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Introduction

The relativistic causality is usually discussed in the framework of theories of interacting particles. However, one
may require it to be fulfilledin free motion of isolated particles as well, in the following sense : Let we have initially
a wave packet localized in a local region ( so that the probability of detecting the particles anywhere outside of this
region is zero). During free motion and spreading of this packet we must have vanishing probability of observing the
particle outside of the light cone, i.e.out of the front of the light wave radiating from the bouudary of the above regiou.

However, the quantum-mechanical packet spreads instantly over all space/l’z/ even in the relativistic considera-
tion. This fact means that it is possibTe to transfer a signal faster than light although I should make a reservation just
from the very start that this effect is practically unobservable ( at least, in direct experiments) and therefore in most ap-
plications of the theory ( stationary problems, problems of scattering ) it may be neglected. However, this effect is di-
rectly related to the problem of the local microcausality of the theory: the packet spreading may be considered in the
framework of field theory, satisfying the usual causality condition ( see, e.g./3/ y.

It is shown that the above effect is allowed by ordinary quantal postulates.

One can attempt to find a way out from this trouble by forbidding the treatment of such observables as the coordinate
operators which we use to describe the packet localization. There is another form of the scalar particle theory, which
is similar in some respect to the Dirac theory of electron/s/. The investigation of a spreading Dirac particle

reveals, however, analogous difficulties and , apparently, more drastic attempts are to be made to overcome them (seef4)

oy

1. Spreading of the scalar particle packet.

The evolution of a physical system consisting of one isolated scalar particle isexhaustedby the free motion. This
problem is solved in terms of the field theory ( although in our case such a theory is equivalent to the non-second-
quantized one, see/7/, ch. 7). For the sake of simplicity only one scalar neutral field lf (%,t) isbomein
mind which interacts with nothing. However, we might consider any model of interacting field ( scalar field with spinor

one, e.g. ) satisfying the usual causality condition’ ¥

1. Owing to the vacuum definition
v
+ . A=)
(10 (x,t)10>=<01<p (% t)=0

and therefore the wave function of our particle ( one-particle Fock amplitude } in the coordinate representation

¢(§,t)=<0|(P(;,t'){yr>=<0|LF(”(Zt)]yb o

is a positive frequency solution of the Klein-Gordon equation (D +m2) '1’(;, t)=0 , see/7/, 7c. It can be

U b7, (8D )

expressed in terms of P at the moment to by the formula ( see

* -
The relativiatic covariance of the theory by itself does not ensure the relativiastic causality. Theories with relativis~

/47
tic form factors or nonlinear ones may be an example ( see, e.g. ).
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We express ®(x,¢) in terms of the initial wave functim in the momentum representation. Let
3 ik x ik +m? ¢ -
® (x,t)=_1 md k ¢ °° P 0 4
b (%, t,) (ay)”’f\/;:r;f ¢, (k) @
By inserting (4) and (5) into (2), we get:
ikx Wk +aP t -
ot9-_L_ [ mlk_ e e %, (k)
(2) vk?+m 0 (5)
Formula (5) can be also obtained in the following way: ¢ (;) beiug given, one can find

4,(; t)=expl-iVEk?+m? t] d:,(z),see/7/, ch. 7 (41), and go over to the coordinate representation for obtaining

(% t).
By means of (5) we can check that ® (%,t) obeys in fact the first order equation ( see/7/, ch. 3 ) -
) 3,7, .
. 0 - - . 9 g
'T_t (e)=[¢( 'ai’)+m] d(x,t) )
Thergfore, we need not specify separately 3 ‘3 ® (%.t) ( it is sufficient to know ¢o (k) at
0
t'=t ). Eq. (6) is relativistic covariant in just the same sense as the Dirac equation in the form

)
i 9 Y=(@p+B8m)y orthe Maxwell equations.
at

Till now the presentation was made in the representation of the covariant coordinate x . It will be used in§2
However, the operator x is non-Hermitian/ 6.7/, For the scalar particle we know only one satisfactory
coordinate operator — the Newton and Wigner ¢ coordinate’ 12 7/_ 1t is non-covariant but only in the sense that

it is transformed in accordance with the non-tensor representation of the Lorentz group ( a known example of like

quantity is the usual three dimensional velocity ).

In the g - space we have as before k’ =— 1 38—— /13/ and therefore Eq. (6) and formula (5) are of the -
qx
same form as in the x -space:

- 3 1 --’k w k’ ’t
®(q,t)=_1 md’k  (xhn? ) e ? WK

6 (k) 6
(2n )3/3 \/————k’+ o3 [

- ¥ it ’
i_t9_<l>(q,t)=[(-i_3_.,_)2+m’l ®(qt) 6"
at aq

The norm in the g -space is of the form/13,14/



fd%p (g, t)=fd’q@*(J,t) ®(G.t) =1

2. Consider the particular form of the initial state

- s, — &4 .2 —
® (g 0)=H, fffiE’i_\/E e (_sinka yE)- ™
+oo

N2 e the sin 2k a
=M o
- i —

“th —eo ——F . »
Nx and N, = (27%a ) are the normalizing factors; E =y k?+ md ‘bo (q,0) is the localized function of 4

( see, e.g./s/, page 131 );

g”’ for r <2a
N r
o oo - |
b (3,0)= @ (1)
0 for r> 2a

and describes a wave packet which is localized inside the 2a -radius sphere and has zero average momentum. The

center of the packet is at rest and its spreading is described by formula (5) with ¢ = 0:
N N Feo ikr -iEt . 2
D(q t)="lafdke e _i'"_k"istb(r,t) ®
it

There are no guch integrals in the tables of Fourier transforms’?/. But according to general reasons ® cannot be

zero at any point during the finite interval of time/2-10/, This holds for the points | .:; |>t+ 2a too. The
geometric locus of the points  r=t+ 2a is called by us a light front. This is a sphere whose radius increases
at the velocity of light ( we use the system of units ¢ =1 and h=1 ).

Estimate the behaviour of @ (r,¢t) at r>t+2a (outof the light front ). The integrand of (8) is analy-
tical in the upper half plane with the cut from im to i , see Fig. 1 ( one might draw the cut (im, ~im )

but only with the specified cut one has such a branch of the function vV K+ m? which equals + IV E*+ m?| for

all real k ). In this case on the arc Bb Jm [\/k2+ m?>0 andonthe arc Aa Jm vk m?<0
On the line (b im) where k is purely imaginary k=ig we have
exp(—iv kI +m?t)= exp| q-m?|t and on the line ( im, a) we have
exp (—iyki+mit)=exp(~|vV g -m?| t).

a| 8




According to the Jordan lemma, at r>t+ 2a the integral along the arc B b tends to zero (the

more the integral over Aa ) and

00 e -n/xlrm?
l=(d @ P sin” ka  _
- car 3 . ©
=-2( dq € il shy g~ m?t
m q
Owing to the fact that the integrand of [ is positive [ ands & ( r,t)= N2 Uir are non-
vanishingat r > ¢+ 2a .Let us estimate [  from below. By replacing vV @<= m7 by a larger func-
tion g—m 1 is reduced to the sum of integral exponential functions. Using the asymptotic reéresentation
of these functions ( see, e.g./ll/ Yat r=~ft~2a>> Am ( '\m = I/m is the particle Compton
wavelength } we get
ar 2ma -2ma
i>p= t e ™. _¢ & -2 3
2m (r=2a)~t? (r +2a)7—-1¢13 r3-¢2 (10)

: 2
Thus, out of the light front the probability density [® (7, t) | is non-vanishing and the particle can be
observed there.

-

3 . . ' 2 hasgl
3. We state some generalizations of the particular problem solved. Of course, besides __E’.’%r_;‘a_ / E many
‘other functions b, (k) may be indicated which describe in the momentum representation the localized pack®ts

(in particular correspon ding to smoother 00 (g 0) ) e.g. sin ¢ kl a \/_E_ } . See the tables of
Fourier h'ansforms/s’g/. For all of them ® (3, ¢) will tend to zero out of the light front more rapidly than exp(-mr).

If instead of the initial ¢:’ (;) for which k-;v =0 we take DA (;).—: ¢o (F-pl) then we getjnitially
the localized packet ( with the zero average coordinate -aaV' =0 * ), with the average momentum A .

We emphasize that the relativistic consideration ensnre the motion of the packet center at a velocity not greater

than that of light.

2. The Hypothetical Experiment on the Signal Transfer at a Superluminary Velocity,

We saw that out of the light front the probability density is appreciable only ata distance of several Compton wave-
lengts )\m = I/m from the front edge. The lightest particle, electron, has Ay~ 3.86 . 10-“ cm. (In the
present paper we consider non-zero rest masses only ). It seems therefore that the effect cannot be observed in real
( at least direct ) experiments. It is reasonable to put the question, if there exists this trouble at all ( perhaps it is
totally masked by the uncertainty relation, for example ). We show that the quantal postulates do not forbid the fol
lowing hypothetical experiment to be made.

From point A ( see Fig. 2) to point G and D two signals are transmitted simultancously at equal velocity.

The generalization to the case aw./ 0 is trivial: instead of ¢o (.k,) » ¢o (I) exp (+ ii aa‘ll) should be
taken. To such an initiai function there will correspond -Oc(g t)=0(g + d ,t) t o (gt) corresponded
av )
© ¢ (6



Fig. 2

Having received the signal, the generator G  produces one particle during one second. This élrticle bas A,
equal to one million km ( we call ita » -particle). As a result, by the end of this second, there is one free
v -particle in some region near G . The dimensions of the region cannot exceed 0.3 million  km, since according
to the theory of relativity, during one second the particle cannot move off from the production point by more than 0.3
million km. The second signal puts in motion detector D for a period of one second .It gives a pulse, if the
v -particle falls into its volume. Liet the distances AG , AD and GD beequalto1.5; 1.5 and 3 mil
lion km,respectively.

According to the theory of relativity D must not give any record during its work. However, according to the
solution of the problemof a spreadingof a localized packet underthe given conditions there is the non-vanishing proba-
bility of the record and such a record will be a signal transmitted at a velocity greater than the light one. Such a
result was obtained in spite of the fact that atall the stages we took into account the theory of relativity v(namely
‘preparing’ the initial dtate and using the relativistic theory of a spreading of this state ). -

We discuss possible objections conserning such an experiment. We note firat that the quantal postulates ( see,
e.g.,/ 7/ , ch. 1) do not yield the particle mass spectram and tio not forbid, consequently, the existence and the
treatment of v -paﬁic}és.

1. Does the quantum mechanics allow the localization of a particle in aregion smaller than Am (and algo the
detection of the coordinate with an accuracy not worse than A, ) ‘? -

We would remind of the well known interpretation of the wave function: | (a) |2 i-‘the density of pro-
bability that the device measuring the physical quantity @  gives the value a for it . Thas, the use
of the symbol g implies the existence of some abstract device which imparts to ¢ an exact physical meaning.
The problem of the realiza:on of such an device bears no relation to the hypothetical experiment since one dis-
cusses the intrinsic contradiction in the relaﬁvistic quantum mechanics, i.e. contradiction which exists in the

abatract "physical world’ of this mechanics ( ‘world’ which is constructed according to the quantal relativistic theo-

ry postulates).

The examples of Gedanken experiments are known in which coordinates of some particles cannot be measured
with accuracy better than ) /16/ However this doeé not prove the existence of this limit of the measurement
accuracy: ‘Ob ferner dieser Grenze fur die erstgenannten Teilchen eine prinzipielle Bedeutang zukommt/ 16/ oder ob

sie durch indirecte Methoden umgehbar ist, ldsst sich durch elementare Uberlegungen nicht von vornherein entschei-



den’'*... We may attach to this limit a principle importance only after constructing such a mechanics which results
automatically in the impossibility of exact measurement of the coordinat;a, i.e. in the ideal physical world of this
mechanics, by definition, no device could exactly measure the coordinate.

Thus, the problem of localization of a particle in a region less than Apy  is exhausted by the concrete construc-
tion (7) of such a state from the positive — frequency functions (referredto the moment ¢t =0 )

The localized state may be referred to a certain moment of time. Even if time is considered as an operator ( see
Pauli/17/ p. 1,  §8) this possibility follows from the fact that q and P commute with ¢ . The
fact that the state with definite g coordins : in the X representation is non-local does not mean that it is impos-
sible to prepare and measure the localized states in the ¢- space/ls/. They can be constructed as some superposi-
tions of plane waves, for example, Assuming langnage of the ¢ coordinate wg must express the packet localization
and the measurement in D iu terms of this coordinate.

2 In the hypothetical experiment use is made of only those devices which localize or detect coordinates. A simul-
taneous measurement of momenta or energy is not required. Therefore the uncertainty relations are of no importance in
this experiment.

We notice that the instantaneous transfer of a signal is due to the stage of the quantal free motion but not to the
preparing and recording stage.

3. Fiera/1%/ and Ma/zo/ state that the non-vanishing of the causal function A, outside the light cone does not
lead practically to the trouble of an instantaneous transfer of a signal. We will show that the authors give examples in

which this trouble is absent ( or is almost absent ). It is natural that these examples do not exclude another example
( our hypothetical experiment ). =
Fiers, in his approach, instead of the initial state specifies the photon source Jj (%, ) in a certain space-time

region v, . The coordinate X is used as a parameter characterizing the space position of the ( extemal)

current.

Let particles be produced during the finite time in the finite volume:

](x"_ )=F(%)1 (1) const in the interval - T<t<+T
f(:)={ (11)

0 outside

+w .
For example, f(t)= [expiEt__sﬂEEL__ dE -

For the sake of simplicity of calculations we may assume F(X) to be proportional to 3 (x) .la region V,
is situated as is shown in Fig. 3 the current (y“ ). in this region can only absorb particles. The integral

f % [d'% j0) Ag(y—x) i(0=f d% fd% j(z) &Y (y=x)i(x) (12)

v
V’ V‘ y v:

* This remark of Pauli (/”/o p. 1, iﬂ ) may be illustrated by the following notes. Uasing the proton microscope we are not able to

measure the coordinste of a slow eleotron even with the accuracy 1836 ) ( uee/‘o/: 5.12 ). On the other hand, photons emitted b
m

by ato or trinos and eleotrons emitted by nuclel are localized in reglons far amaller than their wave length.
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vanishes, only if ®(y) = [d*% A+) (y=~x)j(x) =0 in the region ¥V, . It may be shown that

G(y)40 in this region. Using the device of the type of Fig. 2 we are therefore able to transmit signals

with the superluminary velocity ( Vx corresponds to G  and ¥, o D )

t

Fig. 3
However it may occur that the A non-causal properties do not exhibit themselves. S.T.-Ma transforms the

integral O(y)=f d’x A (y=-x)j (x) so that the non-causal properties of A, tum out to be carried to

a redetermined source: j(x) is replaced by j‘_(x) » I (x) s the positive-frequency partof j(x) . If the
source is such that j(x)=j, (x) then A, can be simply replaced by a trully causal function
A ot . Thirring in his book/ 2L/ has shown that if Jj(xy ) =8 (%) f, (9 then

[ d*x Ac(y—x)j(x)~_t_"'.%:__‘_.|_¥£ (13)
y

like for the classical electromagnetic wave. If the line width of the source is small compared with the main frequency

(just as in all practical cases of emission ) then the source may be considered with a large degree of accuracy to be

a positive-frequency current. The spreading effect will be very small/19/,

Nevertheless, strictly speaking, it is impossible to transfer a signal by means of j+ (x) . It cannot be

a localized function of time*. For the signal to be transmitted one must locally change the time part of the current

iy (® Jp ®=j (0)+ t(x)

but then j! (x) willnotbea Positive-frequency function*. ( The time dependence of iy (x) can be changed

only for all times simultaneously).

3. Dirac particles packet spreading.

As in §1 we start with the presentation in terms of the field theory. The Fock amplitude

*
It it were so, then its frequency Fourler component would be an analytical funotion of the frequenocy and would
vanish in the ‘h-quenoy interval ( —e0 , 0 ) only when it is identically sero.

9



(1,0 " .
Yo (R0)=(® 4 (0¥ ), v AN

a a (14
- , , . “+)
satisfies the Dirac equation and since Y a % =0 then
(1,0 iEt ikx

€% 6)ac20)” 21 [ 'k VWE (®,,5 (W¥) w ()@ e (15)
The Schweber notations are used/7/, ch. gb; l,[la&) is the fermion destruction operator; (@ b (k)¢ )
i i Loy f '
is the fermion Fock amplitude in the momentum representation. W, (%)  describes the state with positive
energy. In the field theory this follows from the definition of the vacuum d’o . In the non-second quantizad theory

of a fermion one may directly require that the wave function describe a fermion rather than a superposition of a fermion
and nntifermio.n.

It may be checked that ¢:.o) (xt) satisfies Eq. (6). However, the demonstration of the contradiction with,
the theory of relativity is now more difficult than in the scalar case because there is no initial state g[r L9g0)
such that the Dirac density p (%0) = 2 ,p' (%0) ¥, (% 0) (indices (1,0) being omitted ) is a locallzed
fanction of  x ( vanishing outside the ﬁmte volume ). Not dwelling on the proof of this fact we indicate cases when
the number of fermions in a certain region, at a certain moment of time, turns out to be larger than the maximal number

of particles allowed by the theory of relativity in the sitnation under consideration. We explain this by the example of

the one-dimensional case

K3
(@, 0,0 ¥)=0, (k) =5, 8(k;)8(k, ) c(k, ) ae
so that !/la (-x‘, 0) = Yo (2,0). . Let the fermion be, at first, near the point z=0 . The number
of particles which we have at the moment ¢ in the region 2A z , see Fig, 4, cannot exceed the number
that we have had at the moment t=0 in the region 2Az+ 2¢ ' More exactly, the quantity
zo+Az z+ Az +t
8=[p(zt)dz - [ p(z0)dz a7
z- Az z, Az -t

must be negative. Indeed, according to the theory of relativity the value of a physical quantity in a certain region at

a certain moment of time is to be defined only by a physical situation in near regions, at near preceding times.

N
7/




It is clear that this criterion of the relativistic causality is rather rough. Let

-vE J2F ink,a _1 gin® :
< (k) \/—E -\/EZLH—n{ smk, a +— sin kk.a .(EIE_—I)X (18)

L 3
The norm factor is not written down. We assume that ma <<l ( the first component l/ll (20) islocalizedin
the region << A ) As the point  zo  we take the point in which P(%0)=0 so that to render
the second integral in (17) a rather small quantity ( 2z, is equal approximately to 3/2 (-1_ ) '\m>‘> '\m )
ma
When z = 2z, are large we can calculate § approximately. When ¢ w 2Az << ) o we have

S~ a‘ézmz@ (Az)? /(m zo)s >0

Besides this examhle, we calculated numerically the quantity

Awf p(zt)ds=fp (20)ds

v (19)
Zo+f ‘0
with the initial fanction
= . . .
C(k')-r\/ E v/ 2E (2i Sin SAmky - e’ ain25,\,.- ko ) (20)
m E+m ’ k. . k,

Then p (z 0)vanishes at the point Zz=2,=13.1X

The only difference between A~ and § -criterion is that the points B and D (Fig. 4) in-case of A~
criterion are moved to infinity ( it is easy to understand that the A  criterion is less rough). The results of calcu-
lations carried out by the collaborator of the Mathematical Department of the Laboratory of Theoretical Phyaics of the
JINR Om Sang Ha are given in Table. The accuracy of calculation is the following: the first figure after point i?
correct. The normalization of the initial state is such that | A | is of the order of unity. A 'is positive

for all chosen [

Table
r=t/A, 0.1 0.2 o5 - 1 2
A 0.1 0.26 0.72 0.88 0.45
A

4. Attempts Made to Overcome the Causality Trouble

L Till now we consider the localized initial states. Let us show that the causality trouble cannot be avoided by

introducing a postulate that only non localized states are permissible. This postulate would restrict the superposition

principle but would not prevent from describing sufficiently exactly all the physical real states.

If the propagation velocity of physical processes is finite then the nnmber of records in D ( Fig, 2) during one

second must depend on the initial physical situation in the sphere V,only ( with the center at the point D ) with

11



the radius not exceeding 0.3 million  km. Therefore two non-localized states which have identical initial wave func-
tions in the region VD , but differ from one another outside VD » should yield the same number of records in
D. To show that the postulate does not mend matter, it is sufficient to give examples in which the numbers of records

are different. Let one of the states be described by a certain function o, and the second one by & = + [,
2 1

where [ is the state localized near G  at the moment t=0 ( L=0 in the sphere VD ).
For 01 the number of records at the moment ¢ will be proportional to | (Dl (7 bt ) ? and for 02
to |®, |3 +|L l’_'_ 2Re L* 01 . The numbers will be different of course if, e.g., [L(}; , E)[>»>]® ("1' )}
D ' 'p

( so that the interference term may be neglected ).

2 In the present paper we have considered the theory of scalar particles ( in the form represented in the book by
Schweber/7/ ). The results of §1 and §2 are directly applicable to the Foldy-Wouthuysen equation for an electron
( see/7/, 4f). Besides, Eq. (6) can be written for the particle of any spin/22~4 It has turned out that in the case of the
Birac equation there is an analogous causality trouble as well. Therefore it is worthwhile to mention here possible
attempts to avoid it.

Knight/?'/ defines the localized states in another way ( so that in particular, the number of particles in such states
is not definite ). The spreading of such states does not lead to a contradictory with the theory of relativity. However
Knight did not change the definition of vacnum and the current-current interaction is carried out as before by the func-
tion A ¢ i.e.in a non-causal manner, see §2. We empfnasi‘ze that it is just due to the usual definition of vacuum

that only a positive-frequency part of the field operators survives in definition (1) and as a result @ (% t) spreads
according to the ‘non-local’ equation (6).
There must be quite a different situation in a theory in which it would be possible to measure ( or localize ) the -
, see §2 , sectl, But we have no such a theory. There is no realizationr

.
yet for far more radical attempts to eliminate totally the microscopic notion of coordinate /23/ aud to retain it as a

/24/

coordinate only with an accuracy A m

statistical notion only, see
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