;n'2 

N, n
1
+n

2
-N 

V-JL, fl 

TN',v- N' 

T•;n; =(2.10) 
N' ' ' o l+n '2·N 

Using the symmetry of the harmonic oscillator eigenfunctions we find from 

1/J (-r ,-r )=(- l)n1 +n2 W 
"t"2 I 2 nln2 

( r 1 • r 2 ) 

Hence 

1/J N n t" 2 
( -r) =(-I ) 

n f n 2+ N 

t/J N n t 0 2 
(r}. 

( 2 .11) 

Using this relation we can write ( 2 .9) for r ~ 0 only: 

+oo -
ojJ (r} = T "/'

2 
¢ (r) i ~ ( K (r,r')v (r') 1/J , (r)dr' 

N nln 2 N, ntn2- N nl+n2· N N'::zO 0 ~N"' N nf 2 ( 2 .12) 

KNN'(r,r') = K .(r,r')+(-I)"1+n2+N K , (r, -r'). 
NN NN 

In addition, s ince the kernels K NN' connect o nly N a nd N' of the Sillne 

purity (see( 2 .10) ), the syste m is splitted into two independent systems for even 

or odd N respectively. 

We shall further specify the internucleon potential v (r) 

Vo .......... 0-:;_ r '>..a 
·fl.r 

I a =~; k>O; fl>O; vo>k~a, v (r) = I -k_e_ .......... a< r '>..R ; r 
a 

0 .......... R < r 

where r c is the hard core radius, e qual approxima tely 0.4 and R is a P.. 
bitrarily large, R » a. Hence it is sufficient to solve ( 2 .12) for 0-:;_ r-:;_ R. 
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III. Reduction of the Intinit"' System of Integral 
Equations 

In orde r to reduce the infinite system ( 2.12) a method suggested in ref. 6 

will be applied. Let us define for 0 < r <+ ~ the following functions 

(r-NR) ~ 
F n n ( r) = T n l n 2 </> n + n- N(r-NR') 

1 2 N, n t" 
2
- N 1 2 

rE < NR,R+NR > 

V(r)=v(r-NR) 

K(r, r ') =KNN'(r-NR, r '- N'R) I r E < NR, R + N R> 

r'E <N'R,R+N'R>. 

Then the system ( 2.12) can be written as one equation 

+~ 

(r) + f K ( r,r') V (r')I/J ( r ') d r' • 
nln2 

We decompose the kernel K ( r, r ') into two parts 

K ( r, r' ) = K(~~ ( r, r' ) + K(~) ( r,r' ) , 

where 

and 

K(MJ ( r,r') 
( j) 

K(Ml ,, r') = l: 
(0) NN' ' 

V-==max(2n
0

,N ) 

"'V-N (r) "'V·N (r') 
2(n

1
+ n

2
- v) 

M 

- l: 
V=m &x( 2n

0
,N, N '> 

j( <MJ ( r, r') 
( t)NN' 

V=ma.x(M+, ,f\N} 

{ 

r E<NR,R + NR> 

r'E< N'R, R + N'R > 
j = 0; 1 

[ 1 + ( -1) 
V+n 

1
+n 2 

10 

M ...... .. positive integ er 

(cf. (2.10), (2.12 ) ). 

Substituting ( J.2) in ( 3.1) and denoting 
+bo 

f ( r) 
"f2 

) r ( M ) ( ') ' F ( r + K 
0 

r,r V ( r 
n In 2 1/1 ( r') dr' , 

n 1 n 2 

we get +~ 
( M ) 

NN 

1/1 ( r) = f ( r) + 
n f 2 n In 2 

K 
1 

( r,r') V ( r' ) 1/J ( r') dr' 
nln2 

7 
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1 (I ' 
VNN 

( 3.3) 



Using the well- known inequality 

+oo 

f f ( r) g (r) dr $ II r II II g II 
0 

wher e +oo 
2 2 

II f ll : r I f(r) l dr 

for any qua dra tic integrAble functio n s and g , one finds: 

II </1 BM = II K(,.!)ll-- r II< 
0 1° 2 

v B il ,r, 
0 M n n 

' 2 

ll . ( 3 .4) 
n I n 2 

Only quadratic integ rable sclutio ns a re o t inter est i .e . we require 

II .;, 11 < + 00 

n 1 ° 2 

D irect e valuation of BM g ives 
oo R R 

B 
2 

= I, ( f 
- 2 

K( M l ( r,r' ) ] d r' dr < I 
+Oo+Oo - . 

K (M) ,(r,r')] dr dr' = 
( llNN M N,N ::o:O 0 0 ( I)NN' N,N':.O 

r r 
0 0 

= I I 1 +( -1)~'+n l+n2 °V
2
NN' 

' I ,--2--

Intercha ngin g the 
N,N ::zO V=max(M+ ,N.N) 

order o f s umma tions we obtain 
4 (Yo 2")2 

finally 

2 
B .. < ~ I 

- 8 1/=M+J 

1+ (-!)"+n,+n2 

(n
1
+n

2
-v ) 2 

v 

I 
N= O 

v 

I 
N ',.. 0 

a ' 
~'NN 

The double sum can b e evalua ted by means of the o rthogo nality r e latio ns 

of the coefficients T , the r e sult being e q ual to 2 n 
0 

• Hence 

"'+n tn 
1 + ( -1) 2 

2 n o I 
B., < ~ 1/=M+I ( 3.5) ( n 

1 
+ n 

2
- v ) 

and the quc,mtity ll ~ d ecr eases as 1/ ~-1. Conse q uently the approxima tion 

</J 
n 1 n 2 

( r) = f n In 2 ( r) 
( 3.6) 

can be made a rbitra rily exact, i.e. the kernel 
IM) K ( r, r') can be r eplaced by 

K 
0 

( r, r' ) if M is s ufficiently large. 

Usin g this appr oxima tio n we ge t from ( 2 . 12 ) and ( 3 .2 ) 

</1 (r) 
N n t" 2 

+ I 
V = max(2n

0
,N) 

" - I 
V=m ax( 2n

0 
,N) 

0 1°2 
T </>n +n -1/ r) + 

N ,n 1+n 2 ·N 1 2 

n + n +V R 

,) V-N (r) ( 1 <· ( -1) 
1 2 

) { </>,_. (r') v(r') </J (r')dr-
2(n + n -V} n · N Nntn2 

I 2 

</j,_N (r) 

2( o < n
0
-V) 

~ -

V+n 
1
+ n 2 

[1+(-1} 

8 

v 
I avNN' 

N '=-0 

R ( 3.7) 

r </> J.r') v(r1 </1 ' (r')dr'. 
V. N N n n 

0 I 2 



In the system ( 3, 7) · only the functions o/tN ( N = 0; 1; ••• M ) are coupled which lm-
n1n~ 

plies the possibility to solve first this finite system, lf N ~M + 1 the equations 

for t/1 N • 1 • 2 are decoupled since the third tenn in ( 3, 7) is non- zero for N ~ M 

only, Further T
01 02 

= 0 M > n 
1 

+ n 
2 

and hence 
M ,o

1
+n

2
-M 

( 3,8 ) 

The approximation ( 3,6) is clea rly an approximation of the EP which inclu­

des for M < 2n 0 the "triangular approximation" used in ref,2, From ( 3, 7) one 

further sees, that the "triangular approximation" is the only case when no coup­

ling arises, The a pproximation ( 3,6) represents a modified form o f the EP which 

is demonstrated in fig,l, 

In this way the reduction of the infinite system ( 2 ,12 ) has been performed 

for a finite value of Y 0 , It should be noted that the estimation ( 3,4) is not 

applicable for the limit case v o= + oo , but in this Ctise all previous for mu-

.Lation of the problem is meaningless from the mathematical point of view, 'l'he 

only way how to treat this case exactly is to solve the problem with a finite 

value of Y0 1 then find the limit form of the solution and investigate its depen.. 

dence on M , This will be p e rformed in the next sections, 

IV, The Solution of the Reduced System 

In this section the solution of the system ( 3, 7) will be found, Denoting 

aC•••:V ~ · r· A. (r) ·'· () d 
"N o "'v-N Yo "'N "1"2 r r 

;;-< 
0 

I 
0 

2l_ f "' ( f) y ( f) t/J ( f ) dr 
VN V-N N nln2 

cf•> ( r,r') = :E 
k=O 

k ,l D 

we obtain from ( 3,7) 

q,k (r) ¢ • (r ') 

2( n -k ) 
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ntn2 
1/1 (r)= T ¢ 

N n ln2 N,nl+n2-N n1+n2-N 

( n 1+n ~- N ) 
( r) + <l> ( r ) + ( [ G ( r, r') + 

N n 
1 

n 
2 

(4.2) 

nt+n2+~D 1+n 2 -N) M cb (r) nt+n:;r+-Y (nln2)- h 
+(-1) G (r, -r')J v 1/1 (r)dr'- }; ~ [ 1+(·1) )[y + y'"1 °• 1 • 

O Nnt0 2 V=N2(n
1
+o

2
-v) VN VN 

v.fn 1+n 2 
In the definition of G weak convergenc e is meant i.e. for any quadratic integra-

b1e function any fixed 

+ .. 
r G(n) ( r,r') f ( r') dr' 

it shall hold 

}; 
k = 0 

k ~ D 

q, k (r) 

2(n • k ) 

+oo 

r ¢ k ( r ') f ( r') dr' ( 4.3) 

while the usual convergence o f the series ( 4 .1) is not guaranteed (see ref. 7). 

The kernel of the sy stem ( 4.2 ) c ontains a very large (or infinite) quantity 

v
0 

:or 0 :::_ r :::_ a e nd hence it is impossible to solve it by means of a n ltera\-

ion method. We shall tra nsform ( 4.2 ) to an u,.;ual algebraic linear sy,.;tem and 

linear system of integral e quation s for a $. r <;_ R • The kernel of the integral 

system contains o nly the a ttractive part of the internucleon potential and allows 

to find the solution of the system by a very r a pidly convergent I teration method. 

Thi& transforma tion can be applied without a ny change to the cas e V0 = + .. 

( s~e ,.;ec. v). 
To perform the transformation let us suppose first of all that the functions 

1/1 ( r ) for a S. r <_ R 
N n

1 
n 

2 

N = 0,1 .... .. M are given i .e. all quanti ties a~; 1 • .> 
and the functions <l>N D I n. ( r) for all and N c an b e immediately cal cu-

lated. Further let all a~"/ • l occuring in ( 4.2) be any fixed r eal numbers. 

Then the system ( 4.2) is fom1ally decoupled and by means of the properties o f 

the function o<•> ( r, r') ( see appendix A, formula ( 7) ) we convert for 

O<;_r<;_a each e quation into a dillerential .one : 
2 

[ _d_ - r • + 2 ( n 1 + n •- N ) + 1 - v 0 ) 1/1 
d r 2 N 

(r) = 
0102 

M v+n 1+ n 2 (n 1n 2) 
=-}; ¢ (r)[1+(-1) )[yN + ;<• I" ol] -

VN v=N v-N v 
v-:1 t'l1+n2 

-I 
( t'11n2) -( ntn2) 

2 ¢ (r)[ a +a 
nl +tt2• N n 1+ n 2rN n t n21N 

0 

N <.. nl+ n 2 
( 4.4) 

N > n 
1
+ n 2 

The properly symme trized ( see ( 2 ,11) g eneral solution of ( 4.4) Is: 
n 1+njN _ r2 

1/1 ( r) = 1+ ( - 1) A e :r F 
N n 

1 
n

2 
2 N 1 1 

(~ + N -n -n1_!_, r •)+ 
4 2 2 

n
1

+n
2

+N 2 M V+D1 +n 2 
1 -(-1) ·+ v N+ 1-n ·n 3 2-. 1+(-1) <•1 •2> 

+---- BNre 1 F1(_0+---~-,•-,r 1+}; ¢ (r)[y + 
2 4 2 2 V=N v

0
+ 2(v ·n I • n • ) V- N VN 

vfn 1+ o2 2 (oln2) _( nln2) 
_(a + a ) </> ,j.r) .... .... .. . . 

+ l VO n
1
+ o

2
,N o 

1
+n

2
,N o 1+D 2• 

N ~ n 1 +n 2 

0 N > n t + n a 

10 

;<·,•·)) + 
vN 

( 4.5 ) 



where 1 F 1 ( a, b, r is the confluent hypergeometric function (ref. 5). 

Further we sha.ll p ut no= 2 which c orres p onds \o o16 and restrict O W"-

selves to the case n 1 = n 2= 0 omitting the indices n 1 , n 2 • This r estriction re--

p resents n o simplification of the problem and the solution for o ther n 
1 

and n 
2 

can be found in the same way. 

00 
With this restriction the only n on- zero coefficier •ts T is T

00 
= 1 . Hence the sys-

te m for Y,N(r) with N odd is homogeneous i.e . 1/1 N ( r)=<l for N odd, a nd only 1/1 N (r) with N 

even are non- zero. 'Ne d e termine now the c o qstat:-1ts AN comparing at r = a 

( 4.2. ) and ( 4.5) 

in appendix A: 

M is even ) and u.sing the explicite form of G ( n l ( r, r') give n 

M 

- _2_ ~00 ¢0 ( a ) - a
0 0

[_2_ + fn 2 + C + h
0
(- a) I ¢

0 
(a) _ <f>o(a) f3 

vo vo 2" yt o 
• 2 

{3 0 = r e·+ [ ho(r) + h o (-r)l yo .;, 0 (r ) dr 
( 4.6) 

A = 
N 

M II 

<I>N(a) +I (1+(- 1 )l(y +y I <1> (a)f-1- _ _ 1_ I~ 
V = N VN V N v-N 2v vo+2v 

_(N- 1 )! D ( a,/f)(lN} 2"" ·N 

fjN = r [ D_N( rv'2) + o_N (-r /2) I vo "'N ( r) dr N = 2,4, ••• , M • 

The qua ntities ao 0 a nd f3 N ( N = 0 , ... , M ) can b e excluded if we sub s titute 

in their d e finitio n fo nnulae fro m ( 4.5 ) a n d ( 4 . 6 ) a nd car ry o ut the inte g ra tio n s : 

a 
00 

v A L + 2K (a + a 
0 0 0 00 00 00 

M 

f3 N = vo AN p N + I 
v .:::: -N 

( The notation use d in ( 4 . 7) is e x plained in app e ndix B). Exclud ing 

from ( 4 . 7) a n d ( 4 . 6 ) we obtain new e xpre ssions for A N 

2 

A = C exp ( --j- ) 
N N v a F ( ...!1>+ .Ji+ 1, ..J., a 2 

0 I I 4 2 2 

Z ( N ) c _ __ I_ 

N V 0 J NO 

1 1 

( 4.7 ) 

( 4.8 ) 



c 
M V 

I¢ (a) +<I> (a)+I [1+(-1) ][y + 
0 0 v c:: l 110 Z(O l+ zO l [ 'ff.Ol,. (/)0 (a)~ 11 ·II] 0 

2 I 3 2 J OO 

+ y ][ ( _ 1_ - _1_ ) ¢ (a ) - io) 
vo 2 " v +2v " 3 

0 

~ 
v + 2v 

0 

~) 
2 

rr""'vo Kov] 

v + 2" 
0 

[ 
2 (0) -\1 

-a --rf>(a)+2 i Z
3

+ ¢
0

(a )rr K 00 ] 
0 0 v 0 0 00 

eN _ __ 1 ___ I 
z (N)+ z Nl Z(N)~ 

M 

<l>N(a)+I 
VrN 

" ( 1 + (- 1) ]( y VN + y I'N 1 [( _1_ 
2v 

2 I 3 j NO 

(N) 

¢ (a)- Z ~ Q 1 I 
V • N 8 V +2a..: N,V·N v + 2" 

0 0 

(Nl eJP(-}") JNo 

Zl =--a-- F (~+ N + 1 3 & 2), 
I I 4 2 '"""f' 

tN)= 
2 

F ( v N t 2) 
1 1 T• + --,--·-t, a 

a v F ( ~+ Ji+ 1 3 a 2) 
0 I I 4 2 '2' 

( 4.8) 

tO) 

3 
~ 2 + 1n 2 + C +h

0
(-a) + K

00
,7 11 1 tN)= (N-1)! 0 (aJ'i) 

3 2 ;.{t; -N 1- 2 j 00 v 
0 

N = 2,4, .. . M • 

In this way the functions </IN (r) ( 0 ~ r -::_a) have been found for arbitrary values 

of a 
VN 

a nd arbitrary func tions <f, (r) (a<r<R). 
N - -

Now ·the quantities a.,N can be detennined from their original definition 

( 4.1): 
a 

a = r ¢ ( r) v </! ( r ) dr • 
VN V·N 0 N 

0 

i.e. 

a 
VN 

( N) M 

e ~ J +I 
N J N,v-N j.t:N 

1+(-1) 1' [ -
1 

. 2(a0 0
+ a-

0 0
)j .... N= O ( 4.9) 

--- v y + y ·l + 1 oo 
vo+211 o 1-<N 1-<N 1'-N,v-N 0 .... N>O 

NO 1-<o/O 

definitions ( 4 .1) for y 
VN 

These e qua tions togethe r w ith the ( 4.8) eN a nd for 

r epres e nt a linear algebraic system of ~ ( + + 1) (--';- + 2) equations. The s o lution 

depends li.nearly on a .,N and <I> N (a) i.e. on integ rals of the hitherto arbitrary 

func tions </! ( r) over the interval a < r < R • These functions can be now 
N - -

d e te rmined if we substitute the solution of ( 4 .9) and ( 4 .5) in our original system 

( 4 . 2 ) • We get for a ~ r -::._ R a sy,;t em of linear integ ral e quations w here only 

.PN ( r) for a < r < R are unknown. This system can be solved by iter a tion . 

lf the functions of the n -th approximation 'I' (r) are known we obtain 
( n ) N (n+J ) 

in the fo llowing way: 

12 
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1) We calculate 

R 

(a) a~N = ·( ¢v-N (r) v( r)<• > t/IN (r)dr 

N = 0,2, .•• M 

v= N;N +-2,, •• M 
_ ~a) ~VN 0SvS3 

(a) YvN = L ~ 
k uVNN'(n)avN' v ~ 4 

N '::::.:0 

R ( -N ) (· N) 

<I> (r) = f[ G (r, r' ) + G ( r,-r') 1 v(r'l 1/1 (r') dr' 
\ n ) N ftt) N 

a < r < R 

2) We substitute a 
( n) VN and <I> (a) into ( 4.8) and find the solution 

( D ) N 

of the algebraic system: 

(N) 
1+(-l)j.L a 

(n) liN 
c 2J J 

( n) N j NO N,II•N 

M 

+.I 
1-L ~ N v

0
+ 21-L 

u./o 

v [ y + y 
0 ( D ) j.LN (a) j.LN 

3) Putting <•> a vN 

[<•>aoo+ (o)a-oo1 2ioo 
+I o 

N=O 

N > 0 

into ( 4 .5) we get for 0 ~r <_a; 

( N) 2 

j + 
U·N, V •N 

N ~ D,2 ••• M : 

(a) t/1 N 
z 1 ·f V N 1 2 

(r) =(n) C N ~ e IF I (T+:2 '2'') + 
0 NO 

I < (·1) v 

v 
0 

+ 2v 

- ..2.... ¢ (r)[ a + a 
[ y + y I 4> ( r ) +I v0 o <•> oo <•> oo 

( D) VN (D) VN V-N O 
N=n 

N > 0. 

Then we define for a <:._ r <:._R ; N ~ 0,2 ... M : 

( ·N) 

if• (r) =llN0 ¢ 0 (r) + <I> (r) +{[ G (r,r') +G·N)(r,·r')1 v
0 

(n)t/JN( r')dr'+ ( n+ I) N (n) N 
0 

M 

+I 
V=N 

v ~0 

From the properties o f 

holds: 

¢v-N (r) [ 1+(- 1 )v} ( 
2 V (D) y VN + (n) y VN 1 " 

we find tha t for each approxima tion it 

fim (n) t/1 N (r) = fim (n+ ,t/' N (r) ; fim (n)t/1~ (r) = fim (o+l)t/1~ (r) ( 4.10) 
r-t a+ r-+a- r-+a + 

S ince the system is linear, the convergence of the i te r ation method does not 

depend on the zer oth appr oximation. We put 

t/1 {r) ·= 0 
(0) N a < r < R N = 0,2, ... M. 

13 



'Then Lhe quantities (Ol a vN, (Oll/1 N(r) O<.:..r<.:..a and< 1 l.PN (r) a$_r<;.R represent the exact 

solution ot the system ( 4,2) for the i nternucleon potential containing no a ttractive 

part. 

We have not tried to prove generally that this iteration method converges 

since there exist only sufficient conditions fo r convergence a nd it would be very 

difficL.Ut to verify them in our case, 'The convergence has been tested only numeri­

cally ( see sec, VI). 

As to the p ractical calculations according to this method. the only difficult 

part is to solve the algebraic system ( 4,9) {or different M , since its dimension 

increases very r a pidly with M , Fortunately the solution can be found by a 

th · ti (m) 
m- approxuna on <•l a v N the simplo:• iteration method, If we know the 

order· of approximation is now denoted by the upper index on the left) we cal-

cula.te 
(II' Ja VN O$v$. 3 N = ·0,2, ••• M 

! ( nl 1/ fm) v = 
. 'liN ~ 
(n) 

N '= 0 

a (m) 
VNN '(n)a li N 'V ~ 4 v = N, N + ?., ••• M 

• (rul • . ( mlC ( ) 
a nd w1th these values of (nl YvN the quanbbes (nl N accordmg to 4,8 , 

If we substitute all this into the right- hand s ide of ( 4,9) we get by definition on 

the l eft the quantities 

rap1dly (see sec, VI) 

( m+!) 'l'h 't ti uff' · tl (n) a v N • e 1 era on sequence convtrges s 1c1en y 

for a ll values of v 
0 

a .... td also lor v 0 = + Oo.) • 

The possibility of solving the d.!gebraic system by iterc..tion can seem r a ther 

supprising since, in fact, i t is equivalent with the system ( •1·,2) for O$_r<;_a 

and this system cannot be solved by iteration for \",...-+ + 1)0 The explanation 

is in the following argument, First of all the system is lin eor and hcmce the con­

ver gen ce o f the i teration sequence does not depend on the inl1ot:10genoous term. 

We can the r efore choose e.g. <ll~,(a)=O and r..,N 0 for au " and 

N , Further for simplicity we take M = 4 i.e. the lowest value of '11 for which 

t.:'1e e qua tions are coupled, Substituting now fl·om ( 4,8) into ( 4,5) we get a system 

o f linear integral e qua tions on the interval 0 ~ r ~ a with a degenerat e ker-

nel, The sufficient condition for the convergence of the iteration series o f the 

system is ( ref,6) : 
2 

I K ( x, s ) ! dx ds < 1 • 

It has been found tha t this condition is fulfilled for v
0 
~ 1000 if a = 0,1 i,e, the 

system can be solved by i tera tion for rather l a rge values Yo If we now pass 

to the equivalent algebraic system ( 4,10) we find that all its coeffi c i ents have 

finite limit valu es see sec. v and tha t the difference between these limit 
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values and the values for v 0 ~ 10000 is very !Small. Since the ap-

pllcability of an iteration method for solving such a linear algebraic system depends 

only on the matrix of its coefficients we can expect that the solution of ( 4.10) can 

be find by iteration for all values v o • This result has been confirmed by nume­

rical calculations. ( sec VI). 

In conclusion of this section we want to give reason why we do not use 

the generalized perturbation method of ref.2. The main feature of our method is 

that we calculate corrections of both and a v N and obtain therefore in 

for 0 :_ r '::. R • In the method each approximation continuous functions t/JN (r) 

of ref.2 a vN are taken in the zeroth approximation and only corrections of 

are calculated • Consequently the func tions t/1 N (r) are discontinuous 

at r ~a In order to correct the influence of this discontinuity the model func-

lions ¢n +n -N(r) 
1 ~ 

in the expression!S for a n 
1 

+ n 
2 

• N are replaced by the first 

approximation o/1 ( r) which represents the exact solution of 
( 1) N n 1 n 

2 
the problem without the attractive potential and is continuous at r = a 

Since the functions 

lim 
.... a+ 

o/1 (r) = lim 
(1) N "1"2 , ... -

of; (r) 
(0) N n 

1
n :ll 

o/1 (r) 
N n 1n 2 

are known only for n 1 and 

i.e. 

represent-

ing occupied states, in the Goldstone formula only the first term w hich contains 

the matrix elements of between occupied states can be calculated. 

However 1 it we want to calculate hig her terms we need the other matrix 

elements of 

initial states 

as well. The general matrix element of with the occupied 

denoted ni and arbitrary final states denoted m i ) can be 

expre~Ssed by means of a,N and avN from (2.3' ),(2.10),(3.8) and (4.1): 

+og +oo 

(m
1

m.J t I n 1 n~) = ( ( ¢m(x 1) ¢m (x~ v-(x 1-x 2)o/l (x1,x 2 )dx 1 dx 2 = 
• -oo -oo 1 2 "t 0 2 

( 4.11) 
mtn(m 1+m~) m m n 1+n 2+m 1+m 2 (n 

0
) ( ) 

=l: T 12 [1+(-1) lla 12 +a-"1" 2 ]. 
N=O N 9 111 1 +miN m

1
+m

2
,N m

1
+m

2
,N 

Hence we can calculate by means of ( 4.12) the first and the second te rm 

of the Goldstone formula. For the third terrp the matrix elements (m
1 

n
2 

I tl n
1
m 

2
) 

and also the matrix elements with changed energy denominators 8 E " 0 a re 

necessary. They can be calculated similarly, which will be described in detail in 

our next paper. 

v. The Limit Form of the Solution for a Hard Core 
Potentia l 

The reformulation of our problem given in sec. IV is fully convenient for con-

sideration of the limit case • We can simply find the limit values J( all 
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coefficients of the algebraic system ( 4.9) and then its solution gives us directly 

the matrix elements of t for vo = + ~ , provided the existence of the finite 

limit values of a
11

,. Js guaranteed. It is practically impossible to obtain the ana-

lytic dependence of a v ,. on Vo for large M • This d ependence has been 

found for M < 4 i.e. for the triangular approximation and the limit vd.lues h ave 

b e en evaluated directly, the r elation 

li m 
v

0
-+ + oo 

1 F 1 (.fi'.{.a) = 0 
v F

1 
(..!.P+ 1,--l,a•) 

0 1 4 2 

( 5.1) 

which follows from the asy mptotic behavi.;ur of the conflu e nt hypergeometric func~ 

ion, being u sed. It turn e out that there exist the finite limit values of "v N and 

the functions a 
11

,. ( v,) are continuous a nd very slowly increasing for larg e v 
0 

Sinc e the form of ( 4.9) is analogous for all values of M we can assume the 

e xistence o f the finite limit values of a 11 ,. for all M • Using ( 5.1 ) and a ppen-

dix B we get these limit values: 

(!'I) (l'l) 1Nv <f>v (a) L o II 
z .. <Po (a) ; z. .. 0 ; .. ~) · 

__ .. rr [ h 
0 
(a ) + h 

0 
(-a ) I i 

I 1,.0 1oo 0 

P,. 

J.:o 
o_,.( a/2) + o_N (-a/2) 

q, (a) ' 1 - 2 io o 

</> (a) -11 
o [ fn 2 + C + h

0
(-a) + rr K

00
] = ¢

0 
(a)Z (a). 

(0) 

z 3 .. 

0 

Denoting the limit values of c,. as C ,. we obtain from ( 4.8): 

co ¢~ (a)[Z(a)+ :~(b (a)+:b (·a))] I ¢o(a) +<l>o(a) -a 00 <1> 0 (a) [2Z(a)j + 
0 0 00 

-II M v - ¢. (a) ·II K 
+ rr K

0
J + l: [ 1 + (-1) I[ Y. 

0 
+ y 

0
H-"-- </> (a)(Z(a)j + rr -

2
°11 )II 

v= I v v 2v o ov 

( 5.2) 

M 11 - </> 11 ,.(a) (N • 1)! . f'7r'. 
<l>,.(a) +V~N[1+(•1)l[y11 l'l+y11l'lj[~ -~ D_,.(ay•JQ,.,IIJ 

c,. 
(N- 1)! 
,JrT [ o_,.C a.f2l+ o_,.C-aJ2) I·D-N(aV1l 

N = 2, 4, ••• M • 

Tha limit form of the algebraic system ( 4.10) is then 

M 

a
11

,. = C,. ¢ (a) + l: [ ( ) 
"I [ 2 i oo (a + ~ l ... N = o ( ) 

1+ -1 y + y J i + 1 oo oo 5.3 
ul'l uN u·N, 11-N 0 ••• N > 0 • 11-N f,L = N 

ufo 

Further from ( 4.5 ) we find for 0 'S. r :S a 

lim I 1/1 N ( r l I < 
v

0 
.... +CICI 

I c,. 

a e xp ( -+) lim 
'b .. + oJO 

v N 1 2 

1 F 1 C--f-+y·-2-,a: 
0 

v 
1
F

1 
(~+..J!_+1,.l,a 0 ) 

0 4 2 2 
N = 2,4, ... 
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Hence the function s t/1 N ( r ) conve rge uniformly to zero for 0 s_ r ~ a In ad-

d itio n , d lffe r entiating ( 4 ,5) a nd taking the limit value o f the result a t r = a w e 

have 

lim 
d d 

vo-~> +'oo 
[ _ t{! N (r} l,c a 

d r d r 
= 0 ( 5,5 ) 

On the other hand one finds easily from ( 4,2) and ( 4, 7 ): 

_d_ [ lim 
d r t/IN (r ) l,= .+= li m [ _d_ t{1 (r) I + ] =l im 

vo-+1· "" dr N r= a Vo-++ .oo 

d -··- t/1 ( r) l I·C 
dr N r-= a - If 

Comparing ( 5,5 ) and ( 5,6) we see that the d eriv ative o f the limit fu n ction 

is di~;continuous a t r = a • 

(5.6) 

Using the d e rived p roperties ( 5,4) - ( 5 .6) of the solution fo r the internuo­

le on pote ntial containing a hard core we c an s implify the method des c r ibed in 

sec , IV, We can namely avoid the solving of the differential equatio ns ( 4,4) and 

finding the limit value of the solution, 

Rewriting ( 4,4) and excluding according to ( 4.7) we get for 

a ny function f ( r) with the integrable second derivative for 0 ~ r ~a 

lim f(r) v t{1 (r) dr 
0 N 

c lim 
a d 2 M 

r f(r) "' (r) dr + l: ( 1+(-l}vl [ y + 
d72 N V = N VN 

vf, o 
'b-++ ·oo 0 

+ y 
VN 

f (r ) <I> (r ) dr + 
v-N ( 5,7) 

M 

--
2
-1 Co <f>o(a) +ao o+I [ 1 +(· 1 t ][yvo +yvo 

+ I 1 - 2i oo v e l 
i 0 l r f (r) <I> (r) dr • 
v 0 0 

0 N~ 0 

N > O 
where the uniform convergence of to zero has been used, Since 

t{!N (r) are symmetric al with r espect to r = 0 it follows that "', (0) = 0 
and hence: N 

d 2 

lim f (r) t{!N (r) d r = C N f (a) • 
d r 2 

v
0 

... + ·oo 

Now ( 5, 7) can b e rewritten fo rmally as: 

lim VOt{!N(r} =CNS (r-a} \:N (1+(-1)VI[yVN+yVN ],t_N(r)+ 

M v o/ o 
( 5,8) 

_2_{ 
+ I 1 - 2ioo 

0 

C 0 <f>
0

(a) +a +I [1+(-l)v].[ y
0 

+y )j }<P (r) .. .. .. N=O 
oo v= 1 v vo vo o 

........ N > 0, 

which is an analog on of the B ethe-- G oldstone formula derived in ref, 8 for nuclear 

ma tter, 
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U s i ng ( 5. 7) we can exclude from the system ( 4.2 ) the terms containing the 

products lim v 
0 

.;, and investigate this system from the beginning only for 
v .... +~ N 

a ~r ~R 0 • Consequently the method of sec. IV is simplified as follows. The first 

step does not chang e. In the second step we use ( 5.2) instead of ( 4.8) and 

solve the system ( 5.3) by iteration. As soon as its solution is found we can 

determine the ( o + I) - th approximation for a < r < ~ 

o/1 (r)=¢ (r)+ ctl(r)- ¢ (r)</> (a) C [Z(r)+ ho(a)+ho(·a)]+ 
( D+J ) 0 0 ( D) 0 0 0 (D) 0 2 

M 

+}; 
V= l 

v - ¢,(~ ·M K 
[ 1+(-1) ][ y + y ][ __ - </> (r)(Z(r)j +IT ~ )] -

(n ) • · 0 (nYVO 1 V 0 OV 2 

- <•> aoo <f> o(r) [ 2joo Z(r) + · ~r·M Kool' 

( N-1 )! 
o/1 (r ) = ctl (r) --- - D (,ffr) C [):> (a/2)+0 (-aJ2) ]+ 

(n+l) N (n ) N 2Vrr -N (D) N -N ·N 

( 5.9) 

M 

+}; 
v=N 

1+(-1)" ' ] .[ y + y ][ 
( n ) VN (n) vN 

~ 
2v 

(N -1 )I 
2 Vrr D_N ( rJ2) Q J N, ji•N 

N = 2,4, ••• M • 

In conclusion of this section we complete the con s ider ation performed in sec. ill 

for the case Vo-+ + .oo • From ( 3.1) a nd ( 3 .3 ) we get 

II"' - F 
n 1 n~ n 1 n~ 

+co 
- r K(M)(r, r') v (r')o/1 (r') dr ' II 

0 D D 
0 I 2 

H<> 

= r 
+eo ( M ) 2 
( K 

1 
( r, r) V ( r) o/1 ( r ) dr ] dr 

D f D 2 
0 

We put o 
1 
= o 

2 
= 0 , n

0
= 2 a nd omit the indices n t ,n 2 • Let 

solution of the equation 

o/1 ( r) = F (r ) 

+co 

+ r K (M)( r, r') V (r') o/1 ( r' ) dr'. 
0 

( 5.1 0) 

( M) 

o/1 ( r) be the 

This solution has been found for any M 

for 0 ~ r 'S._ R 

a nd, in a ddition, we have obtained 

( 5.8 I ( M) -(M) ( M ) 
lim v (r) o/1 ( r) = C o ( r- a)+ X ( r) 

N N N 
v o-++oo ( M ) 

( M ) ( ) • • . o/1 (r) . where x N r are quadratic lntegrable. The function lS, of course, 

not the solution of ( 3.1) since the r.h.s. of ( 5.10) is not zero for o/1 (r) = .;,<M~r). 

However, let the constants c<M> 
N 

be bounded for all M 

for any • > 0 M exist so that for any M > M
0

,M' > M
0 

II x<M > - x<M '> II < • 
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Hence two positive con!Stants B 
1 

and B
2 

exist for which 

( 5.12) 

It liS pra ctically impo s sible to verity generally whether ( 5.11) is fulfilled since 

the func tion rjJ (M ~ r) can be de term· ned only r>umerically. However, numerical 

r esult5 given ln sec. VI suggest that this assumption holds. 

From ( 5.11.) it followiS that there exlsts a quadratic inte.;rabl? limit function 

rjJ ( r) = lim r/J ( M J ( r) since 

lll~+Oo) , 2 mftx(M,M'} a (M) (M') 2 R (~1) ( M') 2 1._ 
II J!Ml _ J((M } II = I { r )( ( r) - X (r) l dr + r v 2 (r) [r/J (r)-r/J (r)] dr_n 

N=O N N N N 
(M) ( "' '> •2 

~ cons t • II r/J - 1/J II · 
With the help of ( 5.12) we further get (see appendix c ) : 

+oo 
r [ (M) , , (M) , , 2 1 

K
1 

(r,r) V (r )r/J (r )dr] dr =0(_ ). 
-J"M 

( 5.13) 
0 

Consequently rjJ ( r ) is the solution of ( 3.1) for v 
0 

.. + ~ • In this way our 

method yields for a sufficiently large M 

arbitrary accuracy. 

an approximate solution of ( 3.1) with 

VI. Numerical Results and Conclusions 

In this section we check numerically some statements w hich we have not 

been able to prove generally, and demonstrate the practical applicability of our 

method. 'The calculations have been performed for the hard core radiu s r
0 

= 0,4 f 
-1 

and the corresponding valu.: a= 0,1, which gives a= 0,35£ and hw= 5,17 Me V. 

F'in;t of all we must check the validity of the assumption ( 5.11) which 

proves for the hard core potential that the solutions of the finite systems con­

verge with increasing M to the solution of the infinite system. Since the validity 

of this assumption and the conclusions based upon it do not depend on the a._ 

tractive part .:>f the potential, we have calculated only the case when the poten­

tial contains no attractive part. 'I'o prove ( 5.11) it is now sufficient to show that 

the quantities a II N converg e with increasing M to certain finite values. 

The numerical calculations have been carried out for M = 2,4 . .. 22 ·In the last 

case the a.I,.gebraic system for a VN consists o f 7 8 e q uations. The number 

of iterations which gives the solution with the accuracy 

is a bout 25. 

I ( o+l)a 
VN 

( c) 
- a 

-4 
VN I < 10 

This represents on the average for each value of a v ,.approximate-

ly one minute on a computer having 200 00 o perations per. sec. 
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From the definition of a vi" it follows, that all these quantities c a n be d i,... 

vided into different groups, each g roup consisting of the quantities with the common 
. . . th . I(M) b s e cond tndex, 1,e. w1th e common function v

0 
'I'N Then all mem ers of the 

given group depend on M in the same way a nd therefor e we give from each 
(M) 

g roup only • The r esults q.re given in table 1 where we have denoted a 
NN 

R<
1> (M, M') = 

N 100 

(M) 
( 2) 

R N (M) 100 I aNN 
a<M > 

00 

(M) 
a 

NN 

( M '> -a 

( M) 

aNN 

(M) 

NN 

(M) 

a 
NN 

= lim ( </> O (r) V O 1/J N ( r) dr 
vo_,+ ·c.:~ o 

and defined the accuracy ( ..... of the solution 'for given M and any 

M ' ·> M ji, [a<M> -a<"'> ] 2 -. 
( ..... = = 10 1 a ( M '>1 J i' [ R< I ) ( M ', M ) R 0 > ( M ')] 2

• 
00 N=O N N N=O NN NN 

From the table it is obvious tha t a 
VN co!'TVerge to finite values. Further one 

sees that for N 2: 12 the f4t1c tions lir.t v 
0 

1/1 N a re very sma.JJ. while those for 
v 0 -+ + oo 

N = 0,2 ..• 10 are important. Consequently the coupling in the system cannot be 

neg l ected and the tria ng ular approximation which g ives v
0 

1/J N = 0 

is very roug h. For comparison the o nly n o n- zero qua ntity given 

for N ,fo 

by this appro xi,... 
( 2) ( 2 2 ) 

mation is a = 3, 406 , while a = 5, 089 
00 00 

i s demonstra ted in the las t column where the 

• The imp,ortance of the coupling 

solutions for M = 10 and M = 22 

are compared. Although the functions lim V
0 

</I N for N ~ 12 are very sneJJ. the 
vo-. + oo 

compl e t e neg l ection of the m ( i.e. the case M = 10 ) makes the accuracy about ten 

times worse tha n for M = 20 

Further we h ave to prove nume rically the convergence of the iteration method 

involving the a ttractive p a rt of the potential. The calcula tions have been done for 

M = 10 for three potentials 

+ "~ ...... 0< x < r 
c r c = 0, 4 f 

v (X) =I ·IJ.x 
- V _e_ .... ........ X> X 

O tL X 

( 6.1) 

( 1) 
-I 

V0 • 450 MeV; IJ. = 1, 5 f 

( 2 ) 
-I 

vo - 250 MeV; u= 1,25f 

(3) vo - 100 MeV; u = 1 f 
-1 
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For all cases the rate of convergence is approxim a tely the same. The 

results for the first potential are given in table 2 , a nd the functions r/1 N (r) 

are plotted in fig. 2 and 3. Four iterations are sufficient to determine the values 

and with the error about 1 o/o. For each itera tion approximately a 
VN 

20 minutes of computer time are necessary. The f igur e s s how that the attractive 

part shifts the functions nearer to the core edg e and e nlarges essentially the 

derivative C0 Since the most important part of a v N is the term c ontaining 

c 
N ( cf. ( 5.3)~ we can expect tha t the quantities a v N which represent the 

hard core contribution to the matrix ele ments of w ill b e i nfluenc ed rather 

strongly by the atti'active part. This is demonstra te d quantitatively in the first and 

last columns in table 2. On the other h a nd the g eneral form of the functions 

r/JN (r) is influenced rather weakly. lt c an b e thus expected that small variations 

of the attractive potential will not chang e these func tions at all. W e h a v e investi­

gated the effect of addition of two weak l o n g r a n ge potentia l ( 1) the repulsive 

Coulomb potential describing the p - p elec tro static interac tion, ( 2 ) the harmonic 

oscillator potential which is connected with the motion of the c e ntre o f rrass 

of the whole nucleus (ref. 9 ). The influenc e of both these potentials upon the 

wave functions is neg lig ible, which Implies the possibility of s olving the problem 

without these potentials and taking, them into account only in the calculation of the 

quantities a;, N • 

Finally we have cal c ulated for the case ( 1) in ( 6.1) the matrix elements of 

with o 
1 

= o 
2 

= 0 , , which contribute to the first and second terms 

of the expression for e~ergy. The se contributions are ( 00 I t I 00 ) 

l: 1 ( OO i t i On)(On l ti OO) in the second term. From 
n = 2 E-E 

in the first term, a nd 

( 2.3' , ( 2.4) and ( 4.11l we" find 

6,55 MeV 

= (On It I 00 ) = (nO I t 1 00 ) 
1+(·1)" 

2 

tf- '4,65MeV , t 4 = 2,83Mev, t
6

= -1,33Mev, t
8

= 0,324MeV 
111

)0,258MeV • Since 

is hermitian we g et ( 00 I t I On ) = (On l t i OO) and if we res trict ours elves to 

o < 10 ( the contribution of the term with n = 10 is less than 0 , 0 5 % ) we find 

IO 

l: 
n=2 

(OOitiOn X On /ti OO) 

E - E 
0 

_ 
1~ I (00 /tiOn)l" 2, 56 MeV 

n = 2 hw n 

lt should be noted that these quantities do not desc ribe any real physical 

situation since we have considered o nly a one- dimensio nal case in Cartesian 

coordinates. 
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On the basis of calculations given in this section we can conclude that the 

proposed method for solving the BG equation is practically applicable. It gives the 

solution with arbitrary accuracy, the accuracy being determined o nly by the num­

ber M of coupled equations and by the number of iterations. In addition a suf­

ficlenUy exact solution can be obtained using a middle-- speed computer. 

At present calculations are being perfor med in the three-- dimensional case 

using the general internucleon potential of Hamada and Johnston and of the Yale 

g roup. 

The a uthors are indebted to the Computing Centre of the Joint Institute for 

Nuclear Research a nd especially to Li Da-tu who carried out all the numerical 

calculations described in the paper. They also wish to acknowledge the help of 

the Numerical Computer Centre of Charles University and the l'v1athematical Labora­

tory of Czech Technical University in Prag ue in performing preliminary calcnt!ations. 

APPENDIX A. Kernels for the Integral Equations 

We want to find an explicite formula for the function G<• l ( r, r ') defined by 

t.'l.e relation ( 4.3). The function G ( r, r' , z ) g iven in ref. 7 for any complex 

z ~ · 0,1,2, ... 

G ( r, r'; z) = __ 1_ <I> ( s, z) <I> ( -t, z) 
w (z) o o 

r ?: r 
, 

s= I r' r < r 

r S r 
, 

t=l , 
r > r , r (A.l) 

•Z• I 
d t 

r ~ (O+) .. rt-W,t :il 
<I> 0 ( r, z ) = e:tp ( - -- ) r e 

2 +oo 

:;;~ 1-s _ 

w < z) = - [ 1 - exp < - 2" i z ) I 2 v.. r < -z ) 

satisfie s for any quadratic integrab le fu nction £ 
+oo 

( G ( r, r', z ) f ( r') dr' = :t 
J = 0 

+oo 

r r/>
1 

<•> r<r' > dr' (A.2) r/> J ( r ) 

2 ( z - i) 

i.e. (see ( 4 .3 ). 

G ( r, r ', z) 
(z) 

G ( r, r') z ,.; 0, 1, 2, . . . . 

For z = - ·N , N = + 1, + 2 •. . the contour integration s in the expr ession for <I> 0 ( r, z ) 

can b e carried out a n d we get 

(· N ) 
G ( r, r ') 

( N -1 ) I 

2 Vrr 
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where D_N(r) are the functions of parabolic cylind er, as defin ed in ref.5. Now 

let n be a non- negative integer and z any complex number n ear to n , z </ n • 

From ( A.2) it follows 

+~ ¢(r) q\ (r'l '1\(r ) +~ r [ G ( r, r', z ) - D D l f (r') dr' = I -~-- r ¢ k ( r ') f(I'l dr' . 
2(z-n) k r- O 2(z-k) 

k ,t .. 

( A.2.) 

On the right- hand side there is a function a nalytic in some neighbourhood of n • 

Hence ¢ (r)¢ (r'l 
G(a) ( r, r') = li m [ G ( r,r ', z ) 

D D 

2( z - n ) (A.4) 

lim _g__ [(z-n ) G (r,r', z) ] • 

Using ( A.l) we find 
.. ... n a z 

G<•> [ r,r'} = - Yz f fn 2 -+ C -I _ 1_ ] .¢. (r ) cb. ( r' ) 
1 =1 j .J! .{A.5) 

_(~" J..DI (cf> ( - s) h
0 

(t ) e 2 + ¢ (t ) h
0 

( ·s ) eT] 
2 ~ D D 

where the functions h 0 are defined by a reccure n ce formula 

h
0

(r)a _ 1 [H.(r) +2rh
0

_
1

( r)-2h
0

_
2
(r)] 

n n I 
n = 1, 2.- --

h 
-t 

v; 
( -r)= -2- [ 1 + <I> ( r) J <l>(r ) 

2 r e u [ 1 + <II (u ) l du - y, c 

C = 0,577215 .. ~ Euler constant) 

and 58-tlsfy 

2 ' 
[_d_ -r 2 + 2n +1] ._!_ J. n! e-0 h

0 
(r )= ¢ . (r ). 

dr 2 2 2"..;Tr 

From ( A.2) and ( A.2 '' ) we have also 

Then 

+Oo 
[_i'- r 2 + 2n +1] ( G<•>(r,r') f(r')dr'= f(r ) ­
c r 2 

- I 
cf>n(r) r cf> .(r')f(r')dr~ ..... 

0 

n = 0, 1, .•• 

other n 

APPENDIX B. Evaluation of Integrals 

Let fa (r) and g f3 (r) satisfy 

d 2 2 ) 
(~- r +a fa ( r ) = 0 

• 
( _d_ - r 2 + f3 ) g ...lr) 

dr 2 15' 
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provided a ~ · {3 

r;; & f3 - fa g'~ = ( f3 - a l fa g f3 .. 
(r) gf3(r) dr = _1_ [f' (r) g.i. r)-f (r)g'.,(r)] 

a f3 ·- a a p· a ,_. o 

In this way the integraliS 

( a1) 

J 2 ( v0 N 1 2) _,_ ( . exp(-__L) 
1
F

1 
-+ -.,.-.~' . ., r)dr, 

2 4 ~ 2 v 
QN = { cf> . (r)[D (r/2) + 

f/ 0 y ·N l'I Y 
+ D ( -r/2)) dr 

- 1'1 

P = { exp (--L0
) F (J +~ _!__, r 2)[ D ( r,/ 2) + D (-n/2)1 dr; 

N O 2 I I 4 2 2 · 1'1 -1'1 
j = { cf> (r)cf> ( r)dr 
uv o I' v ulov 

can be evaluated, To e valuate the last integral for u = v we use !Simple prope~ 

tie s of the H?nnlte polynomials and get a reccurence fonnula 

o r explicitely 

. 1 
lvv = - ---r:;=2v ¢ v ( a) ¢ v- t ( a ) + j V W V·l, V•l 

jvv ..;-; 

a 2 _, 
e dt 

v 

-I 
n = l .. /fn 

¢ (a) cf> (a) • 
tl D•l 

v = 1,2, . .. 

v =·0,1 , ... (a2) 

Further using ( A.b') we can evaluate integrals containing h 0 in the same way 

as in ( B ,1) 

Only for v = 0 

L ~ 
0 

2 
e'' F 

I 
(___::a, _1 , r 2 ) [ h (r) + It (·r ) ) dr 

4 2 0 0 

a 2 
K = ( e xp ( - - '- ) [ h 

0 
( r) + h 0 ( · r ) I •¢ ( r) dr 

ov 2 v 
0 

(B,3) 
v .; 0 . 

the integration must be carried out numerically which is, however, 

very simple since, a is smaller than unity, 

. (M) 
APPENDIX C. Estimation of the Kernel K 1 

We derive ( 5,13) assuming that ( 5,12) is valid, Fram ( 3,2) it follows 

+"" + :oo ( M ) ( M ) 2 
( [ ( K

1 
(r,r' -) V (r') 1/1 (r') dr'1 dr =I 

R oo R ( M) (M) , 2 
[ I ( K ( 5-r') v(r') Y, , (r') dr 1 dr 

U sing ( 5,8' ) we get 

R (M) 

K
1 

I)NN ,( r,r') 

1'1=0 0 N'-=-00 (l)Nk N 

+:oo DO R 
( M ) ( M) 2 

It f. r,r') v (r' -) Y, (r') dr'-1 dr 
( I)NN N' 

S I ( [ ~ 
N :aO 0 1'1 =~ 0 

(')/M)(')' v r N, r .dr = (;t~> KIM) ,( r,a) + 

R 

+ ( 
0 

2 4 

1'1 ( 1)1'1 1'1 

KIMJ (J,r') x1M; ( r'i d r' 
( 1)11'1'1' 1'1 



Then +oo +oo ( M ) ( M ) 2 

K 
1 

(r,r')V(r' ) 1/1 (r') dr' l dr <I 
N=O 0 

R 
(M) ( M ) 2 -( M ) (M) ~ 

R ( C,1) 

~ I)NN _( r, r') x , (r'') dr' I + 2 I C , K j. r,a) I 
N N'-=0 N (l)NN i-=0 r (Q ) ') ( M) '\ ' ! K (r,rX-Crrdr dr. 

O ( I)NA' N 

+[I 
N ' ... o 

We shall estimate s uccesively the three terms in the square bracket, 

1) The f!J.nctions ¢~ (r) are orthonormal on the interval ( --, +~ ) i,e, 
+oo 

r ¢ (r) ci>m (r)dr = __l_ 0 

if and 
0 b 2 om 

m are of the same pari~, Hen ce by ( 3,2 ) 
+~ ( M) (M) ~ 
{ K ( r,a) K - ( r, a) dr = -<-

CIJNN' ( I)N N v=onax(N,N', N,M+ I ) 

[ 1 t ( -1 ) 

Interchanging the order of summations we get 
-( M) ( M) 2 

I C , K ( r, a) I dr 
N'-=-O N ( I)NN 

I 
V=M+1 4" 2 N '=-o N =J 

" 
C-Nc"'.' c-<_"'' I ci>.,.N ,(a) ¢.,.;; (a) . 

N N =O 

V=M+l 

" +-1_ [ I 
V N = 0 

H e r e the o rthogonality prop e rties of the coefficients 

" I a 
N=O V NN 

a VNN = u , -
VN N 

" 0 , ()' -
VN N VN N 

4 " ~ 

a p - = 
vNN VNN 

T which give 

¢ ,\a)¢ _(a). 
v-N v-N 

and the explicit form of a v N N, fo r " • = 2 , have been u sed , Further we get 

[I ) N Jc VN) C-(N·M) 2 ( t. 1 ¢ v- N (a) ! <__ I 
N = 0 N=O 

</> 
v. N 

(a ) 
( C .3) 

and with the help o f the Christo ffe l- Darboux formula for the J-errrite polynomials 

and the asymptotic behaviour o f ¢ . (r) for large n ( ref, 10) we find 

" I (a) < 0 (Vv) • 
N = 0 

Finally by ( 5 ,1 2 ) the ineq u:llity ( C.3) becomes 

v 

(a) l ( C.4) [ I 
N = 0 

Similarly we obtain 
2 

( a) I " 
< B 

1
° 0 ( [ ..jV ) I ( ~ ) ( 2N -" ) 2 

v 
[ l 
N = 0 N = 0 

B 2 2" I V 0 (yv) 
( C.5) 
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Then it follows from ( C.2) that the first term in ( C.l ) behaves asyrrptotically as 0(* ). 
2) For the second term in ( C.l) we find 

+~ R 

}; [ I 
N = 0 0 N '""'o 

( M) 2 +oo oo 

K '(r,r') x<"!'<r') dr' I dr < }; r [}; II/"': II 
( l)NN N -N=O O N'::.O N 

Ia 2 
y f (~ lt,r') ) 2 dr'] dr 

(t)NN' 
0 

2+o-too +R (M) 2 2oo +oo+co (M) 

II ;.{")II r }; r ( K ...( r,r') ) dr' dr < B }; r r [ K - ( r,r') 
N' oN=Oo (l)NN -2NNoo (l)NN 

< }; I ] 
2 

dr' dr • 
N= O N ',.o 

The double sum c am be estimated as in ( 3.5) and hence the second term in 

( C.l) behaves as o(_!_). 
M 

3 ) Fro m ( 3.2) it is obvious that the third term can be obtained from the 

firs t replacing 

Since 

v 
}; 

C ( M) cf> (a) 
N V·N 

( k{M ) )2 < 
v-N 

by 
R 

k(M) = ( </> (t)X(M)(r)dr. 
V•N V·N N 

v R 

}; r "' 2 (r ) dr 
R 

( ( X (M) (r) ) 
2
dr < 

N 

2 

B2 

N =0 N=O v-N 

we find v 
}; 

N=O 

v 
I }; 

N =O 

H e nce +~ 

}; 

N = O 

. v 
( -t 1 (k<M l ~ l 

v- N N 
<__ J2v { ( k ( M) ) 2 < 2 2 B 

v -N 2 

( + 1 

}; 

N '""'o 

N=O 

N ( M ) !6c. ~-
) kv-N (N)(2N- v ) l~ 2 2 y'v B 2 

- ( M) 
c ' 

N 

( M) ~ R ( M ) 

K i. r,a ) I r K 1. r, r') x~"\r') dr' dr I < 
( I)NN N=OO ( I)NN N ' 

( v - 8/ • 
l + -l) 0 ( v 14) = 0 ( M ) • 

~ B 
v 2 

Consequently from ( C.l) we get 

B2 ~ 
v:z::: M+ l 

+oo +oo 
K(M\ r,r') V(r') .P(M ) (r') dr']

2 
dr 

I 

:~6 

Q(_l_), 
p 
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H 

0 
2 
4 

6 

8 

IO 

12 

14 

16 

~lli..J. 

R~1 ) ( 1 2 ,10) R~2 )( 12 ) R~ 1 )(14,12 ) R~2 )(14 ) R~1 )(16,14) R~2)(16) 

0 ,37 100 n,22 100 0,20 100 
2,02 26, 4 0,87 26, 5 1, 34 25,75 
1,25 16,37 4,22 17,10 4,49 17,88 

7 ,58 IJ, 54 6,18 14,41 5,85 15,28 

22,3 6,15 Il,74 7,02 9,05 7,65 

51,6 1,69 ::!3,5 2,21 I2 ,JI 2,52 

100 0 ,22 47 ,o 0,41 6,22 0,43 

100 0,03 683,0 0,005 

100 O,OI 

£12 IO = 0,10:1 cl4,~2= o,o7o lr6,14 = 0,075 
' 

N R~1 \18,16) R~2 )(18) R~l)(20,18) R~2)(20) R~1)(22,20) R~2 )(22) .(~~) R~1 )(22,10) 

c 0,!9 roo 0,15 roo 0,05 roo 5,089 r,07 

2 0,92 25,5 0,47 25,) 0,29 25,2 -r,283 r,87 

4 3,65 18,5 2,44 18,9 1,28 19,2 -0,978 16,3 

6 4,94 16, I 3,68 16,5 2,33 17,0 0,867 27,0 

8 8,09 8, 32 6,79 8,91 4,98 9,36 -0,604 49,2 

10 10,87 2,82 II,3 J,IB IO,J 3,54 0,180 76,9 

12 12,08 0,39 I,JI 0,39 20,8 0,49 -0,025 100 

14 96,6 0,15 56,7 o,34 29,8 0,49 -0,025 100 

16 87,2 0,09 65,0 0,25 45,1 0,45 0,023 100 

18 IOO O,OI 81,3 0,07 63,0 0,20 -0,010 100 

20 - - 100 0,009 80,5 0,05 0,0023· 100 

22 - ...,.. - - 100 0,005 -0,0002 roo 

er8 r6 - o,o67 , l'20 18 = =0, 055 , ~2 20c 0,041 , ~2,10 • 0•399 
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(0) a NN (0) aN N (I) a NN ~I) a NN (2) a NN {2)a NN (3) u NN (.3.1 NN (4)(1 ~N (4/' NN 

0 5 , OJ5 0 5 , J99 - 3 , 695 5 , 656 -4, 293 5 , 719 - 4' 4JJ 5 , 766 - 4 ' 499 
2 -I , J07 0 -I ,097 0 , 6J7 - I , 043 0 , 599 -I ,OI 6 0 , 56<' - I , 003 0 , 544 

- O, I:li9 0 - 0,737 0 ,54J - 0 , 69I 0 , 5J4 - 0,662 0,496 - 0 , 647 0 , 47J 
6 0,633 0 0 , 550 - O,JJ9 0, 520 - 0 , JJO 0,506 -O, JC9 0 , 500 - 0 ,<'99 
8 - 0 ,242 0 - 0 , 217 O,I 21:l - 0 , 209 O, I 26 -0,205 0, !2! - 0 , 20J O, II8 
10 0 , 041 4 0 O, OJ87 - 0 ,0239 O, OJ77 - 0 ,0236 O, J'Il - O,OJ<!I:l O, OJ69 - 0 , 0<' 2'1 



10. • 0 0 0 0 0 0 0 0 0 

s • • 0 0 0 0 0 0 0 0 0 

8•"\..• 0 0 0 0 0 0 0 0 0 

~· •"\..o 0 0 0 0 0 0 0 0 

6+ • 0~0 0 0 0 0 0 0 0 .... 
s• • 0 0"\..0 0 0 0 0 0 0 

t• • 0 0 0"-0 0 0 0 0 0 

"1·,,~ 0 
0 0 0"-0 0 0 0 0 

.2. •', 0 0 0 0 0"-0 0 0 0 

' 1+ ' ., . • . ,,. • • • • • 
' • ,. • • • • •" • • 0 1 2. .:5 " s 6 "T 8 ' tO 

11.~ 

Fig. 1. The correct form of the EP for n 0 c 2 excludes the points marked 
with a black circle and allows those marked with a light circle. 
The modified form used in ( 3. 7) allows ail states above the solid 
line and excludes only the black circles below it (the case M = 8 
is demonstrated as an example). The dashed line illustrates the 
triang ular approximation. 
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, 
' ' , 

Fig.2. 

.. ··· 

----------

The solid curves represent the solution for the first potential in 
( 6.1), For comparison the "unpe rturbed" function ¢ 

0 
(r) (do tted 

line) and the func tio n o/10 (r) for the potential w itho ut attraction 
(dashed line) are g ive n. The functions 1/1

8 
and </1

10 
are not 

plotted since they are v e ry small if compa red w ith 1/J 
0 
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Fig.3. The solutions for the first potential in ( 6,1) (solid lines) and 
for the potential without a ttraction ( dashed lines )are compared. 


