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• . ' The. ai~: of this, paper i~ to _pr~sent an apf!roximation: me~~d for' the. pra

1
ct!cai: .• ' 

'calculation ;;f ~the 2~poi~t~fu~ction. ~f a ~quant,:.un ~ystem' ~ich is ~~fined 'by- its Lag.:. 

;;;m~i~n., The fr!ethod st1ci~d· \v~rk-~s'pe~i~nyweut;; ·~t~ong int~ract!~n,;; ( or :~tro~g . 
·. ~onli~e~~iti~s;( and . be L~rentz irivariai•t •. We ~ s~~ted from Ho~i 's ciethod/~/.. The 
'.~ t " • '; ; · · r' ·~· - " • ' • ·.- ·, ·'', ·• - • 

main idea o(Hori is the follOwing: The' 2-point-,fundion can 'b(; represented formal...:· 
'< •-~' ';. e • ~-' • .' • • ( 

ly. as-
-. I .~ 

/. 

with 
\· 

.._I,: 

.. ' 
\ .· ·. 

s ... 
"' Yae: 

can bEi . w~itten in the· forr? of a functional integ,rai, · , 
.t:,- ,\ ... - .:...._ 

..... : ( 2)' 

where 4> is ,th~ . d~ss.ical field qua,;tity of the . system •. The integral' ( 2) . couid. be 

e~uated _in: lattice--~pace : ii i i ~o~d not contain ~eri..:~ti~s of .· ¢ • ~ Therefore, 

. Hori 'p_roposes. the decorriposition •.. 
/• 

' --~ : . ~,., 
S =e. .n 

, f'ae . 

.. with 

0 = f D 'cJ> e:rp ( ;.;.·; (di L ) . · . . -. ·. : ... _ .. ,_ 

} • I ._.,.-. 

where L,., is' the. part:oi 'L. without derivatives,, so .··n can. be. calcW,ated, in. Iat-

·trce:::. space. Ther·operb.tor w ste~~ fr~m the ·difference·· of L · _and ·• L ,lf 'we. 

it follows ; ' I 

In order· to. calculate 
.. /2/ . 

p;;s'eci . to expand 

w=fd~dyB(~-:-;>-0-JJ·"~ ~ ·cs) 
· , Op(y)_ . . • op(%) .. . . 

s from (3); (4) and (s)'i~ practice' one.ofus p~opo-••c ,._ - _,_. ,. ,.. . .· -, . ··" -

·· .. t~r~l ~Ource:. 
·s ••• and n into Volterra-' series ·.~it!:( r~spe~~ to the. ex..: 

\ 
\. 

'. 

'' -· ' --

-· 
, s [pl·= I i") (,j: ..•. d%-.T~"'z"""'J 6' (zj-·"'>): 

yac -. -n=o·~. n!. f• t- .~•· '!,. ",-.i _. ..," ' n ,: 

... ·" 
{l[p] =·I I 

. -·,n=o .. n!~ ·' 
r a"'· . I 

l ·' 

_:_j \'._ 

d% cp. {% · ... %··) e · (% ·- %· ) • 
n . t , , ": n , l , \ ~~; j 

.with . ~~ (% 1 ·- "')t;P(I 1) ••• p(%") 
• . '> 

We h~ve· then 3 ). 

: '-_. 

3. 

( 7) 

/ ' ,· ,, 



L. 

<!:.2 
T (X I X ) ;, I ~- -...1._!__ 

2 't . 2 n,;,;2.4.6,""(n-2)! 
- ' . . 2· .'-

<,~· 

'-

. ' 

( dx 
3 

··~ ;dxnG(3,4)G(5,6} •• , __ G(n-l, n) d>Jxr.xJ .. (B) 
·.· . . ' . '-;' l- . ·• 

.·where G(i,J)= o(xj-x1JC] 1 • . · -. . . , I 

'The m~in diffiCUlty' in' e~luating ( 8) was ( see/
2

/ ) that'' one must . sum the 

whoie irifiriite s~ries -( 8) 'to- get. a two-point-' function which is different 'train zero 
' . . ' I . '": • '-.: ' . " ' . -· , ~ 

for x 
1 
f x 

2 
• 'The- aim of this article is to show how t? e~tr~ct . some -int~,r:esting 

information ~oncernlng the two-point-function 'from· the 'knowledge ·;f C'l (properly-
• •·, ' . '· '• .'.. ' ·' I • ' . ' • ' . ' ;'. -. 

chosen) finite -ntimber of terms from ( 8). In o'rder- to develop·, the formalism' we 
'• ---- ,.. \ : ' . . :.- ' 

. . shail ,aiscuss as m~del• c:ase !?Ystems with th~ Lag~~ngian 

/ 

( 

L =:cfo( x) 0 ch( xf +'>.chM('x) - ;c ~J ch(;J . (9) .. -

l_ 

. ' ':' - - . . . -. ''.~ .· "· _', ' '' / : 

-'· .. 
where.'>.. ·is z:'-(r~al)_parani~ter' al"!d '. u<.is ~o~<= positive- ~vel1 integer. 'The ~rj- · 

' i , ' :. ' '. • • /' l ' -.. ~· · • I - ' "'-

.able 'X ,may be. a vector· in either :Minkowskj,..;. Space' Or in. another: spa~e of .. '; 

less than -f~~ ~imensions.J Fo~ exanifJle, ·v.e ~~~Ii find -it int~iesUn~ to di~cu~~ · 
als~ th~

1

sp~ci.;i'cas;inwhich: -~<- rep~esent~ s~ply the ord;nary t~e-·: :; '4). 
\ · c I · • " ·:"..:.' "\> 

-~ .,.. . 
' ·( 

2 •. 'The chn ...::fu~ctions 
·.\---· t 

./ /_. 

· The -functions -' 4>n _ 'are: defined. by 'the integrals, . 
-~ . I .,....- '. ·~.-. 

'/. ' 
(-io) • ,• L / ~ 

.. ,- ¢•(x ••• xn)=(Dch ch(x1) •• ;if,(xnJe'~i[dxL:, 
/' ' n '· _- 1, '' r :, • • • \ ·,'1 • -: I '/' 1 

wher~· L'c;L +pcf; = >.if,M(x) . 'I'hese-.i~teg~als C:a~ -be calc~ated in lattice 
w - ' ' -. ' ' 

reduce' to .infinite produCts of. integrals o(the r t)rpe . · \ ··space. 'They. 

~' 

J 

. ·.rdy y"~·-IA~-r;={·j(i~~~ 
>--,-. :. 0 

f'(W)= M At . , 
: M · : k·-.. •o_.-

k even ( 11) f-

k· odd 

M- = f dy e•IA£ yM 
. ·.o -

for even:M·. £'·.is the cell volume in the lattice space. 'Ihe. chn ,., . can now' be 

-e.iprJ;;sed in the form. {'-, 

.,_ '· 
·,I 

·\ 

' .. ,,- .v ~ 
~ : '.' 

. \ ·~ 

~ ,· 

_4 

--. 

~-

. ,-

'l'' ~ 1 ' 

.< ·~! 

.J 

~~ 
~ ~ '. 

_;.h 
- ' j :_-·;r 

I ~ '. ;j . 
.. j ..... 

:1 
~ ·_. ~;, 

:._ .. _.--,--:. ... 
~ ~. ' I ~ 

.~:,-·-

''" ~ . .. ' 

; '1 
'; ._,_, 

. :.,-;) .- ., . 

·.~ 

;, . 
. ,' ~- . ~ ., . 

... 

I·',;_,,)' 
'\ 
~ . ~ 

\.' 

.... •, 

/--: 
·, 
-r 

:P (x ••• ·x )".. c/> 

M 
.n 

' : M U 
2 ~ n-2 

.. 

. :I 
-, 

, for· x =.x = ••• 
n n•l 

X =X 
2 - ~1 J_ 

~for .. X =· ~ .··~X -~ = ••• % =X· 
. , n n •' .. n•Z 2 7 I 

(and per~utaticms) 
b; 

. ·~. . n , 1 .
1

· n · · 0 · 

··;.· 
:·-· 

< 
(-12)s) 

·1. I 

I •. 
-·-:. 

..,-'X 1 =·X~ u"'2 
'2 

_Jar 
I n ~--1 

.fx ,;x ..; ••• fi ·=x 
1 ~ 1 n•2 n•J ·. 2~1 

'(and ~er~u~tions). 
'- r- >' -•' 

ExpressiOn. ( 12) is ~lid, in lattice 'space~ ~r. practical calculation~ . one- needs, 
., . - ' . . . ; . . . •", :/-

however, -tl;e: ·¢ -functions '-in· continuous·· x - sp<;tce~ ·In order to .find them, it 
.-,~.<··· .n .· ~\· :...·~ _\···.'. ·· .. 

_proves useful to vbserve· that the .functional 0 i simply· because· · L 

does ncit. contai~ de;ivatiyes, a,lways,must ha~ the ·toi.m' '- w 
... '.. . - ·. ". . . . ~ . 

in ( 4)' 

. n [pJ = f dxl [p(,.j] 
e '· (D) 

. ' . 

.,. /I f ;---

Here', ./(p-) is sorre. fun~tion which- is determi~ed by. th~.'moments :uk "{,see

.App;ndix A-.).-lf ~e'write instead of (13) . n;,.i .c...L:r-rai,ip)]."' cind int:od'uce, 

, ~.;;_,:r?-ylo~ 1 s;rik'i' f(p) ='~; ~+r; i2 ~- ••• ' 6)_:,":'fu'e: 1-.~e getby •. co~pa~~g~with 
( 7) directly the . ¢ :: , : '-

, ·.' ; ~ . . n .·. ., ,- , ~. • , ,~ 

i 2
; (x, x ·J'= f'~+f';,8(x' .:..x ') 
. 2' 'l 2 ' . 0 f ' 0 . . J_ ; 2 ,• 

>. ( 14) 

< 
)

4 q, (x •• :x~)=f'4+-f'2f" [8 (x .:.;·.)+ pellllnt.]+< ·' · -- (
14 

) 
,~4 1,· ·o .. o~ .:~·~ .. ,'2·~-: ".. __ -·~·, ~ 

. / .. 

r I; r;·r o~x,·::x 2)8(x 2-_x }+perm_11t. ~-+ 1;2 [o(i~ .:..f-/.8( x~- X 4}~P ... !"'lllt.} + 
~ _< ', ., ., - ' \ ' ' ' 

..._ • ' • '- "' ••• . \ ..... • ...- d ,' 

+ !'"' ~(x -x )8(x -.r)o(x -x )_.· · 
0 :· . 1 2 • 2 3, . . :3 4 - ! ~ -~ 

-. " .. - . ' .· 7) - ' ... 
Siinilar . formulae hold for higher.: n , · , ( ~or ,_proof 'see Appendix A ) • In 

( 1!± a)' ~e; hak t.:,,add at' the indi~t~d, places, all p~rmutations of _the four" .:a~i-. 
'abl~s · . x 1 ••• ~ x ~- ; thl..ls' allowing for the coinC:iden~e .. of ::, 'differ~n;, ~~irits. 

' ' . I ~ ' ' ~ • • . . ' . ' . ' 

. 'The c/> ~- are: essentially . produ;::ts of . o · '-..functions •. This demands ~orne 
, 1 , • 1 ' I · .: • . /. 

'\caution in the . e~uation of' ·tormulae like ( 8) 1n which these o -functions 

should be differentiated ~nd then integrated. w~ have~ fueref~re,: ~ontrai.Ied 'au' 

:,impo'rta~t step~ of the ca:rcul-7tion by- .~i~~ the ,limit of difference quotients , We 

fOtmd the' results :in. agr;-~rrent with the. form3.l- approach- of. considering. the 0 as 
.. ' ' . ., . ' , ~ ·. . . n 

differentiable functions, Difficulties-.appear' only if. we have. to--do with pro-ctl..lcts· of 

8' ~functions of u-:e sam~ .ar'gumimts. In ~ll su~h ~~es·. ,:Ve ~sed~ the latticE; . .. ' - . . . ' ' ' 

' / 

··s-

<.t ·." 

.:·\ ,, 



( /-

space~ representation of the . ~ 0· ~:-function, ,because_ our- functions· resUlt :from. the 

limlting proces~·es ~ "iattice spa~e~~mtirlUous, x. ..:.~space" ~ 8 )-. 
. . '-. -· . " 

. ' \. ' . 
3,. Graphical Represen~tion. an~ · evaluatiop of the two- point- functi~ri 

- ,·J 

/ 

'I'he insertion of. the '¢ . into the series ( 8 r for T yields so many terms~ 
~ . _. t :. : n. - . . 2 _,. _,.· / . -

that a .graphical representation proves very useful for .. classification and calcu-

lation of. the various-contribution.;;: c We~-i~~ixluce .the grap~· sche~eby the exam, 

ple of the functio~ 
. . . - • , I 

0 (X ~X) o.( X -X ) 0 (x -X ) .•. . 0 (X :_;~X) 
1 ,... _ . ., s_ . 6 ,, .. 1 . ___ ~ . 

-/.,.... 

? 

cont~ibuting ' to cf;' 
n 

Frorri . ( 8):, we see that we: have ·to calcUlate 
.,· 

J ·~, '· / ·-. ~ ( ' . ~ 

(d:i d% ••• dx o(x -x) o(x ; .. ;i '): .. ·o(X ::..x{]O •. :r-:8{:.: -x IO(x -x l • .:.O(x -x) 
, 3 · 4 .. ~n 3 .. 4 _ S ~ . ~ _... n•l , tf -~,., ----6 < ·· _n . 1 _ S 4 - ~. L~ • n 2 ~· Os> 

. .·. _ _., . --. 
Using the well1 known p~opertie's of the derivatiws;~ oL o -.:..functions ( 15) be 

comes· •. 
•[Jf"o(x ~x-J ·' 

. <· I , 2 ~-
'r ; r·_ 

I 
;(i5a) 

'To get the 'graphicat rep'resentation of' ( 15) :. we~ depi~t . temporarily each variable 
• . . . · .. I' • .' . . • . \ ···• .- ·. . - ' :· . " . 

x '" . . by one point; then·. we fuse thos~ points 1.\hich appear in the c/Jn ..:~funCtion: ' 
1,_ ,. . , · -- r , ' l '- ' +~ • ' 

·as arguments of the same o -function _to.- nh doubl~ points (see Fig. '1<1), ; 

·~;Next w~ conl>~~t- by lines all· those - \ ' . ' ,- . . -.. ' . 
points.Wiich share~ the s;:une. o .-function in., 

the of>erat9r lf. (eq,5 )(:see. Fig.1b ). Ffu<;lly, we iildicate the •1Jree" points;~ and 

~ 2 ~( over ~ich '~there 'is no 'ir·1tegration) by~ sh.;rt ·lines. Now we can drop the' 
" : ' - " ~ . ... ' ' 

riumbers-and·~~rri~~ at :Fig,~ 1C::, 
- ' \ ' \ r 

/ . 

--·~~ 

3' -5 
,. j • 

1 ' 4 

F i g.:. 1. 

'' 

~ ' -' 

·' ~7 .. 
• 
6 

\ 

'·' 

-a) 

I ~ . 
I 

in-1 2 -.- . . 
~n-2 n 

/~ 

.·.:...-_·,, 

'~ 

.n~1· 2 
. ~ ' 

3 " 5 ~ 7 ' I , , . ! -1 ', 4' 6 ~. n..;2 n 

··_, .~)>-

-~--

·:~-"" 

~ ., 
c) ,.-"" 

. / .;··· 

6 

,..._ ~ 

' ~ 

•' 

./ 

I 

'• 

f. 

L 
l I ~ 
~T 

··I·~.·. .,·_ :··, 
' ... -

t 
j~ 

I,-_ 

\~ ~ 

t 
\' .. ·· 

·j 

·( 

i._-

. ~· ,· 
~ ' 

.. 

' ~: 

.' .' 

- ~ I 

·, 
\ ~ 

l :~. J 

~~" 

·- ... · ·;:·.. ' 

•' 

\' 
(j 

.·_,' 
\" 

' ~- " 

'To~ illustrate the prescription further;, we complle in Figs: 2-:-4 ~all terms of 
··'which arise from 

¢2 . ¢~ and ·¢ 
"4 -, 

., ~ ~- .. 

-- ,r 

f~" d(12) 

,/' -: 

~ I: ~ F g. 2. · Contributi~n frorri 

-. 

·":...' 
21'" 2 0!,(12), 

:a) 

F i •g. . 3';: ~ Contributions froin 

\ ~: 

' ~--- - • . a 
/ ~ .· . 

'\.· r· 

'(_ 

¢ ~ to ·~·· T • 
2~~ ' 2 ~ 

<b 
'4 

·--J 

~

f"" oic6~.·d(!2) 
b) 

to r·:~' 
2 

~.-- .. 

' ' 

--~ 

~ 

' 

~ 

,.., 

T 
2. 

4f"" f"Oi(o)Ui{12) ~ 41'"" f"0/{0)0[(12) : 81'"3 o2{(12) 
4. .' /~ . :·_: ."'._ r - :;:.~ 

( 

a) 

; 
·~ 

-·' . 

.-,_1 _b) ~ \ 

j_. :, 
. 

' 

·t 

., ~· . 0 -

·. ~"c 6. > (aJ"~.> 2 ic 1 2 > H""f~0-2{(0) lC12)'~ 
. -. ' . . - ,· 

'T 

_dt e) 
... 

F g; 4. Contrib~tions from c/J to 1' 
2 6 

. ; 
we must add some. rem?rks. on these fig~~~. 

·-.·./' .. 
,·.···"'' 

:t) The' lo~p in Figs~· 3b, · 4b ·and 4.c . .represents the ~expression 
_, ·, ··. .-. 

!' J ix)x; ,ll(3'f'. 0,; 13. (34) o ( 421-;o( lS). ~ 
1 

. 
' • '' . . J . ·-

2) 'siinilarly the, d.;uble 'loop in Fig~ 4d has''th~.va.t~e 
~ . . .. ~· ~ ~ ' ~ ·~ ., . - ' ~ \ : 

' ' -~---. . . ,__; _,.--. -- ·: . .,. - .. j ~~-' _, '' 

f. dx '.-:;.dx D(J4) /3(56)0 0 o(J3) /3(35) /3(64) /3(42), I 
/ r - 3 ' . . 6 • - ; ·, ~ 6 •.. . ., ~ 

'~ 
. ·.·' 

'' \1 

.. I , , ~ 

"' :7 
·" 

.,;- / 

'.· .. \ .. · 
,, 

~· 
'·;:· 

c) 

·-·\ 

. ,~ 

·""' 

I • 

I I 

' ., 



\ '";-.-

,. 
3). We have omitted here al!".graphs which consist or-two or more discon-. 

nectecf ;arts.· It c~n .be s~~wn fs~~ Appendix' B ,_:) that. they. are Nacuum '_terms 
I ,' • • ,.' > • ' {- '- - /. 

which cancel ;nith similar contributic;~s from T ~ { ·• eq,i ; 8 ). ~ 

4 ) · It is,, important to note that most of t:he' graphs :appear more tha~ once in 

T 
2. 

(see 

' ,.·· '-...' . • ....,. •• ·- . ,_ ' ! '. • • ./ ' / " 

• 'This gives the weight factors multiplying the expressions in Figs. · 3 and'· 4; 

Appendbs c:).' Flirtherm~re, we m~~·t multiply by the f~ctor i " 12 
-I v'C~~ -:-1)!,' 

appearing in ( 8). . · 
j - - . , '_ ', .-· . . - - . '. •/ 

. · 5) Terms lik~ D o(O) • 'of' course, hewe only symbolic meaning. 'They must be 
. .. I , . ' 

as 'limits of ~e cm;responding expression . in; lB;ttlce -~pace .( cf. 

of 2). Fo~ 'example; the.·derivative (_QJ~ o,(t) . rea:ds-)!1 ~ttice' 
always' interpreted 

. remark at, the· end 

space • . -~ at· · · •. ,. · .. 1 ,· 

. . ' ·r .. m 'ip~} ·. ' '· . _k . .., (. :-. 1) ( 2k·.· . 
·. tt)= C-11'.· ... ·· k.+m) 

22k (lHJ2>+;. •. ; .• . • • . . ' , 

for, . i 7 2ni t.t ( l6) '.\ 

' ~· 0· ~ I 
'else 

'·.\· 

/;£'here.fore, we ·have' to put. 

·(-'J)'k ··••.• .• (.;~c·) .,. .; . < ... · ·' 
·k· ·••· ,, {16a) . 2 2k ct. tJ2~<+t·: .... · . .~ -

< 
o(2k)(O) • = lim 

1 . \ ., !'it-+ 0 . . . . . , \; , . 

' 'I'h'e graphical r~preS:enkiti~ii, ju5f introduced, has th~. further--: advi:intage' to' yi.;id. 

even th~. result;; of 'a good . deal .;/ frlE:i ~integration~( in ( 8) :'' . ' ~ _.;.' . . . >"'. 
'- ' . "- , .... - . ' '- - . '---

Each line. be;_e~n: fwo_ poi~ts 'generates ·one · O . ; 'The numb~r k 'of lines · ":. 

between th~ . points 1 and 2 . therefore; . giws the ~xp~r;ent. of: [j ·· opera tin~. in ihe 

r~s~t on' 0 o ( ~2/. Multiple~" b~unds" like Fig~ 5ci_', or b~anchings i~e· Fig;5b' ~~e 
_.:_. - -··~ 3- · .. ··~.2.; .... (.,;,·>:'· .· ... ,_ 

easily recognized as ' [ ,0 ~ (12)] and [ [J, 0 ( 12) ] respectively. 
,, 

,>' 

? 
I ; 

,' 
~ 

·:_·-~, 

', 

-4E=:a~··' (' 

•a) ,~b)' ·.:... \ ....... 

··_:: ·~ 

>.( 

;. ".. -. '- - \ . . . _.'. . --·. ~.~ 

g •. 5;.some graph':eif!ments;·a)triple bound,. b) ·branchi~g~ 
• • - - >0 -~- ' - -· \-

F 
,_-, 

, I, 

';, 

; .'"/ 

-: ......... : 8 /'. 

,-i '~ j_ 

.-.... -

' 

"' 

,,, 

... ·.' 

·.> 

:·! 

I. 

J 
·'! 
'l ·.,,I 

'it:· 

l 
•i 
j 
~~ 
M 

j;, 
''l'i· 
t'·j>· 

.~1'· .,;, 
:l 

. -~} ( 

'i., ·. 

·f 

. ' 
' ' ' 

. ---'" 

'~Lo;;ps"~i.e:structure.s sharing orlly'one point.with the skeleton· graph ·(Fig~. 3b; 
·.. ' : - ~: ~-- ... , . . ~ . k . . - ' . .'' ·. - ~ \ . . ' . '~ 

41::>, c, d) yield constant. factors' of . ~e type C:L O(O) • ; i Anothe_r . important aspect of 
• • '~ ••• . • -.. • ., ••• ' . ~ . • , X • ., . - ' • 

our_:. graphical representatior; ·is U.at· we can ·state . a rule for _the, gen~ration · oC aU 

terms which . contfibute to', T from a given ¢ -(for Iai:-ge n . there are" very 
. . , · · 2 · n . . . . .. · , . 

m~ny ter~s, so .such ·a. rule has·g~eat value): Draw first .the~ graph with .the high-

. est deriv~tive p~~~lble for ~~' gi~n~, 9 ) {_Of'_this ·~e; ar~, e.g.,_ ~e ·&~aphs. 
.Fig~; 1c, ?, 3a, · 4a). ./' ·. ' · ·:; 

.. -~en you: can 'generate ;;,11 further ·graphs belonging to the. same :n -by :•tol- · 

ding" that basic gr~ph to' fi,;~e poiritsin aU po,;;sible ways: 'Fig.6 demonstrates the 

brocedure for the ca~e ~·n ~ 6, •· :lo) '(~f. fig.4)~. . . . 
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. F g ... 6. ·constructi~~ of ,the graphs fig;· 4 ,by ·fusion of points •. 
. ' ; ·:. ·t . ·, .... .,· ·• 

'; "·I, ,y ,l \.., 

. . A: ~loser: ~spec;;ti~>n. of the contributions to ·.:i sho'-'6 .that they· differ in. 
..._., . ' . . •• r '· '- , '- . . .. . " . \ , , , , ' .• •. • / 2'. ~· • - " " . ~ " , ~~ > . ' 

·.their origin (~ ch<iracterized by the index. n 'of • ¢ . ) and that they lead to dif-

. ferent po~ers :. ~-··· of 0 ' ' :operating on . 0 ( 12) n •. 
1,1> : 'Therefore:< it proves' u~e: 

1

ful to·ar~~nge the .;arious contributions to,· T into ,a ·,~cheme ske.tch~~ in Fig: .7 
~ ~. ' . •' • • f , ' I l " ',- ' ' . _, ' · •, · <' , 

.. :,Only at'.the piace~: marked.by crosses~ ,we_ ha,v~ contributions ('.;[ cotirse, t;Je 
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,•F,.i g •. 7. Arrarig~ment of the, contributions· ( c~oss~s) to 
:order 'n ' of graph ·and 'pcmce,r k . ' in' res!-llt 

d 

'T· E}CCOrding" to 
2.0 8 ( 12). 

,figure must.be 

the. cliagonai-: 

--1 -··,' • 

continued to_· WinitY). ·We remark that aU" basic ,graphs" ."appear on 
•' . ' 

k = (n-21/2 ; It mUst l:i.;~noted, however, that .. _there' exist'''spllt-. 
~ • ' t . . - ' . - ' 

i-; 

'g :'. 

~. ' 



'' 
._', 

,• 

, t!ng" · graphs which contribute' to more . tha,;_ one poiJ"lt, of the scheme Fig. 7: ( e~g. 
. graphs containing the elemeryts, Fig. 5 _·a,b'). They· m~st b~- treated ,bY expanding 

the involved. powers of derivatives of. o ·_-f.:..nction,;, into a stim.-of simple cte:r!va:.. 
' . ' ~ ' . ' . , . . . 

tives. -- ,. 
. ' ' ' . ' '. '. ' ·~ .. ' ' . ' ' .-. -. < ' 
Fig. 7 is most.· ~por~nt, for the discussion· of the depend~ nee of the· diverse 

contributions to · T , on the ·:lattice- constant. 
'' 2 ' 

( ' which appears 'in the 'functional 
' ' ' integrals and· expressions like G.ocoJ It can be proved see Append~. D) 

. , '' ·. . ,. . . ' 
that, to· each point :<:>f Fig. 7. there J:>elongs a quite definite: power of c • • Fig.-10 

(s~e 'Appendix D) sh,o':"s an ~~ample.' w~ se_e. thc;t the ' l pO\~er :depends' on th~. 
·interactio;-; expon~nt M ( see_eq. (9) )-·and on the'number :~:ot,dimensions-We ~: 
c~nsider. Fig:10 lea'cts to interesting c::ons-equences to be disc,:_;ds~d in the ;)ext-

' ' . ~ . '.. . . .. ' '~- .. 
paragraph.· \ 

·, 

·, ·''' 
4. Pr~~~rties and.-ccil')sequences -of our re~rese;:;tatio'n -of.' T 

• , ,-1' ( I. ' :I ' • 'j ~ 'I ' - > ~ 

' --
' ·u is now clear that we- arrive at '?-· repres.entati~n of T 

2 
in the. 'form' 

,fl, '1- ( Jc' , x' .) = 'L · 
· 2 z 2 · k=o 

'' ' . ' 

k - • 
a f! ,. o ( i. .:.. x ) • I 

k· ..... , ·, L ·.r 2-

· Here, each ~ a k " • is an iritinite, series 'of the ,contrlbu'tior;s of the 

.t,. _.,_.,, 

' ( 1?) 

·k: -th 

_vertiCal oi Fig.7.or'w. The_meaning of the series (17) b~comes~cloor atter a 
J . ) , ' . . . I . ' .. 

~urier tran'sfo~~ation 12 : ' , ' · , · · · 

'The ·resu!t is 

T (p) 
' 2 

-·~/"'· 
, \ '. 

- 'v· .-
(.dp' e' p zv r2 (p)' 
I . , \ • ' 

r' 
}; . _ak(p2Jk. 

k=O 

''' 

'j,2;,_ p" p 

" 
·-

- I ·," 

j' 

( n3.) 

'That is," we have :got. an expansion of' the Fourier transform of the. two- point- _· 
, ' . . "I 

function into powers of ' p 2 
• 

' ~. ' . . , .· ,, ' I' . 

At, this point it is quite· natural to look at, th'e weg:..known. ccis'e · M = 2 ,where· we 

do . not h~ve 'any interactio~ and th~, 1 exact 

T: (p) ;.;,;,~t.·/ (p'L>.)).' It htrns out that th~ s~ 
:z '' ·, ' ,·· ",: ' ' ·- ..... _ '" -,,'· 

T' -function is of course 
2- ,_ -- -- - . \ 

of the ·"basic graphs"'(. which' al-

ways form the. diagonal in Figs, 7 ()r 10 ·) _giv~s -~xactly:thi~ result. All other 

contributions to. the a 
. ,· ' -. ' 'k 

some • l ~- .with· v > 2 
' 0 ,· • '. . 

·has. here. simply· the' fo!'m 

vanish._ for Jl' • ·2 as they: ·are ail proportional to.' 

and the~e. derivatives ·are ze~o because . t{~J 
f(pJ =l/4>. 

~<.. ~ ',' 
•) 

•,' -...., ~ \ ' _:.,. 

-p) 

I 

'·' 

'.-

... 

'· 

·,, 

.. · 

- ~;I. I ; -

·.· 

:~ 

· In ali' other cases ( Jlf 2) we ;have non:- zero contributions throughout Fig. 7. 

Now/ the sign of the ~~efficient ( L "_ ~- .-_l_ )· ~f n: i;/ ( bs) is decisi,:;.e ·for the 
. ·. . 2 · · N · !.1 · .. , , · 

,behaviour, of the solutio_ns. We have to consi~er _the .three cas~s. 
\, 

; ' 
,' M. -~ 2N· 
' · . 5 N-2· . · 

( 18) 

which c'an ·be·' identified by standard 'method as th-ose of super..:: renormalizable, . renor-
~ ' '- - . · .... :. ; . ...._ . ·-; . -

malizable,' and. norl- ~en~~allzable the~ry r~spectiveiy (. d'egree of: diverg.;~ce ' 
. . ' " . . ~ ' - _... . . - . ' . 

decreasing, constg.nt, ·and increasing rep~ctively ·with. rising ·number .of vertices 
in ~ei-turbatiori th~ory ) .' ' , . . . , . . , . 

',A 

In ca~e· of's~per...:renormalizabilitY. there exists as in. l;"ig •. 10 a straight line 
• ' :.~ ~- ~ \' " - ~ • < - • -. ' • -: • -- ' 

which-:separates_ those contributions ·to '1'2 which_ are proportional to a posi-

tive power of.: l. <irom' those with a negativ~ one; -'l'he· ter~~.ori 
~ ' • • ,. • '! • - I -

'A itself 

are independent of. l •• Each -~ ~ . ', c;( (17) then app~ars .. as an: infinite · 
• ~ ;- . ' .... k-~ ' 

series of the: form: 
. I \ .._. 

a..(l) = i 
k .· . 

. e=O 
._ ~-- 1 i 

\,•. 

a' ;,9-y£. 
kf ' . 

·,.__ - -l.,_ . 

{3= k+l :'pt~iJ> 
. -~ t.f. . ' ( 19 )' 

- 1:.. 2 - ..-2 
Y- .l'i: M· 

Ot.,tr -interest lies in _the value-:- ak (0) . ;_vhich could be deterrnined in' prir:;;iple 

by an~lytic continuation of the' function : a (c) defined by' th~- s~r:ies (19). in' 
'\ . /- .. -· '._. "",. ·.--. --.... _ ·. ·-_._' ·,k ,_., \ '< ·- -:" • _- "; •• 

_··its reg ion of. co~vergence. We, make no attempt· to tackle _the -convergence 'prob-

lem.- B~tif (19) coriv.;;g~-~for all n~n-:zera' '·' ~ fuen it must be-possible .to-

e o~pute ::a if) . io~- -different values of . . -
~ > - • ~--·· • -.·· ~. 
_then" ti:) extrapolate to a; (OJ> 

from a: finite ntimber' of terms and 
- ~· -

u;;Jng the _approxilnate :values of " .; . (0)-' .'.calculated in this way_ for-'seve:-
. ·, ' . -. . - lr;·. --; - .. ,. • ••, -, 

ral k ·, if; is. ~ot too difficult ·to extract some. Wormation 'about. T
2 

_(- p ) ·,.-e'(Cn 

'.if one is restricted>i~0 pra~ti.ce to -rather small 'Ic.· ·' .. , ._., . ' ' ' . 

We/ as:s~e 'the exi~t~nce. ~i'~e' ~hmann-:K~lle~ spe~t~al re~r~s~~~tionf~/~ 

with. the. s~e~trat· function 
. . ' 

write it iri the for~ :'. 

T (pi ',;;,f. aic2 b(~2J. 
2 . ' ,., p2""..;_K2 

.b·(~ 2 ,j .·'l'o'compar~·this f~rrmil.a with (17a) we 

. ( 20) 

/·_--.:.:_ ~ 
")_,-. 

.·_( 

oct _. -': 00 2 k 

T (p)=-f dK 2 b(K
2

) .:£. (~) 
2 -·/"0.- K2 ·It=~- K2.'. ' ( 20a) 

and· find 13) -,1. 

--:--
.., 

;.. 

.· 
'· . ' 

11 

·~· 
\"-' 

\ 

., . 



·-· ' 00. 

ak·= .. -.f- dK
2

· ~ 
0 . K2+2k ~, (21·F 

Our ·a . can thus be--recognized as ~ome~ts' of the spectral function, A~st..irning'· a 
k •, ( 1 ' - ' ' 

non--:, degenerate,· discre.te mas,-~ ( resp .. for' N·= 1 energ'y ·'--. )· spectl"Wr! we· -can 
. I ' .. · - ·· -· ' , _ 1 - • ' , . • "' •.. · 

determine from· the spectral ~aments a k ~ the lowest· eigenva]ues and ·.the corres-. 

> pending matriX: elements: . for . we musf only take k suffici~ntly large. tc;>. supp-

ress the' second lowest: eigenvalue jn order.'to 'deterrr~ine 

-~ 2 .. = lim I ~ .···' 
0 . . . 

· k-+oo a k+t 

for 

· K 2 '· from .. 
0-

b(K
2 )='kb

1
8(K 2-K:). 

(22) 

·If a fair number ·or· the : a;, is ~nown .with_.· sufficient• accuracy_ it is not difficult . to 

_g? on with the ,deter~ina~lo_n of subsequent eigerwalues K: . Ir. the: case of. a 

theory_· on· th~ verge: of. ~en,;rmalizability ( .. U =·2NV ( N :_ 21 ) the' · • _ power p>.:. 
J . -· . ' . -,. ' . . ' . • . . \ • . ~ • ' r 

mains constant and· positive throughout . each · vertical of Fig, 7. · The . immediate 

·conseque~ce is th~t ,·· T2 . vanishes' in fue limit. • .; o ,lea~~g; to th~ stateme~t 
that. the ·S. '_: mett~~ ) s ~nity ( cJth~r 1' show similar" behiviour, Cl'~ can. be ~ 

' ' . /. _. . ' . . - - P. ' ~, ~ , - "' ,. ': . 

· see~ by: generalization. of ~~ argument iri Appendix D . ) • :~ n order .. ~o· avoid that 

'result,(m~ could. c6mbine the r · .::. power oCeach vef.tic~L:~ith 'the '· (p 2 ) : t6 .. 
• ,J' ~-- '~t /' .· i' - . ,.\, '- .• ' get •. t 

-, ·' 

·k . ·z; 
M•2 ~ - ( ";

2 
.p 2) = I ' I· .• K-. 1 (p)

·= ,,- - ak < ·p' •-~ 
• 1 •2/M ~ • c . 

(23),';-
.. ~ ,· . 

·:: defining re•normali!Zect · o:k: by . ,. 

- -~: 

. a o a /3 - (24) 
' ' - . ' : ' ~ ~ /' k '·, - . - ,·.. -· '• ' .· . . -

·Then it turns out that ·'all' eigenyalues can. be.' renormalized with the 'same: constant_ 
. ' " . 

I ,.• 
-" ... 

(2•M)/M' 
. ( ' ) ' 

(25) 
. s£tch that. this constant is O~Y. an ( ~nobserVa:bl~) scale. faCtor. In· the- case of 

"' \ - ' ' ' . ' . 
. no~renormali~ble theories, the , r 2powers :in ,Fig.? rem.aln- positive but"~an no 

. more :united. wit!~ the ( p 
2 
): : .·Then each. e~genvalue.- ~s· to 'be renorma~ized by ' ·; < / 

'another cor{sia~t such . that . the spectrum becomes ~ssentially ( - dep~nde~~ 
. . / - . ' ~ ~ ., ' ; \" '_. - . ' - ' .. •. -. . - ..... ' 

it' seems to demand only' minor alteratio;..s to :treat the case, of a' ·gerierai 

n. ~ oin.t-· functiC::m., .Yv~. would ~ike. t~ p~stpone th~t generalizati~n _as- well as',,' 
• • • • ' ' '<: • - ~ • • ' •• • • • c 

numencal ·calculations until we have_ incorporated the much more . interesting case 

~f Fe~mi fi~I~s. We h~pe; t~. return.' to the .subject late;:, - . . 

·A,c{ k .now e d g·e~m e n· t-' 

'' 
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·.\ 

12 . 

': 

\. 

-:-:' 
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·, 
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APPEND,I X • A. Relation between the 
~ .. 

...;, On . the one . hand, we have , ., 

'"an the:other, -we 

· .. ) n 
;..'-.. 

t: 

n ~ ! '.in 

e~a;;&_nl 
fdx· .. ~;d~ ·q, (x

1 
... 'i. )p(x

1
) 

1 · n .... n,. n _·-, .'-
.... 

'/cixt[p(I)l = I-~ [I· _1 
. m = o.- ::n! v= 0 . v! 

1(V) ( di ',;v(xJ1 
-o . 

.. \' <~ 

.. , 
!.·,;. k 'k <av' av2 . .. ,_ 

·,.; m=.o J/ v ! v ! ••• 1 ' z• 2 · 

p(x ··J -
, n 

. ':'ith . I v 1= m 

• Cc;>mparision yields . . 

( dx pI ( x). ·and 
'-.' .... · .. 

~-, :- . \. I-.> • . ' i, ', 
(-dx

1 
•• ;;,dx ,c/J (x

1 
.. ;:;x1p(x}.;p(xJ.;,...:!..:._·I n 

•• ~ 1 n n . n_ .. --, .·. n _", i_"·--~-~~l ~,_I_ 

with 'k .. i v1= n -~· .· 

(Ai) 

. -

(A2f 

,:._: 

r ~ " 

' ·- ·. /= 1., . '' . .-· .. -- 'i ' , -- . ·- ' 

Explicit ·evaluation of ( A3) ,leads just • to the , above ( 14) · mentioned and used ·. ~- . 

structure of th~: q, .-functions a~ sillns:over products.::of ·a· ;_; f~ncti~~s-, 
' ' n .. · -· . . ' . -- . ' 

; wlth ~edv;,_tives of I ·at .the poi~t - p.; o as factors •. For ~rl:\ctiC::U. ~Icula-~· 
. ',,; ,_ ... ·, . .·. , . . . I . .. 

· · tio'ris. ... we need further , the explicit . relationship· between the M. ··. from" eqs; ( 11) 
... ' . . . . . . _ ... _ . •. . . k . . . 

f') · .: '1'0 d~rive' it V:.e put ' ·· · · , ... 
0- -- ' \ 
.· '.(l(p) 

(.12) .arid the 

-.. ~ 

. :=,J·· .... /cA4) ~ ~ .. e . : 
then we have. simply 

M 
k 

~t ·us .. write·. 

·, 

:-4:'• ... 1'p_;.,·c) -) a p~<·_ 

.. , ~ 
_f ;. 

'- r, - c~'.:.. e';, J =~·~·! +'R 1 ~~ ~ (.:iJ~; ·Rn 
" : · . ' · · · ·, . · ( :~ ., ·' o ' · - - '" n ~ 

'·with.'.R=J:_J·, ··1 =J[p=0]'=1 ·.< n=t _,, · 
' •.. . 0 ' 0 I 

(by definition)~ : F\.irth~r we ·notice that •\ 

.. ·' . ,. 
./' 

•Scj we"'get 

'· I (p) 

. •.'. 
Cqmp.~ring ·this .wiih 

,_,--_,·. 
·' 

, .. 
. R =I 

•. k 
.::.:...£_ 

• .. k 
J(k)(O) = l: , .·_J!_ M • 

·k=l;kf . . :k~z ~-k!. ~ r.k 

'- ' . ' I l .. :. ., : 

(~) (~)-~· 
.1/ . . . 2! - -. = :_1; ?-'1( '. 'k nl 

n= 1 
·n . , 
·:• 

, I .fl=.~-
h 

iII 

i{pJ =I _y:_. /"-) (01' 
. .. v! 

,_--: 

-:- ) I' 

13 

j· , ... 
·_·, f 

., 

., 
.(As). 

;:.• . 

·, 

~ f 



',· 

- we arrive aL ..... ~ r .. 

/-, 

'1(11)= '·v! ~ 
0 

--\ 

-That means, '§'.g. for 

£', f = l 

witll 

v = 1'': 

. ,\ :I 

- f •l 
:t' (;_1) --' r --

:t' i = l 
. I 
I. •til)= M 

-o l 

~ 

(~ 
j ! 

'r r f ~1J! _ n -A:-
r - z1 1 

l2J= M. - !12 ~-
. Q- 2 I l 

"' . .,_-
··71'1 = 

and for -r e.~ : 

v • 

·::;.t 
APPENDIX B.· Vacuum .Effects -~nd 'Tn 

- '; 

(A6) 

. : , If one collects all te~ms ·in the exr),;.nsion' (a) one finds that e'ach '~f th~ 
.I • ~-- ' . - ... < ~· - ~ • ; -~.' •• • - ' •• ' • / •• • ' \ .- • • • ...-

.'graphs_discussed _above is -only·the simplest one of an infinite. series.· The first 
. ' ~- '. .. " . . ' / ~ ) . - ' ' : .. . . ·\ . ,_..·~ ~~ ;-.. -.. ' 
term, • of th1s · senes 1s represented by a __ graph w•tl)out- completely .separated parts. 

'AU .other te~ms corr~spond to disconnjcted graphs. Symb~liC::ally we; ~a~ write. 
/, 

'ir2 .;,T/c)-(1 + p -+ 
; ~ '+ J + ) - :'( Bl) 

'', 
"1/~ -t. 

'F._i g. ·8 .: ;:· 
J I 

where · T (o)-

- 2 
contains' no 'dis'conne~ted graphs: It is -clear that- all 'the contri-

'1· . . . . . -.. . ... - .. butions in the br~cket _are simply vacuum effectS as they are without any. free 
ends;· •. <, 

. Now we r~inark- that,_; :r.· :from (8) has the.,_ s~~ture 
0 . \ . . . 

' .• 2' ' ' 
. ~ ~.' T. = </> + i I. d 'G ¢ + _,_' I d ' ' G G "' + 

' ' '. ' .-,. . 0 ' l2 2 ·. 2' ' 1234 -, ., ' 4 
. This can be . written . symbofically in the form , · · 

. T
0 

=~ :.1-:~-- :_ (· '1 
I·' .. r:. 

'+; Q 

,· 

+ ~
. '' .. ,-
--_.+~ • 
"\. 
' ' . 

Fig.· 9 

+' • 0. ) 

' _,,. 

· -(s2) 
' . / 

~. "1 ( • ' t" • ' ' • •• r _

1 
( -, 

It, follows that.- apart from a,factor- ·.· T·--· is ·exactly ·the ·same .series as·_. that 
• . -- t 0 -

multiplying .· . · T (o) . · • 'I'h~refore, ·we can cancel not' only '¢ 'but 'also all· 

'\ 

.. , . . ..... D .·? '" . , • ·. . , ·; , 0 

disconnected graphs; they, do not . contribute to the . tvllo point function ): = _ · T 1 T' •. 
" r (, :', 2 0 

' 
'-,'_ 

APPEND I X . C. We i _g h- t • f•a c't· o r·s . 
··'" . J 

-To ·determine. the w~ight :of a pa~culai, ·n.:th .order'graph we. imagine ea~h-
- " - ~ . , ~ ~- . . 

of its n/2 '- 1- lines endowed with directlo~ arid. individualitY. ~en' w!T .have to 

count' all turnings a~d' permutations of- the lines 'which result in'n;w realizations: 
~. ' ~ ' " . ~ ' - ., ' 

of the giwn gr<7ph •. 
-...·""""'-

'!he weight is· given a~., 

·.G = (n-2/!! 
. ---. • \ Tl p • Tl" • 

, I 
( C1) ,-,:· 

!'" 

'' 
14 

-. 

, .. 

--"· -

-.. ~' . > {'', < f_ ~ 
)'::•. / 

Here · )n -2) !! ,,;,2 "12 
-t (t!/2 -1) _'! is: thG .~veight .of the corresponding- ~sic 

graph~ I t. adses fro~ the ·_ 2?12 -:- ~ 
. ..,._. 

n/2·- .1' - -single.· lines. 

tur~ings ,and the {n!J--,_i)! permutations 

of the ' 

· .. The_ factor 2" 8 in ·(c:i.) accounts far· s .. ~yrnrn'etric•loop!:(.A loop i;;. ... - . ·.,_ . . ' 

defin~d · ~s a 'str~<;ture' coi:me~ted to only one point of the residual graph. A" 
.,.. - . . ;. ... '. . ' .. ,,' - ' . .·. ' 

symmetric loop' can be: run without change in either of 'tWo ·directions thus' halving ' 
' • • • • • • - ' '\ ' '. ' - < - • ' ' \ 

· the· pos.sibilitie'? of new 'cases • 
/' 

Til~. factor· · n p (- arises from the permu~tions· of lines .within. each· p 
. I ·• -

• _ foid bounci. · . , ·. 1 
I· 

' ' .. 'I'h~ factor ' n g /'takes account of '' g. identiCal loops 'connected t;:, the 
, . . I . . 

same point. 

f(V) factors for a given' gra,ph 'is easily'. found 
. ' . - I 

double'--~ , by-;·th~ ·rure thaLeach k 
. . . I. ~ , ; " 

··'<points) 'yields one. ·,..lk) 
~" - . . j~ . • ~ ' • ' 0 ; '\ 

. / 

I' 

/)',, .' :· ... ' 
.-,,• 

,_ 
. -:.· 

. ~ ·, ,· 
APPENDIX· D._ 

''. . ~· 
• : --Dependence· 

I: ' ~ 

I' 

.reasoning is ~uffk:ie~t 'to' deter.:Uine th~ distribution of. 

,I 

Simple dhne'itsional 
< • ·, -·· : • .. ( ;" '-

'the p_owers 'oL • ·':" ~.v over . the scheme: Fig, 7 •. This 'is- so· because. we have· 
·;,. 

for ,theories with 'tl'le i:tgr,-angian ( 9) in the limit · p .._ o. .only three 'dimemsici~ ..: 

· -,. be~r~g qt..ici~tlti~~i namely, : rJ, 'c, and , A • ' 'I'h~ power:s o~ ::::J and A ar:e, .. 
·. '_ -. ~ · · ~ , • · . • ·. ~·· 'I , _ . -- , . ' r_-. ~ • ' ....._. . • . , , '-. , • 

"_\-

easily determined for each' point 'of 'Fig •. 7. The abscissa scales already the 

p~wer:. k • -~f 0 ·· ~nd 'fro~'( il) ( 14)a'nd (A6) it foll~ws th'at. th~ ind~x ·' 

~·a.i~ t~e ordin~te determines ,uniquely th~-~ '.A· ;, -dependence of all. gra~hs :der!ved 

!rom .. :"'~· 
• .: -../M > ~, 

·,q,n. ·-:A ·., ; .. (n:l).·· 
. ; ; .. '. -. - -. ' ·, ' . \. ,• \ ., ',. :. ·. 

-power: of .a particular. point· in Fig;_ 7 we 'have stilr to 'l'o.,find oul the ~.>. 

determi~;; .the d{n;~n~ionalitles of the T ... ~ fu~ction and of 

· .. , 

.A' 1 ., To do this, 
\ ..._ .. . 2 . . .~ -. ' 

'we remember that. in our syster_n J K =";; = '·1 ) all quantities ;take.: the ·dime~. 

sion ~fa' ~ower, of length f • Of course, the dimemsiomilities. oL o , 0 
and . e are; in·:_ N:· :..ctirri~~sionai ~p~ce :- ti;;:;e: . . ,:- - ·, 

, · .. ~N '•2 
[o(x)]= l • £0 ]=·f-: 

.The' conlmutati~n relati~;.; · L ~ ( ~ r ~; <f;(-t, r')] ,;;, o( r ..:. r'·) 

(~j;;f:N ._(D~) 

yields 
· • · t ··N /2 .. 

' . . . - [ ?1 = l ,: ' '·, . ' > ' 

Nqw, ~,.terms· in· (9) _must: share, ·the same. d_imEmsionality~ It followy; 

}I 

" 
Mll' 

(A]~ f-2- •M•N (p] = f •l ~N/2.- (D4) 
> 

\ -· 
/" __ _ ,I 

·!.:- .I 
. ' 

·'15 
'';' 

\' ~ • ,n / .,. 
' 

'.' 



:r 

~ 
' ! 
·r 
\ I 

i 
L-

l. 
' 
i 

.;:, 

-~' 

---

The symbol of functional differentia tic~ -has the di~ensionality _ 
~· 

~... ,. l- N-/2 

[_• _s_J.=[..L][li(zJ]-;;;·e 
. I 

(ps) 
lip(x). P · 

. / l . ·... · .. 
.point- .function ( 1) takes 

« ,-· · •. · •. ''". ~. \ ' • ~~~-

-[T2(x)]=f c_' . (D6) 

so that thei". two-

... 
- I 

This suffices to detc.rmine 'the power 

'irom 
a of at. the point ( ri,k) of Fl~; 7. '· ·. -· . 

[T- ( x).] = [ E a ][.\:"JM l [ Dk j' [;(x) j .. 
2_ ' (D7)' 

as 

·' / 

~= 20/+1) ~ n r;.L ...;_L:.!l )~ 
N ' c • 2' • .N • 'M 

· (Da) 
. .,. ,'-.: 

in~ 'determirlation of the £ ;_ 'powerp for :a:- ge~eral . p -":point.:. fun::tion 

,._' 

' - ~ . - • • - ' • • . 4 J • ~ l' . . • • 

can l:le accomplished. completely analogously. ·Fig, .. 10 shows the distribution 

.·.-: 

• ·-~ewers. for;' the·, t:V.;..: polnt- ~:function in· the -·ca~e N = 1, :M ;. 4. -' . " 
> • ~ ' I 

1 •. 2 ... '3 -/4'. 5;. 6 ,-·7· •'k 

2I,0.5c ......... 
41''·1·~-- .·1--

. . ·~ . :·:'· ....... 
6 -2.5 -·-o • .., ..... 

81 ' -4- -2 

10 -5•5 -3.5 

.121 --7 . 
1~ :a.5 , 

.·.-\5 ' 

-6.5 

-a_ 

;.. 

·' 
; . 

. -1.5 . '• 
...... 

'.o,, 
-· ...... 

.2. 

-1 5 ·'Q.·5 2:5 ...... 
·- _.,. :.;.1 .......... 1' 3 
,, / ',....... . '"' -o.-,, __ ,·1.5 

'" -- --> ...... 
. 0' 

-405 

.-6· 

-2.5 
\_,'·~ ~4-. \. ' ;_2 

.,......--

' 3.5. 

2 

,c 

r) ..._' 

,.' 

" ' 

. 16 

18 

-10 

;.11':5 -9•5 -7.5 - .;.5.5 <.3.5 ·-1:5· '·--c. 5: -...... 

4 

2.5 ··. 4;.5 -

n '·1\· 
• \.c 

Fig;~ 10. Distribution of power~ of lattice:cell 'volurr;e t·: throughout fig. 7;· 
'for case 'N=1, M·=4·. Dashed iine .. A coooects 'c' -inde,:_; . 
• .pendent:points. . .. _ ; ·_ 

--::·. Footnotes 
- . 

. is the· I.a,gr~mgian' of the system including ·the 'interaction .with 
~ . \. . 

the 

. 1) · ·_ L 
. . -'1 

external source · p_(x). ; .. ' 
,, 

• • - ..., • ',' . ~ . ~ --. . . "! 

·. ~) . It is important· to remark -that the Junctions T andc/J ·,in(6) .and (7) are. 
n ·- n ·, ··, 

symm~trlc with respect: to aii · n . variables.· 
. - . ' -. ... ~ ~ ·-

.I - " ~" 
.., 

' -~- ' ·- . ' \ ! 
"16 

~'t 
-~-. 

-•. 
~.I" 

-~-. 

.-

.'f 
·! 

-" 

.. 
:~ has simllar structUre ( iee Appe~dbc B). 3) 

'4) ·In this case.- we have, of c6t.irse, '0 . i} 2 jil t 2 and our model is no 

- .longer- a. field . theory ·.but si mply quantum· mechanics. 
" .· . - \' '· 

5) _The constant , _ ¢ · is of no.· interest; it appears ·in <ill. T anc~ thereto-
' 0 'I 

n 

re cancels in y . , ~- .... 
: ..-..-

point 

6) By_·setting I = 0 
0 

we have :put_\¢= 1 
. 0 

( ct. foot;note 5). 

.7) We-remark that: for. e'Ven M :ail ()dd.derivative=.· of .I vanish at the 

; = o- ( see. Appendix A). This simplifies considerably the forfl\ulae; ~e 
shall ~xploit this· fact in the follo,;..ing _c9nsid~rations. -

, B)'~ ref/·2/ -~~was, -stre~~ed that~ products, ··of 8 -.functions are. inherently 

' · a~biguous •. 'I'hi~ a:nbig~itY · is here lifted. by the restriction ·to· ~e par~icular, repre-
, '\ - . ...... . . . - . 

~ ~. 

( j 

sentation' of" ali ... . li~ -_'functions in iattice'space. 
• o 1 ' .• I _, 

/-

. ~ ·;_· 

9 )-.We shall call graphs' of: thi~ type "basic gr.;_phs". 

10) It is, howe~r~ n'ot _allowed to cut the graph' (otherwise one ~ollld get · .. , ;I 
' ... -. .>-- '- ~ ~- ' : J. ' , -. ' . .• ' ~I - . .' ' 

vacuum graphs, see Appendix B), ar:!d free ends· must .. stay' fr:ee, 
. '·. .... . .' ( . 

"' 

11) The '' f -in constants like ' 0 8(0) is 'of 'course not to tie-
-:-. - . 

;:.::,;_mted ~s contribution to · k ; 1 

· 12) Having 'calcul~ted:. all ambiguous products of li - functions. in lattice 
- . . ' ~ . . ·. I .. ·, ' : . . .. .. . .. . . . . -

space we · a.re c. nc:l~ free to-. us~ any repr;esentation .. ':;'f the.· remaining· linear. expres-

=sio~ (17). in. li ·,._;_functions. The Fourier representation seems·m~;;t suitable. 
' ) • > •-; / r • ,- ~ '• • r '• \• ,' ~~ l 

are related to the:matrix elements-by b '.;.J<Oj¢1i >1
2 

t< ·' 
- I , · ' I 

I 
., . 13) The b· J 

·> 

.., 
I 
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