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I. Introduction 

•,· 
. It is well-known ·that the· e:ft'eotive-range e;x:pansion. paramete;-..·. espect.ally :the scat-

teriDg length, are very sensitive to small variations. of the nucleon.:.nucleon ·potential.·' 
' r ' ) ! • ' • ] - "":: ' 8 • ' ~·- - , , , • '• \ 

This fact'is. due to small values of the .. energy of a real ( s, state) and a virtual ( s
0 

.. , •. . 'st~te) levels ·;n th~ tw~-nucleon 'sys~em: •. On the ~ther hand,: the e.xperimental two·-nucleon 

'· ·· data a~e'most accurate· for'the low.:.energy region; ' 

Therefo_re many important features o·f. nuclear forces, ~.g. the charge. dependence and 

the softness of. the,repulsive core are often 'd:i.s'cussed in terllls ~f the.scatt_erini length·. 
' ' I , -~.-

.•• ,, t_~e effective_ rang'e r;, >and the-shape i>arameter p 

~by' the '!ell-known ro'rmulae: ', 

""'· .. --1 · •.. :-r .. 2 3··4 ', 6 
2•q(e' -:1) kctgS0 . .+:h(q)R ·-·l/•p+:llrpk _,,pp.'pk + O(k) 

for ;the ls0 pp: soatte;ing.' Here'::':>~•(lkR)-1 

. h(q) ~ q 
2I .. ~\.2 +:l i~--o.~n .. ,:· -in.;. 

·- .. ·o•l --., ·- ~ ." 

,/ 2.. 2 
R •· t /2mz1· z 

2 
e • 28,8 I. 1 

/ (1) 

.(2) 

. __ ,. 

·:In'this paper some methods of an accourate ·nume,ri~·al' calculation·of. a0 : ·,. ;.p ··'tor:".: 
• . ' . I , • • •• - --. . $ - , ' . . . , ~ ~-- • . 

the given lluclepn-nucleo~ potenti~l .. are briefly describ~d •. :rhe C1o~lo~b Po\ehtial.1s taken·· 

Cinto account exactly for low.:.:energy. pp scatteri~g; Exact',eq~ations are' obtained, ·which .. . ' . -- _, 

include effects, of ~uciear tensor forcea11~ 2 ! in the case of scattering in 'triplet mixed 

states. The effect of a· bound state in the ·
3
s1 -state (deuteroll) is also discussed. 

Sev_e_r~Lexamples.-.of.calculation of •• , -'• , P •• for 'the 
' 1 ..• 

1ng, ** of •p i .. · r P.;, _Pp' f~r the .so PP~ sca,ttering and _of.. a1 , · -r1 .. for ·\ ;.P- scat- .. · 

'·ie;ing are given in the -~per: The NN potentials giying a good' fit .for high-ene::gy. scat-:

tering data: are used.' Two potentials including a. hard core, 

.ton1 4 1 and of Breit et a1:i 5 l ar~ considered. T~e pote~i~~l 
soft core 'or Yukaw~ type\ is also in~estigated..' ~- <-

namely those of Hamada~John~~~ 

of ,Ba.b'i~ov et' .al.1 6 1 ,w~~h a 

' ' t 

•'' 

*A' detailed discussion of the methods is 
'<(_ 

. ** The equations suitabl~·ror calculation 
meters were also obtained in _the pap.er of Levy 

made' in an· unpublished paper 'o~ the authH l . 
or :the' 1ow-

1
e11ergy . 1s0 •P scatt'ering .. _pal-,-,- _. 

and_ Keller J I • · .. 

' 
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! • ·Equations. for the . 
1 ~o np . ( nn' ) Scattering. Parameters 

In the singlet 
1% neutron-proton state only the central t>To~imcleon potential 

should be considered •. ·. · 

Using the phase f~nction methodll,JI we define the. series expansion of the function 

'·! tg6o (r,k)- -k· :£ a (r)k 4> 
n•O n C?) 

The. phase shift function B0 (r',k l has .a meaning of the phase 'shift due tci .the pot en:-
• I 

.ual V(r)O(r'-r l so its asymptotic. value Bo(•,kl equals. ',the pruis~ shift produced by 

\ ' I ' 
the whole, potential. V(rl .. · 

;; 

It ·may be s.h~wnll,Jl. that the functi~ns. •• satisfy a recurr.en;: system of the first-... 
order diff~rential equations·. For· a0 (r) , a1Crl 

tial val_ues -•he of the form (i -2m -ll 

a2Crl the.equations and.corresponding·ini-

. .. • 2 
•(r·· v <•-•ol • a0(0l- o 

. . • 'I 2 'z .. : . 2 . . . 
.,a"'i~-,2V(r-a0 )a 1 -'r' V(r -4ra0 +·a0 ), ·a 1<0,) •. o,' 

I ·-' . .. £ •• , • ' 

~-.-·., ' .. ~ 6 4 5 4 2 '4 3 .· 2- - 2 . 
•z•·-.2v(r-•o,>•z•·V(4~' -rs~··o•-\-• •o .. T'. ·~-Zr 'o"I~-·~>·•z(Ol·O.-: 

,,, 

(4a) .· 

(4b) 

(4c~ 

. The following formulae relate the· functio;,s· •. to': the effective-range_ expansion co.ef- · 

· ficients (1) :_ 
\ 

&
8 

•· lim ~0 (r), .. -
.. r s, -~ .. n!!! ;r 8 (r) ·,' · 

' I 2 . 
r~ (r) s. 2a 1(r)/a 0(r), ·~ 

P;;, lim P
8
(r) ,. , P3(rl • }t•g irl/•i;,)l[~:(r) -~•o<;l~i<rllo:" ,, .. ,... ' . ' ' ~- '", ' ' . ~- ,_- ... 

'· 
(5a} 

_: (5b) 

(5o) 

The functions arfr.'), r
8
(r"J, ·~P~r'l-hilve a meaning of. the corresponding parameters of low-

• • . ' '• ,f • 

energy. scat~ering on the potential V(r)O(r'-•l· . 
~ . . ' 

,·l• If t_he pote'ntial includes·a har~ core, i:e·. -V(rl~·:.,.,r~;"~0 .• one has to integrate 

• tbe _equat.ions (4) starting from the point .~ .• ~··:with new. {hitial ~alues. Ill. 
. . . . ' . . . . 3 . . . 2. 5 .. 

-•o(•ol ··•o •· "I<ro>·:i-•o ·, •z<•o)~·IS'o (6) 

. ,The 'equations' ( 4) are of ~se wheri . none of the sequent pote.nt1als .. V (r) B(r'-·r l has a 
, • ' • I 

bound. state; This is due to the fact that the scattering le_ngth. •o tends· to an urilimit':· 

ed. val1le. if there .is a zero' ene::gy level ·in the 'potential. -'The second conditlon' supposes 

tiW.'t the potential ·v . is .of a short range,. decreasing -at least -exponentially 'With ,,..,.;.· 
. . ,_ ~ ' ,-........ .- ' ' • .t _, \. 

This. is a real case for nuclea~ potentials. There are no·bound levels·i~ the neut~on~pro-· 
.' I . . ' . . . . . . .. . . , .. . 

ton and neutron1neutron· s0 'states. Therefore ·equations· (4) are suitable for.calcular 

. tiori of the paramete~s •. 
_I 

r a:-'·, p s 
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Equations (4) were integrated for a' ~umber of potentials which give a good fit 
'·! ' ... ,''14-61 .... ·. ·.' . 

for· th~ ·.Jo' ·. high-energy ~cattering data . •· The solut'ions .•rf.<l', a
1
(r) j ···f•l and·the • 

functions '..(r)._ ; P0 (r}_''fo;r thepotentia·l:of Hamada-Joh~ston1 4 1 (,~1 r 0 =Q;J4J)'ar~ shown 

I by solid lines ,_in. Fig. L The numericai results' are present~d in the Table. 

\ 

/ 

· J. Equations fo'r the 
1sa pp Scattering Para~;ters. · 

/ 

. The presence of .the long-range. Coulomb pot'ential leads to a .rather complicated ·analy..:· 
. ·. : . . .. . ' . . . } . 

,tical be.haviour of the nuclear phase shift . o0!k l so that .the- expansion (J) is not v~l'id 

now. ·However .we can write: 
' ' . • 2m) • -1 ~ .2n 

tgo0 (r,k, ~ l. --·2"'1(• · ::1l k
0

;
0

An (r,h (~llk 
(7) -; . 

-"~.·Here ri is. c'onsidered to be an independe-nt ·parameter.-we can introduce· new functions -. ' _, ',, . ' -.... -~, ... 
only of r ·a0(r) r a1 (r) • r a z(t) if: 

' · ... · • . -1·"-1 
A 0(r,hl•·•o(r)[l+ca

0 
(r)hR J, , 

- * ····_ ;_·1-2,~· 
A 1(r,hl-•i(rlll, + •o (!)hR J, , 

! . • . ~ •. ·--:--: ,· ,. -1 -2 : • 
_A2 (r~hl··_h 2 (r,h)[;+:a 0 (r)hR J,, ·_a 2 (r)~· b

2
(r,O), 

,It can be s~o'!~ll:f ~hat ~h; functions '• satisfy the e<iuations';' 

. ,a(r•·V(rL·1 -a0'u1)2 ·.·-,
0

(0)•·0·,:· - . . 

~·· , . · • · ••• · . ·. 2 . 1 · 3' · · 
"i:-·V(rLI-a0~1)(2~1"1 -< Mao.+:T•. __ Lzl•: _"l(O)·O·~· , . . -
, ( . [ 2' 1 4 I· < 10 I .. , a:i" -V rL 1-a 0 H 1) 2H 1 a2-r lla 1+·-r Na

0 
-:--r(

9
L

3
-

9
L

4
) • 

'. . . 12 60 . . . . 
. . .. : . 2 . ,.I 3. 2 • :. ' 

•·vc~ 1 a 1 .,11r Ma 0 +:-r·L 2 l ; •. · a 2(o)- o • ., 

'(aa) 

(Sb). 

(S.c) 

' ~. 

(9a) 

\ (9b) ·-· 

;- --
(9c) 

/' 6 . ·• .. • 

In equations .(9)· ·V(rl . is. the nuclear· potential (without the· Coulomb one) -and the· 

following notations of_Ja~kson ~nd ~lat~l71 are us~d ... - . . ' 

' - --lift' --· 

... L.<t->·••<t> I 0 (2v-fr>···. 

. .. . . lin 

·"•<if·c.!ll,<t> K.<zvt> •· 

- ·; . 2 ; - 1 ·< •• r- ~ , ·' 
;M(T-T'Rl [LI<ifl-HzC-ffll··· 

• •. ' v·· ·\· -

-1 -1 • . -2 

' ~ 

(lOa) 

(lOb) 

.(106) 

"'· .... , N(~- .if.!..) IL 2 +·2(L) u.;:,_g_ (.L) [H
4
-L

1
11 • 

... R :- -3~ R · R , ~-"J · 5 R, ~ . (• _ (lOd) 

In the absence of the Coul?mb interaction (R ) the ·functions (10) are equal to-

unity and. equations~(9) ~o1nolde.with equ_ations (4). 

' 
.. ; 
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• 1: If. there 'is 'a hsrd core in:. th<; potential V(rl 'the initial conditions for 1 equat 

io:ns cs) are: 
. . . 

•o ( •o l •· •,"l-1(r(/Rl. 
0 H1(ro/R) ' 

> 3 ' 
~1<•o> ,;;.~( 3!1 .' __ L2·j. 

,· 31 ~ ·.Ll ,1, 

... 2 ' ·, 

• 2<•o>-!JL<.!l!~-..!.~-52! +:3o~.:.1o L2
11 

>. 
51 9 Ll '9 Lt Hl. Hl' . Ll Hl · .. 

(11) 

,,,,, 

Us;,ally : <-<~holds, so the ,·formulae (il) can be 'reduced_ t'o simpler expressions· (6). 
., 

Equations (5) relat~ the f~nctions • 0 , .• 1 , •'2. to .the corresponding parame-
. ! ' . . . .•' 

·ters, ~P., \ ·, PP ·.of the expansion ,(2).. ·, 
I . . -

The -~otentialsi 4-:-GI analysed in the previous section we;_.~ used to, compute the scat• 

terin~ length ~ P: ,• .'~the ~~feo~iv~·, range~ 'P 'ai.d 'the ~h!lpe · P,.ram'eter P P for lp;..,..en~rgy. 
1~0 ~PP· scatteri~'by means 'of equ~ttons. (9). 'The .results aie·sho'Wn in the Table.· 

:'Fo; th~ ~~s~:of Hamad~--~oh~~to~i41'pote~tial (x 0·~ ·O~J4J)~the funct~ons' a
0
(r)

1
<rP(r)

1
',and: 

~P(r) are.shown in Fig:,_l ,bJ' dashed lines. 
,.· 

I 

! . ~ I ' 

. . . . 3 ' . . 
4. Equations for ·the · s, . np Scattering Parameters 

,·. . ,"'- \ 
As.was mentioned:above equations (4)_ ~0 not hold for the cas'e of .the tripl~t 

3 . - , ·. ' • -• I . , 

.-sl '-state-when the tensor forces'and a bouftd level ~deuteron) are pre~e.nt. 

.,:: :; ' Let' us, consider first· the effect of ·the bound states. At. the po~nt r 
1

" where ·a· zero 
' ' ·, I •' .._ ~ , ' • . . . , ' 

. e~ergy:po~nd state:appear~ the vabe_. of .the _fu~ction '•o<•i>. and. those of 

'. be.conie intin'J.te •. Therefo're we must reform.· • equatio~s 1(4) in_such a way 

... stons are.f~nite. This can·be done by th~ following subst,it~tions1 1 1.: 

the others •. <•1> . 

that·all exPres-

.a 0 _<.~) •· tg·a_(l)>,~---; ' '· 
(l2a), 

I ~ < . ' ~ 2 .. . ' ' .' . 
•t(r) :fl2(rl~o<•l.+:·~1Jrl•o~!) +: llo<' l (12b) 

'·. ,.· 
·, 2 3 ' ' , .. · 2 ·. · •• •,.'·.: .. : 

a 2(r) ·_·fl2(rla 0 (r) +:y 2(r)a 0 (r)+·y1(r)a0 (r)+:y
0
(rl.:,,_ 

•., 

~ 

. , /~ I -
· The functions 

"\ ·. -

,, (l2c) 

, , ·fl' .,\·.; ·are finite everywhere and'• satisfy the 'equat,io'ns: 

-:···~.vireo~ a- ~.<d . a(O)d: ('l:i) I .. 
... -·_ :'--"' ·,- 2 . . 

fli·• V(2rfl 2 +:/3 1..:, r_ ), /32(0) •· 0,. 

. I 
·P1·-~,2~(-r2 fl 2 +fl~~i?>· fl1<oi/o. 

' 

: . . • " . . 3 

. flo' -~·•V<rfl1 +_2!30 ·+•j-.. :, >;. _!l 0<o>.· o~: · 

. ·· '. . . . . 1 4• ' 4 3 : ... 2 2 2 ; . 2 ·. 
• Yt ~-V(2ry2 +_r 1 +'T, ·•· 3 r. !3 2. -· 3r . 13 2 -;2r, flt +• !3 1 '+·. 2{!2 fln ), y2(0) •· 0 , 

'• '2 . . ' ··2 3 ' 2'. . . . . : .. 
r 1'·•.2V(-r y yy -:2r5,+:.c.-·r !3 1 -·r flo+ tJ 1 tJ 0 ),· y'(0)~-0, 

2 .. 0 15. .. . •, ,. ' . . 1 ' ~--, :. 

.6 

~; "''.- ~ 

\' 
\ I ~ 

'(14a)'" 

(~4b)' 

(!4c) 

:(15a) 

(l5b) 
f'• 

., 

•-"' f 

·., 

'<,, 
':' ... :~? 

'~~ . 

',-

. 'il \ 
: :~:· 

l{l·l 

''II(·\;. 
1'' I .. 

.~ : 
,.f"·. 

:_.',/· 
· .~d I 

• '~' • : 1,1~~· '-

··. ' ,·~: :-·. 
~- ·; + 

c'·:i.1:):· 
'·'!'!'' .. ' . X 
'•}j; 

( 
,,llb 

.. -il··. 
;.lfi.l/'i· ' 

···.I :~M .. : 

''/ 

,•· 

. ' 
.~ ,, .";!,_ .,. ~ , I ... 

- ' • ~'! 
~--

' ' •2 2 . 6 4. 3 •. 2 ' ' 
YO •-• V(~ r 1 +:2ry0 ~·45' r .-3 r . flo-· flo ), Yo (0) • 0. , . (l5c) 

\ - f· - ,· 
If' the potenti~i; v'(r) conta.ins a· hsrd core the initial·conditions for e!luations 

, (i5) .are: -, 
a (rol .. .'arctg •o 

·'"· fl2<• 0 l • j:r 0 ~ !31<; 0 > --o •,.· 
'/ 

_., .. ·. . 1 . 3 . • . 

1 3' 
flo<•o>- ~-T ',0 • 
. . 3 5 
ro<•o>-: -· «J 'o 

(16) 

.:.J 

, Y2 (rol ··-: 2i,'o • · Yt<•o> • 0 • 

. ' - / 

If the nuclear tense~ forces are taken into-account' there Will be a mixture of 'two" . ' 
. 3 ' 3 

triplet states s1 and. o1 • 
. . ' 

..... 

' ' ., ; 3 /-
So .t,he~low_-energy scattering. parameters for;the s1 · state 

3 '': . . 
rameters. for the Di· state,_ \', 

are connected with the _pa.";'· 
,-r 

,. 

The expansions· f~r two·phase shifts functions s
1
.t ·and. for a mixing para;,;etex:, funct: 

ion 'J can be written as follows: . 

'" 
. I . ·• . 2n 
.' ''\o(r,k)~·-'\;~ "• (rlk . 

j' 

,/"' '.• ·(l7a) 

·, ... : 

~· 

~ ! \ 

... rf· ,· .. 
· -· :·.\rJi:::: · ,_ • · · 

. ' ) .. ~· ·., 

:•'"" - ,,;-' i 
-~ 

't 3 N ' .211 
lg< 1 (r,k) •· -· T k :l: b (r)k , 

. ~7_0 .:_D '- ' ' 
/,' ': . •' ·(l7b) .· 

•. 'lt)f'_:, 
'.gtl~:.~.:· 
I'' - ' . ~·/· ... ,· 

.... ' \' 

·; ... ,~ ,' ... 
..: 1,, ~. ~'; ·<': ,· •: •\: \< •• A 

.- : . ;~. \:'.:.:~ ·' 
) t ~-
'1 ,(: ' ._., .. !·,,·. 
\l~t( •,:_,... 

,)·(~'(' ... ··r' ~-
-~}I _: .... 

·11'' ~,1! '< 

\~:~';\, 
J_.,, &· 

--. ·1~(' 
. ·:.~1' ··.•. , '-l 

' •• 1 ~,1 

iJ'l; "'t.t' . :,- ~'1:::-r. ~--
, 'V:' . 
!\\( 

;-!;\!\' .· 
;.)1'· 

·;il\:'.:: 
-··.A'i i.lh .... •''•' 

··II/ : _~1.~ul .· 
-~-(· 
·-~~l:· 

/. 

1 5 00 '; .·, 2D 
tg8; lr;.) ·:·., k·. :l: cn(r)k • · 

~ ..,.. , o-0 - , (lye) 

~~en there'is.no b~und level; o'n~"wnl hsve the f-ollowing 'e~~tio~ll,Zl.which are 
\ I • '; ; -

gen~raiizing ..• ·equations (4a).and (4b).in case. the tensor forces are present. 
' ' . 2 . -2 ·. ' -4 2 ' . 

, . ., 
:,., 

.• •0 •. v1<.•-•o) -2Tr.;<•-•olb0 +:v 2 r_ b0 ·:, a 0(o)7o,_ 

-2 .. ' 5 '•, ·.' . ..:2 2. . . ' :. '1 -4 5 . _, ' 
biJ·+Tr .<r-a0)(r ,:-c 0 l+.'fr~ b0 -v1 (r_-~ 0 )h0 ·.-r_v2 r <•. -e0 )b0 ~ b0(o).o,,. 

(lea) 
\ 

•'· 
-"' .. ·· 

(l8b)' . -~ ·'. 

...... ;, 

1 ' -4 5 . 2 ·-2 5 ·, ' 2 
c(r~-

5
v 2r • (r ~c 0 ) .-'2Tr (r. -c 0 )b~+5V 1 b 0 , c0 (0) ... o •. 

I ' ' 2 • '3 .· -2' ' ' . ·· · 1 ' I . 2 
•i·•:-·Yl <•..,•o )(2at -•o r ~\f' ) +: ~Tr (al bo +ra o bl :-'T" 0 bo r. -bl r l 

' -4 1 ' '2. ·. 
_ +: v2 r (2b1 + .. Tbo '· )bp ,

1 

, _a 1 (0)•· o, , ·: ·. ., 
; · ( -2. 5' · / · · ·1 ' 2- 4 · 7 5 's •2 i 2 .· .. 

bl· .. ::-s-T• t(r ·.-co>•t •·<•-•olcl+'T•oco~ -yo•-.+•..:..x I+Tr (2bt-jl>o• lbo'(l9b) 

.. •• , •• ! • . • . 2 . • . .2 ··3 r -4 .•• 21 I ·. '2 5 . 2 . ' .. . .. 
~.-+:Vt~•tbo +:_~o_bt.:-~o ~o' -bt'.:t-=:-J-bo.' )+:Siv2r ··,<elb~+~ ... obt+:3co~o' -blr -n~o.!. >~_bl(o?-o•_, 

' 1 . ·4 5 . . ' / 1. . i 1 7 .. ·2' • . • 1 ' 2 ' 5 4 ; . ( g' ) . / 
c1-: -·-V2r (r ,-c 0 )(2c 1 +·.:.c 0r +.=...' l+'2Tr (c 1 b0+c0b1-_c0b0r -b1r. +.:'.1>0r.) l a · 

··5 '• .32 7 .-3· 7 

·. +•5V1(2b(-bo r )b 0 , c'1(0)•· 0. 
Here: the ·notatfons ar,e .used: 

.J.i 
(l8c) 

(l9a)'. 

\ 

/. 

.,v1 (r)~Vc(r); T(i)• 2-./2 V 1 (r), (20) 
• £ .,_ 

- "'\~' 
v 2(r)- Vc(r) .::2v 1 (r) :3V!s (r) -3Vi1' (r). :•, ., · 

,. 

. .;, ..... - \ 
'.,·' 

I\ 7 .. 

. ~ 



\ 

,/ 

~ l ' ,· 
The presence: of a hard core in the 'cirntraLpotentialleads to the following i._;itial' 

values:" 
' ' ' ' ' 5 

·.•o<•ol•-ro' bo(rol•: 0 • co<•ol·•o.• 

•,<•o>~·}·~ •. bt<•o l 

._, 
" ' . . s 7 

't ctho>--~ro 
.:.. 

(21) 

The equations are· considerably ~-omplicated as ·both- _the t/ensor forces_ and the presen-:

ce of a ~ou;d state_ are" takEm,into .. ~count.· In the. case1 1 r2 1 -one ·has to introduce. several. 

new .functions 
8 0 •· tga • .. l 

bo.;llt•o +'flo.-

-2 ' • ' . 
. co•·5flt•o+;5fl1flo+•Yo ._-

, . . . ' ·2 . . 
' 8 _l··A 28 0 +:~ t 8 0 +:.}a ' 

..-'cr 

. • • 2. .· ". • ' 
b1•·A2fl1a0 +: (A1fl1 +:Bl lao +(A0fl1 +:BO) •, 

' .. .. . ' 

,. 2. 2'· . :· ---- ·: '.
1 

" , ' . . 

c1 ~5~ 2 fl 1 a 0 + 5(Ajflt +:28 I )fl 1a0 ~- 5(~0 fli+;B 1fl0 + B0 fl(+ C0 ).' 

' 
.(2_2a) 

(~2b) 

(22o) 

·_ (2Ja) 1 

(2Jb) 

(2Jc) 
l ' 

The correspo-;,ding equations ar~ of the ~~rml 1 ; 2 1. r • 
• . .. ~ 2 . -2 ' . 

- !f·•·V 1 (rCosa -:Siaa)·-·2Tr (rCosa_·-:Sina)(_8 1 Sioa +:P0 Cosa) 
-4 } ~ ' , ' 2 I ' 

'-~ v2 r,.((:3 1 ~oa t;.f:30 Cosa ) . .,·. a(O) •· 0; 

• • -2 • _· ' 1 -2 . 5 . ' ' . ' ' 1' '-4 5 -. . 
flr~Tr ~fl1 <~fl 1 +fl0 J- 5Tr· (r -y0 )::v1 (rfl 1+Jl0>- 5 v 2 r fl1(r -r0 J, '(24b) 

(24a) 

0 

' • flt (0)- 0. 
, -2 1 -1 5 • 1 -4 .5 . · • 

flu~·Tr fl 0(rfl1 +flo)+ 
5

Tr (r -y0 >-v 1 r(rfl1+fl0>--,v2 r flo<• -y0 ), flo(0)·-0, _ (24c} 

... /~ ' • 1 -4( 5 • 2' -2( 5 . .; . - . 
'Yo ·• 5 v2 r r -~0 ) - Tr r -y0 )(rfl 1 +·fl 0 ), Yo (0) :· o .. -

- .' 2 -2 . ·:- ' . ; 2 
A'2 • v1(2A 2 r.+·,A 1-r) .. 2Tr (A 2 fl 1 r-A~fl0·+:A 1 fl 1 •·B 1-'-j.fl 1 r 

(24d) 
,,.. ., ~. 

l ~ ·, 

' 

-4 • . t'. 2.. . ·. • 
+ Vz•·.-~ 1 (-2A 2 fl 0 + A1fl 1 +2B 1 + yfl 1r ), A 2 (0)~-0 

' . . • 2 • 2 3 . . - 2 '. • ' • 2' 
-_A·1--2v1 c-~ 2 r +:_Ao•'T' )+2Tr (2A 2fl0 r+:.2A0fl1 --s1r+Bo-:·-Jrflo•.) 
· · ··.-4 z··-• 2· ·• -_·,- _· .2 .. -· ... - •. 

•:2v2 r .<-A 2flo+:A 0fl 1 +:·n0fl 1 +:B 1 fl0 +: _ fl 1 fl 0 r l ._:A 1(o)- o, 
-1 .. ·, --1.3 ." -2 '

3
- ,_ .• · ... -.·. 1' 

_AQ-_--v1 r(At'+:2Ao•'-.' )+:2Tr. (A1fl 0 r + A0flo.- Aafl1 r -~0 rl .. -
... -4 ·- . ._ •.. • . 2 -
+:v2_.-- fl0 (-A

1
fl0 +:2Aofli +: 2Bo+;.-}flo• ), A0 (o)- o_, _ _ . 

l:'i:_.\<s 1 ~:-:,. Bo'-· fl0 ; 2 -'}fl~; ~> -+;T::
2
<Btpo+2DtPt; '•~o/3~;Co~~1~0 r2.:.fs->i•i'7l · 

··vi\}s;~0 --l.s1 r5 +c 0 fl 1<.!.. p1 Yo' 2-:..f-fl 1 / >. n 1 <0)· o, (25d) 
• • . - . . 5-. . 1s 15 . . .. . . . 

, 2 · ' 3 • t- 4 ·2 · · - · · • . 1 2 2 1 s . . 
a0-·v1(-B 1r -:-·Bor'.-.}flo• •:rfl1 r l+;.Tr (B1 fl 0 r+:~0 fl1 r_+2B~flo-Co•--j-Jlo• - 21 • l 

.._. 1 · - 1 · 5 · - . 1 ··2 · 2 · 7 · •· · •. 
+'V2' <fBoY0 :;·-fla', +Cofl,o,+·!Sflo Yo' -·ros:_flor J•, 8o<~~ o, , (25e) 

(25a) 

...• (25b). 

(25c) 

·-

8 
'..-

' 

-i 

1-

: 

• ·4 5 . . 2 ' 7 • • ' ~2 5 . • 2 . 
c0'--.Lv

2
r (r -'l'ijX2C

0
+-_!_y0 r +:.,!...r_ )-.l..Tr (r -y0Xs 1r+B0-..!Jl0r) 

. 5 . . 15 JS · 5 . · _ _ 3 (25f) 
•2 • · . 7 , , I 

+:Tr (fl
1

r •·fl0)(c0 •·..Lr ),· c 0(o).o. ' -·' 
. . 21 . ' . " • 

If there is a hard core in, the_ central potential, the .initial .values are the follow-

ing: _ a (r 0 ) • arctg r 0 . ; --: Jl1 (r 0 ) • fl 0 <•ol• .. , Yo<•o > .,;_ _. (26) -

·i.2<•o>·*•o • ,A,<•o>·-' 0• A~<ro>·-· i-•g 
' . . •. 1. 7 

,.,s,<rol•-Bo<ro>_-o. co<•o>·:-·n•o - -. . . 

Equations (24),'(25) wer~ solved.for. two potentials1 4
>51 possessing liard cores, 

. . ' ' . - ' . 
The results' for the Hamada:O:Johnston potent-ial are shown in Fig •. 2, The. numerical. values 

" ' .· ·: .. ' . 

obtained for· the ·scattering length and: the effective range are pr.esimted in the Table~ 

_ 5; ~ Soatterin~ -~n states with. 1 >:a 

. "·-· ·, . ·. ' t, •. 

In this section we shall give the equations which are. useful for computing the first 

coefficients of low:-_energy expansions of the_ phase shifts · ( t·; o ) . : 

~or scattering in the_ sing:J.et and non411ixing triplet states· with an arbitz:ary. orbital 

-angular momentum of' the neutron-proton (neutr~n-neutron) systea; the expans'io~ can -be :..rit-

. ~en ~s fo,liowslll: . 

,. 
- 2!+ 1 
k 

• tg8! (~k) ---· (2!+:1)JJ (21 --1)11 . ., 

N 1n 
.:0 k . At.<r) • , 

.·.Then-'the ':tirst function Aro<•> ··satisfies a simple equation' 

1 - ! +1 -l 2 
~~·(0- 2! +:1 V(r -·r Aro )_ -,·. AfO (0)~0:: 

·In th-e._presence ·of :a hi.rd core -the initial condition is 
2! +:1 

Aro <• o' >·· 'o .-

,(27) __ 

~ (2~). 

If, the Coulomb potential is· taken into ao'cou~t for .the same ·states .of the proton-pro

ton system the- expan~~-0~ a~d the corresponding' equation are of the form Ill 
' . . . ., . . ' ' 

• . 2 lf+!N '2a 
,,a 1 _<~k.~ l ---•(21 +:l)c1 (q)k :!:-At' (~~lk _ 

' . -~ - . ; · D •0 D, ~ 
. 2 2! ·2 . 2 2 ' - 2 2 • . :a., -1 
Ct (q)•-2 [(2!_+:1)tl• [! +q J[(!-·1) +:q 2 ].,;:[1+:q )2m!(e. -1) :1: 

(29) 

;j ., 
• . . ' . . t+:l"' ; . ~ -t -

A:·o(~-)·--l_y(r)[r , L~ 1(~--r 11~ 1'(.!..lA;0'(~w)).,-A! (O,w)•-0;; (JO) 
t. 2f ~ 1 .t.+· -R - .L+· R t. ~ · , o : . , ' ::,._. 

In; equ~tion (JO) a transition k~0- 0 q~- 'is_performed. The initial value of 

Ato<•o •- _) .. for the. case of :a JU.rd core poten:ial· Clln be obtaine,d by equalizing • the-expres-

sion.in brackets ·in equation (:lo)-to zero_.: ,... 

;·I 

:9· 

~ 
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When the 

deai with .the 

tensor forces are present in ~ixing t;iplet neutro~:proton states 

expa~sioz;s 1l,2 1 
2j:-1 

one has.to 

'' k ,. ~- . 2n 
tg3. _ 1 (•k) • -· _ I A. (r)k 
, J,j 

1 
(2{-1)!1(2j-3)!1 n•O Jn_·, 

'l -· k 2j +;l :)II 2n 
tg L (r,~) • -•. · · I B. (r)k 

l . (2j+·1)11(2j_:3)U n•O Jb 

·,· 2j+:3-

tg3 . (•kl - -· __ k 
j,J+l (2j+:3)!1(2j+:1)!1 

. . 2n 
I c.' (r)k 

n•O 'JD 

-.The system of equations for coefficients ·is- the following: -· 
- ' ' ' ~ ' . ' "" ' 

1 j .-!+12'.· i. -j+l --:i-1 ' 2 -2i-2 
Ajo• 

21 
_

1 
v;,;-t'' .-\or ) :-2;1 (r ._-A;o r _ >,B;o' +{2! -:1lVJ,l+l a10 r ,. 

"' j -:i+l i+2·. ' :.;-1 < 2 --2j 
Tl (r -A.0 r Xr -c.0r . J+:T1a 10 r · 

-·' . . l ._· ' J' -; ·,. 
. ; . 1 

· B;o ···(2J;..1l(2f+:3l 

1 • j .-l+l -j+l 1 j+2 .. +1 ' -j-1' 
- ___ v.. 

1
(r -A.

0
r )B. 0 r - __ v11• 1 <r --c. 0 r )B.0 r ,. 

'. 2j - 1 J,J- I J :_. 2j + 3 " · . l l . 

1 
. j+2.: ·j·12, j+2 ··j·1' •· :j+I · .. ' 2 -2j+·2 

c:-
0 

• -- Vj. 
1

(r -CjO r ) -2Tj (r ·-c1.o r )BJO' +(2j+·3)V,. 1B1.0'r 
J 2j +" 3 ,J_+· -" ' . ' ~ 1 

;. J,J• . ' 

··. 

Her:e the ef;fective' potentials for mixing partial waves are*: 

' .'''2(j-'-1l ,• . . • . . 
v
1
,j_ 1 ., V0 

:-· _
21

._
1 

v._ +~(J -1l'f. +~J:-1lVtt,: 

. .- .• ~'+2l ' ·• 
. vl;J+1- vc -· 2/+:1 v, -<l +•2>\f, -<l_ +:2lvee ; 

.; 

cjia) 

(Jlb) ~ 

(Jlc) 

(~2a) 

(J2b) 

. (J2c) 

'· '·-

,' (:iJ) ._·· . 

•• - ' ·r.-._.6{HJ+:1l v 

-, • ' • -:-' / . ' . ' J ' 2j +:I. ' t ' • 

·The initial values for the functions_in (J2) are ~eros<.If there-is'a hard core in th~ 

j 

.... . ~~ 

. 'central: potential,· then 
~ ... 

' 2j-1 
A;o<•ol •· 'o . '.· 

6. 

' .. 2i+3 
8;o<•o l •. o ; c;o<•o > •· 'o 1 . (J4) ' 

-:.-' 

prev:tous· ·sections~ were integrated __ by_· means·.·. of 

'numerical Runge-Kutta_ method for .. three p'otentials1, 4-
6

1 :·at an electronic compu

ter. For two of '~he . potentials·· :a.' slight variation ·of the ·!lard cor~ 1.4 1. and ~f 
the soft repulsiv'e :_c-~re1 6 i , was·--a~so ·. co;sidered; .Tlle resulting values of th~ 

r - -. 

·_The ·equations . or' the the 

s_cattering.length, the -effective range and the 'shape parameter·'are . presented in· the 
• f -- • 

-- ,.. . .\. 

potential· 1f1 e
1
; is ·defined ,here as in the Hamada-'-Johnsfo'!l papet·t! 

~ ~ ......... 2 - .... 2 
fu··[Sje '+,.luiu2'JJ.r :...(fs) 

* The qiladratic fs 

. ,.:' 

: _\!' 

·., 

'-, 

·' 

..... _, 

" .. ~ ;- ·. 

)·· 

~ ~ .. 

\ 

'._, 

-Table> whe:re the experimental data are sho:vn as well. In Figs. land 2. one can see ,tile 

-·behaviour ~f,th~ functio,;_s inv'olved. 
,·,,..,. 

As is seen in the-Figures' the asymptotic values of the functions are reached within 

, , a suffic~ently s~ort-r~~e. Note that the funct~on~ . a 0 .-,'' r we are interested in. become 
. I . / - ; ~ . . . . \ , ... e 

· consta':ts· soone:; than 'auxiliary 'functions, for example Po, _r 0 • 

Therefore on·e can diScontinue integrating the equations ·before ali -the functions > 
. ~ ..- "· . '.. ' .. ~ . .; . I ·' -, ·, ~ ' . ~ - . . 

reach. their asymptotic ,values. However,- in order to be sure that these' values are reached 
• • • < ~ ' • : ·-1 • . . , .. 

we 'computed the quantities ·up to the potnt "• r = 100 •. !hen all the !~notions _become cons•· · 

tan~_s within a high degree of accuracy. -Tp.e' t~ble contains the results· obtained for ,• 0 

r ··p 
, e_. .- 1>. 1·. 

1 ... - . . ·' . ~ ' 
Compaz:ing, the ' s0 np parameters of the. Table ( •o = Q,J43) ·with those obtained by 

Hamada.·and J~lon~t,o~1 4 1:• ._•s = -1_7.01 , •.-=·2~8Jr , P.- =·O.Ol6•one c~n 1 see a· slight_. 
/ • ; • • ~ •• • ' • - • • • • > 

,descrepancy, in ~. , !s .'values and a veJ;y l~rge" difference in P .- values. (~bout ·a'fac- ., 

tor 2); We _be_liev~ 'tha;---this fact. demonstrates the advantage, of our -~-thod, of oompu~atlon. 
i!i.e tisual procedure con~ists of computing at first phase shifts' 3o(k) ~for a nilmber of' •. ' 

values and· then· searching .the par~met~rs •o , :. - ; ; :p' 'usi~g the eicp~nsi~~ (l) ,. ~mall . 
., "i. •• • • . • \ (-.. / ..• '1- • ·' -~ ' t ~ 

uncertainties in •a., '• -c_values ·give rise t'! ·a. relati'!ily I.arge uncontrolled erro_r. 1n 

·P· in such a procedure,· It should- be- noted that there.is a definite ·loss .. of accuracy in 

·c·~~putlng' the difference ~.~ -.;.~I eq,(5c) 1_ of two ;ne~r;y 'equ~~ quan~ities: But :thi~ ope-'-. . . . " .. ; ' ~ - . . . - . ' . . .... ' 

ration _can. be controlled 'in the· process'. of' computing. Sim:i.iar diScrepancies. are_ seen in' 
' \ ' ..... . . . '· ·.. '. ~. 

<~he case _of a smalle~ r,adius of the ~har_d core . •o = o.J41:· The, H;:-J ··results are z 
,•, 

•• =-23.71 . " ···= 2.7)!.:'' ' -) 

An approxima.t~··formula of Jacksori and Bl~~t1 7 1 for the-· •;. ~-evaluation 
2._;·. ~~~;~ 111 ~ ~+: 0.33) . 
,•p ·. •s' R . R R . 

i~ Widely used, but a ·possible deVia-tion 'from the'~actual_ Value .iS not dt!finiteq estimated~' 
. ; . ,. ~. . - \ \ . ' . . ' 

· The,_ possibilit~ of the direct computation ,of the proto_n~pr_oton · sca~ter_ing parameter_s · 

•p , · 'P., 'and PP 'permits us .to make a more accurate comparison with the., .exp~rim~ntal 

valueS. 
-: 

It can be seen in the_ Table that all potentials _tinder consideration do· not' fit the' ex-. 
. ,__ 1 .. I - -< 

perime~tl!rl.data. both: for :·,so np· and· . s0 pp · ~cattering._ The •two types of'the·potentials 

With a hard core and- a- soft one ShOW tOO:t there cart be a. weak' charge dependence Qf the 
._ • . ,. ' I 

nU.ole~~ fo~oes :·. 
. - . ·' )_:,, . ~ " . 

The equations-of Section 4 allow.us ~xactly to take intc_account the effects of the 

ll 

-· \ 



,:_ 

,. 
' 
'· 

·, 

'. ' ~, 

- - ~. 

:: 

,· ., 
I 

··. tens'or ·forces ~nd. t~· pass out· the limits· o.f .·the shapo-independent· approximation •. . . ,• \ . ' \. - -

The re~~its ~bt~ine-d ·forth~· _Jsl np - ;parameters.sho~' that the H-J · pot~~ti~l4 1 
' ' I ' 

is much more sui tabl~' for the de"scription of .low-energy np -phenomena. than. tha ~ of. 

Breit= et a1,l 5 l i 'though ~oth potentia;s are e~ual~y sat~sfMtory in terms of.; the high_: - "i 
M " • ,• > > _. ' 0 

energy s~attering pheno>;>ena,' Our.·results for .. •1 _· ; 1.740,r are t,o·be compared with the 

u.:J valuel 4 1· p(-r,-•l ~ l·Tl~-.- The' d:i.:r:t'ere~ce '·is the measure ,of the inaccuracy. of. the . " .. · ' .. \ : f 
shap_e-independent approximation: It appears· to b~ not very large. '< . ., ' ' .. 

Finally, it should b'e·mentioned that the formulae given in this· paper.'can.be also 
~ ' . ' / ,/ '' - ' ' \ ' . ' 

,. used in· the case of .low-energy scattering of •particles other than· nucleons. 
•\-
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The singlet 'and t~i-plet. scatterini{l~~gths, effective ranges ·and' shape 
· · parameters calculated :for various potentials / ' · 

.'as rs 1 Ps· 

(Fermis) 
. Bp· rp 

·(Fermis) 

pp 

-p 
p 

Js. 
1 

np 

at rt. 

• ·. · (Ferm.i.s) · 

Hamada.- . . ' ' ' ' . . ' .. 
Johnst;;-n -16.711 2~857:0.o315 -7~729 2.749·0.0478·5~371 :1.740' 
~ , ' • ) 1 I , ' 
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:Notes.'. 

/4/ 
x0=0.343 

' :··-"· 

. ' 

__ /:... 

Hamada- . . .. . . . . . -· . . _ ·/4_/ ::.;, 
.Johnston -21.720 2.767 0,0316 ·-:8·542 2~664 0,0499 5.1J6 1~700 x =0;341 

" .'·. - ., ' -: J_. ;~--- .• 0 . ' '\ 
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Breit 
et·al, ~13~?31 2.965 0.0201 -7.0'/8- 2,82':1 0.0372 1.638 1. 359 

' '\ '·. -_' ', J -· 
'I -' .: • • • ,- ' 

- /5/ 
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