
.. 

103 0 

_Q_ 
A o 

06oE.lU1HEHHbiH V1HCTY1TYT 5UlEPHbiX V1CCJ1E.UOBAHY1~i 
Jia6oparopHst reoper~tJecKoft cp11311K11 

B.A. Arhusov, A.A. Logunov, A.N. Tavkhelidze, R.N. Faustov 

THE ASYMPTOTIC BEHAVIOUR 

OF THE SCATTERING AMPLITUDES AND 

THE RENORMALIZATION GROUP METHOD 

E 1030 

P4. A.d-f, -{9&:t, v :t., ... 3 I r jro -!.tt . 

Dy6Ha 1962 rort 



' ! 

--

B.A. Arbusov, A.A. Logunov, A.N. Tavkhelidze, R.N. Faustov 

THE ASYMPTOTIC BEHAVIOUR 
OF THE SCATTER1NG AMPLITUDES AND 
THE RENORMALIZATION GROUP METHOD 

.Lly6aa 1962 roLt 

E 1030 



( 

• 
In recent years ~n connection with the Regge•s papers1 1 1, the problems of the asympto­

tic behaviour of the scattering amplitudes at high energiesl 2 1 have been widely discussed. 

If it is assumed that the asymptotic behaviour of the scattering amplitudes is dominated 

by the pole in the plane of the complex angular momentum with the largest real part, the 

amplitude at high energies s takes on the following form: 

f(s,t) ~ {3 (t) s a(t) (1) 

where t is the momentum transfer, a(tJ is the position of the pole cf the t -channel 

partial wave ampli.tude in the P- plane. Such an approach seems rather attractive and arous­

es enthusiasm of some physicists. However, the description of the scattering processes with 
• the aid of the Regge poles has so far a phenome.nological character, as long as it does net 

yet take into account the interaction dynamics. 

Not long ago a number of papers appearediJI, in which attempts were made to obtain 

the asymptotic behaviour of type (1), starting from particular interaction models. 

Note, that in some papers the problem of the asymptotic behaviour of different Green 

~ "'' functions bas been already investigated by summing the "principal" logarithmic diagrarr:s , .•• 

~ever, this method took into account, as a matter of fact, only the two- partic1e state" 

in the • -channel, what, of course, is not justified at high energies. 

Here, to investigate the asymptotic behaviour of the scattering amplitude we resort 

to the renormalization group methodl 6 1. It is essential in our approach that in order to 

find the asymptotic behaviour of the scattering amplitude at large s > we make use of the 

differential equations of the renormalization group over the variable 

transfer). 

(the momentum 

Suoh an approach is consistent with the concept of "strip" approximationl 7 1. 'l'hc E~p-

plication of this method can be illustrated by two models of the quantum f~eld theory. 

Consll1er first the case of the scalar nEl'lltral mesons with the interaction tl9 3
(x) 

We represent the meson-meson s~ttering amplitude as 

2 2 g 2 
2 2 

T (t, s, m , ll ) = -,-- M (t, s, m , g ) (2) 
m - s 

Employing usual procedurel 6 1, for .u we get the following equation of the renormaliza.tioYJ 

group 

J 



~Pnlf(x,;r,p,S 2J~_l [~rntJ(e,.z_, ..1!., S2 1/J(s,p,S 2)l,c 1 0 & X O•; Z Z • • 

(J) 

where x ~ _t__, :r ~ _-!..,,. •. !!.!,A is the normalization momentum, 1 2 1/J(x,,.,s'J is the invari-
A A A 

ant charge described by the corresponding differential equation'''· In accord with the 

renormalization group method, as an initial approximation for the righthand side of (J), 

we make use of the following diagrams 

+ )j 
F i g, 1. 

·'or large • and t , not very close to 4.,' , this yields 

where 

2 

M0(s,;r,p,l 1)•1+-b <JJ(.!..)tn(-!..) 
,. •' /l /l 

• -;;-:-;; ds' 
•(s)• fv--,- (s'-4)(z'-z) 

4 " 

(4) 

Oubstitut1bg (J) into (4) and solving the d1ffernt1&1 equation for large s, we have 

W)Utzoe 

in the a~proximat1on when 

T(t, •• rn 2, I'J .. -!:-: (- 8 ),. CIJ 
• "jjjJ 

. '2 II (t) •- 1 + ~ 

1/• (..L, 1,1 1 ) .. 1 ,., 

j .I ( ~~)"' ( ~ 1 11 ~ 1
) dt 1 -- . .. 

dt' a(t) •- l + ~ [..;~' '" f.. t' (t'- 4•~U' - t) 

SF 

(5) 

(6) 

(7) 

.... 

~It Ul now turn to the model of paeudo-acalar neutral particles with the interaction 
. . 

SA&r&n~i&n h•~•J,In th11 0&11 the Z'IDormalization group equations for the scattering amp-

1Jtudtl •~• of th• to~ml'l 
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' _a_ t.. 0 (x, y, p., h)= J.. [ __} __ tn Of~, L, -E, h rf>(x,p., hJJ]_., 
a" " a,; " " • = ' 

(8) 

where the invariant charge h<f> (x,p.,h) satisfies the equation 

_L h</>(x,p.,h) ~ h</>(x,,.,hJ.[~</>(/;,1£,h<f>Jlt;= l 
a" x ae x (9) 

Choosing, as an initial approximation, the expression obtained by calculating the diagr[cms 
I 

drawn in Fig. 2., 

s-X + 
F i g. 2. 

for large Y, we find 

(10) 

Yhere 

F X - 1 (x, p.) = --,-
8 rr p. 

j,;~ dx' 
• x (" ' -..L'-J-:(,-x-:-' -_-_-="-) 

" p. 

Substituting (10) into (8) and taking into account the terms of the first order in 

h tn(-:rJ, we arrive at a solution 
.J1:. 

0ft,s,m 2
, h) 

0(t
0
,s,m 2 ,h) 

where ~ is an arbitrary constant 

y(t, t0 ) = e:rp[h f dt'¢(t',m 2,h)F'(t1,m 2
)] 

'o 
- h 2 t 
a(t,t0 )• a;' fdt'¢ 2 (t',m 2,h)F'(t',m 2

) 

•• 

(11) 

(12) 

To find the asymptotic behaviour in s of the scattering amplitude 0 (t, s, m 2 , h J 

the finite momentum transfer, it is necessary to impose the boundary condition. As such, ... 
one can cloose the well-known experimental fact that the cross sections at high energies 

are constant. This, in its turn, leads one to a conclusion, that the imaginary part of the 

scattering amplitude 0fO,s,m 2 ,hJ at large" behaves like c." ( c is some well-known 



constant), while the real part grows more slowly, what can be easily seen if use is made of 

the dispersion relation for the forward scattering. Employing the boundary condition for­

mulated above, we obtain 

0 ( t, s ,m 2
, h) • 

where 

iCm 2 y(t,O)(-_!_ 1 artJ 
m2 

a(t) • 1 +; (t,O) 

(lJ) 

In the previous model we could also apply a similar boundary condition. However, it 

seemed more convenient there to impose the boundary condition from the requirement of the 

consistence with the perturbation theory.* ~ 

To investigate the analytical properties of the exponent a(t), it is necessary to 

study the analytical structure of the invariant charge h ¢ (t, m 2, h) (or ' 2.p (t, m 2,' 
2 

) 

respectively). The invariant charge h¢ (t, m2 , h) equals the value of the function 

h C}(t ,a, p:, p:, p ,', p:, m 2, h) d 2
( t, m 2 , h) ~ h O ( t, m 2 , h ) d ( t, m 2 , h ) 

4 

a+t+u•! 
I• I 

p 2 
I 

at the symmetrical point 

t - .. - u , p 2 • p 2 • p 2 • p 2 • P·' 
I 2 3 4 

-where d(t,m
2
,hJ is the meson Green function. 

As far as the function d(t, m 
2

, h) is analytical in the -plane with the out along ~-

the real axis from 4 m 
2 up to , for investigating the analytical properties of the 

invariant charge it is sufficient to study the analytical structure of the function 
• • 2 
C}(t,m ,h). 

Using the analytical properties of the n-th term in the perturbation theory1 8 1, one 

oan easily show that the function [J(t, ,.2, h J is analytical in the complex t -plane witb 

the cut along the positive real axis t >4m 2 

Thus, even the elementary consideration shows that the function a(t) ( see formula 

(12)) is analytical in the complex t -plane with the out along the positive real axis 

from 4m 2 up to and ~ > o, t < 4m 2 

dt 

The above investigation points out the sufficient effectiveness of the renormaliza­

tion group method in the qualitative consideration of the asymptotic behaviour of the soat­

te~1n~ amplitude at high energies and establishes interesting relationship between the in­

varlant ft~Tge ~n~ the Regge exponent. 

~he TOsulta obtained show also that the class of the diagrams we have taken into ao­

oo~nt m&kt•an essentially greater contribution to the asymptotic behaviour in s 

* The account of the crossing-symmetry learls to the appearance of the :factor (l+f_,,...r'') 
in formulae (5) and (lJ). 
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• 
than those corresponding to the "principal" logarithmic terms in the notation adopted 

by the authors of1 4 1. 

The application of our method to the investigation of the asymptotic properties of 

the scattering amplitudes in electrodynamics and meson theory will be considered in a 

more detailed paper. 

In conclusion we express our deep gratitude to N.N. Bogolubov and I .T. Tortorov for 

interesting discussions and remarks. 
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Note added In p100f 

The medtod dl!ftloped can be "P88ied for investlptin& the asymptotic properties of the ampUtude Involving fermloas and bo -

_., e.c-, for " - N scatteritl& where the ampUtude may be represented as 

A 2 
T(s,t) ~ M

1
(s,t) +-;- g M2 (s,t). 

please, see the next page 
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The equation of the renormalization group can be written both for 111
1 

and M 
2 

fn M;(x, y, p., g 2) 

M,(xo' Yo•P.• g2) 
j .:!..!!_'[~fnM1 (~, L.,.!!:., 82 1/1(-x', p.,g 2))1~:=_ 1 + X

1 a~_; -X 1 - X 'o 
"'o 

+ /.:!.L'[_j_enM (~,1J,L, 821/J (y', p.,g2JJ]1J=t. 
y' a 1J ' y' y' Yo 

Substituting the expression for the lowest order of the perturbation theory, we obtain the asymptotic behaviour of the Regge 

type for" - N scatterin& I 1/. Analogous results take place when treating the ComptOD-effect I2J_ The application of this method ,... 
for solving the. problems of the potential scattering leads us to the asymptotic behaviour of the Regge type and allows to calculate 

a ( t) for a wide class of potentials ( see I 31 ) . 

For the sake of simplicity we made use earlier of the equations of the renormalization group in order to investigate the asympto­

tic behaviour of the scattering amplitudes. However, it turns out possible to get further information if the renormalization group equa­

tions are written for the imaginary part of the amplitude. Employing then the dispersion relations, the real part of the scattering amp­

litude can be. reconstructed. This is illustrated by the model with the interaction g c/J 3 ( x) where the following expression is 

obtained for the imaginary part 

lmT(s,t)= 
g4 8-;; <I> (t)(~/(t) 

m 

Hence, by using the dispersion relations for the asymptotic behaviour we get 

$= 

,. 4 a(t) [ · - 111 a ( t) 
T(s,t)=_s_<f>(t)(~) l+e ] 

· 8 71 m 2 sin 11 a ( t) 
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