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1. 1 n t r o d u c t i o n 

Great attention has been recently paid to the study of the analytic pro

perties of the nonrelativistic three- body scattering amplitudes in the complex 

- plane/ 1~ 4 / • 

~ere exist several methods for separating the total angular momentum in 

the fhree;;. body problem. The first one suggested by Newton / 1/ consists in 

separating the two relative orbital momenta and combining them in order to get 

the total angular momentum with the aid of the · Clebsch- Gordan coefficients. 

Difficulties arising in the analytic continuation of the partial scattering amplitude 

obtained by .this method have been discussed in / 
2

•4/. 

Another method of introductkln of the total angular momentum has been 

-~ted in Omnes" s papers/ 
2

/ • , The~fi~ of this meth.od is demonstrated in 

investigating the three- body problem in the absence of the bound states. 

In the following we present a recipe of introducing the total angular momen

tum which is convenient to study the problems of scattering on the bound state. 

Notice that this method is easily generalized to the N (N > 3) body problem where 

one can use
1 

e.g., the Weinberg equations. 

2. The kinematics of the three- body system 

Let us consider the problem of scattering of a particle with mass m 1 on the 

bound state of two other particles with masses m 1 and m a • The particles 

interact through the two- body spherically- symmetrical potentials. 

The state of the three- body system can be characterized by the three .. .. .. 
momenta k

1 
, k 

2
, k a • In place of these it is convenient to introduce momenta .. .. .. 

corresponding to the well- known Jacobi coordinates: ( K , i: 18 , P 1 l 

( 2.1) 
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where K is the total momentum of the system, k 23 is the relative momentum 

of particles 2 and 3, P 1 is the momentum of the particle 1 with respect 

to the center-of-mass of the two other particles, M is the total mass of the 

system 

M m.l+ m2+ ma ( 2.2) 

and 
m = m + m u 2 a ( 2,3) 

.. 
Other possible sets of variables, ( K , ~ 1 , p 2 ) and ( K , k1 2' p a) are determined 

in a similar way. 

In the center of mass system we have 

K = 0 

k = mak2-m2ka 
2a 

m2a 

I' = k + k 
1 2 a 

.. .. 
·and the same for sets of variables ( K , k 81, p2 ) and 

( 2.4) 

(K , k
12
,; a l 

Thus, in the centel'- of- mass system the state of the three- body system can 

be described by the total momentum of two particles ( which is equal to the 

momentum of a remaining particle but with opposite sign) and by the momentum 

of the relative motion of these two particlesx). 

We shall describe the state of the system by the state vectors I 'I' > which 

form the Hilbert space. In this space as a basis ~e can choose the set of .. .. 
vectors I k

2 
a , p

1 
> possessing the orthonormality and completeness properties: 

... .. _., ... -+ ... ... ... 

< k;i p'l lk2a PI >=B ( ku- k;a ) S (PI- p'l) ( 2.5) 

f I k
2
a ;

1 
>< k

23 
;

1
1 d k

28 
d p 1 • 1 ( 2.6) 

As another basis a complete set of vectors I I M t 23 m 28 ~8 P 1 > can be 

chosen wh-ere I , M are the total angular momentum of the system and its pro

jection on an arbitrary axis, f 28 and m 2 a are the orbiW momentum, of the 

x) The Dalitz variables/?/ which are specified in two different inertial sys
tems are convenient for relativistic problems/ B,9j In the nonrelativistic case they are 

identical to the Jacobi coordinates used by us. 
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-.'1 

'II, 
I 

. ·, 
·/1' 

':o,ll'f_ ' I 

I 

~ rf'-J It! •· 

l 

relative motion of particles 2 and 3 and its projection on P·, respect .. .. 
k 

28 
= I k 

28 
I , p 

1 
= I p 

1 
I • The orthonormality and completeness rE 

these vectors are of the form 

< n.~·.e;8 m;8 k;a p;- I J M f28 m28 ku PI>= an'- SMM'· Sf f'. X 
28 2a 

x8 . 
m 

8 ( k28-k'a~ 
k 2 

S(pl-p;) 
m 

23 28 
28 

2 
PI 

-l: f I I M f28 m28 k 28 p I > < I M f 28 m 23 k 28 p I I k 228p : d k 23 d p I = 
{ M f m 

cl,~ 
These bases are linked by the following transformation funct! 

< I M fu mu k'u p'i I k2a pI> - v 2I+ 1 
417 

I 

DMm28 

X yf 
28 

(k 28 ) 
8 ( k28 - k;s 

lD 

I -+ 

28 
2 

k2S 

where D (I' ) is the Wigner function. 
M m 21 1 . -+ ... 

(; ) X 
I 

8 ( P1 -Pa·l 
2 

PI 

The transformation functions < I M f
81 

m
81 

k ~- 1 p;·lk81p2> and <JMf 12 

can be written analogously, 

3.Expansion of the Faddeev eguations for the wave 

fljnction in partial waves 

Let l.\S consider the Faddeev equations for scattering of part 

bound state of other particles: 

l'l'(l)>=l<ll
28 

>- G (z) T (z) 11'1'0 ) >+l'l'(a) >I 
0 28 

(2) (I) (8) 
I 'I' > =- G 0 ( z ) Tal ( z ) l I 'I' > + I 'I' > I 

(8) (I) (2) 
1'1' >~- G (z) T (z) lj'P >+1'1' > l 

0 12 

Here G
0

(z} is the free Green function 
-1 

G
0

(z)=IH
0

-Z I, 
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:otal momentum of the system, k08 is the relative momentum .. 
3, Pt is the momentum of the particle 1 with respect 

ss of the two other particles, M is the total mass of the 

M m1 + m
2

+ m
3 ( 2,2) 

m = m + m 
08 • 3 ( 2,3) 

.. 
:le sets of variables, ( K , ~t, p 2 ) and (K, k

12
,p

3
) are determined 

of mass system we have 

K = 0 

k23= 
m3k2 - mak a 

mu 
( 2,4) 

P. = k2+ ka 

.. .. .. 
ets of variables ( K , k

81
, p

2
) and (K • ku• ;a) 

center- o'- mass system the state of the three- body system can 

e total momentum of two particles ( which is equal to the 

ining particle but with opposite sign) and by the momentum 

on of these two particlesx), 

ribe the state of the system by the state vectors Ill' > which 
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sessing the orthonormality and completeness properties: 
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J I k28 ;t > < k28 ;t I d k
28 

d ; t • 1 ( 2,6) 

a complete set of vectors I I M t2a m 2a ~aPt> can be 

are the total angular momentum of the system and its pro

ry axis, f 23 and m 28 are the orbital momentum, of the 

~riables/ 7 / which are specified in two different inertial 
r relativistic problems/ B,9j In the nonrelativistic case they 
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sys-
are 
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'1: . . 
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... 
relative motion of particles 2 and 3 and its projection on P, respectively, and .. .. 
k 2a = I k 28 I • P t = I P t I The orthonormality and completeness relations for 

these vectors are of the form 

< I'M'·t;8 m;a k;8 P;·l J M faa m28 k28 PI >=an'· aMM'· 8 f f'. X 

xa .. 
23 Dl 

. 
2a 

28 23 

8( k 2a-k'2~ 
k 2 

2a 

8(pt-p;} 
2 

p t 

. I f I I M faa maa k 2a P t > < I M f 2a m 23 k 2 a p t I k 2uP : d k 23 d p t 
{M fm 

where 

cl,~ 
These bases are linked by the following transformation function 

<I M fu mu k'u p'd k28 Pt> -v~ 
417 

' DMD128 

X yf 
28 

m 
23 

(k 23 ) 8 ( k28 - k2a 
k" 

23 
I -+ 

D ( p ) is the Wigner function, 

(; ) x 
t 

8 ( Pt -P;·) 
p2 

t 

( 2,7) 

( 2.8) 

( 2,9) 

M m t 
28 .. ... .. ... 

The transformation functions <I M fat mat k~·t·p;·lk3 tp2> and <JMft 2 m12 
k'12 p~j fo-

12
p 

8
> 

can be written analogously, 

3.Expansion of the Faddeev eguations for the wave 

function in partial waves 

' Let LjS consider the Faddeev equations for scattering of particle 1 on the 

bound state of other particles: 

I 'l'<t>>= I <11 23 >- G (z) T (z) llll'<n >+ IW<8 > > I 
0 2 a 

(2) ( t) (a) 
1'1' >=-G 0 (z)T31 (z)llll' >+Ill' >l 

I '1'(8) > = - G ( z ) T ( z ) I I lp ( t) > + I 'I' (2) > l 
0 t2 

Here G0 (z) is the free Green function 

-1 
G

0
(z)=IH

0
-z l, 

5 
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where H 0 is the total kinetic energy which is expressed in tenns of the 

Jacobi variables 

and 

1 1 1 1 1 l H c--- i\ - -- i\ 1=-- i\ 81- -- i\a"' -- 1\u- --I\ a 0 
2" Ia 2" 2" 2~ta 2"·· 2" Ia I at • a 

"•k 
m1 mk 

~k 
ltf c 

me mlk 
M 

z 
2 

P, 
~~ 'aa + 1'1 : 

I, k ;l f 

'1 .. 0 

where, is the binding energy of particles 2 and 3, The operators T
1
k as 

satisfy the equations 

Ttk (z) = Vtk - Vtk Go (z) Ttk (z) 

where v.k denotes the two- body potentials, 

The initial state is characterized by the state vector 

1 ~ > = I '" >-<o t o 
28 28PIIa 

IDO ,o a r dq <P fO IDO l (;)I: ;~ > 
u u u u u 

where 

tP£0 .o o (q) = tPfo o (q) Yeo 
u u 'u u 'u u 

.,o (q) 
u 

( 3,3) 

( 3,4) 

( 3,5) 

( 3,6) 

( 3,7) 

(3.8) 
is the wave function of the bound state of particles 2 and 3 in the momentum 

representation, 

~~ the set of equations ( 3,1) in partial wave we need the follo

wing matrix elements 

where 

and 

< 
1J'·M'·t~8 m~·a kia p'1· I G 0 (z) I IM faa m2 akt13 P 1 > • 

-~~· 

•• 

8 , lJf f' 8 m m' 
MM as :ia aa u 

8(kaa-k3al 
k2 

2a 

8(p,- p~·) G ( k p z ) 
0 U I pi 

I 

2 2 •I 

G ( k28 p z ) • ( ~ + ~- z ) 
0 I 2 jt 2jt a a . 1 

6 

(3,9) 

( 3,10) 

, 

1) 

) 
,,. 

< I'M'·f;8 m;8 k':ia p'1 1 T18 (z) I IM f
31 

m
2

ak
28 

p
1 
>-

= 8 , 8 , 8 8 • 8 ( P,-p;) x 
It MM faa t;a m2&- ma·a pi 

X< k'· 
28 

I 

faa 2 I k ft (z-~) aa> 
U' 214

1 

here t fa a ( ~) is a partial two- body scattering amplitudes outsid• 
28 

surface and satisfies the equation 

.< k'· 
28 

fu faa 
t !tlfk >•<k'· IV (k 28 >-

u u aa aa · 

~ • faa 
- f d qu qaa <ka·a I Vaa I q aa > < qaa I taa I k aa > 

2 
q28 

2 ~'a a 
e 

in thls case 

where 

can 

<k' (v~•fk18 >=~jlr (k;8 r)lt (k 21 r )V (r)r 2dr 
28 aa rro 21 aa 

l t are the Bessel spherical functions, 
2a ' 

The matrix elements of the opexators Talzl and '1:
12

(z) 

<t'M'·f;i m~1 k~1 p'2 f T81(z) I I M f 81 m 81 k 111 Pa > 

< r M 'l: 2 m 'i 2 k ,i 2 p 'a I T I a ( z) ll M f II m 12 k 12 p a > 

' be written in a similar way, 

ln expanding the set ( 3,1) in partial waves it is convenie 

first equation in the basis I f M fa a m 
2 
a k a p 

1 
> , the second on 

I J M fll mat katpa> and the third equation in the basis I IM fum 

Mill tip lying the set of the equations ( 3,1) by the appropriate bra 

(I) 

< JM faa maa ku Pt I'¥ > = < fM faa maa kaa Pt I <ll >-;•ro 
I I 

-<lM f m k pIG T If '1'<1> >+('l'<a> >I 
aa 2a aa 1 o 28 

7 



tal kinetic energy which is expressed in terms of the 
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2p.
1 

21' 
81 

2p.g 2p.
18 

2p.
8 

m1 mk 

~k 

2 

l'f = 
me mlk 

M 

z = ~- l~a + i'7 
2 P.t 

i, k i e 

'1 .. 0 

nding energy of particles 2 and 3. The operators T
1
k 

Ttk (z) = Vtk - Vlk Go (z} Tlk (z) 

the two- body potentials, 

e is characterized by the state vector 

o .,o lo = r dq <P eo .,o , < ;l 1; ;o > 
28 28 28 28 18 U I 

o ( q) = <Pro ,o ( q) Yeo 
28 28 18 28 

.,o (q) 
18 

( 3,3) 

( 3,4) 

( 3,5) 

( 3,6) 

( 3,7) 

( 3,8) 

of the bound state of particles 2 and 3 in the momentum 

set of equations ( 3,1) in partial wave we need the folio-

m;-8 k;-8 p'1· I G 0 (z) I IM e,
3 

m
28

k 
28 

P 
1 

> • 

f e• 8 m m, 
n ,·a 28 28 

B(k,..-k,lal 
kl 

28 

8(p,- P~·) G ( k p z ) 
0 28 I pi 

I 

2 2 •I 

G (k 28 p z) =(~+~-z) 
0 I 2 p.2 8. 2p. I 

6 

.,. 

( 3,9) 

( 3,10) 

}· 

< I'M'·f;8 m;3 k':ia p'1·1 T28 (z) I IM f 21 m28 k 23 p 1 > = 

= 8 ., ' 
II 

X< k'· 
28 

a , a. 
MM '28 

f' 8 m m'· 8(p,-p;J X 
2a 2&- u p2 

I 

f 2 
I t u < z- ~ l I k,a > 

21 2 1', 

( 3,11) 

fu 
here t 

28 
( .;) is a partial two- body scattering amplitudes outside the energy 

surface and satisfies the equation 

.< k'· 
2a 

fu 
t (!llk >•<k'· 

u 28 28 

e 
IV 28

fku>-
2a 

d ~ ' 
2
u - f q,. qaa<k,·a IVaalqaa ><q,ltaa lku > 

2 

qu - e 
2 P.aa 

in this case 

<k' IV~alk28 >=~~lf (k;8 r)lf (k 28 r)V(r)r
2
dr 

28 28 IT 0 28 28 

l f are the Bessel spherical functions, 
28 

where 

The matrix elements "of the ope:rators T8 ~z) and "I:II(z) 

<t'M'·f;i mt1 k'81 p'j f T81(z) II M f 81 m 81 k 81 p 2 > 

< rM't;~ m'i2 k'i2 p'a I T 12 (z) ll M fn m,, k 12 p a> 

can be written in a similar way, ' 

( 3',12) 

( 3e13) 

( 3,14) 

ln expanding the set ( 3,1) in partial waves it is convenient to write the 

first equation in the basis I f M f 
28 

m 
2 

a k llB p 
1 

,. , the second one in 

I J M f
81 

m
81 

k
81

p
2
> and the third equation in the basis I I M f 12 m12k 1,P 8 > 

Mtiltiplying the set of the equations ( 3,1) by the appropriate bra vectors we get 

(I) 
<JMf 2a m28 k28 p 1 1'l' >=<!Mf28 m28 k28 p 1 ICII >;•ro .,o ,• 

I 28 28 2a 

-<tMe m k pIG T 11'1!<2> >+l'l'<s> >I 
28 28 98 I 0 28 

( 3,15) 
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(Q f co (~ 

<fM f 11 m11 11: 11 P1 19 >•-< U f 11 1\ 1 ka 1P2 I G0 T
11

II'P >+I 'I' >I 

(I) (I) (1), 
<tM tll.ll kill P,I'P >•-<tM t Ill II: D I G T 11'1' >+IIJ.I >I 

II II 1:1" a 0 II . 
Making use of (· 3,17') and ( 3,8) for the initial state in the basis < t M f m II: p I · 

II U II I 

we have 

(I t ( II: P ) • < tM t m II: p ~ ell > 
jM 18 •u II I U U 23 I -;'o t" ,.o 

-;o t" .,o Eo 1 II II 
Eo 

II 
I U II II 

' . .. 
-v'~ D (p 0

) 8 
4, M• I tu 

II 

8 eo,. "'u 
,.o 

u 
8(p-p~).,f>.., o(ku 

I < Eu pi II 
I 

( 3,16) ' 

Introducing the following notation 

(l) (I) 
•r .. r • 1 kp 1 = < J u t m 11: P 1 " > ( 3.17) 

I 

and using (2,6), (2,8), (3,9), (3,11), (3,16) and (3,13) we obtain 

(I) 

'~'(wt • lkuPtl =<~~twf • lkuPtl- Go(plkuz l x 
18 u u .. 

'lo (0 .a Eo 

f 
tliiUU 

(U 
X /11:

11 
elk'· 

u' •• 

(I) 
t 11 (k ,k' , z -__!!ll I'¥. 
u u u 2" rwt .. •u 

(k;i p1 ) + 'l'f ,; (k_;iP 1) I 
Mt.·• uu 1 

0, 
"fa. t 11 

111 
(k81p 2 )•-G 0 (p 1 11: 11 z) f cl 11:;, 11::

1 
x 

II 

t I (I) ~ (I) 

xt
11 (k11 ,k;-1 ,z-~)1Yt t (k;i,p1 )+!

1
wf (k;·ttP1 )1 ( ) 

II 21' M II • 11 II •u 3,18 
' I 

(I) 

•r.. t • (k12P1 ) •- G0 (P 1 11: 11 & ) f dk~·2 k~-
1 

x 
12 II I 

ttl 
x t u ( II: n• II:;, • z 

pll (I) (2) 

~ll'fit ,(k;aPa)+Yfwf • (k;ilpa),l 
2 1'

1 
M II •11 II II 

, 
8 • 

Ill \ t, ·-
•• ,J .......... . 

1 
~ ' ----- ····-';,,. ' ' 

,," 

'I'o link the functions of ( 3,18) written in different buses we em 

ql (I) 

.IM f 
28 

m 
28 

(k 28 p 1 ) = ( d k dp k 2 p 2 x 
8 I 2 3 1 2 

(I) 

xfi <HI e •• m2S k28p I II M f81m31k81p2 > ~~IMf .. 
a tmat 31 I 

and s~on, where the quanti ties like < t'·M'·f 111 k p 1 I M f m 
--;",. /10/ U 23 U I 3 1 1 

to as 'tec'oupling coefficients and given by 

< l'·l.l'·f2a 111 23 k2a P1l IM f81 111 81ka1P 1 > • ABu• 8 MM' 

2 2 2 2 

x 8 ( ku + ..J:.L -~ -_!a_ ) v ( H + 1 ) ( 2t + 1 
21'u 2p.1 21'31 21', 23 u 

X d f 
"' m 2B 81 

f28 () 
(X) d m • ( 28 

f 
) d 81 (0 ) 

m o 31 
23 81 

Here x is the angle between k 
1 

and k 
2 

, .. .. 
0 is the angle between k and k and A 
s 1 2 1 8 

Ou is the angle b4 

is definite constan 

Thus, using { 3,19) we obtain the set of integral equations 

waves, 

The merit of these equations is that their kernels contain 

Gordan coefficients but are expressed in terms of the Wigner [ 

possessing the well- known analytic properties in the total angula1 

The latter circumstance will play an essential role in inve 

analYtic continuation of the Faddeev functionp in the total anguli 

In conclusion we express our gratitude to N,N,Bogolubov, , 

B,A,Arbuzov, O,A, :i<hA.tstalev and A. 'I',Filippov for Vf'.luable disc 
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To link the functions of ( 3.18) written in different bases we employ the formula 

~~(I) 

·*·' r 23 
m 

28 

( k 23 p I ) = { d k d p k 
2 

p 2 X 
8 1 2 3 1 2 ( 3,19) 

(I) 

X e I < I M f2S m2S k23 p I I I "' f 81 m 31 k sIp a > II' tilt f m ( k31 p 2 l 
3lm81 81 81 

and S9o..On, where the quantities like < t'·M'f m It pI IM e m It p >are referred 
~.. / 10; u 23 83 1 a 1 SI 31 2 

to as •;ec'oupling coefficients and given by 

< l'·!.f'.f2s m2s kas P1l IM fat ms1ka1P a> • A8u• 8 Milt' X 

2 2 a a 
X 8(~ + ....L.-~-2.a._)y(H +l)(H +1) X 

( 3,20) 

2~taa 2~t 1 2jlSI 2jla 83 31 

X d f 
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m o 31 
81 

... Here X is the angle between k 
1 

and k a ' 0
88 

is the angle between 

is definite constant. 

kandk, 
I 28 ... 

8 is the angle between k 
3 I 2 

and k 18 and A 

Thus, using ( 3,19) we obtain the set of integral equations for partial 

waves. 

The merit of these equations i& that their kernels contain no Clebsch

Gordan coefficients but a!'e expressed in terms of the Wigner D -function 

possessing the well- known analytic properties in the total angular momentum, 

The latte:r circumstance will play an essential role in investigating the 

analYtic continuation of the Faddeev function!!> in the total angular momentum/ ll/ 

ln conclusion we express our gratitude to N,N,Bogolubov, A.A,Logunov, 

B.A.Arbuzov, O.A,Khrustalev and A.T,Filippov for•ve.luable discussions, 
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