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·1. I n t .r o d u 'c" t o n 

In the. present; pap.er . we shall consider the 

lativistic functio~s. i;. se~ies' a~d. i~tegr~ls of the 
, • ' ~ > 

operator in the Lobachevsky's space. 

problem of the 
I .: \': '. - l/ 
eige1;fui:1ctions 

expansi.cin of .re
i 

of the Laplac~ , _ 

The problem is to investigate •the ·Laplace operator on the two- sheet. hy

·7erbbioid ( the ansular part of the d'A!embert 'o~erat~r) in va;i~us coordinate . 

syst~msf'In .the nexf pape; we shaU'consider a' similar problem fo~ a single-:. 

she~t • hyperboloid: '·Man; poi~~s of .~~r investigat;o~ 'can 'be mi:.istrat~d in ~e~met-
.. ,,. ' ' ', . . . . ' '( . ' ' ' . ' : ' . " . . ' ' ' .. , ' 

, rical .terms. We" shall' use this method. constantly. ,The expansion on ·the. light.·cone 

'first ;6btained ·b~ sh~~iro ( 1,2) 'a~pear·s t;, be. v~~- ilnpo~tcint ,in thes~. con~idera..,: . 

. ~• tions. Gelfand .~nd. Gra~v ( 3,4) have developed -;;, g~ne'r'-al t'heo'i-y ~f su~h ~x- , 
' ( ·'· ' • • • ' ,'. ' • • " < "' • ' J. . . . ,\ -. ,-~ , ' - . ' 
pansions using the method .of integral geomE:try. T:h12se. meth9ds allow. c,nE: to. pass 

from the investigatibri. of functions on the' hyperb~lo~d to that on. the .cone where' 

expan~iori reduc~s. to. the 'Thurler transformation. In this case' the connection with 

the theo:Y of the Lor~nt~ group rep;e~en~tkm~ 'is clearly. establishe~x/ .: 

' The constructed systems; of 'eigenfunctlo;,;s• ar~ a generalization of ·the, non-
, ' /'" 

_. relativ1stic systems such as. the spherical 'and cylindrical ones. However;, 'one of, 
. ,,..< . , . ''.. ,· ·- ~" - . . ,_ ' ' . ;· .: ; ' ~ ... . ; ' '. '\.' ,,,, - ,; ' ' \ . 

· the· systems described below, namely ,the cylindrical, system has no ana1ogy 

in non-relativistic mechanics; The eigentt.inctions i;.. this systeni•'are not. expres-
, l ' - . • - '\ . , ~ 

se~ it: : terms of the, Legendre and Bessel functions: but in terms of a' hype~ge0-: ·, 

metrical function or' a general :form; · 

.. We note some features o~ the .. described expansions · which point to ·interest.:.··\ 

ingc trends in· the further work. 
t / 

''· / 

J · ·', 1 f 'The s'yst~ms.: O! functions' have an interesting sy~metry. property with 

respect to. the crossing- channel. The r'elativistic· nature of the crossing ·r~action 
- . . . . . ,' - . . . . ; . . ' '; . .• . 

. ls; clearly manifested .in' geometrical' ·terms~' In. particular, 'the I cylindrical and horos-

ph~rical _. ~oci~dinate ,system'. generates, fu~cti~ris . giving . a i one-di:en~ional . repres~n-
' \ ~ ·' : ' . .· . y , . ';. ' ' - ' ' , i - . , , , ·~ \ ' " ... -. ·~,. \ 
·tation' of_ the.'.ctossing operation, .. The group properties .of su,ch transformations 

1 will be des~rib;d l~ter, · , -- ·· ' 

.. J· 4..:., ~ J~e e;pansion b{ relativistic, functions' was also investi?ated by Dolgi- I 

no . but he has r1ot co':stru':_ted the comple\e, system of ,functions. . 
. • ' ' 1 , . ,- ' ' ' ' • . ' 
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, . :2) Of 'great int~rest is the connec::tion~ith the four.:.dimen;;ional angular. mo-'· 
'. ,,., S , .' '', '< /,,. • • /. •, ', I ' • ~ A :' :• l. • \.__" . ', : '/ .- \ 

mentum and. the~ complete ~et of commuting observables "in the -rel0:tivistic theory •. · 

'The' four- momentum. o~'erator: properties are richer -frlan ,in -~he three- dirilen'.slonal --i' 
, - . , - . , ~, . - ;°--. . : .~ . : . ,·· ,_ ' I • - \" 

case and: their ,theory, makes it. possible "to· understand. the :·physicai nature of the, · 
. • :, • ,:,-· ,• ~ ,' • \_ .. :. ·: -." ·, - • . I ~ •: . ' ,. •~ . ·, 

.. obtained. results. This theory will be presented in· the next paper. 

. • '~e investig~;ion ·o/ function~ i~ th~';Lo~c~·evsky'~· sp~~e was hitherto un-

. '·. deservedly· forgotten. , This paper illustrates the efficiency of· the,. old . and n~~- '. a~~ 
pects ~f th~ 'iaba~he~~y's ge6m~u; for spin1es;; particl~s. 1n further papers ~e: 

_,, -_-✓ • ', ,- ,-, •• •• ' ' •••• •• • • ,( ' ·- • ' ' 

shall consider P.articl~s with · spin. '~ ' ; 

'2. The ·scattering· Amplitudes 
I 

The , scattering , kinematic,;, ,is described by ,means of the klnematical graph 

( Fig. ·1): vel~city:..di~grahi in 'the '1f~che~ky's.:~pac~. ( s;e 7,a)/ • ' 

Points 1,2· repres_ent the partic1e·~1ocities 'beforJ- scattering, :points 3;4° are 
i \'• , cr , • • 1 , ,_ ,. .: • _',' , ,1, · . ', , . " .. . .' .. ~ ' · 

the velocities after .'sc~tteri'ng.: Point.., ·s· '' is_' the 'veloci~ of _the c.m.s •. As ~he:; 

coo~dinate ax~s ~e ~hoose tw,O' orthogonal ·axes, one of ·which .bisect~ th~ ;ca-. 

tte~i;..;g angl;. As ~'a's. ~h~wn in/ 9/, the point' of int~~secHon• of 14 and 23, is the i 
- ' 'i''- • I ' , • -.. , •. 

velocity o~ the c.m.s.; of the ·crc:>ssing reaction. For• eql;ial m<;lsses the point of.'in-

ters~ction o( 13 :and 24 represent,;_ the. · ; u - . chann~l .c~.s. ·velocity'. In thi;; 
, • ,. 0 • I '< > • ' •• ' ' 

·case· the co~rdinate • axes coincide with · the , directions of the lineEi ; · s t . and 
. . . . 

: s ti . , and three p~i~ts ·., ·s, t, ·u ' . , : form . a' so-c called •. autopolar triangle 

( co~;! 161 ) • · For different ~asse~, (dashed; line~ of ~g. 1) the ::;~onecti,;ri bet

ween th~ coordinal:~ -~e~ and -th~ . u ~ syst~m ,is 'not s~ ~im~le: . • ' , , . , .. 

_The' third axis ( n~n- ~ssential for the binary collisions . oL spinless partiC.:. 

les) 
, • •• <. . ,, , • • ,' I . '. . , . 

'is the normal to; the-plane. 
I, ' .. 

~. 1 If the Lob~~hevsky '.s sp~ce 'i~ ,~ep~esented as the interior o{ a sphere 
. . ..• - - ,. .;- ·-i ', I • , • • ,, '. • t • ~ / '. • , \ 

, . ( the Beltrami model), then ·it, is convenient to 
0
choc_,~e the 'origin in the center of_ 

the sphere. The poin~ oi th; spher~ 'correspo~d to particles \liith. ~ero ~assx/ 
' (. r' '. . , '., C ,, ' . I ' ,.' , ·, ' . _. . . : ., . . ."••, 

:Th; Lo~chevsky' s space m~y. be r~alized also as a three- d~ensional ma- . 

nifold; ~ th~t upper, she~t o/ a'. two-;he_et hyperboloid,; ~ 2 .; u 2 - ~ 2 -·u2, -~ u'2 = 1. '. 
,, . - . : o· l 2, ·, 3· 

/ We. shall assume, the coordinate origin to coincide :with the vertex of the 
•,, < - I , •• • ./ , • I J ' ~- ' '. • 

'· hyperboloid i.e. the coordinates of the c.m.s. will · be ( 1; O, O, O).' _The zero mass 
,, ' . - ) . . . ' . . ' . / . . 

. The planes tapgential. to the 'sph~re are i~otropic ( the,. dista~~e 'froril th_e 
point of.. contact -to.any point of. the 'plane. is. equal to zero). This .is" connected .. 
with. _the gauge invariance _?f the 'photon. '. . ' . ' . ,, . 

x] 

\. 
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,,.) 

)farticles are repsented by, the points .;n the .. Hght cone. 
, I , '1 ' ' ' , 

In; this: coordinate systen.1 the. scattering is described by two parameters~ 

For _.:,~r purp?"'.e __ the ·usual kinematic pararn~ters :- s · and·· · t · turn out t.; '. be 
• _, ' '\' • • I , ' 

i~convenient,. Instead . of . them . we shall· descri~e . the_ process by the 

e,g; point i The .~o~~~~ation 1:ws of ~ner~~ 

. coordinat~s , . 

a~ci 'nio~e~tu;;, of 'one' of the points, 
. . . . ' \' . . . . 
then dpfine the, coordinates of th~ othe( points, Since. 

' ' . ,, 
thE; bl~ectrix of ihe. scatter-

ing 

, tial 

~~gle was chosen ·as. one of the coordinate axis, then the vectros of the ini-· 
' I . ' . ' , ~ . ..... \ C • ~ • '" ' ' 

and pncl.. ,velo~ity ~ill be synmletrical with· respect, tos~is axis. 
'-.' 

The · s'c:c:'i:tterir{g · cingle is · de~ot~d' b)' 
. /•\ . 0. 

-.-, < > • 

• 'The coordinat~s of the 'poinhl / I •. I ... , . 

can be 'chosen in diff~rent ways •. :This · leads .to 

,tio~s. 

different systems of E,!igenfunc-
·• I • ' • ' 

\. 

3; The Coordinate System and the d' Alembert Operator ·., 
As we: have . pointed out already, the Lobachevsky 'velocity:- space is. realized . ' 

J ' • ,/ ~ \ '. ' ·,,, • - ·- • : t ' \ . . - ' 

as-the''three-dimension~l surface of the 'upper sheet of the two-_'sheet hyperboloid 
• ' • ! •· I , , • j. , • , I • ( . ~ , •• r , • ~, -

u,2 .,_ 1'. in. the Minkowski's space. "we: cut such a· hyperboloid. by .a _pla_ne. pa-

,•,;; rallel t6 .;r{e of' the. ~o~rdinat~ planes. Then.the cross• sectio~ represents agaj;;,-
) -,a hyperboloid'( two- dhne~sic;mal_ ~u~face r if th~ 'plan~, does,'not _pa~s t~r~~gh. ~e~ 

axis.,':0'.',.pr a.~o-dimerislonal ~sphere.if the plane crosses. thi~ axis norm~lly, 

'· 

i~: th~ seco~d 'c::ase' w~ can 'const~ct 0~ 1he sp~~r<f • a sph_erical coordin':'te: sys; 

~e:U. ~In the_ 'first ,one th~- ci..tUing 'can· be continued' in_._two -i:vays.: along_ a Si:de: or. 

along a· hyperbola. In this case V:e get ,two more, coordinate''systems. In the Mln-
0 

' .:· • ' ' ' • • I • . . ' . ~ ;,
1
•• -<' '.. ~ • : -, '.\ • • ~ : , , ' - -. ' ' - - ' '; ' '' I ' 'l: . . ' ~ ' 

kowsl<i' s space it is. possible to ,construct two_ orthogonal two- dimensional, planes'._. 
\ ~.-•;, ~' . /, . '•' \ _',, ',,, '·., ;_ ,_ ... _( - ',· .,1 

.· Orie of these plane possesses an _Euclidean metri<:, the sec,ond a' hyperb;JliC, one, 

; (Thi& .. gi~~ \,rise to one'mo~e' 'coordinate_. ~y~tem. ··conitructing in' the' fir~t -plane .a; 
J \. ': 1'.. •· , ' •,' , , < • , - ., , ,' .. · \ .. \ \ · I • ·., • , • ', - 1 , _ 1 . , ; i' •,' . '' , 

polar coor:dinate sxstem, ,and ·in_ the __ second- 'pla~e a_' hyperbolic.,one we get,a cy-

. lindrkal c~o~dinate 'systein.' These·. systems . e~aust all the. orthogonal' :systeins
0 

~hose co~rdin~te surfac~s dre sph~~es. on 'hyperb~loids ( h;;,ers_ph~res in .~e 
. ·-' , .. ' , ,· • '' ' '. . . ' '. > ' . ·\" :, , :·-,. ., ~,· /. . ' ; , ,· 

-1 Lobachevsky spac"e,: te. spheres with the center. on a one- sheet hyperboloid). 

· ; ilie ce~ter will b~: plac~d 0~ the' light 
1
cone th~n th~ ~~ordinate' surf~~e; wti! be 

.. · a;.sO-: called h~ids~h~re: '~ ., su;fa~e who~e' geoinet~ ,is is~morphic h~ the Eucli-

dean plane geometry. Horospherical ~oordinate .system ·~in ,al~~~be: des~ribed in' I 

I - • ... ' ' ' ,l 
thi~ paper: The_ .. physical meaning (?f ':',ll the ,coordi'(ate, _syste~s.'can be ealc'>ily . 

unde~stood · if we -~otice that'the t;ansition from ,one frame, of r~ference.t~ any 

other can be ·performed. by: three Ei.uccessive "transformations one. of. which, at 
• 1\ . . 

1e,1st, is ,;· Lo1;~nt; ttansformation. 
/ .:......f' 

.. ' '' 

In. the; spheri~al '. c;oordi~~te . system' ~ point is characterised by' two space 
' \ . ,,,· ' \', 
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·\ 

:.1 :-

~otations and one,:Loremtz transformation,~in other' systeins,by .two ,or -thr·ee. Loi.> 
.- I'. • . " ' ' ' < •' ·, - •• ',,. • ! •· ·- • • "' , • , ·-

rentz transformations.· Note that for binary .reactions without spins whose alnpli~ 

~de is 'independen; ··of the a·z~uthal an~le /the •Lob~chevs~ys1 'i~~tem ( thre~· 

Lo;entz r~tations)x/ •is not convenie~t.- '.. ' ' ' 
\' ,·. • ! .. '. 

''The. coordinate, systems'in 'the .velocity~space ,will· be. spe'cified:by the' c,on-_. 
• I, ; '• \, ' ~: • • •, ~' i I. • " - • , '\ e ' • c • • ' • • \ , • ,., ' '• 

nection_between four'homogeneous ·cartesiar, C<;>ordinates u
0 

'i' ,~
3

·_; __ u
2

' .', u
1 

\: 

ar{d cor~esporiding 'angles.· In· this case., a point on the '.hyperboloid)s specified:'.\;y : • 

four numbers which ~re·'theprojective coordinates of ~,:;point. ~ong,,with·th:·prO::~" 
, f •' '. • . • • . ; ' - .: . - • ", • ' \ • . '·_ ,. . '\ . - • . •' • A~ ! '· ., ', 

, Jective c:oordir;mte~ _ )Ne \ntroduce /i~omogeneo~_s coordin_ates c,btained. by 

the projectiw co'ordinates by u . , , 
• ,) • , . G ; \ 

'.,) 
<' "' • 

~s . the interval of \,ariatibn of the' ratios u 1 /f! ;;·r..;z,2,,3i~. !Je~een 
_ ... , ',; i··•,;· 

0 ~r'ict ·1,0
• 

' ✓ ,: ' 

, ;then it -is convenient to. denote-.'them. by 
• '. • .' . I\ ' . ✓ 

a;,; 'inhomogerieou; coordi11ates we 'choose 

thz
1 

,where __ alre~~y ·.O<:.z,-~~-
1z,_ - dete~mfned bythe formula: 

,· 

', th X f. = .!!.L,_ 
• I ~ •'• u

0 
-

. " \ ~ . ' / . . 
·, Finally, we _agree. to'•denote the spacial :rotation. angles by Greek 

' hyperbolic angles by, Lati;; ones; ' ' ' . ' ' . 

.or 

:...., . . \ ·-
No~ we go, over to th~' description' of the ·coordinate, systems._ . ' ' . .___ . . . . 

1, 'The Spherical· System 

_'The , _ S . , .- system is given by the formulas 

'.r 

u = ch a 
0 ,.,,__ 

u = ·sh a ~~ 0 
• 3 ' 

·u =:sh· a .:,,;,,·0 oo-s </,. 
2 ·,,• • 

' 
u· = ;sh a ·,in. 0 , ·,in <p 
. . l '._;. . 

th' z :i_·=·th a·a:rs0 .. 

. th • z = th_ a. ·,in 0 cos ¢ · 
2• 

th ~ 1 '.~;,, th a -sin 0' ·siri </;; • 

--- ,<, 

·. \ 

i ,,. 

I'' 

' ' .,· • • ,. • ; \ • • •/ • I 

'TI;le ,inhomoge~eous coordinates are nothing m9re , than the three- dimensional 

~spheri<;=al ones where· -t1, a is the radiu~· vector, Ti-1e formulas in the . 

thus·· 

,;_..., 

'/ 

, . , x/ . 'The problem 
. Gordon_ equ,atio/n. _s are ' ' · _, 11 

of_ the coordinate' ;;;yste'!ls, -in which,,variables in/th~, Kl~~--
-=:eparable, has __ been considered by" M,P,Olevsky_ 10. ar;id · •. 

, A,I. Shoom ' , ; / 

,·.- . 6 

-✓ 

\, 
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. .; . ' ,, "/ ·,' ' .-- '\~- ', 

S · - sys_tem are•. therefore: found_ to be .the closest , . to 'the ,:,.ori- relativistic' ones.,: 

1The d'Alembert opera(or in"the fou;~~i~ensfonal Mink6·;,'ski's space·can,be writ-. 

ten ·h'i the form: , r:: 
□ =·X ~-u3 __L __ 1_. !',,· · '( •): 

.u . .. - , U3 au :·a·u·:.: ·u2 • : L, ·.·; 3,4 . 

where, U · is the .. four-vector length in the Minkoiivski's ispace, arid•.• ./',,r.: i.s ,the· 

·. Laplace oy:,era~?r on the ~yp~~bol~id~/., whose eigenfunctions ,are to be -found, 

I 

., In ;the ·s'_,..systerri 

... 
b.L = _L,. ~ ,.~:JS. ..iL + 
.. ,sli 2 a a.a.:,· -aa· 

J • 

II. , The Lobachevsky Coordinate. System · · 

1 · 

Lobachevsky' was the first' to. co~sider\.one of the hyp~;bolic• c'oordinate ~- · . ' ' , 

sy~tems; therefore the corresponding coo~dlnates are referred to as· the Lo~ 
\' \ -

chevsky' s coordinates, ( coordinat~s , a b . . and ·c 
.1 • 

.I, 
u = cb,a chb· ch c ·,' 
• 

ll ;;,,. chJ a: ch b ;m ~ ' 
3 

,', t 

luz . . i:bai~b-

u ·=·sh,a: 
.L 

. t.'>z: =th:c:: 
I' l,' / 

th z:· th&:...!_ 
z ,. cb,c;· 

··. tln.z: =.tb;' a:~ __ 1_. 
. r.. . ch&. chc 

·'TI)e' homogeneous coordinates u u 
/ I ;.. ,,,.- 0_ , 

In . this. system aill.: the thre~ angles. are 

·/ 

( 3,6) 

., I 

are called the Weierstrass, coordinates~ 
' \ J. 

· hyperbolic_ ones, 

The, ~pli!lciailm _is dete~ned · by the foipiula 

x./ _; Le~·~ of the sec~nd : order on the hy()erboloid 1.';hich commutes 
the. Lorenl:z ~ons. 

I 
I• 



,' 

I< 

: .... 
t. ~ < 

' ~ I I 

·· '·-c'. ·1 _ · ·a ·; · 2· • a .:\ ,; ~ __ . ___ \. ch a ,,--
. :ch:1;,·aa-,· .a,a. 

:;'+ .J:...( -1._ 
· ,_.c:h 1 a · ch.b 

LchbL+_L 
iJb ·ab ·chZb 

~) 
i) c 2 

,. •.II I~· Toe Hyperbolic System -R 
(. ..I 

,, 

( 3;a) 
·,, ,• l, 

-;; 

: This · system differ~ from the Lo~chevsky o~e : by that in the 
• , . , , , -·; • ..,I ', .: _ _:.: .. °', I ·;- . ,'.. , 

· • R . -
1 

syste~' . 
, .... :\ 

· one of the . angles·, is spherical · 

u" 1
• cha'chb' .o . 

u •· ch a >sh b .oas cf,, . , 
u 
-z -·'' ch a :;,,. b' ·tin cf, 

,. _!' 
U , a ·tl, B ,. 1 

and. the· inhomogeneous co_ordinates 

. thJ z, 
, . th . b oas rf; 

'th z 
·. 2 

th b' ·sin c/, 

·th z ..; ._._1 _ _. th'a 

/ 
,.1·. 

( 3.9) 
; ,,_· .... 

-, 
'.,_ 

'·· ; ! 
/ ,(3,10): 

·· · , • . .1 ch . b .. _ ' ' 
; Th~ i~omogeneous' coordinat~s are C similar to . the cylindrical ones with ' the. ra-:-' 

di~s-'..~~tor '( hl the, plane) ',. ~h b' ;The coordinate. planes 'z· ~ const., are 
\ '. ·, . . '• - '. \ - ·. . . : ' .. 1, -

· orthogonal to th~ ax!s z,. , For the. Laplaci~ we_ get:'. 

0. • 

.· 

'The 

, .. 1 . 

~r~ ch 1a 
. '., \ 

a •' · , a 
- ch- a -a a. a a 

+ 

'+_L (~--~ 
'ch 1 _a: ·m .b · i) b 

y. 

I 

Iii :b~ +:...L 
c' i)b sh'b 

• ?, > 

fr> The Cylincl~ical. System 

· The ,. C; · :-: sy~tem and 'R. - system are _ very alike · 

u ·,.•en b. di a' 
0, .. -

' · · u·" • ·EIJ b, 'oas c/, -, ' " . 
\' 

u ;. -;EIJ b ·tin : cf, , 
z . 

,. 

~ 
a ct, 2 

. ,, 

(3.1~.): 
) .. 

I_ 

(3.12) 
., 

• • • · ,. ·. · • . 
1
u - - • di b :m' a 

correspondence between h\>o systems is ~asily seen, i;; inho~o~~meous 

'co~rdinates 
~ _. _,,. • - I , • I I -

.·, .. .:·:::. 
I\, -: . 

'\ •/ '.' 
~ ' 

'8 

. '; 
\ 

·' 

, ,I' 

i. 
~:. 

' } ~ 



, I 

~ - th; .;. th b _Lan 
· ·~ 3 ·:, cha 
th z ~'th b -.:.J..:.., sin cj, . 
.. • 2 'ch a· 

, 'th z· = th a· 
1 

' ' ' 

We _see that the diff;;,r~nce -comes•'crom ,the thi~d (axw.I) coordinate, ·In ,th~ . 

. 'CI~ system :the distance' betw~en planes is measured along the cylir:ider a~is, 

so' th~t: the' coordi~~te surf~~e;,; are-1 equidistant' ~urf~ces, 
~ ' ' • ,; .· - , ! • ; • '. - , - ' ' /·• 

_ The Laplacian ·in . this. system reads: 
' t 

b -'.ii b _i_,',: i· ~ 
ab•--ch 2 b aa2, 

, I -

-.-

+·l 
_ ,'-sh 2b' 

v. ·The· Horospherical . Coordinate 
System.( 0) 

Finally- ;,e co~sid,:;r, the' horospherical coordinate ~Y":tem' 

u
3
·•= ½ [ ~••;1- -(r2- 1 e• l-, 

1. u2 , re• oo-s'.c/> , 

In _this's~ste~_ ih4' ~~o"r;~te ~;;;~f~ce a = a,nsiis 

·: chevsky •~ space~- In 'ttie horosph~~icaf; coor1i,nate 

'a horosphere· in
1 

the Loba-
• --.•. I ,, ' _. ',· ,· ·., 

system the Laplacian is 
\~. I >, • • • • ' -• ' ~ 

/ 

ti.,,= e·2
•, (Le2 ~L+~:r-.-Lr..:L: ... :1.:,· a2 J(3.I6) '

1 

'a a· . ·._ a a . r a r 1 • a- r r 2 ·•- rJ </J 2 . 

< Ii"is not difficult to se~. that ifiOm the syste~'
1

(.o);:~;1e can ·get th~ system) C ) 

'~,'the', tra;,sformation 

where by 

. ::uon (3.17). 

o( axes; 

re sh b' 

th a e·•· + ( r!L. 1 J e • 
C 

.,e .. \ +·( r,2+·J) _e_ •, 
-. a · · we. denote · the coordinate · a 

0 ', . 

has b'een, performed the· systems ·will 
' '\ '. '. " ' ; 1. - ·, ' - ' ' ~- '. . ,.~ . . .' 

(3,17) 

!~ ( 3.i2), Afte~ the U:ansforma-, 

differ ·on1y _by· 
1
an. int~~hange : 

• ➔ l ;' , f. . "',, "_/ 

'Now ,let'.us: consider the _km'emaUcal:meanin?, of the coor:dinates introduced 

above~. As long 'as we ~estrict ourselves to the 'binary reactions ( };e, to the 
'-'.'. . ':: , •. : • ·, ' •• ' ; • ·; ,. '1 ·: ,· •', . ·, ·.' • • 

·. plahe graphs),· we-,shall,not consider the Lobachevsky's· system • 
• I ; ' '~ ~ .'· <', ' i f ' 

'I 
-,· / 

9 
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/• 

.,,. ,_. 

;,·.· ~.-

In,the , S .,.system·the coordinates are the angler 0/2 .. (the· 
, . . , • I . ' . . • / ~ , 1 : - ' • r : {' 

scattering angle in . c,m,s,) 1and the length ( s 1 )' . which ciefines the 
l •• , ' ' • .• •, -~ • ' • ' <' • / ;• 

the particle ·1. in c.~.s •. 

. ' 
· ·1n the H ' :, s'ystem the point . ,I i~, defined by th~ 7egment -(sB) 

Breit system velocity with respect tC) c.m:s: and ,the .length ( Bl-) which 
• .' < I •-' •. ,' .• ' •• • • I•··• . \ ..-- ""/: 

the enEc>rgy of_ the_. particle in ,the Breit system · ·· · . , , 

l~(the C - system tne particle . I ; is ~pecified s;mn:ietric.;a,.11; 'by; the 
segments' (~Ji) and (sB'J i,e •. ·by the v~iocities of l:i~th Breit:, ~;~;em~'(the 

system 'with vanishing ~um of velo~itie~ of the I parti~le' I : befor~ a~d, after: th~ 
• • ~,. ; - _ \, ••• , : _ , •• • _ ·.: _ • , , •• .• _ ', ,: ~ _., •• • , ,_, , • ,1 , I 

collision and "the· syE1te_!l1. ,in 'which ;vanishes-frle: sum of the .velocities of the par;_ 

. . . !:);fore tl')e ;~l!ision and p.;,,rti~le 2, after the ~~ufi.io~). . . \ ticle 
I 

In .. the1 . 0 -, ~ystem th~. coordinate.' a . is ,the ,distance ··to the 

phere with the center at u;~ point ' k •' ( 1100) defined' by the f~r~ula: ll,;,, fn ( ku} 
!· 

The 

able 
. I 

scalar ,product of _the type :(ku) -' . is C)fteri' used 'as an 'independent 
' ·~-- ' ' • , _, • i '. - ·• ._··., : • • 

iri the·· p~oblems, of. quantum electrodynamics,. The two other variables 

·.and u '.·· det~rmirie' toge~er with ,>,/l -~n invariant r~c~:ngular. 
<:, .. ' \' , ,; . / .; '. ✓ ... , •• -

'orial cartesian system in, the:: Lobachevsky space. ·· , ; I. .. . . . . • .. 

,. 
I" 4. The Ei~enfunctions 

In this, section' we shall'. obta:in 'the . eigenfu.,.;ctioris oi 'the . Laplacian' 
• I • \ • , , '. ' ,• 

hyperbolC)id' in 'the five systems, s ' L ' 'II·' C and ' o,. For •,this purpose 

we us~ th~ meth~ci
1 

of' separation ~f ~ariabl~s.'' l'.s· i:S kn~~n {~omp/ 12/ ), the 

·;ig~nv~l{i~s ~f the multidimensional Laplacian are -:._f (f + n -·2) ~here ·. n 
! ' • , ' , . ,- .. ' . ~ 

the dimension of th~:space; For,:n:;,.,4 the eigenvalue:is -:£(t+2).- , 'I'h'? 1 .. 
( ,•" ,• ' ' 'r •, ' '•,,' • ' \' • - ~ •' • ,',' • :/ ' 

. fransiHon fr'?r:n the ~phere ,to, the hyperboloid l";ads . to that , . £. , ceases 

iritege~ and
0

'may: be a~y 'complex _nuinbe'r,: Since in thi~ ca~e the sign-of, 

( s~e- :eq. ( 3:4) f is . negative. the. 'equ';ition of,, the eige:nv~lues becomes: , 
, , .• -.· ' . , _l • , . ,, . 

In order. that 
I 

or ' 

a(i,+2) 
I 'f.·•·-' 

f:..' f =u(u+2) f 
L , 

'·be real •it .is necessary that: eitl'ler 
\ ' . .' 

a:=-l+ip '(p '-: ~ed) 

·a-real 

/,';· 

(4;2). 
: I -; '· 

( 4.3) 

From. the ,theory of ~epreseritations if is. kn~wn that these' : values cor

responci to . the unifary , ~ep~e~eritatio~s . of· the' Lorentz group; Here ( 4;2) 

·pondi to th~ represe~tati~n of 'th~ principal : series and ·(' ~.3) /to the additional i. . · .• · /13/ , . . . .. ··' •·. . . . ,· ,'• '-
one ( see > . ) • 

·, 

10 ,~· 
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' .l. ' ,,i, 

I 
',/ 

' . ' 'It _i~ ;con~~ie~t''to put ''u';:. - i + i p then, ~e , real val\,!es of: p cor-·, 

resp~nd' to the liriitary represen_tati~ns ;~f the : princi~al ~edes., In this ' 

,\ eigen'\l'<;\lue i'ura,+2)=:-(p 2+1) and,wecan wrlte' (4~1) in the'fo_rm:' 
,1 

' ' 

', ' 
case the 

', ( 

ln:the foll~wing, we ~hall :find other quantum numbers; ,we" notice that in, the case 
,, . I .. · ' t' . VI 

' 'of' a two-: dimerisi~nal hyperboloid the eigenvalues will be- ;;( a+ 1) For 

a •.:_:~(+iq , .{-~ q _; ;eal) t~ey,will be real,and equai-to -u{u+l}=qz+¼,: 
• . ' \ ,· """' • - \ • \' . . .1 ' • . ' - •, ' ' ~. ( . ' ' , . ·: ': ; ~ . ' . • , ' ( 

We, start. with the system , S .''By seria:atfr1g the' coordinates/ , 0 ';''and ¢ 

by ,tt;~:~rdi~'sphElrkal function re.~ (0,</>); 1 m=,0,.:.1,±2; •• ~,': 
we g'~t the' equatiqn. 

[ ~ ,2lL. oo 2a L .)_!1±..!) ] A (a):".'a.(p 2+ l)'Afa{, 
sh·2 a a a , a, a /ili, 2 a 

It is, easy to check that the solution of this equatiori ,will be 

, ~J ,;, I' 

p .::,ft\\) ( ch!') ,,
',-¾+Ip 

( 4.5) 

.. 
' 

.'l'hus, the, eige~ur;icti~ns (unno~~~lized) in the,' S, '-:system dre of'the form: 
' - ' • - s ., ~ • f ,, 

·, ' . : '.' 

(cha),Yf '(0,¢)· 
• , .: m,.._·,, , 

: The'' expansion' in the coordin~te a is a,,generalizatiori pf the well-known, 
r 
Moll~r- Fock expansion; 
.. ' . ~ ( , ' 

1 In the ·Lobachevsky's sy7te~ the coordinate ' c , is separated by , means of : 
,.. . ' I , 

the functions e'"'-~ .(m-'is,real;_the,expansion·is a Fourier e::,{pa,'.ision). '!'hen we 
' , . , ' 

obtain two, equations· 
..... ' . ,, . 

_, I/. .. , ' •.. _ 

to determine 'the eigenfunctions, in the system 
,t . j • , 

. ' . . . . . 

A(a)-= (~h~ ,-1, P
1
P 

•¾+',;, 

\' 

( tha) 

I-

·•c 4.a,, 

L,i • 'The solutions of these,' 
; 



/\ 

"j\• 

elg~rif'uri~ti~n we obtain ', 
, ' 

<p,q,mj:,,b.c>=i'm'a..fchbr1 P 1
p, ,(tha)P'lq'' (thb)elmo, 

' , • \. ,:. ,_ '-. 
1 

::~,Yt,+<lq 1
-1/2 +Im, 

(4.12)' 

the ,'~ext s;,,.st.;,m,, the • II . ::- system, the 9perator in brackets ( 3.11) has 

'.eigenvalue ( q2+ ¼) _and the eigenfunctions ' l' - ,\ 

', I 
:p~ ' .. , 

•½+lq 

(chbl ,;,.¢; 
, _e , --( 4..13). .. 

\ ~- ,· 

where 
'- ~ ' " C ' • • • • • • , ,, , ·, • , ' •, , , • ~ ; 'I, 

is;-an · integer, Replacing the bracket by the eigenvalue ·we are m 

to trie: -~uati09 
I 

,_I 
d 2 • ' 2 d ' 

(-.- .+-... -.·-
·.'di,2," ctha.>da' 

q2+ ¼ 
- 'ch 2· a 

, · ' 2 . I · 
) A(a) = -(p +1) A(,a) 

, ' ' J 

The; fu~ctions: · 
. , ✓ 
: -- ·-.J , Ip. . . '· 
A(a)=(cha) ·P. ,· (tha) 

• , , ". . . . . • 11+ lq ' . ,_' :, 
1:.,-, 

,·.' 

/ ; 

represent the SOh,!tiOn of, this :equatior;t, Thus, ,we .get fo~ th.;, 

,; -, . '- ' · , , •1. I ·. -· .. -m 
<p,q,mj~b,,f,>=(cha) pP,. (tha)P .-(chb} 

• • 1-½+lq , .. _.., •½+'7,' . 
e' m"<f; 

~ I , . x/ 
H · :: system . 

( 4.16) 

, . > 
In. the horospherical coordinate · system we· separate . the· :;:,.~riables ,' -r 

- ' , , · ' ·· - , · · . · Im¢, , 

··: 
_·..;.r:ct 

:by means of, the' Bess.el, fu~dion- J., ( ~r) ~i, : . ThE;n. eq, -p.;i~), vyiU b~ 

, . l ' :(. .,,\ \ ( .. 

I B(b)=O 
I . 

.\ I~-_!_ -~ +(;2+ p2+1 j 
, d b 2 b'. 'db 1 . ·, .·. b 2 · 

( 4.17), 

'The· sorutfon .of--this ~quation is the 1\1.a'cdonald funct(on (the Bessel function of 

an imagi~~ry • in~ex ~;:.d 'an imaginary argument j 
~ .- ., •. . 

~(b)~_Kb _K1",(~b) 1 

,(,, 

,f ( 4.18) 

the ,eigenf~nctk,ris of tl-ie system.; O are . the functio~J. 

I, 
<p,1<,mlb,,;cf,>=(~b)'Ki(Kb)J. (~~)e'"•¢ 

-. '·, . ·-1 l •• ·' . ·, Sp ·.- -.qi 

; ( 4,19) 
' , 

Fln~lly, . w.: i::'on's'icter . the' cylindrical. syster~; S~parating the ·.variables, ,· ,:,· 

·a ·b;,;; e 1 ., J •. an9 e Ha ~especti~ly, ·'we. ar~ '~ed lo the equation 

a;:,;d, 
.l'r 

,: x7 · 'The: argument tha· can 
·COS a ·: Formula 'th'a = ros ·a 

1. ~-I• ,. 

b~, replac'~ci ·by the trigonometrical ·function 
· •is the. well-,,known relation for .parallel 

t • ' I ~ line~.;in Lobachevsky , sp":~e, f 

12 
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;[p2+J'- ·m2 
. ~. sl,2i, 

j i, ' 

. The solution oC ( 4.2 O) is. the :~~ddu'ct' of hyperbciiical functions with -the hypergeo- · ;' 
- ·: ', ,\ ;· , " ,·, • •• I 

metrical 'ones: / 

✓ B( b):,;; ( thb) ~ .( c:h b )~'~',;,( m ~ 1-i'-ip~ir ,
1 

'' '. ,, / ' ' ' • ' ' ' .'/2 ' ' ' 

·:r ., .' 

.< 4:21) 

F( m+l+ip+fr / 
, • . ' , . /' , I , , . ,' ', 2 

'.This finishes 'the' constructioh of. tl;\e ~rthog~nal syJ~rris 'of' functi~ns 'iri the five 
"·:.' • I • . • \ ';'• . 

1
·l ' . ', ; . \ • , , -. '.' - : _ -, -~ . 

, . ,,'. coordinate systems •. It can 'be shown that four· systems •, .S, II, 0' and 
,_ •":, -) "• '' • 11 r ,:• 

1 
• •,< ; ' , , ;. • • , '--., • ._ • 

exhaust . all . the systems, possessing 'the axial symmetry. property and· constructed 

I fr6ri(sphere~,,horosp~e_resa:na1~rp~r~oloi~s~ C'I'he syst+ ' :LI :~,oes_n_ot hav:e\ 

this property·'arid is given' here .as very. close to the others; the; remaining: sys-
.,.. .·-_ • -· ' :,,·_ •• • •• ,;. •• _ , ~ -✓ :1_" __ ' - ✓ ,._:,,/•11_•·' < --- \ .\ , ~ ~ 

terns 1riclude .ellipsoidal _co.ordinate_ surfaces). In what ·follows it w}ll, be shown,that 

; the. ~eslri cti~n to _ orthogonal systems . is , not obligatory and the expansion ; can 

' ·be, performed. in-~0;1- ll~i~ry repr~sentations ·, ( the qua:1;,tu~ number[ , p is any 

c?n'lple~ n_umber ): ,, , · · 

··. - ' - ;·, ,'. i 
The. Method· of l\:11? · Horosphere and · the Expansion 

' /' 
'on the, Cone 

• We ,_ha.ve:,construded different syt,t~ms 'of the ~pi;c~ eigf nfunction~ on. a 

ti.v<>:;.sheet hyperboloid. Now .. w~ 'have.· to .. r:iormal~ze. ~ese functions, or,· .what is·,. 

' the ,same: 'to find inversion formulas . using these eigenfu~•,ctior_is; 'The general 

' ~ethod; of~ the' ho_rnsphere de_veloped by Gelf~nd. and Graev gi~;' a 'firm basis' 
r ' 

, : to ;thei derivation ot' aU these fC:,~ulas. /. 

_To under;,,tand the essence. of the· ~ethcid we,, consider the clas;,;ical Fou..:: 
rier · transformation in , n ' dimensiona\' space . 

(, A.. • o\ 

F(k) = r (( x) f:"P (ik x) dnx 

where (oitlx in this and the next ,fo1°mula): ' .\ 

·'kx "'k' x + ••• +·k,-x .• 
,'J':. . ,·· ~ ·z ,.· ~ ·" .. ·~· .. ·· . ., /'· ~ 

'''.'-- This ,can ·be' reduced- to the jntegration oyer,-planes; 
'. ,';-, h ,• , '''.•,, ,· .. 

,. <!>(~;i,J=:ff(i)8(Jc'x-p·Jd?x 

. (5.1) 

( 5;2) 

J 



"·' 

V· ,,, 

I 

•' .. \, 
' , , ' , ' , ' " ,, '\_ ', 
and a~ subsequen,t · one- dimensionat Fourier transformation. 

.,. \ 
_F(k} ,;.f <fl (k,p} 

Ip 
e "' , 

. ( 5.3) 

\ : ·; : ~· _·., ' , ·: ·.._";,., • I • I 

'The, integral , transfor.:n~tion ( 5,2) ( integration. over' the planes) is : called · the 
• f • • • • ' I \ , ', ~, , , • ~ • • 

.13adon transformation, , , _ , 
. . -·. / . _· 

',_' Gelfand and G~aev 'have' shown that in the same way one reduces the. in-·: ,. :' . , ·•· ' . . ·, 

, va;ianf ex;a;,sions 0~, any homogeneous manif~ld;, the I role of th~ 'pl~nes: being , . 
. ' ·.· ' . ' < > .. ~. - . - ·, ' ·: ' . .. . .: ' ; ' . ~' . ' . \' ' .• ,· . C • '. - ' ' ' • • • • \' " ( ~ j I ( 

p~ayed_ by so-:_ca~led horospheres~ For_ the upper ,·sheet _cif the. m-o- sheet hyper-
• • ' e 2' • • _,• ,' - • "< • • ,, " '• '. • ' - - - • / • ' • 

i boloid u =11 the horospheres are the, -cross sections· of the hyperboloid by. the 

I·,: 

, . , , , . k 2 • o ·~ ~~se,1)Ia:i~~ p·lanes •, uk = 1 'where.• · k , is a point 

are, parallel t6 the. co~e-: ~erierating lines; · 

of the cone 
~ j • 

' • ,' ' ., "'. ~\, ._ ~' I • .; • 
'\' 

,· .' ' Each funcUon f(u) , given' on the 'hyperb~loid- generates' a, function" on 
' J ;)',: ,• -· ' 

the cone 
·".-;-

h(k} =fl(u} 8(uk~1) ~-
, ' . , ' u ' -

,.\· '•·."-- ' o, 

where· 

·'' 

d"u =_ du; ; .. _cl~ n 

·1· -· 

I 

( 5,4) 

I 

~t / 

·' 
(5.~) 

- n ; \. 

. d ·u . , is the 'inva~iant measure· on the, hyperboloid: The transition from ,I(~}-
.- ,·u ~ , ' • , , . ''. • ' -, \ .• • '• . • 

.'we· call. the integral, Gelfand-Graev transformation, ",''· 
1 - i ~ ' 

·-to.' 0 ~(k) 1 
.,,·, 

'Tt;le ,inversion.formula 'for this transform~Hon for n =2m+ 1 · is of' the k>rm' 

,>1 

and for, ~ = 2~l ,. ,. 

n•I 

· (-117'"7' 
f(u} = , n ., 

2( 211) 

'of the. formx/ 

' .' ' ~.,, _i 'n , r a<n•l(uk ;,_ 1} h(k) . d k 
. k .. 

0 

. 1rr.i1 
, .-:. n/2, '; 
(-1) .r (n} 

( J11) n 

. , . '· • n , ~' , n . 
{(ku-:-lJ'. h(k} ..!!..:_k_ 

,./ ., ko;_' 

Here· 
·,· " 1;' _,-, 

, d k I 
,\ 

- , k , 
o, •. 

· is the, invar1ant measur:e on the cone, 
·- , I 

,, 
1-:\;' 

<( 5;6)! 

• f 

I 

~ J ,_ 

(5:7)-

, _{5.8)/ '. 

C It 'is co~venie,.;t to C::ori~ider' the fur:iC::tions on the c~me since it' is posible 

/ · x] 'I'he: divergent. integral' implies 
analytic continuation. of. the 'exponent, 

here a regularized one by means of the , ·. 

\ '/ 
14. . ·; 

I_, 

r.,,', 



', :,': . , 

. . . 
' .· ,, ' ,• 

tci- use h~mogeneo1,is ,functions ori .this surface.· 

tr~,'.; into. the homogeneous compori·~nts · 1> ( k, u) 
•$j 

'where 

·h(k) = l 
. '2,ri 

o+;IXI l ,, 

( ,rt>(k,ri) du 
_;-

10.~ir/O _;' 

¢(k,~)={f(u)('Uk)
0 

d"U 

u_~' 

The expansion of the -fun~.": 

is of. th~'. for~x/: ' -\ 

\' ( 5,10) 

<\"Whereas from eqs,'(•5;6); (5,7)"-and (5,9) it follows that:ior- _n=2m+1 
,; . . ' . ' . •/ . 

n_= 2m 

n•I 

. !('it),= '(•l)T'. 
· ' · 2i ( 2i ) n_ 

. l(u) 

0+100 

f' [(u+n-i/ 

/l.,,,,, t(u) 

ll+,..; . , . 
_, J f(u +n -1) 

o~,,,,,: -,r(uF 

\ ' 

( 5,12) 

, ,-_,, , ... _, .: · ..:~ ;.9'-n+1·~-1 
ctg,ru'{~(k~u)(uk'}' d_. k'dci 

T. 

J • , • ! 

The ;contour of int~gr.;_tic',n r is any contour on the cone \;Yhich crosses- all 

the :cone gene;ati,:;g 'ii~es;' arid < ~~ k' :is the meas✓r'~ on,,this contour defined' 

by' the :equality 
d(tk') =t n•~ dt dk' 

'-: '. ·,.___ 

For_ u=:.. n.-r +ip 
. 2 . 

where,. p - is real, the integral'. transf_orination 

(.s:11), (5.12).is unitary'.· : .· ,' ' ' · .. ' . < . . _x,;,, , ' : 
For the twO-: sheet 

0

hyperbol~id the obtained formulas are just an anal?g · 
/ 
. - . of the , Fourier fiinction expansion in the 

~e ...,;_n~log-i b~C()~es tnore oblfiou,;; if we 

n :,_' -_dimen_s,iorial, Euclidean space •. 

notice that . 
. ·• - ·k; .' f(uk') 

,U c::: e, · uk' ~ 1 

£(uk') ,' is the distance froin the point u · 10 the • horc:>,;;phere 

:;.:c.. further expansion· Of the function i~-,~fr~acty' perf~~med on the co~tour. 
,/,,, '1_· 

•_xi: The value of o ... is' chi'Jsen so that no pble~:o{ the function are left 
inside .tt;ie strip o .~Rea :;_ll 

xx/ ~r n= 3 these formulas ( 5.:J,,O). a~d_( 5,:t2)ow~re -~btained by 1.· Sh;.,.;ird i/ .. 
before Gelfand and Graev: 
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.·, 

" . 

· -~ 'r. ; In' this ·2a'.se ·to different contours. there· correspond different expansions. \_ - ' \ . . . 

We rest~ict ourselves tci the , case\ · n = 3 • , ·we corisicie~ ttie. contours: 
;' I ' 

~f I' 
. \ ,- '2 

k2+k2+k =1,.k • 1 
Z 2 .3 , 0 ' \ 

1 '. b). r. -·section'or the cone by-the'planes k;=l 'and- k--1.· 
,. ,- . " . '~ J; ,·•: -, ' \ . . - , ; \ , 

the upper : sheets of the. hyperboloids . k 
O 
~ k~~ k ! = 1, · k; i :1: 1, 

- section ·of the· cone by the pl~rie.' 'k'· = 1. 
• I'' ' 'I .0 -. 

"i.e~ 

•, I 

the · spher~ · · 

, I ,- ~, 

. c)/,,, r ·:::: section of the c'one by the plane·'.. f -~ k a 2 (paraboloid),;. 
I • . 1 · 0 • J · , _ · 

; d) ' r ~ _/ sectio;, of . the ~one by the. ~llrict~r' • t' :,:_ k 
2 

,;. ~. . 
/ I : / ' • ' - • ' • • '-. '. ~ •• ' • ' , 'I. 0 1 . /. _. . . ., I 

To these . types of the cross. sections there co~r~sporJ? th~ ~bo·vE:l' considered·· 

coordinate systems' s_. , , H. ,- 0 _,and. C .• Thus. to 1·c~se a) there corres . 
- ' J • . , .• f 

.-·srstem"anci. pon~s the s. - system, to b), -the 
. , ' \- ' ' 

H -systein,<to-c) the·· 0 

·to ct) 'the 1 • C .- system. · :, ·. · 
,\ 

· . 6.'. DerhraiiC:,n 6f the: Inversion , Formulas' 
.'-,. 

- \ 1· ,· , ' ' ·. ' . - ' . " ' .. . . 
I 1. We, pass to .the

1
•derivation of the •ir:iversion· fonnulas connected_ with .the 

Laplace eige~~nctions obtained .in 4; ·1 · 
·,\ ' . . ' . 

~-';: 
.:1 

,, ! 

I, · :, 1. The Inversion Formula' in the . S,_;.. system 

We start.with the·•case when ',the 'cross-section .. r. is' .a._ sphere 

k = 1 , in this cas~ the . function <ll(k~-'u):. is- give:ri on'. the sph~re -~d 
0 - ' . ' - ' ' ' '' 

is· the'.refore expanded in, the set of spherical harmonics· .. 
. , . \' ._ . -~: £ ., .. -.. , , 

,P(k';u);, I. }: . ,ifm (a) 
. •. ; .. , f =;O. ~ = • f " 

· is a point of the spher_:e. -where k'. 

Yf~ (k'J /, 

' . , 
J6;1). 

I;. 

1 .:~-ewe insert the expar:sio·n-.(6.1) into eq. (5.12)_ of'§
1

5.,We.get.that'-
,,; ~'.I, .-:._ ·,,',-t .. 

·f(u) 

1· , 2i( 2~)~ 

:· 1- li+ I~ .·· •. .· . ' . • • -0•2. . .. ' 2 , . • ' i:. ·•(~-('!~J};ae~(u) ((uk'J.,, Yf.,(k;)_d k'du 

l/., .. · . r 
( 6.2): 

' ' · • · '. 2 'i l ... J , : , , · . , • , • . . • /~ 
wl;lere d. k'•" ,is the ordinary. Euclidean measure on:11he' sphere ' r· 

··~t 

in 

\ . :.· ' ' \ .. 

We ha-ye to ~alculate the . i~tegi:;aI . 

,•', :1 -.:· ; 

J =• f (uk'j":. 2 Y ._ (k.'),h'. / ( 6.3) 

u;.(u, ri'J 
. ~ ~ j/ 

the direction 

··, . ·: r ·, .. . fm.· .. 

wh~~ u · ;;,. ch a ! ·, u' e u , ·, We choose a polar a.."Cis 
. , o. /' "' ,, . f 

. u' and go over' to .the' spherica.l ·coordinates, 'after. simple 
calc~ation~ "we , obtain . . . . . . 

_\'. 

16 
I . 

. '; '·· >r, 

(" ' 
' ., 

.// 

",/ . 
';I 

1· 

\ 

.:,,, 



1'; 

J 
(-1/ ,2rrJ'126~i,. ·:,, .f .½'. 

·r('(1-f.;.1, ,./'sh a. •U•f-

·, •f+ I 
l(izJ',;, 1 :S(-1) 
. _,· 2i(2rr)~I~ f,.,. 

·, 

a £■ ( u) 

~ / '. . 

I~. - , . , . . , . - . 

· 1 ;:, _ Now~ we: proc~~d ·_to the calculatfori of the , coefficients 

(6,1) it follows that • 

We insert into this equation ·the :~xpr_ession ( 5,11) for . <ti(k~•a} 
. •. . . .. - . . ,. ' - J 

·. ' ' ·, ,a t,. (~) =r l(~) f ak;f' Y;/k') ;le \: 

' , ( H 

Frotjl 'eq. 

-• Repe~ting : the. calculations . of . the integral· ( 6,4) we get · .. , 
,, ' .· . • . • .• f : : ;;2 . ' : \ ' . · .· ' · ; ' • , , , .--., · 

. . , (-i) (2rr). f(u+l)(_ l( .. a') (_'_;_a·)-n\ p•tf._+_½_>("ch· ··a) y· ·(0,·-.1.·) __ .d u 
ae;,.(u-J:=· 2r(u,-.f+ 1) . "'! , , <1+¼ ' '. f., . 'I' . uo 

Iri terms of_ the coordinates ·" 0,¢ .. we h.;_~-'- '· 

.( 6.8) 
,' 

/ Eqs •. ( 6.s ~. ( 6.8) l( a) in th~ eigenfuns~ 

'1 - tions ~ C::t the Laplacian, 
/• ,, 

J \' ·•, 

, Formulaebecome simpler if u=:...1+ip i.e. u:-1,ye1;onsider':o~ythe 
,,, • \ • !, ,,, .... 

''.:_unitary, cas,e, ~ this cas~ they . take the form: , 

. , 'e,. 
f(a)~j, ( ~-1' :s rf'(a.ip)_, a fm (p) p -£+ ½t cha) y '/ 
,·. ( 2rr)_31~ f,., · 0, r(ip-p ~- ( sh a ) ½ -½+Ip f., 

where. 
),' 

. Ewansi~n ; in: the ' !I - S}'stem 

( 6.11) 

'The ,expansi~nin the cio~rdinate system -'l! . is pe.rfor~ed in just-'the 

_: .1 ,· 



'•\' 

. ,.. __ 

, __ 

,I 

) 

·\ ' 

:·\. 
I ' , ,, , , • , , , , ' , 

same way. We choose· as .. the . , r. contour, the· section ·of·, the cone 

nes u' =; 1 . This cross secti~~ consist~ of two' ;arts: the, upp~r sheets of the 
3, - , · I , , , , .,, , . ,, 

two-sr1eet hyperb~loids, ,r+, and ~r_ • We;denote by<1>~(k~:;,;and,<1>.2<•'(0) 

the values of: - '<I> (k~';,)_ on,-these hyperboloids ~nd apply·:to the fundiom:, ~+(k~o) 
. arid,. <I>, (k~u) the ~xpa~siori on 'the two-,demensionai hyperboloid ( see App~n-1 

' 
• - c, , ••/ •• • ' < '• ,, A' ;.•,. ,~ • • • • ' '~ ' • 

.dix). By ;,.~bstituting th~ obt~idect _result into:Slhe 'f?r~~a (5.12) we get:; •',,•, .· 

, ; , 00 , , , lJ+ ,..• ;, •. ' ( +IOO, : , , 

, f(uJ;.-1. ~ ··::E : fu(a+i) r-rr 1 -:-•J r ct{I1rr •. 
8 (21rJ m=.oo l) ' f(:n-r)' 

•fOG f-foo f ,. ·' 

,, . ., -._• , · -0".2' 
· .• a+(,,u)(f+f,)(uk') · 
,., ··-r r ·· 

]"'.' (k'),Pk'-d,' dd 
_,_ 1 

- + 

wriere 
.. 

/ 

J~· (k').,,,p'm 
,•,.r-1 r / • ~-t - " ,,~' 

,' 2 ',, ' '' 

d ~:=·'f" b db df, 

'(ch b) ,.,;cf, " . 'm 
, e = J 

-r-1 
(b,cf,) 

In this case, we ,have ,to calculate the integrals,, , 

T 
1-;!: = r' (uk;J""'".' 
, ,, . r± .. 

Jm 
, "'•1 

(k;'Jlc' 

Th~y are calculate? , in just the same':. way as ( 6.4), 

- ' ' '" ,\ = I'(oi-r.+'2)r( u-t+ 1) ' 

. . r(a+2J-
)± 

''et -a·•t 1. m .. . . _ 
(cha} P .. • ("t,tha} J · 't(b,ef,) / 

· -r-1 · · · -r-1 · 

~Therefore , ' ' .. \_ 

;f(u)c.:_ (ch~)~I ;l)+,,.,H,,. 
. 8( 2ir) ~ ~ '.f I ' 

I'( o+r+ .:0 I'(u-~:i-1) 
[(o) _rr m-r ,, 

r ctg,rr ~ '] i (b,ef,)~ '.,.·,' . 

, , calculating' 

' - ' l) .,;,. ,.,.. 

",< 
~ 

, + --•. -a-·J ·1 
· ··•CT•t / , , , 

I a (r,u)'P- _(.:tha).+ a-(,,,i)'P ··_ (tha} ldr· du 
' m •~•.t , , Ill , _ ;.,,•.1 - ' 

•+' 
a , 

DI 
and, a - .·:we get - , ~ I -, 

,,_ 
.._,, 

• ,, '~-t (;,.,, r(r) I'(-o-•r-1) I'(r•u) fi(u.)Pu+t~tha) 1- (b,~~ d-li 
m_·1 _. , , - r , . ,· r 

T(r•m+ 1) ,·, I'( -u) ·· ·. · 

,wh~re, , .. 

d
3
u 

' - 2 ' ~ ' ' = ·sh ·a .ash b da <!Ii def, ,· 
/ 

·~ l '/ 

. A~ was- pointed out in §5 . ( p.14) the: unitary. case corresponds to 
', , ~', ;:· " '.< I ' , ·1, , , , • "·,, 

1
·.:: 

·, 
,18· 

·' 

( 6.12)' 

' I 

(~~1~) 

( 6~14) 

'-, 

' 1 _; 

_(6~16)' 

\' > 

· ( 6'.17)' 

\ 



' 
; I' 

r=.;½+ig.Then ·eqs:· ( 6;15), ( 6.~6),take the ·form. 

·1'.' 
l(u1=-·----

(2rr) 4
. ch a 

., r".;.27 rf½+ia+ip> rc½tiQ-·iaJ, . 

0 
r(1+ip)_ r(m+ ½_-iq) ·.· 

q'cth 7rq X 

(i,, ¢)Ia+·~ ~:'P: (.;tha) +a-' p ·•!;, (thaJI If, dq 
0 '. , ., ""+1q. ·"' •¾ +le 

± . 
a '(p;q) 
•. m 

'· 

r <-½+i qJT(½ _-ip -iq, r(½-ip+i.qJ · 

,, - r(½+iq-~J r(l-ipJ · 1 -
. ~ . . - . . 

• . . 3 
( b, cp) f ct, 

,·,:.., 

( 6.19) 

I n, the h~ro~pherical coordinate 

the • sa~~ way. as ~bove. As' the 

·I I, ~ 

system the calculation Ji-performed in 

r .,_, c6ntou~ ·we' cho~se the· se.c:tion of 
, ' ' ' ' ·' 

the co~e by the P,lai.°e k -k . 
0 3 

2. 

( 6.20) 

k;=~p•sin a 
,;' J 

211 , . i1<poo~(0.a) · C• " 
•·<t>(k~•<T)= (, f ,µ (i<, 0,o),e , 1<d1<d0

1 
0 0 .~ 

transf~rmation
1

) and insert it'in .eq. ( ~.12 )_; After 'simple transforma,.. 

, . 
8+1.;., 

l('u) = -
2i(2:r) 

(.;(o+l )'., 

/)~loo 



·l 

'j.'v ,, 

'l 
,",· 

, ''/ 

where , · K ( :r) is the Macdonald cyli~drica1 function, · Therefore ( as;;;u~ing .·~!sci 
a ' .· ! I ,. • t· \ ' 

\' 

ea=b)· 
8+100 ' 

· f(~) ='- _:_b_ ·( ·_1 __ 
' i(2rr) 2 : . r(u) 

' li _,.. ' 
,j 

211 bo I , _ • · · · ,, u+a f ,f ,f, (K,0,u)(~j ·. e 1Kp~oo(0.:</>) 
12: r ·· /. 

0 .,_ 0/ 

'' 

( 6,24). 

i 

<, f{ ,•• ( bK) ilK d0" du' 
i_ -a •I : . . r. • .... 

' ''It/~ coefficients ,t, '(K,o;u) are .cal~ulated by the Fourier formula· . ' . ' ' ' ,, . 

:where 

' . . : /·. ·~ \ ' ' . '. ~- .· ~ . \', ' .. ., 
'· , ·' '.1, '' · ·,· "•IKpcoo(0.a) 2 

.. . ,/,(K,0,¢)=--·[!fi(k,-u)e ,_,,_ .. dk 
. ' · •.·,' ( 2rr ) 2 

· · · · --: , ;· • . 

'd 2kf ;..4p clp da .. , Sut,stituting here' eq: ( 5,11) for. w' (k~ ;,,, we get 
' ;·1 ', 

(, ·. ,~, 
', ~ ( k, O;'c,/;. ~ /_:J_J+ l 

. · , , rrr(,-r,) K .. ·:. 

\ 

_ :.,KTo~~ (0-</,) . r f(u) e '. . · •. K (bK)_l_ 
u+1 _b 2 

•.d 3u, 

(6.isj 
3 . " . . 

· d u';,.,..rdre"•dad¢=rdrdbd¢ 
~, ( , l ' ' ' • . , ' • ., .: . -,,-

·1n the uni~~ c'ase ;as, above: 
,,: 

a= - 1'+.1!' '\• ~ 

/ 

.. ~-- i 
1· . 

The Expansion in the Cylindrfcal· Coordinate· System' 
-. < /, 

•\ 

Finally we .·consider,. the cylindrical ,coordinate~ ~yst~m • 
'\_,t • - . ' ' '. • ' , ' • • •. ' ; ' . - ' ' , 2 

It corresponds. to_ the 

\ 

. cross s'edion · r · of. the hyperboloid by 'the cylinder< ;- k~ -· k2 = 1 . We choose:: 
1 . 

on. r, • ·· the · parameters 
, . ' 

C anct,·· a 

~ · k =·-~d,· ·c, k = sh c, k ;,/sin a/. le == cos a 
0 · ·' '. , 1 . , 2 ., 3 • · 

": /. ( 6.26) 

w~ 
the 

'I _, , ';._ 

perform the· 

pa;a~~tJrs: 

Fou?"!er transfo~~a:ticin of· _the - function · .. <Ii (k ~,;) · .. with respect to· 

. .. ' . . c, ff-~ ,, 
..•. ~ 1' ' , 00 ----, ' oo,·: ,,:· :. · 1(ma+1c), ,, ·_.\. 

.<Ii (k .-(!) .= ~ 
' ' ', ~=-oo, .. oo-, 

(-a• (r,u) e . • . dt 
DI ·• • ~- , ' (6,27)'· 

_/ ~ I. . 

w~ .substitute this ,expans;ion to,eq'. ( q;12). Assuming 
I, _s \ ' 

we.get_' 

' ·-

, ·, ~:- ,.,· -, - . 

'-, iz ';;. ch b"ch a 
0. . 

:u~>= ·sh b ;'si.n </,, .· 

u =· ·sh .b. CO'S q, 
--- 3 '\ . , 

u ·. = ch b ·sh a 
1 

, . \- ';" ·'no ,, -
• f · •. , ';- 1 · '· .,.00 l(rncp+ro)· 

(u)=--. -.-
3 

S, /f e. •• · . 

,1 I,, 

, , 2t (2rr) m=-,··,.. ~ ! 

. , 
( 6,28) 

.I 

~+,oo~ :fl,,.,\ j>.• -,"'211,, 00 I I ' , ·'·,' '.u:.:i:: , . ,. , . - : 
• ( u(u+l)a.Jr,_ut J ,.f'(cbbchc -:-'sbb cosu) , \ !'1crna+rcJ_ ,(6:29) 

li~, .. 
',. 'i 

J. 

•\.. ,, ,,,, 

20 

de.· rJa. do-. dr, 
I 
'· ,\ 

I•• 

( 

.,..,, 

'' ·1 

·,' 

'..:: 

'/_' ·, 



'· 

'. Now we . have, to. calc!u.late the. integral·· \\ 

. I 

·• I 

We sep~~ie chb, chc outside,the _brackets and expand ._.(1-thb :c;hs: ,J-~
1
• 2 

into the binomial se_ries, After the integration tirm by term· we get 

'·J -

:ia+211 rr m+u+'.r · +J )f'( m+u-'ir 

···where 

f (u) = .- _,_:_, ·~1'--- I 
'.i6 ,1· 2 i_ 

8+,;.; .. . 
.f awfr,ql~: 

a., .. f'(uJ 

i (6'.32) 
f'( A) f'(B) (-..L.. p+ 2 F( A,B; m+l; th 2 b.) _du di 
· ·, · cii · b. · ' · · · : .. · · · 

... ' 

.. The c~efficients:' a (r; er J are e'xpressed o/ the formt.ila 
m ,:.· 

. J, 

I· .\ 

, ·we insert for ;<I>( k~ er) 
\ I 

the eq, ( 5,11), :After simple ~<1;~sfonn1tions we 

,a (r, er), 
,m' 

A11f'(m+l)f'(~u) ,, /, -i 

, .f 'th"' b ;~\-uF (A',B~ m; 1; th 2 b ;/J<~~+r&J, f(u)d~u 

~h b 

,.· .-
A'= ½(m:,;_·u+·ir)'• '· .. . . /. 

I. 

. '. J.' 
'er =-l+ip Thes'e form~las solve th~. prob-:_• 

,., f , ' 

lem c,f the ampHtude' e:X~_nsic;;n in the described, four sysfem's of, coordinates, 

.. Tt.ie . unitary c~.se ~orrespo~ds t_o· 

/. 
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, : .,· 

-; 

A p .p' E NC D i X . 

.• In', the ·expan~ion in the . ' R 
•, :" ' .1 

system .use has been made of the .. 

of functions · on a twc>- dimen;ioni:i:1 hyperb,;loid; Introducing the'· COOfdinates 

u = ch b 
0 

u = ;h b cos o ., 

we have·.~ 

' 2 . ; . \ 

; .· tr 
1 

=. sh b sin J, 
/ 

. I 

m' --;, f ( u) _t_ l 
. 81ri 

•+1~. ( ) I'( 1-u) T (·. am U • (b,ch) u cth 1ru du 

where· m==•oft.foo ' rrm-u) •0 •1. 

.', 
f1·(U)_;; . r (.;.) 

m, T(u·~m+1) 

✓ 

rtrurr 
.:.u . 

' ' 2 ... 
(b,ch) du· 
' , 

,,: 
. d 2~·. = sh b db ·dch 
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