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A b s t · r a c t 

The energ ies of the beta a nd g amma v ibra tional s tates of even- even 

strongly deformed nuclei are calculated in the reg ion 152 ~ A ::': 186 a nd 

228 ::': A ::': 254. A satisfa ctory a g reement i s o btaine d between the c alcula ted 

and the corresponding experimental d a ta in c ase K = K = K = K 
n P np 

K = ~ h (J) 0 in the first reg ion a nd K = ~ h(J)O in the second 
'A" ' o A <~- ' o 

one. It is shown tha t fo r the isotopes o f Dy a nd Er the energ ies of 

the g amma vibra tional s tates lie below the e nerg ies o f the beta vibra tio nal 

states in corres p o nde n ce w ith the experimental d ata. It i s noted tha t in the 

with 

majority of cases the lowest s tate s w ith f(rr = 2 + a nd !(rr = 0+ possess 

the pronounc ed c o l fe ctive p r o p e rties ·a n d their e n e r g ies a r e cons idera bly les s 

than the energ ies of the nea r est poles in the secula r e qua tio n d. In some case s 

the e n e r g ies of the qua drupole states a re nea r the p o les and their wave func­

tions are very close to the two- quas i- p a rticle o n es, The calcula ted pro babili-

ties of the E 2 tra nsitio ns do not c o ntra dict the experimental data. 

AHHOT8UHSI 

Pacc'IHTBHbi 3H e pruu f3 H y BH6p8UHOHHWX COCTO~HHA q e TH 0 -49 THhlX 

CHnbHOae<j:lopMupoBaHH biX S! Jl ep s o 6nacTSIX 152 5 A < 186 H 228 ::: A 5 254 . 

nony'leHO YllOBneTBOp>!T e nbHOe COrnacH e M e>K lly p8C 'I e T 8 MH H COOTBe T CT BYIOlUHMH 

3KCnep>!MeHT8nbHbiM>I Jl 8 HHbiMH B c ny'la e K = K " K " K C K = ~ h w0 

- p np A 4! 3 0 

- B O BTOpOl!. noK838HO, 'ITO Jl n>l H3o-s nepso ll o6nacTH H K = 12 hw o 
"'A<73 0 

3HeprHH y -su6p8UHOHHb!X COCTOSIHHH n e>K aT HH >Ke 3 HeprUJI TOOOB Dy 0r H 

{3 -su6p8UHOHHbiX COCTOSIHHll B COOTBeTCTBHH C Ofl biTH b!MH Jl 8HH b!MH. 0TMe 'leHO, 

'ITO B 6 0 nbwHHCTBe cnyqaes H8HHHCWHe COCTOSIHHSI C Krr = 2+ H f(rr = O+ o6na-

.0.810T HpKO Bbip8>K9HH bJMH KOnneKTKBHbiMH CBOA:CTB8MH H 3HeprHH HX 3H8l.fKT9flbHO 

MeHbwe 3HeprHA 6nu >K aliwux non10cos s cexynS!pHbiX ypasueHHSIX. B pS!ll e cny'laes 

3HeprRH KB8JlpynOnbHbiX C OCTOSIHHH ne>KBT B6nH3H flOniOCOB, H BOflHOBble cpy HKUHH 

ux secbMa 6nH3KH K a syxKsaan'laCTH'IHbiM. Bbi'IHcneHHbte sepostTHOC TH E 2- n e p e xo-

llOB He npOTHBOpe'laT 3KCnepHMeHT8nbHb!M Jl8HHbiM • 
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1 , Many theoretica l a nd experimen tal work s are devoted to the i nvestiga­

tion o f tlte c olle ctive ex c ited s tates of even- even nuclei, Rathe r rich exper._ 

me n tal info rma tio n on the energ ies o f beta and gamma vib r a tion a l s tates i n even­

even s trong ly deformed nuc lei a nd on the redu ced probabili ties of the e l ectromag­

netic tra nsition ha s b e en accumula ted, The metho d of approximate second quant._ 

zation s uggested by N ,N, Bog olubov in 1947/ 1 / and the mathema tical method s d e­

veloped in con s tructing the U,eory o f s u per c onductivit/ .2 / a re the basis of the 

theoretiCal investigations of the microsc opic n a ture o f the collec tive states, The 

mos t comple tely s tudied a r e the collective states of s pherical nuc le/ 3-- 51 , In the 

reg i o n of stro ngly deformed nuclei the investigations/ 6 / carrie d o u t befo re 1963 

are r e stricted to o b taining the basic e qu a t i o n s a nd to inves tigation of the p r o b­

l em of elimination of a s p u riou s state , In refs / 7 •8 / the energies of the octupol e 

s tates o f s t r o ng ly defo rmed even- even nuc lei h a ve been c a l c ula te d a nd a r ather 

close agr eement w ith the c o rresponding experimental d a ta h a s been obta ined, In 

ref/ 
9

/ the e n e r g ies of g amma vibra tio n a l state s and the probab ilit ies of the elec-

tromagnetic E 2 -tra nsitions h ave been calcula ted, However in this pap er the 

e ne r g ies of beta vibrations are not cal c ulate d a nd th e energ ies of g amma vibra­

tions cal c ulated using the asymptotic w a v e functi ons of the N ils son p otentia l are 

about 1,5 time a s hig h a s the experimental ones, 

It i s inte restin g to c a l c ulate the e nerg ies o f the b eta and g amma vibratio­

nal state s for the same value o f the c onsta nts of a quadrupole- qua drupole in­

te r action u s ing the exact w a ve functions of the Nilsson potentia l a n d to comp a re 

theory w ith expe riment, This is j u st th e aim o f the pre sent p a per, 

2 , The c o llective s ta te ener g ies a re calcula ted o n the basis of the s u per­

flu id nucl ear mod e l. In thi s m o del the Hamiltonian o f interactio n b etween nucleons 

in a n u cleus i s w ritte n i n the fonn o f three terms 

H = H + H 
pair 

+ H 
colt ( 1) 

descr i bing the averag e nuclear fie ld, inte ractio n s l eading to pairin g c orre l a tions 

of the superconducting type a nd inte r a ctio n s res p o n s ible for the collective ef- . 

feels , In calcula ting the e n e r g ies o f the quadrupo le collective states R ••II is 

taken in the form 
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H 

w here 

coli 

zo 
f 

( Z) (Z) (Z) 
K 1 K 1 K 

n p np 

(2) 

~ ~~ Q 
+ I( (Z) + 

(n) Q (n) + _ P _ Q (p)Q ( p) + 
ZIJ. 2 ZIJ. Zll; 

/l ~ o,z 2 ZIJ. 

K (Z) + + 
+ -=-(Q ( n )Q (p) + Q. (p)Q (n ))l, 

2 ZIJ. ZIJ. •/l Z ll 

r z y 
zo 

Q (n) = ~ 
211 o o' 

fZZ 

' .. 
1 

y7 

t 1 ~'-,(ss')s + 
qq "" 

a , 1 , 
• q 

r 1 ( Y + Y ) , 
22 '1-y 2 

(2 ) 

are the con s tants o f the qua drupol e- quadrupol e inte r action. 

In the m i croscopi c t r eatment o f the s u perfluid nuclear model the wave func­

tions o f the collective states are the s u perposition o f the wave func tions of the 

two- quasi- partic l e s ta te s . The collective s ta tes a r e consider ed s ide by s ide w ith 

the two- quasi- partic l es o n es, a ny r estrictions to the collective s tate e nerg ies b ein g 

absent. The te r ms b eta- v ibra tio n a l a nd gamma vib rational states s h ould b e con­

sidered as conventional. The b eta vibra tional s tates a r e the l owe s t excited sta­

tes w ith !( rr = 0 + i.e . w ith the p r o j ecti o n o f the m omentum o f the axi s o f th e 

nu c l ear symmetry being zer o a n d the positive parity ( d iffet·ent fro m the r otatio n a l 

states ) , a nd the gamma v ibra tio n a l s tates a r e the l owest states w ith K" = 2 + 

3 . Con s ider the gamma v ibra tional states. In investigating these states we 

s h ould b ear in m ind that in additio n to the matrix e l ements f 
2 2 

( s , s ) " f ( s , s ) , oa 1 2 1 2 

wher e K 
1 

:t::. 2 = K 
1 

( !<. 
1 

a nd K 
2 

a r e the p r o j ections o f the momen ta of 
2Z -

two states ) we mu s t ~e into account the matrix e l ements I ( s , ·s ) " f ( s , s ) u , -o 1 2 z ~ 

w ith K + K = + 2 
1 

disr egar ded i n some papers. 

On the basi s o f the varia tional p rincipl e , in the fra m ewor k o f the metho d 

o f appro xima te second qua nti zatio n we g et a secula r e qu a tion d e fining the e n e r-

g ies w 
1 

of the e x cit ed s tates w ith K rr = 2 + in the f o rm 
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(2) ( f(ss') 1+ fc ss'J J u 
2 

, 
2K I 

- . 2 2 
(f (vv') 2 + f(vv') )u , 

+ 1 -
"••' · t(s)+ l (~') - !0

2 

t("s) + t( s') 

t(v) +t(v')- "'
2 

t(v )+ < (v') (3) 

, 2 - , .2 2 
(2) 2 (2) (2) ,.. ( f(ss ) + f( s s ) ) a , 

2 - , 2 2 
I (f(vv') +f(vv)) u , 

+4((K ) -K K ).<. 
np n P • •, f ( s ) + l ( s') - cu 2 

t(s) + t( s') 

vv' c(v)+ l (v')- ---"'-12
'--­

< (v) + <(v') 

the summation ·s ·s'(vv') being made over one-pa rticle l evels of the average 

field of the neutron (proton) system, 

t(v) =yC 2 +IE (v)-A 12
, 

p p 

u , = u v,+u,v .. . . . . 
'lhe Index 

lar equation. 

in "' I denotes the first, second and so on roots of the secu-

In case /
2

) = o:(J) = /
2

) ., K to which we shall restrict ours elves in 
n p np 

what follows, the secular equatio n will be of simpler fonn, namely: 

= I ( f( ss'J' + f( ss'J)u 2 
, 

••' <(s) + <(s') "'
1 

t(s) + t( s') t(v) + t (v ') 

'lhe wave function of the i - th s tate with K rr · = 2 + is c; + 'P 
I 

operator Q
1 

is equal to 

where the 

Q = 'h I I ( .P 1 
, A (ss') - <P 

1 
, A("S"S') + + ;J , <i (s·s'}-f1 

, 6 (ss') +) + 
I ••, •• •• •• • • 

+I (t/1
1

, A(vv')-</> * ,A(vv't +;j 1
, ~ (w.'J-¢ 1

, (i (w')+ )I, 
vv' 1111 v v vv vv 

in this case 

A( ss'J = _1~ I 
v 2 q 

ua a 
• a a-u 

(1 ( ss') 

5 

a , 
• q 

( 5) 



I 

/ 

H e r e 

</> I , .. 
form: 

wher e 

'i:. 

11! . a a re the qua si- partic le o p e r a to r s . The func tions "' ~-, . u "' 
• ifi I , t ;p I , . if' I , . </>I , . ~I I , . <p I , are w ritte n in the 

vv vv 1111 .. 

I 
g , = .. 

- l 
A , .. 

.. vv 

1/1 1 , = !MA 1 ,+ 
I , ) , - I -I -I 

w if' , = \Ia ( A , + w , ) 1 .. .. . . .. .. .. 
<1>

1
, = v, u 1

, w , ), ¢ 1
, =\'a([ 1

, W', ) , .. .. 

.,; r: + f1 
n 

I 
w ' .. 

- I 

"' .. 
.,;2 

+ 

y2 

, 

.. .. .. .. 
I 

g ' , .. "' 
<( s)+<(s') 

"' - I 
= g ' 

<(s) + c (s') .. 
l ( ss')a 

f I + yl c(s ) +< ( s ') -
p p 

l(ss')u , .. 
vY1 + Y1

+ Y
1 

+ Y 
n n p p 

<(s ) + c ( s ') -

"'2 
-----=._!. 

<(s) + <(s ') 

2 
6J I 

<(s) +< (s' ) 

( 6.) 

( 7) 

in this cas e 

I 
y 

n 
+ 

- I 

Yn 
( I( ss') 2 + t(·ss ' ) 

2
) u 

2
, "' ( <( s) I •• . I 

2 2 , .. [(c(s)+<( s 1) - UJ 1 

+ <( s')) 

Thus, after solvin g the secula r equa tio n s ( 3) o r ( 4) we find the e ner g i e s o f 

the states w i th K• = 2t- a nd the corresp onding wave function s . 

4 . W e con sider b eta vibratio n s , i.e. the e x cited states w ith l" K = 0 + 0 • 

In this case ther e a r e d iagon al a n d non-diagonal matrix e l ements from the ope­

rato r o f the quadrupole momentum a nct f ( s s' ) = 0 Thus , fo r a system c o nsist­

ing o f particle s of the same k ind the secular equa tio n can be w rit ten in the fo r m: 

I( ss') 2 u 
2 

, 
~ .. 

2K ·~ •' ·•(s) + c( s ') -
"'2 I 

<(,.) +<(s') 

2 
f( ss ) c 

+I--------­
• ( 4<( s ) 2 

- "' ~ ) c (s ) 

the contributio n o f the diagonal te rms b eing as l a r ge as (50- 7 0 ) o/o. 

( 8) 

Let u s show tha t the diagonal ele me nts s h ould n o t be so impo r tant. Indeed, 
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we consider the case when all the diagonal terms are equal to one another, 

i.e, f( ss) = f 
0 

then fr.le corresponding part of Hcoll 

_ K /2 N 2 
7 0 

reads 

where N is the operator of the number of particles, As far as the number 

of particles in the ground and excited states is the same, hence, it follows that 

this term does not lead to the change in the energy difference between the beta 

vibrational and ground states, If f( ss) ,1, 1
0 

then the diagonal terms can lead 

to the decrease as well as to the increase of the energies of the excited states 

with K1r = o+ • Thus, the coherent effect 1 eading to the decrease of the ener-

gies of the states with K 1r = 0 + with respect to the nearest pole of the secular 

equation is, in the main, due to the non- diagonal matrix elements of the quadru­

pole momentum operator, From these considerations it is seen that the calcula-

tions of w 
I 

from ( 8) are very Inaccurate, 

one has suggested the method of elimination of spurious states, 

whlc:h allows one to Improve essentially the approximation considered above, 

The secular equation · is in this case of more complicated form, namely: (for 

,/
2

) = K(%) =K(2 ) E K 
n p np 

where 

vi 

VI 
p 

I 
If 

wl 
p 

0 

VI VI 
p n 

:£ 0 
" (2<(v))(4£(vf-w2

) 
I 

2 2 w 2 - .4C 2 

wl 
p 

0 

u -v :£ _.,___.,__ __ 0 :£ __ 1 ___ ._ __ 0 

• 2<(s) ( ,4<('112__w) 

0 
u 2- v2 

:£ v v 

v ,4, (v ) 2 
- w / 

f( 
, 2 2 

X I = :£ ss ) u •• , 

n • •' l(s)+ l(s')- w
2

· 

0 

<(s) + < (s ' ) 

7 

I 

2 - .4·C 2 
:£ _"'...:.lc__ __ .!:.P'---=---::-

2<(v )( 4<(v /-w :) 

= 0 

( 9) 



I 
v ~ f( s s)Cn 

<(s) ( ,4< (s)
2

-
2 

w 

WI=~ f(ss)2Cn(E(s)-'A.n) 

f ( s) ( 4< ( s ) 
2 

- w 2 

. I 

We notice that in case f ( s s')=f
0 

the diagonal terms fall out from eq, (9). Thus 

in this case the ener g y o f the excited state with !(" = 0+ does not depend on 

the diagonal terms w h a t agr ees w ith the a bove considerations. The dtagonal mat­

rix elements in ( 9) became less important as c ompared with ( 8 ). 

The wave functions for the states with {(" = 0+ can be easily obtained 

using the following express ions for g.!.'. a nd . w 1 
' .. 

I 
g = 

' .. 

... 
' .. 

..j2 

...; z~ + z 

i_2 

...;z> 

p 

zl 
p 

l 
I 

f(ss'J u •• ' . 
-8 2Cn f(s) J 

w2 .. 2 2 ~ • (10) 
<(s) + <(s ') - .4< (s) -fd 

1 
y 

< ( s ) + <(s') 

f(s ·s') u , w 
•• I 

W C I s ,.---1- -" r c~ 
••<(s)( .4<(~~·-w2) n (<(s) +<(s') )

2 

- 8 

2 
-w 

I 

c 
I 

f _:_a___ 
I <( s) w I Y n 

I Yn 

( 11) 

and analogou s expressions for the pro ton system w here 

I 
z y: + 

2 

2~~ 
2 I 

__ c_r_~ _(_·s_))_
2 
____ _ 4~ ~ __ f..:_(_·s_s_J_r.e.n_(_·s_J 

ynl (
2 2 1 • 2 2 

<( s) (4< ·s) - w 1 ) Y n < (s) ( 14< ( s) - w 
1 

) 

I 
rn (s) = ~ 

f( s 
2 

·s 
2 

) 

)(4<(s )
2

-
2 

w 12) •2•2l( S2 
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, \ 2 2 
4(E(s~) -An )(E(s

2 
) - An)- 4(E(s)-An)(E(s 2 )-An)+4(E(s) - An)(E(s 2 )-,..n)+.4C"-w! 

I 
)' 

< ( s '
1

)( ,4<(s;/- w: ) 

•-' <(s)(4c(s) 1 - w 1 )<(s ')(4<(< ·s')
2

- w
1 

I I 

2 
- w 

I 

f(ss) 

< ( s ) ( ,4<(s)'- o> 
1

) 
I 

.4C: -w: + 4( E(s) -An)( E(s')- A ) 

< (s')( .4< ( s ') 2 - w 2 
) 

I 

The r oots o f the secular equatio n ( 9) as well as ( 4) were found w ith the 

aid of tl:le electronic computer. The determinant o f the 6-th o rder was expanded 

( the program was compiled f o r the gener a l case o f any v a lues of " p 

and " and transformed to s uch a form in which the dependence o n 
np 

K 

a nd " is clearly seen. Then, the first root was searched in the " p np 

interval from w = 0 to the nearest pole X" ( w ) . and X P ( w ) the second 

o ne- between the first and the second poles and so on. The roots w e re found by 

the bisection, about e l even 

curacy 10-
4

• 

iterations were used to find the root with the ac-

5, The calculations o f the ener g ies of the beta and gamma vibr a tional 

states and the reduced probabilities o f electrom<;~-gnetic tra nsitions h a ve been 

performed in both regions o f s trongly defo rmed nuclei: 152 ~ A < 186 and 

228 < A < 2 5 4, The w a ve functions and the schemes of the Nilsson pote ntial one­

particle ~evels have been u sed
10

( All the calculations in the region 1 5 2 <A < 186 

were made using the wave functi o n s with the defo rma tion o • 0.3 a nd in the 

reg ion 228 5: A :S 254 with o 2 0.2 a n d for the same scheme of the o ne-- partic­

l e levels in the neutron (proton) system for each nucle u s in each reg ion. In 

order that the calcula tio n s be most u nambiguous , the change In the nuclear defor­

mation is not taken into account. Therefore near the boundaries of the regions 

of s trongly deformed nuclei the accuracy of the calculations bec a me s worse be-­

caus e the e quilibrium deformation chang ed but the behaviour of the o ne-- particle 

leve ls o f the a verage field was unaffected, The schemes of the one-- particle le-­

vels of the average field, the values of the correla tion functio n s a n d the chemi­

cal potentials which were used in the calcula tions are given in ref/ 
8

/ Notice 

that the correlation func tio ns a nd the chemical potentials wer e o btained earlier 
in r e fs,/11,12/ • 

9 



The constant K of the quadrupole- quadrupole interaction is chosen so 

as to obtain the closest agreement of the calculated energies of the states with 

K 77 = 2 + with the corres pending experimental data. The values of K de-

pend on the number of transitions in eqs. ( 4). We have taken into account all 

the tra nsitions between one- particle states g iven 1r/ 8 / , about 100-12 0 transitions. 

If following/ 3 / we assume that 

K 
.k --r- h w o 

A•r ' o 
kl 

---;;sr. 
then we do not succeed in choosing the same value, of k for both regions of 

So, in the reg ion 152 5 A ::; 186 k . 10 and in s trongly deformed nuclei. 

the region 2 2 8 ~ A ~ 2 5 4 k - 12 • It i s obvious that by increasing the nLirnber 

of transitions in the reg ion 228 ~ A ::; 254 we ma y obtain the s ame value of k 

for both reg ions of strongly deformed nuclei. Note tha t for K = ~hw0 a rather 
A . o 

g ood a g reement it obtained between the calculated energies of the collective sta-

tes a nd the experimental data in both regions. 

If the energies of the beta vibrational states are calculated by ( 8) then to 

obtain even rough agreement with experiment it i s necessary to introduce two 

value s of K , one for the description of the beta vibra tion energies and ano-

ther for the description of the gamma vibrational energies. 

6. Now we discuss the results of calculations of the energies of the lo-

west s tates with I 1771( • 0 + 0 and l rr K = 2 + 2. The results of calcula-

lio ns and the corresponding experimental data are given in Fig. 1 and 2. The 
. /11131~ expenmental values of the energ ies are taken from ' ' and others. 

In the region 154 5: A ~ 182 the calculated energies of the states with 

K77 2 + are in a rather good ~greement with the experimental d a ta. The 

exception i s wu• what is due to the chang e in the deformation. However, 

.if we take K = _B_ b w~ then we obtain the ~nergy of the state with 
A•/• ,.. 

K77 - 2 + w1" equal to1.2 MeV and in !¥ about 1 MeV. If we cho<r 

the n w e o b tain v ery close a g reement between theo ry a nd e x-K = 1!.__ h w 0 

. ;, 0 

periment for Er 1 6 6 

s e 

, Er 168 Yb a nd for all the isotopes of , however, for the 

isotopes of Dy the calcula ted values o f the energ ies o f the s tates 2 + will 

be considerably lower tha n the e xperimental C!nes. 

The agreement between the calcula ted ene r g ies of the states 0 + with the 

experimental d a ta i s r a ther satisfactory with the exception of the isotopes of H f 

and !¥ • In these isotopes the eherg ies of the states are very close to those 

of the corresponding poles and the blocking effect should therefore be taken into 

1•0 



a ccount which is in this case v e ry impo r tant. Taking i n to account the block ing 

e ffect w e ma y obtain a g ood a g reement with experime nt in the iso topes o f II f 

and ·w. 

The probl em of the r e lative b eh a viour o f the ene r g ies o f beta a nd gamma 

vibra tional states Is of interest. According to our calcula tions the ener g i e s of the 

s tates with K 17 = :l + a r e consid erably lowe_r tha n those f o r the state s w i th !"<.17 = 0 + 

for the i s o to p e s Dy and 'Er • The lowering o f the ene r g ies of the g amma 

vibra tional s tate s l o wer than the .energ i e s o f the beta vibra tional s ta tes is defined 

by the b e h a viour of the aver a ge fiel d level s and the a p p r opria te w a ve functions. 

This lowering is in total agreement with experimental data and theoretically is 

firs t expl a ined in the present p a per. 

The n ext p aper will be d evoted to the study o f the s tructure o f the collec­

tive state s. However , we note tha t the ma j o rity o f l ow e n e r gy s tates w ith K17 = 2+ 

possess the p r o n ounced collective properties. ·S o , in Er 
166 

the f o ur two- qua si­

particl e s tates g ive c ontri bution to the c ollective s tate w ith K17 = 2 + fro m 16o/o 

to 3 2')b each . In a numbe r o f c ases the low ~nergy states w ith K 17 = 2 + a re 

close t0 the two-quasi-pa rtic le o n es. S o , in Yb
1 72 

t h e w u v e fun cti o n o f the l o­

w e s t state w ith K17 ~ 2 + contains contributio n as l a r ge as 9 7, 6% from the two-

quasi-pa rtic l e n e utro n s tate 5/2 + [ 512 ] ~ 1/2 + [ 52 1 ] • Since the a dmix-

tures o f o the r s tates a re Jess tha n 3 ')b then this state i s very close to the two­

quasi- p a rticl e o r.e , w h ich bear s out the r esults obta ined ea r lier in/ 11/ . Howev er, 

in Yb 112 the r e must b e the s eco n d s ta te w ith K 17 = 2-1 which i s by 

2 0(}... 4 0 0 K eV hig her tha n the firs t o ne a nd p ossesses the c olle ctive p r operties . 

The r esults o f cal c ula tions of the e n e r g ies o f b e ta a nd gamma v ibra tional 

s ta tes i n the r egi o n 228 s_ A .S 254 a nd the corres p ondin g experimental data are 

g iven in Fig . 2 . The c a lcula ted e n e r g ies of the states w ith K17 = 2 + a r e in r a -

ther g ood a g r eement w ith the cor responding exp e r imen tal d a ta. The d i sagr e ement 

i n Pu 240 i s d u e to the fact tha t the blocking · e ffect w a s n o t tal<en into account. 

. I 1 2 1 . t . th Whe r eas a c cordm g to w her e the b locking e ffec was taken mto a ccount e 

two- quasi- par ticle state with [{17 = 2+ in !' u 
240 

h a s the energy 0 .9 M eV. A 

very l a r g e l ower ing o f the states with [{17 = 2+ in Cfuo a n d in 254 
Fm i s d u e 

to a l a r ge matrix e l em e nt o f transitio n between states 7/2 + [ 613) a nd ,3/2 

[ 6 1 1 ] • If the numbe r of tra nsitio n s inc r eases the n the l oca tio n of the l ev e l s 

2 + in Cf uo 25 4 
, Fm a nd the beha v iour o f the ene r g ies of the states w ith 

mus t be improved. In Fig . 2 the cross deno tes the e n e r g i es o f the 

state s w ith K 17 = 2 + fo r Cf 
250 

11 h "' 0 
K= ~ 0 

F 
252 

' m 

1 1 

a nd Fmu• c a lcula te d with 

+ 

'• 

.. 



the experimental data can be improve' if we renounce the condition K ~ K = K 
n P np 

7. 'Ihe reduced probabilities of the E 2 transitions from states Krr = 2+ 

to the ground ones are calculated by the formula: 

B ( E 2) = I,024A 2/ ' • 10.
53 

( e 

~(l(ss') 2+ f(ss'J
2 )< ,(<(sl+<(s')) 

(<(s) + <(s')) 2 - cu 2 

+ ( e + e ., 
~ 

y y' 

elf y y + y 
p 

+ y + y 
n P 

(f(vv'-) 2 + i(vv') 2 ) u
11
:, (<(Y) +<(v')) 

( < ( v) + • ( v')) 2 
- cu 2

1 >' 
'1/Y + y + y + y 

n n p p 

+ 

( 12) 

'Ihe reduced transition probabilities !JCE 2) are c6.Iculated with e P ~ e + e •" 

and e = e , and e = 0,8 e • In cases for which the experimental 
n • j 14/ oft 

data are available the ratio B(E2)/B(E 2) 
••P• 

example, for Dy
150 

B( E2)/B( E2) it is 2.8 for 
••P• 

is equal to 1 - 4 • So, for 

Dy 162 
- 3.2 for Th 

210 
1.7 for 

U 231 
- 1.4 and so on. However, for the stat~ 2 + with an energy 1468 KeV 

112 
in Yb B( E2) I BCE2) = !l04 i .e. 30-50 times less than in the neighbour- · 

••P• 

hood nuclei. 'Ihls fact stresses once more the two- quasi- particle nature of this 

state. 'Ihe experimental determination of BCE 2) as well as the finding of the 

second state with K 11 = 2+ in Yb 
112 

would be very desirable. 

'Ihe difference between the energies of the states with K rr = 2+ and the ratios 

a( E 2) I BCE 2) obtained by us and those calculated in/ 9 / are accounted for 
••P• 

by the fact that our calculations are carried out successively on the basis of 

the superfluid nuclear model while In/ 9 / the phenomenological treatment of the 

unified model is combined with the microscopic approach of the superfluid model. 

'Ihis difference in the approaches was brought out, for example, in choosing 

the value of the constant of the quadrupole- quadrupole interaction. 'Ihen, the 

difference is due to the fact that rr/ 9 / the asymptotic wave functions of the 

Nilsson potential has been used, while in the present paper the exact wave func­

tions of the ' Nilsson potential have been used. Here the difference is due not 

only to the fact that the matrix elements with the asymptotic wave functions are 

calculated insufficiently accurately but mainly to th~ fact that a large number of 

1 2 



' • l 

pole s in ( 4) i s los t in working w ith the asympto tic w a ve functions. N ote that in 

s orne cases n ear p o l es even with c ompa r a tively small values o f matrix elements 

f( ss') and i( sS: ) a r e very important. The difference in the v a lues of 

B( E 2) I B ( E 2) Is ma inly d ue to the fa ct tha t in/
9

/ the calcula tions w ere 
a . p. 

made by the formula fo llowing f r om the phe n o menolog ica l theory. 

8 . Thus , the cal cula ted ene r g i e s o f the b e ta a nd gamma vibra tio n a l states 

ag r ee r a the r well w ith the corresponding experime ntal d a ta f o r the same v a lues 

o f the con stants o f ·the qua drupole- qua drupol e interaction. The c a lcula tions show 

tha t in some case s the energ i es o f the gamma vibra tional state s lie low er than 

the b e ta v ibra tio n a l ones , so, e .g ., in the .middle of the reg ion 1 5 4 :5 A :':_ 182. 

The behaviour o f the e n e r g ies o f the quadrupo le states is dete rmined by the a ve­

r a g e nuc lea r fie ld. In most cases the lowest s tates w ith K 11 = 2+ a nd K11 = 0 + 

possess c l early p r o n oun ced collective p r operties a n d the ir energ ies b ecome c o n­

s ider a bly l ow w ith r espect to the n eares t pol es in the secula r e qua tions. In some 

cases the energ ies o f the s ta tes w ith /{ 11 = 2 + a nd /{ 11 = 0 + a r e n ear the 

lowest pol es a nd the ir wave func tio n s are c l ose to the tw o- qu as>-- partic l e o n es. 

Th is fa ct h as b een n o ted earlie r in/
7

/ in s tudying the beha viour o f the e n e r gies 

o f the octupo l e states w ith !{ 11 = 0- . 

It s h ould b e n o ted tha t the r esults o f c a l c ula tio n s essentia lly depend o n the 

wave func tio n s o f the N ilsson p o tential . It i s quite possible tha t some erro r s o f 

cal cul a tio n s a r e due to the d i sadvantages char acte ris ing the wav e fu n c tions o f 

the N ilsson pote ntia l. However, a r a the r good gen e r a l agr eeme nt b etween the ory 

and experime nt as to the e nerg ies o f the states w i th K 11 = 2 + a n d K11 = 0 + 

i s one mor e evide n c e fo r the fact tha t the Nils son pote ntia l a llows o n e to des­

cribe rather well th e aver age f i e ld o f s tro n g ly defo r med n u c l e i . 

In conclu s i on we exp res s our g r a titude to N .N . Bogolubov a n d P . Vogel fo r 

in te r esting d i scussion s and a l so K .M. Zhelesn ova a nd L.V. K o r neichuk fo r the 

a id i n maki n g the numerical c a l cul a t ions, 
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