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S o lov i e v L ,D, 
E- 162 3 

A s ympto tic l~elations b e tween Cross S e ctio n s w ith the 
Electr o magn e t i c Inte r a ction Take n into A c c o unt, 

It i s s h own tha t the r a tio o f the d iffe r e ntia l c r oss s ecti o ns f o r 
particle s a n 'J a ntip a r tic l es with s tro n g a n d e l ectro magn e ti c inte
r actio n s take n into account te n ds to o n e a t hig h e nergy if b o th 

c r oss sectio n s a r e measure d w ith e qua l (hig h e n o u g h ) e n e r gy 
r esolutio n s . The assumpt i o n a bout hig h e n e r gy b e h a viour o f the 
scatte ring a mplitudes w hich is ma d e h e r e i s s irtlq r to w h a t h as 
been assumed fo r s tro n g inte r a ctio n s in p a p e r . 1 / • 
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In paperlll the equality of the differential cross sections for partic l es a nd a nti

partic les at high energies has been established on the basis of general postula tes of the 

local quantum field theory for strong interactions and under the assumption t ha t a t high 

energies the scattering amplitudes do not oscillate. In this treatement t he electromagne

tic interaction has not been taken into account. On the other hand, the pres ent experimen

tal data show that the difference between. p and • + p cross sections a t 20 to JO BeV is a 

few per cent. C~n the electromagnetic interaction be responsible for t hi s difference ? 

The purpose of this paper is to show that when the electromagnetic int eraction is taken 

into account then the differential cross sections for particles and antiparticles at high 

energies are equal (their ratio is equal to 1) if both of them are measured with equal 

(high enough) energy resolutions. The electromagnetic interaction will be considered in 

the framework of the quantum electrodynamics and we shall make an assumption about the 

high energy behaviour of the scattering amplitudes which is similar to what has been as

sumed for strong interactions in paperlll, 

Let us consider the processes (the bar designates the antiparticle) 

... a + a 

' ' 
a, + a

2 
... :!j I + 8 

(1) 

(2) 

where the particles interact through strong and electromagnetic (or only electromagnetic) 

interactions. 

' ' Let P, (P, • m,) and z, e (e > o) be the momentum and the electric charge of the particle 

a 
1 

(i • .42, .3, 4) in process (1), 
2 2 2 2 

pI (p 1 "" m J ) 1 p J ( p :J "" ;n I ) be the momenta of 

the particles •, 

Without the electromagnetic interaction the equality of the cross ~ectionsfor processes 

(1) and (2) follows from the analytic properties of the four particle scattering amplitu

des. When the electromagnetic interaction is included and process (1) involves charged par

ticles, we cannot any longer confine ourselves to considering only four particle processes 

(or processes with any fixed number of particles) and must take into account an indefinite 

number of soft photons which are emitted in processes (1) and (2) and escape detection. 

The amplitudes of processes (1) and (2) without emission of the photons are equal to zero; 

this fact manifests itself in perturbation theory as infrared divergence. The usual way 

to ~void this difficulty is 

J 

.. 



t o introduce a fictitious photon mass into the photon propagator and to put >. =O only 

a t t he end of calcula tions when the cross s ection has been s ummed over all undetected pho

tons . The disadva ntage of this procedure is tha t the a nalytic properties of the amplitudes 

as functions of a nd may be d ifferent depending on whether >. • o or >. ~ o As we 

want to us e t hese a nalytic pr operties we s hall proceed in the following way. Let us int~o-

duce a nd denote by r, r•. t) a ny of the i nvariant amplitudes for proces ses (1) and (2) 

wit hout emission of photons. We shall consider the invariant amplitudes with definite cross 

i ng symmetry pr operties, which were used in paper1 1 1. The depend ence of r , on the auxili

l i a r y par a meter >. can be taken into account explicitly with the aid of the formula1 2 1 

r, . e"P(F, JT~ (2) 

wher e the f actor exp (F>.J c ontains infrared divergences at >. ~ o • It is very likely (though 

not rigorous ly proved 12 1) that at >. • o 1~ i s finite in the physical region. Under this 

a ssumption we shall in the following consider the amplitude 1); at >. • o which will be de

noted by r' 

The function F>. for process (1) is equal to 

F
1

>. • - 1 ~ 1 z 1 8 1 z 1 0 1 FN 1 (4) 

where o, - 1 for outgoing particles and- 1 for incoming ones, 

F).ij · ~f~(~ 
811 k -.\ 20,p,l - lcl 

20:, Pj + lc ) 2 

28/pJ k + 1
2 (5) 

and a is the fine structure constant. For observable values of • IS,., ( • J • F,., ( • + i O) 

Integral representations for F,., were given in papers 12 ,JI. 

tion 

The function F>. for process (2) can be obtained from equation (4) by the substitu-

z, t- m ~ m 
·~ ' 

Let us define the functions in question for negative 

(6) 

as the causal limit for 

[ m5 .. + 0 Then the functions F,, r •· t) are crossing symmetric 

F ,),. ( .!tt t) .. F
1
\_ (u, t ) • (7) 

From this and the continuity of 1/. at >. ~ o follows that the amplitudes 1' have 

the same crossing symmetry properties as r , 

in paperlll, 

that is the properties which were considered 

The analytic properties of the amplitudes 7' are different from the analytic proper

ties of the amplitudes in the theory of strong interactionslll. In papersiJI there were 

cons idered the analytic properties of r' for photon, meson and fermion scattering in 
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·litudes with definite cross 
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• It 1s very likely (though 

~steal region. Under this 

at I.- o which will be de-

(4) 

'•Ji 11 ( a ) • F>.
11

( a+iO ) 

tion (4) by the substitu-

(6) 

the causal limit for 

(7) 

the amplitudes r· have 

ties which were considered 

from the analytic proper

In papers!JI there were 

fermion scattering in 

·I 

11 
. I 

quantum electrodynamics. It was shown there that instead of the pole s (•- m'{' and(u-m'(' 

which the amplitudes would have had in the case of a non-zero photon mass, the amplitudes 

T' have the so called infrared singularities, <tl( t)( s-m 2
)-

1+fl u> a nd <tl(t)(u - m 2) -t+ fl t•>. If 

these singularities are subtr acted from T' , then a t fixed t < o in the fourth order per

turbation theory the ~emaining functions can be represented as dispers ion integrals over 

along the real axis; they become infinite ( in an integrable way) only at • - ,' a nd 

We oan admit that the electromagnetic interaction in all orders in does not vio-

late the analyticity of T' in the upper half plane of (at fixed t ) and gives inf1-

nite singularities on the real axis (infrared singularities, or Coulomb poles for the 

charged particle scattering) only at a finite distance from the origin • 

Let us assume now that the amplitudes r' satisfy the same conditions at •· ~ and 

fixed as the amplitudes in the theory of strong 1nteract1onslll tha t is: 1) r· is 

less than an,y exponent • •l • l ., > o at • · - in the upper half plane; 2) at • • - along the 

real axis there exist the finite limits 

lim T"( a,t) • v;(t1 , 
<I>C•,tJ 

. r,'~ (,.. t J , •J 
/1m ¢ (-·a, t) • V1 {t) 

(8) 

among which at least one is not equal to zero. The function <1> r s, t) here is an admissible 

function defined in Ill**. For example at • • - <1> may behave as •"'''(In • /'''(In In • t':'., 
where ,. , v are real. 

In this case, using the crossing symmetry conditions and applying Phragm~n-Lindelof•s 

theorem with the contour going along the real axis for big 1•1 and rounding the origin 

from above (to leave out the singularities of the amplitudes) we conclude that the limits 

(8) are equal to each other. 

Then we have at fixed I 

lim do,i,·< a, t) 

.... • da~( s, t ) 
- 1 ' (9) 

* When the processes in question are described by several invariant amplitudes some of 
the amplitudes may satisfy condition (8) after multiplying them by • or •' • Then all 
the amplitudes contribute to the cross section at • • • 

** [</>(•, IJ]-• at fixed 1 satisfies the conditions: 1) it i s analytic in the upper 
half plane of • and less than an,y exponent • •1•1 , , > o at • • - ill the upper half 
plane; 2) it is continuous along the real axis for big • ; J) lim ~ - .-.. " where 

"(t) is real. • •• ¢ (-.,t J 



where the cross s ections are forma lly de fi ned by the a mplitudes r; a nd r: 

\T e shall use equation ( 9) in t he fol l owing . It i s worth notic ing tha t this equat i on 

can be obtained under s ome other ass umptions . Let us c ons ider t he a mplitude rA f or big 

enough A • As a function of • it has a na lytic properties wh i c h a re qu it e simi l ar to 

the properties of the amplitudes i n the s trong i nt er ac tion t heoryl l ,
4

1. I f a t 

and r,A satisfy condition ( B) (d o no t oscilla te), then 

lim dol), ( s, t ) 

. .. .., do ,>. ( s , t ) 

• 1 

1 
I A 

(10) 

where the cross sec tions da;A a re defined by r,A • The treatment up t o this po i nt is 

quite simila r to that in s trong i nteraction the ory l l,
4 1. 

It is not difficult to s ee ( f or i ns t a nce, wi th t he aid of a spec tra l r epr esentation 

for F , 131) that a t fixed t 
A /) 

.':m"" Re ( F1 'A - F2>. ) c 0. ( 11) 

From (3), (10) and (11) we ca n write 

lim do ;\( s , t ) "" I ' (12) 
do~x ( s , t } 

where du;>. i s defined by r;A • 

To get from here equation (9) we mus t as sume that in equa tion (12) the order of t he 

limits at and A~ o can be changed. It is s uff i cient for this to assume that for 

the amplitudes r• . 
A 

the limits ( B) exist uniformly with respect to A 

neighbourhood of zero), or that the amplitudes r • 
A ( a nd function </> ( •· tJ 

at A ~ o uniformly with respect to for sufficiently big positive s 

( for in a 

are continuous 

Let us consider now the physical processes with emission of an arbitrary number of 

soft
1

undetected photons. Let us suppose that the energy of these photons in the laborato-

ry system is small enough: p : + p: - p; - p: $ ( *) , 
( 13) 

wh,ere in general is much less than the electron mass. If for processes involving 

strong interaction we neglect the contribution of virtual electron-pos itron pairs, then 

is much less than the pion mass. 

I This condition can be written in a more general form: 
(p, + P,- P, - P,J cf../-;;; $' • (lJa) 

where c is a ttmelike vector. Condition (13~) means that at fixed ' in the cop~dinate 
syst:em where i! - o , the energy resolution of the experimental a rrangement should be 
not worse than , • In wha t follows we shall use the tnvaria nt condition (lJa). 

6 
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small . Then the physic 
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have t he form of equation ( 



udes r; and r: 

~ noticing that this equation 

er the amplitude rA for big 

es which are qu it e similar to 

theoryll, 4 1. If at r, A 

( 10) 

trea tment up to thi s point is 

of a spectral representation 

( 11) 

( 12) 

•qua tion (12) the order of the 

ont for this to assume that for 

:pect to A ( for in a 

tnction ¢ ( • · 11 are continuous 

.g positive • 

.on of an arbitrary number of 

these photons in the labora to-

(lJ) 

[f for processes involving 

•lectron-positron pairs, then 

a: 
(lJa) 

at fixed 1 in the coo~dinate 
!ntal arrangement should be 
La nt condition (lJa) • 

Let us introduce t he photon mass A a nd denote by r~"' an amplitude of processes 
(1) or (2) with emiss ion of n photons with the momenta k, and the polarizations • , 

Under condition ( lJ) we can write 

(n) " 

1 A • (11 a 1 e 1 ) T A ,. , 

where for process (1) /with s ubstitution (6) for process (2)/ 

a 11 • e I z I (} 1 pI / p 1 k 1 
I 

(14) 

( 15) 

The a~plitude Tx differs from the amplitude rx in (J ) only by the new momentum conser-

vation law which contains now the momenta k
1 • This difference can be neglected for 

small • Then the physical cross section for processes (1) or (2) with emission of un-

det ec ted photons is equal to 

(16) 

where the region of integration · i s defined by the conditd.on i k c/Vc ' < , • Summing here 
I • I I -

over n 15 1 and taking the limi1i at X • o we get the followi ng result 

du ( d • ( .!!.__ ) 
8 

" du' · , 

" (17) 

where i s an arbitrary mass ( da does not depend on ). For process ( 1) /with sub-

stitution (6) for process {2 )/ we have 

D • ,;, z 1 0 1 z I 0 I b 11 , (18) 

b11 • ~ ( 2 - _!_ In ~ ) ; 
I -a ( 19) 

"' - [ r ( 1 + 8 Jl'' Up(- CB - ·n- 2RoG I • 
(20) 

where r is the r function and c is the Ruler constant. The expressions for D and G 

have the form of equation (18) where 

..A.. p p j ~ __L In 1+ h 
rr I I o P•' 2h 1- h 

7 

(21) 

(22) 



p
1 c 1 lA 

h .. (1- - ' -
1

) , P . • P , • + p1 ( 1-z); 
(p • c ) 

( 2J) 

I 
g ·_!!_f dx 

I I 4rT o 

- ' 
-O, Oi pl pl - ~) In p• ; p1 .., (8 p x+O P ( 1 - •))1 -iO. 

• 1 -:-:-2 • I I I I 
p. " 

( 24) 

At •~ - and fixed the functions n and ~ for processes ( 1) and (2 ) a re equal 

n - n • or _!_ J ; 
' ' . \111 .., '~' , + 0 ( J~ ·s). (25 ) 

From (9) , (17) and (2 5) we conc l ude that when t he electroma gnetic interac tion i s ta

ken i nto account t hen t he ratio of the dif fere ntia l cross sec t ions for processes (1) a nd 

(2) a t s ~ - and fixed t i s equa l to 

~ - (.!.....!..)/) . 
da/r,J '1 

(26 ) 

The r a tio of the cross s ections depends on the ratio of the energy resolutions and is 

equal to 1 when the energy resolutions of both experiments coincide. 

The exponent is equal to 

b .. I z I 

I <J 
8 1 z I 81 b II 

where for ij 12, 14, J4 a nd J2 

b 11 ... k( 1 -In _•_ ) 
rr m,m1 

and for ii ; lJ a nd 24 b,
1 

i s det ermined by equation (19). 

(27) 

(28) 

The exponent does not depend on energy • for the processes in which • ,- •, , for 

i ns tance for processes (1) such as ,+ + P .. , ++ p K \ p .. K++ p, , + + p .. K + + !+ ,p + p .. ,+p,I++~I\ p 
+ 

and ~ + P .. P + ! 

I n this cas e is equal to 

.. - b,,(t)- b,.(t) . (29) 

In particular, for the elastic pion proton scattering at m' «I •I! II' ( m is the pion mass, 

11 is the nucleon mass) 
:~ In _1_•1_ 

•' (JO) 

For 1•1• BeY 2 and ,_ ;,. • .3 4. _/<h • ~ 1,02 . 

For t ~ o the functions b<J in (29) go to zero if '"• - ,. 1 If•, > • 1 
, than 

8 

t 

l 

b,, (0) - -

The exponen t b grows loearlt~ic f 

the cross sections becomes s ensitive t 

b -

for processes ( 1) <! uch as •- +p ~ /(
0

+ A 

The same i s true for proc esses like 

J,et us s uppose t hat at .. - and fixed 

i n c.m . s.) the a mplitudes of thes e pre 

way , for insta nce according to a sing: 

count the electromagnetic interac tion 

where 

do (t 
---'
da 

1 
(c 

b -

From the point of view of the pr• 

energies i s not far fr om 1 if the eneJ 

ma tely equal. 

For a more precise definition of 

energy resolutions . For this purpose < 
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ones not depending on whether such ph• 

the differential cross sec ti on of sue! 

polariza t ions and int egration over ph• 
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'P 1 z+ p
1

(1 - x} ; (2J) 

1
, P, z +O, P, (l-•JJ

1 
-iO. (24) 

•r processes (1) and (2 ) are equal 

+ 0 ( 1~ -.s ). 
(25) 

the electromagnetic interaction is ta

l cross sections for processes (1) and 

(26) 

e ratio of the energy resolutions and is 

eriments coincide. 

(27) 

(28) 

lD (19). 

for the processes in which •,. •, , for 

'" P .. K + + P , , + + P .. K + + ! +, P + p ... It+ p, I++ p-.I ++ p 

(29) 

ng at '"' « 1•1 ~ u' ( m is the pion mass, 

(JO) 

1f m
1 

.. ,. 
1 

• I:f m 
1 

> m 
1 , then 

b 11 (0)•....!:.._(2-~ln~). m
1 

-m
1 

m
1 

( Jl) 

The exponen t b grows lcgarit!unically a t ·•· ~ if z,.; z, • In this case the ratio of 

t he cross s ec t i ons becomes se nsitive t o the r a tio of the energy resolutions . For ins t a nc e 

b .. ~ Ln _._ 
mt ml ( J2) 

for proc esses (1) ·s uch as 
- 0 .... 0 

' l( + P .. K + .=. , !. - + p .. A + n and I-+ p .. n + A 

The same i s tr ue for processes like 
(la) 

p + p .. 
+ 

" + " 

17 + p .. p + , ( 2a) 

J,et us suppose t hat at •• ~ and fixed t ( which corr espond now to backward.- p scattering 

·in c.m.s.) the a mplitude s of these processes do not oscillate or oscillate 1n some special 

way, for insta nce according to a single fermion Regge pole contr i bution . Taking into ac

count the electromagnetic int eraction we ge t that at 

where 
b ,., Aa In__!_ 

.~ 1 "' 

(JJ) 

(J4) 

Fr om the point of view of the present experimental acc uracy ratio (26) for ava ilable 

energies i s not far from 1 if the e nergy resoluti ons in proc esses ( 1) and (2) are approxi

ma t e l y equal. 

For a more precise definition of this ratio it i s necessary to know acc urately the 

energy re s olutions . For this purpose detection of emi tted photons ( for instance, in bub

ble chambers ) may be useful. Let us consider in this connection the spectra of soft pho

tons emitt ed in processes ( 1) a nd (2) at high energies . Let us pick out the events in 

which conditi on ( lJ) i s fulfilled and n ( = 0,1 , 2 ••• ) photons with the moment a t, and the 

energy in the interva l 

* ) (J5) 

are emitted. The events in which the phot on energy i s le ss t han 5 a r e t aken as "elastic" 

ones not depending on whe ther such photons can be detected or not. From ( 14) we g~ t tha t 

the d ifferential cross section of such n photon proc esses a fter summation over photon 

pola rizations and integration over photon angles i s equal to 

'If) 

da ( 8 , k I , , •• , k " ) .. 0 " ( n 
f C J 

..!!!..1_) do (5) 

k ~ 
(J6) 

For the processes with s tr ong inter ac ti on this interva l practically begi ns from se-
veral MeV and more and ends about 100 MeV . 

9 



where do(SJ i s the "elastic"_ cross section g iven by formula ( 16) and n is given by equa

tion ( 18) . Fr om (25) we conclude that at •- ~ and fixed t the spectra of s oft ' hot ons 

emitted in processes (1). and (2) coincide. 

Integrating equation ( 36) over the phot on spectrum in t he int erva l 

8<ik
0

< ~ < c 
I - -

(J7) 
I • I 

where the upper bound 6 is arbitraty ( but less t han , ) and summing over all the detect-

ed photons ( n = 0 ,1, ••• )we ge t the cross section do( 5 ,6) • For the proc esses ( 1) and (2) 

at • - - and fixed t 
do (5,11) • 1 
do

2
(/l, II) (38) 

where the bounds B and 6 of the photon spectrum can be accura tely fixed . 

The aut hor i s grateful to Doctor s 1/guyer. Yan ll ieu, I.T . 'l'odorov and t;; , J.?od.e, ore tsky 

for discussions. 
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