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Abstract 

A method is given for reducing 'algebraic' operations with complex angular momenta (addition, recoupling 

etc ) to ordinary angular momentum algebra, by expanding the· matrix elements 5)
1 

, ( R) for complex 
mm 

j into ~n orthogonal series. The generalization of vector coupling coefficients and their sum rule for complex 

total angular momenta are treated as examples. 

r . .LlOMOKOW 

AnrEBPAHqECKHE OPOBnEMbl B TEOPHH KOMnnEKCHOrO 
YrnOBOrO MOMEHTA 

AHHOTaUHSI 

.LlaeTCSI MeTOD. CB9lJ.9HHS1 "an!"e6paH'!9CKHX" OUepaUHH C KOMU119KCHbiMH YI"110Bb!MH MO

MeHTSMH /cno)KeHHe, nepecTpO:il:Ka H T,IJ.J K OObi''IHOH 81IT'90'Je yNIOBO!"O MOM9HTa nyTeM 

pa31IOH<9HHS1 MaTpH'!HbiX sneMeHTOB 5)~m '( R) lJ.nii KOMU119KCHhiX j B OpTOJ"OHaflbHhlil 

pSin. B Ka'!eCTBe npHMepoB paccMaTpHBaeTcSI o6o6weHHe Kosci:Jci:JauHeHTOB BeKTOpHO!"o cno

meHHSI H HX npaBHna cyMMbl nmi KOMII119KCflb!X II011Hb!X YI"110Bb!X MOM9HTOB, 

PaooTa HanaeTcSI T01IbKO Ha aH!"nH:il:cKOM fl3biKe, 



1. In traduction 

The theory of complex angular momentum has played a considerable role in later time in predicting asymptotic 

behaviour of scattering amplitudes, their connection with the exchange of bound and quasistationary systems etc*. 

From a certain point of view the main idea of the theory can be stated as a suitable re-ordering of an ordinary 

Legendre series so as to allow analytic continuation outside its convergence ellipse. 

The idea could be applied immediately to ,field theory with spinless particles in the two-particle approximation, 

and 'indeed, it has been shown that the partial wave amplitudes are meromorphic functions of the angular momentum 

variabl/1•2/. 

There has been, how.ever, certain confusion, as soon as one wanted to treat many-particle intermediate states. 

The main difficulty consists in the fact that one has to deal with several angular momenta, coupled. together som~ 

( or all ) of which has to be 'Rcggeized'. It is not clear from the beginning, what one has to do in this case with 

Clebsch-Gordan coefficients, which occur e.g. in the unitarity.condition etc. 

In the pres~nt work we propose a solution to this problem by reducing it to the algebra of 'ordinary' angular 

momenta. The main point in our argumentation is that the geometrical factors (vector coupling coefficients etc) with 

complex angular momenta can·be expanded into a convergent series according to 'ordinary' quantities. Thus addition, 

reccupling etc. of complex angular momenta can be performed by operating with 'well-behaved' entities only. In what 

follows, it will be sufficient to deal with the continuation in j of single valued representations of the rotation 

group, as usually orbital momenta are 'Reggeized'. 

2. Expansion of states with complex angular momentum 

All the geometrical problems we ·have to treat can be reduced to continuation in the total angular momentum 

quantum number of matrix elements of the irreducible representations of the rotation grou~. The latter can be written 

as a function of the Euler angles; 

where 

Here C 

g)/ , (a{3y) = 
mm 

Ima 
e 

I Im 'y 
d ,({3) e 

mm 

d~m' ({3) = C (sin {3/2 / (cos {312/ X 

X F ( 'h ( p+ q) + j + 1, 'h ( p + q) - j; q + 1; sin
2 

{3/2) • 

is a normalization coefficient ( being a simple algebraic function of j ). • 

p=\m'+m\, q=\m'+m\ 

(1) 

(2) 

F (a, b; c; z) is a hypergeometric function. If j= integer of half-integer, F in eq. (2) reduce~ to a poly~ 

nomialU. 

"' The main results are summarized in th.e corresponding reports of the International Conference on High Energy 

Physics, Geneva, 1962. We refer the reade~ to the Proceedings of th~s Conference for a general survey. 

** ' In what follows, we make use of standard expressions; the reader may consult any textbook on the so called 

quantum mechanics of angular momentum or on the theory of group representations for reference. 
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If we continue eq. (2) in j , then in order to mainfain the single-valuedness of ~ in the Euler angles a 

and y , we still must have m,m '= integer, however, without the restriction lml< i • lin'!.:: i. 

In general, th'e hypergeometric function will be singular at {3=rr but it will be expandable into an orthogo· 

nal series. 

We choose the matrix elements of the finite-dimensional, irreducible representations of the ordinary rotation group 

as our basis system, i.e. we write: 

5)1, (a{3y)= :£ 
mm ellll, 

e 
<imlf~t> 5J , (a{3y)< f~t'lim'>. 

ILJl. 
(3) 

(Here and in what follows, letters i -denote complex, e -ordinary, integer of half-integer-angular momenta\ 

Eq: (3) is the Clebsch-Gordan series for 
., 

Sj J ,(a {3 y ) 
mm 

The expansion coefficients are of course given by the integral: 

<imif~t><f~t'i,im'·>= 2£+ 1 
· 8rr2 

J d R 5)
1 

, ( R) 5) e , ( R) 
mm Ill' 

where R is an element of the rotation group 

d R = d a sin{3 d{3 dy. 

Taking into account eq. (1), we immediately see that the right hand side of (4) will be proportional to 

and making use of Dougall's exp~nsion/3/ for P m (cos {3) we find: 
J 

<imlf~t ><f~t'lim'>=omll 0 , , 
miL 

sin j 11 

1T 

e 
X (-1) (2£ +1) 

O-fJ(i+£ +U 

Eq. (5) det~rmines < jIll I e IL > up to a phase, which, however, is unimportant>~<. 

The reader can immediately verify that for j --> n ( n > 0 , integer) 

<nmlf~t><f~t'lnm >=omll orr.'~t'one 

as it should be. 

\ 

3. Continuation of Clebsch-Gordan coefficients in the angular momentum 

0 
miL 

(4) 

(5) 

0 , , 
mil 

As an application of the expansion found in the previous section, we show, how one continues a vector coupling 

coefficient in the total angular momentum quantum number. · 

Problems of this kind occur in treating many-particle intermediate states in crossed channels of a scattering 

amplitude/ 4/. 

We start with the definition of vector coupling coefficients: 

* Eq. (5) can be found either directly by calculating the integral (4) or, alternatively, by making use of the fact that. 

the expansion coefficient is not only diagonal in I'll , but independent of it. So It can be found for same spe.olal 

value of Ill , e.g. Ill= 0 . This Is the way we followed. 
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2j +1 

Brr 

(6) 

If here one of the angular momenta ( j , say ) is compelx, we insert the expansion (4)-(5) for the corresponding matrix 

element; and analogously, if we have to deal with several complex momenta we have to insert the expansion for every 

9J with a complex angular momentum. Let us illustrate the procedure for the case, when only j is complex. 

We have: 

2j+l 
~ <j~ I f/l>< fIll i ll>x 

8rr2 f 
f.. f1 f2 

X J dR!!) (R) !!) (R) !!) fR.) 
llll Ill ll1 ll:~ ll:~ . 

( We made use of the reality of the expansion coefficients (5) ), Remembering (6), the latter equation can be written 

as follows: 

or, finally, with eq. (5) and ma~ing use of the reality of the vector coupling coefficients for integer f 

f f 1·· >< J'ul f 11 f 11 >. = < 1 ll1 ,2 ll2 1 ll ,.. 1 ,..1 2 ,.. 2 

f 2 
< 2 i + 1 > sinirr ~ < -1 > < <f Ill e2 ,.,. 2 I e ll > > • 

1T (J-f)(i+ f+l) 1 
(7) 

Eq. (7) of course determines the continuation of the vector couplin_g coefficient up to an arbitrary phase. The latter 

can be chosen to correspond to that at integer values of j , in most expressions, however, we have to deal 

with the modulus squared of the vector coupling coefficients, so that the arbitrary phase drops out (of. ref/
41>. 

Let us remark that the sum of the right hand side of eq. (7) is finite, as the ordinary Clebsch-Gordan coefficients 

vanish, unless the angular momenta satisfy the traingle inequality: 

At this point we can generalize the so-called sum rule for the vector coupling coefficients. 

As is well-known, the latter states for integer ( or half-integer) f1 

2 

~ ( < f 1 0 ~ m I fm >) = 2f + 1 
m 2f1 + 1 

5 
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Combiningthis expression with eq. (7) we immediately find: 

};. < £1 o ~ 11. i11.><illi~O~Il>= 
ll 

2j+1 

2 £1 + 1 

. . £1 +f:z e 
szn 1 rr };, ( -1 ) ( U + 1) 

TT f=lf1-f:':zl ( j- £) (j+f + 1) 

(9) 

We remark that the sum of the right hand side of eq. (9) can be expressed with the help of polygammafunctions 

( c£. ref./3/ Ch. I). 

In fact, we have: 

£1 + r2 

};, 

e = 1 e -r 1 
1 :z 

e 
(-1) (2£ + 1) 

(j -f) ( j+£+ 1) 

e 
=};, (-l) (_1__ 1 

e i-£ i+£+1 
)= 

e _e 2N 
=(-1)1 :z };, 

k 
(- 1) 

+ j .... -j - ·1) 

k=O i -I e1 - r:z 1- k 

where 
2N = £

1 
+ £ 2 -l £1 - £ 2 1· 

Hence, with the help of eqs. 1. 7 (32) and 1.8 (1) of ref./3/ we have: 

};, 

ll 
<£0 £1llill><illi£Of 11.>= 

1 2 1 :z 

2j + 1 

2£, + 1 

sin j rr 

TT 

( 
£
1 

_ e 
- 1) 2 

1 
i-\£1 _£

2
1 +G (fz+ f 2 + 1-j) _ (10) 

- G ( \ f1 - f 2 I + 1 - i ) + ( i -+ - i - 1) I 

Expressions like eq. (10) turn out to be useful when one estimates sums over products of vecrtor coupling ·coefficients 

with several complex angular momenta. 

4. Discussion 

One sees from the foregoing sections, how geometrical entities are to be continued in angular momenta. The same 

procedure can be applied to other quantities as well, like Racah coefficients or to transformation coefficients betwe.en 

two different angular momentum representations (e.g. to the transformation coefficient between a helicity representa

tion and an (LS) representation) . The unicity of the continuation can be proved by the application of standard unicity 

theorems from the theory of integer functions, as it has been done in the case ·of the continuation of partial wave 

amplitud~s. ( Cf. re£./5/). 

If one has several complex angular momenta, then some of the resulting series may not converge for the whole 

domain necessary. In such cases a further analytic continuation procedure, like that leading to eq. (10 ~ combined 

·with a contour integral representation of the series in question, should be applied. 
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