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1. BeeOeHue 

CHCTeMa B3aHMO.D,eHCTBYIOll.(HX 'laCTIII( B KBaHTOBOB Teo· 

pHH llOHJI MO:>KeT 6biTL OllHCaHa C llOMOll.(LIO aMnnHTY.D. lieTe· 

ConnHTepa HHH KBa3HllOTeHI.(HanLHbiX BOHHOBbiX lilYHKI.(HB. 
HanoMHHM onpe.D,eneuue JTHX oenH'IHH. 

IlycTL IP,c> - neKTop cocToJIHHJI cnonHbiM4-aMnym.

coM P H KBaHTOBLIMH qacnaMH qacTHULI c . CoJIJannoe 
COCTOJIHHe 'laCTHI.( a H 

p H KBaHTOBLie 'IHCna 

ConnHTepa 

b, KOTOpoe HMeeT llOHHLIB 4- HMllYHLC 

C, OllHCLIBaeTCJI aMnnHTY.D.OB lieTe· 

111 p (X, y) = < 0 I T ¢a (X)¢ b (y) I P, C > 

/¢a (x) H ¢ b(y)- reiiJeH6eproocKHe onepaTopbi H T - one
paTop xpouonoraqecKoro ynopJI.IJ.O'IeHHJI/. 

HcnonLJYJI cooiicToo TpaucnJIUHOHHoii unoapaaHTHocTH, 
HMeeM: 

X + y 
-iP---

'i'r(x,y)=e 2 fp(x-y). 

AMllHHTy.D,a fp (x- Y) 3aBHCHT OT OTHOCHTenLHOrO BpeMeHH 

x 0- .YO H HCTOHKOBaTL ee KaK BOHHOBYJO lilYHKI.(HIO, B006ll.(e 
rOBOpJI, HeB03MO:>KHO. 

KnaJanoTeuuuanLHble oonuonble lilYHKUHH onpe.D,enJIIOTCJI 

KaK JHa'leHHJI cooTBeTCTBYJOll.(HX aMnnHTY.D. lieTe- ConnHTepa 

ua Ja.D.aHuoii npocTpancToenuo-no.D,o6uo:H nooepxuocTH. B 
nepoouaqanLuoii pa6pTe /I I B Ka'leCTBe nocne.D,Heii BLI6a

panacL nooepxuocTL paBHbiX opeMeH .D.HJI ocex qacTHI.(. B 
'laCTHOCTH, KB~3HllOTeHI.(HanLHaJI BOHHOBaJI lilYHKI.(HJI .D.BYX 
'laCTHI.( HMena BH.D,: 

X (J{' _ y) = fp(x- Y) I _ Y = 
0 

• 
p xo 0 
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lloAqepKHeM, qTO, XOTH onpeAeneHHhle TaKHM o6pa30M 

KBa3HllOTeHUHanbHhle BOnHOBhle ~YHKUHH ~OpManhHO HeKo

BapHaHTHhl, TeM He MeHee BCe ~HJHqeCKHe BenHqHHhl /cneKTp 

CBH3aHHhlX COCTOHHHB, MaTpHUhl pacceHHHH H T.A./, nony

qeHHhle C llOMOIUbiO 3THX ~yHKUHB, HMeiOT penHTHBHCTCKH

HHBapHaHTHhlH CMhlCn. 

B HacToHmee apeMH H3BecTHhl pa3nHqHhle cnoco6bi no

cTpoeHHH penHTHBHCTCKH KOBapHaHTHhlX KBa3HllOTeHUHanb

HhlX aonHOBhlX ~YHKUHH I 2/. 

B AaHHOH pa6oTe AaeTCH cucTeMaTuqecKoe onucaHHe 

CBOHCTB MHOroqacTHqHhlX K.ll. BOnHOBhlX ~YHKUHH H COOT

BeTCTBYIOIUHX ~YHKUHH rpuHa B KBaHTOBOH TeOpHH nonH Ha 

Hynh nnOCKOCTH B cnyqae llpOH3BOnhHOrO CllHHa. 0TnpaBHblM 

nyHKTOM eAHHOrO llOAXOAa HBnHeTCH cneKTpanbHOe npeA

CTaBneHHe ~YHKUHH rpHHa. 0HO AaeT B03MO)I(HOCTb HJyqeHHH 

CTPYKTYPhl KBaJunoTeHuHana, B peJynhTaTe KOToporo yAa

eTCB C~OpMynHpOBaTb KOppeKTHble penHTHBHCTCKHe ypaBHe

HHH B npo6neMe MHOrHX Ten/ 3/. 0co6oe MeCTO YAeneHO 

HJyqeHHIO npoeKTHPYIOIUHX H TpaHC~OpMaUHOHHblX CBOHCTB 

~YHKUHH rpuHa H KBa3HllOTeHUHanbHhlX BOnHOBblX ~YHKUHH. 
llpoeKTHPYIOIUHe CBOHCTBa yMeCTHO 6yAeT llOHCHHTb 

Ha llpHMepe AByxqacTHqHOH KBa3HllOTeHUHanhHOH BOnHOBOH 

~yHKUHH. ,[l.nH npOCTOThl, paCCMOTpHM cnyqa:H CKanHpHhlX 

qaCTHU COpT a a , b H C, KOTOphlM COOTBeTCTByJOT BTOpHqHo 

KBaHTOBaHHhle nonB ¢. (x) (i = a, b, C) H narpaH)I(HaH B3aHMO-
u 1 

AeHCTBHH BUAa: 

f>I (x) = g:¢a(x)¢b(x)¢ c (x). 

B HH3WeM llOPHAKe TeOpHH B03MyiUeHHB no KOHCTaHTe 

CBB3H g, AnB aMnnHTYA lieTe-ConnHTepa HMeeM: 

g 
fp(k) -~----------------

[(l_p+ k)2-m2+ ifl[<l.P-k> 2-m 2+id 2 . 2 
rAe 

fp(x-y) = fd 4ke-ik(x--v'fp(k). 

KaaJunoTeHuHanbHaH aonHoBaH ~YHKUHH Ha HynL-nnocKOCTH 

/eM. §2/ onpeAenBeTCH Bhlpa)l(eHHeM 
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<t>· (x- y) = f (x- y) 1
1 + +· p ~ :_ p • X =y 

B paccMaTpHaaeMoM npu6nu)l(eHHH HMeeM 

rAe 

3 -i_k(x-y) 
<l\ P(~- ~) = f d ~ e - · <1> P (~) 

<t>p(k)-
g 6(7]) 6(1 - 7J) i 1T 

1 
IP+I7J<l-7J)[P2+P1- <2Ji+k~2+m2 ---

7] 

] k + 
7]=-+-

2 p+ 

1 2 2 
<2Ji -k..l) +m 
------] 

1-7] 

0TCIOAa Mhl BHAHM, qTo B AaHHOM npH6nH)I(eHHH~ypbe-o6pa3 
KBa3HllOTeHUHanbHOH BOnHOBOH ~YHKUHH o6naAaeT cneAyJO

IUHMH npoeKTHPYIOIUHMH CBOHCTBaMH / 4f: 
+ 

¢ p (k ' k .l ) = 0 ' ecnu 7] < 0, 7J > 1. 

HH)I(e 6yAeT noKa3aHo, B qacTHOCTH, qTo 3TO Ba)I(HOe 

CBOHCTBO COXpaHHeTCB He3aBHCHMO OT TeOpHH B03MYIUeHHH 

AnH BCeX KBa3HllOTeHUHanbHhlX BOnHOBblX ~YHKUHH. 

2. ",4eyxepeMeHHble" tPYHKilUU FpuHa 
n- B3auMooeucmey101J1UX •wcmu11 

cl>yHKUHH rpHHa n-B3aHMOAeHCTByJOIUHX qacTHU B KBaH

TOBOH TeOpHH llOnH Ha Hynb nnOCKOCTH onpeAenHeTCB KaK 

BaKyyMHoe cpeAHee OT "xpoHonoruqecKH" ynopHAoqeHHhlx 

npOH3BeAeHHH COOTBeTCTBYIOIUHX reH3eH6eprOBCKHX one

pa TOpOB none:H H HM"eeT BHA /S/ 

(n) 
G (x , •.• x ; y , ••• y ) 

I n I n /1/ 

=<OIT WI<x 1> .•• W <x >'V (y > .•. 'V
1

<y1 >IO>. + n n n n 
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],IJ,eCb ,!J,llB napaMeTpH3aU,HH KOMnOHeHT 4-BeKTOpOB Xi , Y i H 

,IJ,p. HcnonL3YIOTCB nepeMeHHble "caeTOBOfO l!lpoHTa": 

+ - + 1 0 3 ( l 2) X ,, (x , X , X _L), X-= -(x ± X ) , X_L = X , X , 
2 

- + 
~=(x ,x-L), x=(x,~). 

B HMnynLCHOM npocTpaHCTBe y,IJ,o6Ho aaecTH o6o3Ha'leHHB: 

( - t ) + () 3 ( l 2) ( + ) 
p~c p ,p ,p_L, p-=p ±p 'P_L= p,p 'p= p,p.,l., 

- + + - - + 
TOr,IJ,a px=p X+ p X -p..l.x-l~ p X +'2_~· 

a 11'. (x.) H IJI. (x .) BBllBIOTCB COnpB)KeHHbiMH reibeHfiep· 
1 1 1 1 

roacKHMH onepaTopaMH noneil i -Toil qacTHIJ,bl * . T+ JIB· 

nBeTcB onepaTopoM xpoHonorH'lecKoro ynopB,IJ,O'leHHB no 

"apeMeHHOH" nepeMeHHOH x -t. B npocTeilmeM cnyqae ,IJ,BYX 

none a 
+ + + + T 'I'. (x)'l' . (y) = 0 (x - y )IJ!. (x) 'I'. (y) ±O(y - x )'1'. (y)'l'. (x) 

+ 1 J • 1 J J 1 

/3HaK MHHYC COOTBeTCTByeT l!lepMHOHaM/. 

IlO,IJ,'lepKHeM, 'ITO B KBaHTOBOH TeOpHH nonB Ha HYllb 

nnOCKOCTH KaHOHH'leCKHe KOMMyTaUHOHHble COOTHOllieHHB 

3a,IJ,aiOTCB npH WHKCHpoaaHHOH "apeMeHHoil" nepeMeHHOH 

x + = x 0 + x 3 • CooTBeTcTBeHHO, a TeopHH B03Mylll,eHHH pac

cMaTpHBaiOTCB X+ -ynopB,!l,O'leHHble npOH3Be,IJ,eHHB CBOfiO,IJ,HblX 

onepaTOpOB noneil. JTO npHBO,!J,HT K HeKOTOpOMY pa3nH'IHIO 

B ,IJ,HarpaMMHOM B3biKe no cpaBHeHHIO C KOBapHaHTHOH TeOpHeH 

,IJ,nB 'laCTHU C HeHyneBbiM cnHHOM. 

Onpe,IJ,enHM ",IJ,ByxapeMeHHYIO" WYHKUHIO rpHHa n-'laCTHU: 

- (n) + + 
G <X ; X l ' ... X ; y ; y l' ... y ) = _ _n _ _n 

(n) ) I 
G (X 1 ' • .. X n; y l' • •. y n x + = ' .. = x + = X + 

1 n 

/2/ 

+ + -Y + y = ... =y - • 
1 n 

Y,IJ,o6uo aaecTH onepaTopbl 

* 0TMeTHM, 'ITO HMeiOTCB B BH,IJ,y ,!J,HHaMH'le CKHe KOMnOHeH
Tbl no neB, ODHCblBaiOIIJ,BX 'laCTHU,bl CO cnBHOM /5/. 
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AOd ='I' (x ) ••• '1' (x >I + +_x+' 
1 1 n n x 1 = • • • = xn -

A(y) ='I' (y ) ••• 'l'l(ylll + __ +_y+' 
n n y~-···-Yn-

H 3anHCaTb ,IJ,BYXBpeMeHHYIO WYHKUHIO rpHHa /2/ 'lepe3 

3TH onepaTopbl: 

(n) 
G ·( x, y) = < 0 I T+ A (x) A (y) I 0> 

+ + -
= IHX -Y )<OIA<x>A<y>IO> ± 

/3/ 

+ + -
±O(Y -X )<OIA<y>A<x>IO>. 

3HaKH I ±I Bbi6HpaiOTCB B 3aBHCHMOCTH oT KonH'leCTBa 

wepMHOHHbiX onepaTopoB B A (x). 

B ,IJ,anLHeilmeM Mbl xoTHM nony'IHTb cneKTpanLHoe npe,IJ,

cTaBneHHe ,IJ,nB WYHKUHH rpHHa /3/. 
HcnonL3YB pa3llO)KeHHe no nonHoMy Ha6opy WH3H'le

CKHX COCTOBHHH lm>, CBOHCTBO TpaHCllBUHOHHOH HHBapHaHT· 

HOCTH 
- + 

-iP X 
<OIA<x>lm> e m <0\A(x)jm>, 

A(x) = A(x) I + 
- X =0 

H npe,IJ,CTaaneHHe cJ>ypbe ,!J,llJI 0 -l!lyHKUHH, /3/ MO)f(JIO 3anH

caTb B cne,IJ,yiOIUeH cneKTpanbHOH WOpMe: 

G (n )( ) 
x,y 

(n) + + 
G <X - y ; X, y) 

/4/ 

"" - -IP-(X+-Y+)"" a1 (z;x;y) a2(z;x;y) 
= f dP e f dz [ - - :- __ _:-_ _::__ ] , 

- + -
-oo 0 P -z+i£ P + z-i£ 

r,IJ,e ,IJ,nB cneKTpanLHblX WYHKU.BH a1, 2 HMeeM Bblpa)KeHBe 

qepe3 n -qacTB'IHble KBa3BnoTeHu,BanbHble aonHOBble WYBKIJ,BB 
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ai<z;x;y>=-L~o<z-P->x <x>x (y) 
- - 2 77 m m Om _ Om -

a2 (z;~;~) 
i - -
-~o(z-P >x 

0
<x>x 

0
<y>, 

2rr m m - m -

X <x>=x (x ... x >=<01'¥ <O,x ) ... '¥ <O,x >lm>, 
Om - Om -I - n I -I n - n 

/5/ 

X 
0 

(y) = < m I A (y) I 0> , 
m_ -

X <x>= <miA<x>IO>, X (y)=<OIA<y>lm>. 
mO- - mO _ _ 

CyMMHpoBaHHe no m B $opMynax /1.8/ npe.IJ.nonaraeT HH-
1- -

TerpHpOBaHHe no 4-HMnynLcy Pm<Pm>O,Pm>O, P.L) /npH 

ycnoBHH P ~> 0 I H cyMMHpoBaHHe no ocTaJILHLIM KBaiiTo

BLIM qHCJiaM, OT KOTOpLIX MO:lKeT 3aBHCeTb J].aHHOe $H3Hqe

CKOe COCTOJIHHe I m>. 

Onpe.IJ.eJIHM 4JypLe- o6pa3LI cneKTpanLHLIX lbYHKUHH: 

ai 2 (z,xi ... x ;yi ... y ) , _ _n _ _n 

n /6/ 
1 -i ~ (p.x.-q.y.) n 

= -- f e i = I _J .J :J '.J ( 3 :J (2
77

)4n ai,2 z,pi"' Pn;ql' .. q >.n d P· d' q .• 
- -- _n]=l ::.J _J 

lf3 onpeJ].eJieHHJI /6/ Ha OCHOBe /5/HMeeM 

a I ( z; ~I' "~ n; ~ l "' ~ n) = 

__ i __ ~ o(z- P~>xom(pi'"pn)Xom(ql' .. q n)' 
(2 rr)I - 4n m _ _ 

/7/ 

a2(z;pl"'pn;ql"'qn) 

l - -
----- ~ o<z- P >x o<PI"' P >x o<qi ... q ), 

) 
I - 4n m m m n m n 

(2 7T 

r.IJ.e 

8 

n 

-i~p·X· 
( ) f '-I_J_l ( )d3 d3 

Xmo~l"'~n= e J- Xmo£I'"£n £1'" £4' 

n 
-j ~ p •X • 

( ) f j=l _l - J ( )d3 d3 Xo x ... x = e Xo pl ... P pl... P . m _ 1 _ n m _ -n _ _ n 

IIOKa:lKeM, qTo cneKTpaJILHLie $yHKUHH a 1, 2 B HMnyJILCHOM 

npOCTpaHCTBe 06JiaJ].aiOT CJieJ].yJO[UHMH Ba:lKHLIMH CBOHCT

BaMH: 

ai(z;pi'"'pn;qi ... q )=O, 
- - - _n 

/8/ 

+ + 
eCJIH XOTJI 6LI OJ].Ha H3 nepeMeHHLIX P. HJIH q . · MeHLWe 

1 
HYJIJI, H 

a2(z;pi'"pn;qi"'qn) =O, 

J 

/9/ 

+ + 
eCJIH XOTJI 6LI OJ].Ha H3 nepeMeHHLIX pi HJIH q j 60JibWe HYJIJI. 

IloKa:lKeM CHaqana cnpaBe.IJ.JIHBOCTL /8/. ,ll;nH 3Toro 

paCCMOTpHM 4JypLe-o6pa3 ll -qacTHqHOH KBa3HnOTeHUHaJIL

HOH BOJIHOBOH $yHKUHH 

X (p ... p l= 
Om _I _n 

n 

1 i~ 
--- f j-I 
(2rr)3n e -

~ j~j n. 3 
<0I'JII (xi) .. ,'JI (x lim> ll d X.= 

_ n_n j=l _] 
n /10/ 

1 i .I p .x. 
= ---- ~ o (p -p lfe J= 2 - 1- 1 <01'¥ (Ollm > x 

(2rr)3n-3 mi -1 -~ 1 1 

x <m1 1'¥2 (~d"· 'lin (~0 ll m>. 

YqHTLIBaJI, qTo p + --, 0, MLI BH.D.HM, qTo x
0 

(p
1 

... p ) paB-
m1 m - -n 

Ha HYJIJO, ecnH 12. +
1 

< 0. qTo6LI .D.OKa3aTL cnpaBe.D.JIHBOCTL 

3TOrO yTBep)K)l.eHHJI )l.JIH JIJ06oro p +, HCnOJIL3yeM CBOHCTBa 
J 
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KOMMyTali,HH llOJieH 'I'. (x.) Ha HYJIL- llJIOCKOCTH H nepeHeCJI 
1 -· ua nepsoe MecTo cnesa npoH3BOJILHLIB.onepaTop 'I' i (~i) , 

nepenuweM 1101 B BH.D.e 

1 iipexe 
X 0 (pi ... p )=+ I 8(p.-p lfe f,fj- - <01'1'. W>lm >x 

m _ _n (
2

rr) 3n- 3 m I _J _ m1 J I 

., 3 
x<mii\11 I(xi) ... 'l'. I(x. I)'l'. 1 (x. 

1 
) ... '1' {x >lm>fl dx 0 _ J - _ 1- J + _ 1 + n _n U j _L 

OcTIO.D.a, Y'IHTLIBaJI, 'ITO .D.JIJI ~H3H'IeCKHx cocTOJIHHH P;
1
:2. 0, 

yfie)l{)l,aeMCJI, 'ITO 

+ 
X Om(~I'"~n) = 0, lecna XOTJI 6LI O.D.HH Pi< 0 I 1111 

AuanorHliHLIM o6pa30M MO:>KHO y6e.D.HTLCJI, liTo 

XmO(~I'"~n) = 0, /eCJIH XOTJifihi O.D.HH p>OI 1121 

YliHTLIBaJI 1111, /121 u ~OPMYJILI 171, y6e)l{)l.aeMcJI o cnpa

oe.D.JIHBOCTH CBOHCTB IBI H 191. 
Onpe.D.eJIHM TenepL ~ypLe- o6pa3 .D.ByxspeMeuuou ~YHKIJ.HH 

rpuua 141 

- + + n 
G(n)(X+- +. . 1 -iP (X-Y ~I(p.x.-q.y) 

y ,xl"'xn,yl ... y )= --fe i=t-1-..J _J_J 
_n (2rr)4n x 

-(n)- ) _niT 
X G (p ; p ... p ; q ... q dP . 

I _n _1 _n 1 = 1 

1131 
3 3 

d P.d Q. 
_] _] 

IlO)l.CTaBJIJIJI 161 H 1131 B 141, DOJIY'IHM 
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- (n) - a 1 (z; p ; q) 
G (P;p;ql=fdz[ _--

p - z + if 

a2 (z; ~; .9) 
+ p . + z - lf 

J, 
114/ 

ai(z;~; ~) =0, I ecna xoT Jl 6bl O.D.HH p t. q j < 0 I, 

a 
2
(z; ~; q) = 0, + + lecnu XOTJI 6bl O.D.HH p. ,q. > 01. 

I J 

CneKTpanLuoe npe)l.cTasneuue 1141 JIBJIJieTcJI auanoroM 

cneKTpaJILHOrO npe)l.CTaBJieHHJI DO DOJIHOH 3HeprHH )l.Byx

BpeMeHHOH ~YHK~HH rpuHa B KBaHTOBOH TeOpHH DOJIJI. 0)].
HaKO 3)l.eCL npOJIBJIJieTCJI cy~eCTBeHHOe pa3rpaHH'IeHHe Me:>K

.D.Y BepxHeH H HH:>KHeH DOJIOCT JIMH CBeTOBOrO KOHyca, xapaK

Tepuoe )l.JIJI KBaHTOBOH TeOpHH DOJIJI Ha HYJIL-DJIOCKOCTH, a 

HMeHHO: "3ana3)l.LIBa.IO~aJ1" 'laCTh ~YHK~HH rpuua 1141 
lnepsoe cnaraeMoel nonuocTLIO onpe.D.eJIJieT nose.D.euue 

+ + ~yHKIJ,HH rpuua npH DOJIO:>KHTeJILHLIX pi , q j, a "onepe-

. :>KaiOwa.ll" qacTL /sTopoe cnaraeMoel - noBe.D.eHHe ~YHK~H 
+ + 

rpuua npu OTPHU.aTeJILHhiX p i ' q j • 
ECJIH y'leCTL, 'ITO B KBaHTOBOH TeOpHH DOJIJI Ha HYJih 

nnocKocTH "o.D.eTLIB" saKyyM I 0> lco6cTseuuoe peweuue 

nonuoro raMHJILTOHHaua c MHHHMaJILHOH 3Heprueu P-10>= 0/ 
cosna)l,aeT c "roJILIM", T .e. c auanorH'IHLIM peweuueM cso-

6o)l.uoro raMHJILTOHHaHa, TO HeTpy)l.HO BLIJIBHTh Cylll,eCTBeH

HOe ynpoiiJ,eHHe B CDHHOBOH CTpyKType ".D.BBYXBpeMeHHLIX" 

~YHKIJ,HH rpuua. )J,eHCTBHTeJILHO, KBa3HDOTeH~aJILHLie BOJI

HOBLie ~YHKIJ,HH MO:>KHO npe)l.CTaBHTh B CJie)l.yiO~eM BH)l.e: 

i I'" in il n 
X (p ... p >= I <ll 

Om_I _n · · Om 
II'"In 

(p ... p )lJ (p ) ... lJ (p ), 
_I _ n I _I n _n 

i1'" i i 1 i 
n 7~ ~ n 

X (p ... p >= I <ll (p ... p lL (p ) ... C (p ), 
mO_l _n il' .. in mO _1 _n I_l n _n 

i 1"' i 1 
<ll o n <p r .. P > = ------ < P t i t , ... P i I m > 

m n 30 + + _ _n n 
(2rr) p

1 
... pn 

r.D.e 

- npoeKU.HJI BeKTopa cocToJIHHJI I m > ua cocTOJIHHe n- cso-

6o.D.HbiX 'laCTH~ C HMDYJILCaMH pI'" p H npoeKIJ,HJIMH CDHHOB 
- _n 

i 1 ••• in, 

i . u ep <~> = < o I'~' e
11 

w> I•~> Cei <p>=<-pil'~'e <O>I0>-
11_ - 11 

CDHHOpbl, ODHCLIBaiO~e O)l.HO'IaCTH'IHble C OCTOJIHHJI * • 

* 3)l.eCL H HH:>Ke HCDOJIL3yeTCJI HHBapHaHTHaJI HOpMHpOBKa 
O)l.HO'IaCTH'IHbiX BeKTOpOB COCTOJIHHH 

.... . 1 .... , . , . r , . , <2 )3 2 o "' ,< 3 > <.... .... ') <p,lpl>=<pt pi>= 11 po .. ,o p-p 
11 

3 +<-- (3) , 
=(2rr)po .. ,8 (p-p). 

11 - - 11 



BhlllHCbiBaJI aHanorH'IHble COOTHOWeHHJI ,n;nJI BOnHOBbiX 
lilYHKUHB X Om , Xmo, cneKTpanLHble nno:rHoCTH MO)I(HO nepe
nHcaTL B BH,n;e npoeKTHPYIOIUHX onepaTOpOB 

a(z,pi···P ;qi ••• q) = I n n 

ii in -
I. U (pi) ••• U (p )ai. . . . (z,pi .. ·Pn;qi···Qn)x 

. . _n II"'I ; JI'"l II ... In - n n 

ii'" j n 

-h -in 
x U (qi) ... U (qn ) , - -
a 2 ( Z, P 1• .. P n; q 1•" q n) 

I. 
i i 

C lpi) ... C n(pn) ;;2 . . . . (z,e_I"'e_n;~1"'~n)x 
- - 11".Jn;Jr"ln i1 ... in 

h ... jn 

- i1 -j n 

x C (~ 1 ) ... C <gn), 

r.n;e 

a1 (z,p1 ... p ;q1 ... q ) = 
· · · · n n 11 "' 1 n ; 11 ... l n - - - -

. n-1 - i1 ... i -j1 ... j 
=I(2rr) ~o(z-Pm)cf>Om ~~1""'£n)¢0m ~~1'"~n)' 

a2 (z, P 1'" P ; q 1"' q ) = · . . . n n 
11'" 1n; l 1"' l n - - - -

. n -1 - i1'" in - i1 ••• i 
=l(2rr) I.o<z-P )¢ (p 1 ... p )¢ ~q1 ... q >. 

m mO n mO n 
m - - - -

BepHeMCJI cHoaa K cneKTpanLHOMY npe.n;cTaweHHIO /14/. 
113 CBOBCTBa TpaHCRIIUHOHHOB HHBapAfaHTHO~TH cne,n;yeT: 
~ (p. - q.) = 0. Bae.n;eM aeKTop P = I. p = <P ,Pl)H onpe.n;e-

i = 1 - J - J - j=1- J 
+ + -1 2 2 

nHM 4-aeKTop P = (f' ,P ,P,ll,npH'IeM P=~<P +P.(.l.l1cnonL-
p 

3YJI onpe.n;eneHHe cneKTpanLHLIX nnoTHOCTeii: /7 I H caoii:cTBO 
TpaHCnJIUHOHHOB HHBapHaHTHOCTH BOnHOBLIX 4JyHKUHB, MO)I(HO 
nony'IHTL Ha ocHoae /14/ cneKTpanLHoe npe.n;cTaaneHHe 

12 

.IJ;BYXBpeMeHHOB 4JyHKUHH rpHHa no KBa,n;paTy nonHoro 4- HM· 
nynLca P 2 

- (n } 2 "" a (8 ; p ... p ; q ... q ) 
G (p · p p . q q ) _ f d8 -I -n -I -n 

'_ I'" _n ' _I'" _ n -
0 2 

p - 8 + if 
/15/ 

r.n;e 

n n 
a(8;p;q) =a1 <S;p;q)ll e<p:>e<q:)+a <S;p;q)fJ e<-p'1e<.-q\ 

-- _ _.j=1 J J 2 --j=1 .] .J 

. 4n-1 + 2 - ( ) a1(8;~;~)= d2rr) ~ p o(8-Pm>xom<~1""'~n>xom~l'"~n' 
4n -1 + 2 -

a (8· p · q) = i (2 rr) !. P o (8- P >x 
0
(p

1 
... P >x o(q1 ... q ). 2 '_, _ m m m _ _n m _ _n 

Y'IHTLIBaJI JaKoB coxpaHeHHJI TpexMepHoro HMnynLca 

~1 + ~2 + "' ~ n = ~ 1 + ~2 + "' ~ n' 

3allHWeM 4JyHKUHIO rpHHa B BH,n;e: 

- (n) 2 
G (p ; Pr" P ;ql' .. qn) = 

- _n- -

(3) 
= 0 

n n - (n) 
< I. p ·-I. q ·) G <P; P 1"' P -1 ; q l'"" q n -1 ) • j= 1 _Jj=1 _J __ n __ 

/16/ 

IloKa)l(eM Teneph, 'ITO 4JyHKUHJI rpHHa /16/ 3aBHCHT OT + . 
nepeMeHHbiX P H P .1 cneuHanLHbiM o6pa3oM: 

+ 2n - 2 - (n) + . + ) 
(p) G (P;pi,Pi.l.'Qi ,qj.l -

-(n) 2 -1 
- S pG (P ; 71 i, p i.1- 71 i P .1 ; tf i' q i .l.- tf i P .1) 8 p, 

r.n;e 6naro.n;apJI caoiicTBaM /8/ H /9/ 

71 = 
i 

+ p. 
I 

p+ 

+ q. 
tf = - 1 (i, j = 1, ... n - 1) 

p+ 

0<71 tf <1 
i j 

/17/ 

13 



-·1 IS p H Sp - H3BeCTHLie MaTpH~LI npeo6paJoaauuJI, ,neiicT-
ayiOmue Ha CDHHOBLie HH.I{eKCLII. )l;nJI CKanJipHLIX 'laCT~ 
Sppaaua eAHHHue. • 

3aBHCH~OCTb ciJyHKUHH rpuua nHWb OT MaCWTa6HbiX 
nepeMeHHLIX TJ j He· JIBnJieTCJI cne,nCTBHeM HHBapHaHTHOCTH 
n-qaCTH'IHOH 4-M~pHOH ciJYHKUHH rpuua 111 OTHOCHTenLHO 
nopeHUOBCKHX BpaiUeHHH B DnOCKOCTH (x 0, x 3): 

(n) + - + - + - + -
G (x , x , x ... x , x , xnl· y , y , y ••. y , y , y ) = 

I 1 11.. n n 1 I 1j_ n n n l.. 

(n) + -I - + -1 
= S ,\ G (,\ xi,A x 1 , x 1..1.' •• Ax n , A X n , X n.l.. ; x 

1181 
, + c1 - ~ ,-1 - ) -1 

,. AY I '1\ y I 'y I •.. ,\ y ' 1\ y . .Y s \ 
,.j_ II n DJ 1\ 

MaTpuua SA .neiicTayeT ua cnHHOBLie uu.ne_!CLI u peanuJyeT 
npeo6paJoaanue noneaLix onepaTopoa IJI i,IJI. • HanoMHHM, 
'ITO npH Bpall{eHHH B DnOCKOCTH (xO x3) nJOH3BOnbHLIH 4-

+ - ' 
aeKTop A= (A , A , A J}npeo6paJyeTcJI no JaKouy: 

+ + - -I 
A .... ,\A , A .... ,\ . A , A 1...... A 1.. • 

)l;nH ,nayxapeMeHHLIX ciJyHKUHH rpuna CBOHCTBO 1181 COXpa
HHeTCH. B peJynLTaTe ciJypLe-o6pa3 1161 JIBnJieTcJI "o.nno
po,nuoii" ciJyHKUHeii nepeMeHHLIX p +' p ~. q ~: 

I J 
-(n) 2 + + + 
G (p ,P 'Pl..; ... p . 'p. I ... ; ... q . 'q "1..'" ) 

I 
1

-+- J J 1191 
2n-2 -(n) 2 + + + -1 

=A SAG (p ,AP ,P .l..; ... Api,piJ_...; ... Aqi,qi.l.."')SA 

-(u) 
Ill 1191 uenocpe,ncTaeuuo cne,nyeT, 'ITO G ueTpuauanLHLIM 
o6pa30M laBHCHT nHWb OT MaCWTa6HbiX nepeMeHHbiX TJ i H 
(j 1171. 

PaccMoTpHM npeo6paJoaauue Jlopeuua, Ja,naaaeMoe ,nay
MepHLIM BeKTOpOM C -1. 

+ + - - ~ 1 +7~2 n + 
A ->A; A .... A t-ClAl-+-2A L; A.l. ... A.l.+L-I.A. 

14 

1 

' 

J 

' 

<l>yHKUH.Jl rpuua I 11 HHBapHaHTHa OTHOCHTenLHO 3THX npe
o6pa3 OBaHHH. )l;nJI ciJypLe- o6pa3a 2- BpeMeHHOH ciJyHK~H rpu
Ha OTCIO,na cne,nyeT: 

- (n) 2 
G (p ,Pl..; ... TJ_;P.l ... ;(. Q . .l.. ... ) = 

I I ) J 

= S C }i (n) (p 2,P .l. + p + C 1..; • •• TJ i ' P i..l + 

+ 7~ c + 7~ ) -I 
+piL-l. ... .,i ,qu + qi L..~. ... scl 

p.l. 
c -BLI6opoM .l. = - p + DpHXO.I{HM K ciJopMyne 1111. 

3. Kea3unomeHijUaAbHbJe fPYHKflUU FpuHa 
ceo6oOHbJX 'lUCIIIUij 

1201 

PaCCMOTPHM $yHKUHIO rpuua o,nuoii 'laCTHULI c npOH3-
BOJibHbiM CllHHOM.BOCDOnblyeMCJI llpH 3TOM npe,ncTaBJieHHeM 
1151. BLI,nenJIJI JIBHLIM o6pa3oM a cneKTpanLHLix nnoTHOCTJIX 
a 1,2 BKJia.I{bl O.I{HO'IaCTH'IHLIX COCTOJIHHH, HMeeM 

(3) ... ? 

a 1 <S,p,q)=~ io (p-q)(;l(p ')o(S-m-)<OJ'V<O>Jip>"<ipJ'V<O)JO>, --· -- --
a 2 <S, p, q > = -io<

3 
l <p- q ){;1(-p + )o <S- m2 >~ <OJ iii<O>J-p i><-p iJ'V<OlJ 0>. 

- - I - -

06o3Ha'laJI llpOeKUHOHHble onepaTOpbl Ha COCTOJIHHJI C DO
nmtOITeJILHOH u oTpuuaTeJILHoii 3HeprHJIMH 'lepe 3 A(+)a A<-), 
COOTBeTCTBeHHO 

(+) 
A (p) = ~<OI'V <O>Jpi>< ip I'V <OliO>, 

I 

(-) ) A (p ~<OJ 'I! <O>J-pi >< i -pJ'V <O>I 0>, 
I 

O.I{HO'IaCTH'IHbiH nponaraTOp B llOniOCHOM npu6nH)I(eHHH MO)I(
HO nepenucaTL a Bu,ne 

15 



-(I) 
S(p) = G 

0 
(p)= i 

e <p +>A(+) <p> ± e <-p +>A(-) <p> - . - /21/ 

p 2 -m 2 +iE 

AHanorH'IHbiM o6pa30M MO)K}JO BbJqHeJIHTb KBa3HnOTeHI.UiaJib-
u -(~ 

HbiH nponaraTop G 0 .IJ.BYX eBo6o.IJ.HbiX qaeTHI.J, e npoH3BOJib-

HbiMH enHHaMH, yqHTbiBaJI BKJia)J,bl TOJlbKO )J.ByxqaeTHqHbiX 

eoeTOJIHHH B a 1, 2 

X 

2 2 2 
[P +P_1_-I. 

p~ 1 +mf J ... l . 
----+ H]7J1"'72 

1]· J 

/22/ 

r.D.e p 
2 

= P - p 1 • B o611.1,eM enyqae n - qaeTHI.J, eBo60.IJ.HaJI 

".D.BYXBpeMeHHaJI" l}tyHKI.J,HJI rpuHa HMeeT BH)J.: 

(n) 2 
Go (P ;pl"".pn;qr··Qn) = 

- - ....... -
(2) 

. (21T)n-1 n a (pjl-qjl)a("'7j -~ j)0(7] j) 
= 1 ---- n ------------- x 

lp+l 2n-1 i= 1 
I I 

"'7j 

+ n (+) + n (-) 
O<P >.II Aj (pi)± 0(-P ) .II Aj (pi) 

]= 1 - J = 1 -X------------ ·----=-

n 
p2- I. 

j=1 

2 
(p i..L- 1J i P l) + m ~ 

l . 
---------- + lf 

1] j 

4. YpaeHeHu.R OIIJI cucmeMbl oeyx ~acmu1.1 

/23/ 

H3 npe.IJ.bi.IJ.YII.J,ero paeeMoTpeHHJI BH.IJ.HO, qTo KaK eBo6o.D.

Hbie, TaK H nOJIHble .IJ.BYXBpeMeHHble l}tyHKI.J,HH rpHHa 06Jia)J,aiOT 

npoeKI.J,HOHHbiMH eBoileTBaMH no Maeuna6HbiM nepeMeHHbiM 

16 

I 

• I 

1] i , ~ i ·. llMeHHO, OHH OTJIHqHbl OT HYJIJI JIHWb B o6naeTH 

0<7].,~.<1. 
1 1 

KpoMe Toro, eenu qaeTHI.J,bl o6na)J.aiOT enuHaMH, To 

eB060)J.Hble H nOJIHble l}tyHKI.I,HH rpHHa, paeeMaTpHBaeMble 

KaK onepaTOpbl, HMeiOT eo6eTBeHHble 3HaqeHHJI, OTJIHqHble 

OT HYJIJI JlHWb B no)J.npoeTpaHeTBe, r)J.e JIH60 Bee qaeTHI.J,bl 

e nOJIO)I(HTeJibHbiMH 3HeprHJIMH, JIH60 Bee qaeTHI.J,bl e OTpH

I.J,a TeJibHbiMH 3HeprHJIMH. lloeKOJlbKY, KaK H3Be eTHO, onpe

)J.eJieHHe KBa3HnOTeHI.J,HaJia eBJI3aHO e o6paii.J,eHHeM eB060)J.HOH 

l}tyHKI.I,HH rpuHa, eeTeeTBeHHO nepeHTH B nO)J.npoeTpaHeTBO 

nOJIO)I(HTeJibHbiX 3HeprHH Be ex qaeTHI.I,. llepex OJJ. )l(e B nOJJ.

npOCTpaHeTBO 0 < 7Ji, ~i<l npoHeXO)J.HT aBTOMaTHqeeKH, TaK 

KaK BHe 3TOH 06JiaCTH Bee BeJIHqHHbl npoeTO paBHbiHyJIIO. 

Onpe)J.eJIHM enpoeKTHPOBaHHYID <bYHKI.J,HIO rpuHa .D.BYX 

qacTHI.J, 

g_<2_> .. <P 2;p ,p ;q ,q) 
\ '2 ]1 J 2 - 1 - 2 _1 _2 /24/ 

IP+I
2 

-(ill -(i2) (2) 2. . <h) ,<i~ 
= -

2
--:- U 1 <~}U 2 (~ 2) G (P •£1 '.!' 2'~ r~ 2) U 1 '~)l 2 ~2 ). 

TTl 

Tor)J.a enpoeKTHpOBaHHaJJ l}tyHKI.J,HJI rpuHa .D.BYX eBo60)J.HbiX 

qaeTHI.I, HMeeT BH)J. 

(2) 2 
go. · · · <P ;pl,p2,q1,q2) 1 1 12 ll J 2 - - - -

a(2l(p 11- qtl )a (p 21 -q21>a(7J 1-~1 )a ("'72 -~2 )ail i2 a i Ii2 

+ 
IP 1"'717]2[P-

( P l.C 1] 1 P l ) 
2
+ m 

2 2 2 
(p 1 - 1] l P.L) + m 1 

] 

1J l . "'72 

0 u ,,(2) 
npe)J.eJIHM )J.ByxqaeTHqHbJH KBa3HnOTeHI.J,HaJI v B 3a)J.aH-

HOM no)J.DpOCTpaHCTBe 

V (2) (2)-l g (2)-l 
= g 0 - ' 

qTo )J.aeT npaBHJIO ero noeTpOeHHJI no TeOpHH B03My~eHHH 

B KBaHTOBoil Teopuu noJIJI Ha HYJIL nnoeKoeTH /2*,'. YpaB-

17 



HeHHe ,IJ;JHI ciJYHKIJ,HH rpuHa g(2) B CHMBOllH'IeCKOH onepaTop

HOH ciJopMe 3allHCH HMeeT BH,IJ; 

g<2> = g<~> + g<~>v <2> g <2>, /25/ 

r.n;e no.n; npoH3ae.n;euueM no.n;pa3yMeaaeTcJI TpexMepuoe uu
Terpupoaauue 

I ( ~) (2) . 

Jdr7Idr72o<qt+TJ2-Dfd Pud P2J.o<pu+P2J.-PJ.>· 
0 

Bae,n;eM KBa3unoTeuu.uanhHYIO T -MaTpuu.y aue Maccoaoii: 
noaepxuocTH T(2 )<P,p;q) 

g (2l = g<2l +- g(2l T (2l g<2l 
0 0 0 /26/ 

/p , q - OTHOCHTenhHhle HMllYllhChl .D:BYX'IaCTH'IHOH CHCTeMhl 

B -HaqanbHOM H KOHe'IHOM COCTOJIHHJIX/. 

KaK noKa3aHo a pa6oTe 12*1 , oua coana.n;aeT c cllH3H'Ie

cKoii: aMllllHTY,IJ;OH pacceJIHHJI ,IJ;BYX paCCMaTpHBaeMhiX 'laCTHIJ, 

Ha MaCCOBOH llOBepXHOCTH 

2 2 2 2 2 2 2 

P+PJ.=I 
P iJ.+mi 2 PiJ. + mi 

i =I 
=I ----

1]. i =I TJ~ 
I I 

Ypaaueuue .n;nJI T- MaTpHD,hl, cornacuo /25/ H /26/, HMeeT 
BH,IJ;: 

T<2> = v<2> + v<2> g 62> T <2> /27/ 

PaccMaTpuaaJI cneKTpanhHoe npe.n;cTaaneuue I 15/ .n;nJI,n;ayx

'laCTH'IHOH ciJyHKIJ,HH rpaHa H Bhi,IJ;ellJIJI BKna,n; CBJI3aHHOro 

COCTOJIHHJI BfillH3H COOTBeTCTBYIO~ero llOlliOCa, HMeeM 

<llp (p )x <I> (p') 
g< 2l <P;p,p') = 2(2td - P-

P 2 -M 2+if 
/28/ 

r,n;e <I> p (p) - BOllHOBaJI ciJYHKIJ,HJI CBJI3aHHOrO COCTOJIHHJI 

c Maccoii: M a HMnynhCHOM npe.n;cTaaneuaa 

18 

I 

) 

6 (3) i i 
(2rr) o (p- P')<ll pl,~!l.) = 2 

+ (i I) (i 2) i I p j' XJ· 
- - j=l- -

=P UI (pl)U2 (p2lfd~Id~2e <Oj'I'I(O~I)'I'2(~2)jP'>. 

Y'IHThiBaJI /28/ a /25/, nonyqaeM ypaaueuue ua CBJI3aHHhle 

COCTOJIHHJI 

2 2 
2 2 2 P i J.+ m i 1 11 2 

(M + P J. - I ) <I> p (p > = 

i=l TJi 

1 (2) j j 
--I JV .... <P;p,p')dp~d1J'<I>p1 2 <p') 
., ., jj 1 1121112 -- -

I 2 I 2 

H ycnoBHe HOpMHpOBKH 

. . . . (2) 
-it 1 2 1 I 12 -rJV r d ., dp J. ., I ., 2 . I. <~> p < p > !(l p < p > - < <~> --!(l ) = 

I 112 - - aP 2 

5. CmpyK,ypa Kea3unomeHIIUaAa cucmeM&I 
111pex 'IUC"'UII 

1 

2(2rr) 3 

lloKa*eM, 'ITO KBa3HllOTeHIJ,Han CHCTeMhi.Tpex 'laCTHIJ, 

-1 -1 v ~ go - g /29/ 

npe.n;cTaBJI•eTc• B BQe 

V<P;p,p') = 
/30/ 

= ~ TJ.o(
2
l(p iJ.-~~J.)o("'. -TJ~)V~ 2\P- p,;p,_o;P~o )+ VT, 

i=l I I I I I I-"'(. _ILL 

('>) 
r,n;e Vi- - ,IJ;BYX'I&CTH'IHhle KBa3HllOTeHIJ,Hallhl B3aHMO,IJ;eicT-

BHJI. k - Oi H f - Oi 'I&CTHIJ, (if k f f =I i ), BBe,n;eHHWe II Dpe,JlW

,IJ;yllJ,eM naparpa4le, & VT COOTBeTCTByeT 'IHCTO TpeX'I&CT·'I-

11 



HbiM CHnaM. 3,D,eCL ,!J,ll11 onpe,D,eneHHOCTH BBe,D,eHbl HMDYllLCHble 

nepeMeHHble i -oii: CHCTeMbl JIK06H 

P = P 1 + P2+ P3; p i!d = 

mfpk - mkpf 

pkf = ' p.= 
I 

me+ mk 

m i(pk+pe)-(mk+me)p i 
--~----------------- ' 

(pi= 

ml+m2+m3 

P ~ + m~ 
1.)_ I + 

-----,p. ,p.J ), 
I I. 

p 

(i, k, f) - UHKllH'IeCKaB nepecTaHOBKa OT /1,2,3/ 
)J;eHCTBHTellLHO, 'leTblpexMepHaB 4JYHKUH11 rpHHa Tpex 

'laCTHU HMeeT CTPYKTypy, H306pa)l(eHHYIO cne,D,yiOUUIMH ,D,Ha
rpaMMaMH: 

G = + CJ + 0 +n=+"IE 
Puc. 1 

3,D,eCL 6nOKH COOTBeTCTBYIOT CYMMe BCeX CB113aHHbiX ,D,Ha

rpaMM. IlepeXO,D,y K KBa3HDOTeH:QHallLHOH 4JyHK:QHH rpHHa 

g B HMDYllLCHOM DpOCTpaHCTBe OTBe'laeT HHTerpHpOBaHHe 

g(P; p, p') = f dp -:-.k dp :-kG <P; p; p ') dp ~:-k dp ~~-
- - 1j J • lj ]" 

H BhiWeyKaJaHHoe npoeKTHpoaaHHe y)l(e nn11 acex Tpex 'lac
TH:Q. 

IlpOH3Be,D,eM 3Ty onepa:QHIO Ha O,!J,HOH H3 ,D,BYX'IaCTH'IHO

CB113HbiX ,D,HarpaMM. )J;n11 onpe,D,eneHHOCTH DYCTL nepaa11 

'laCTH:Qa pacnpOCTpaHBeTC11 CB060,D,HO 

p4 
+ - - -

gl(P;p;p') = --Ul(pl)U2(p2)U3(p3) X 
- - irr 2 - - -

- - (2) (4) 
x f dp123dP23 G23 <P- P 1;P23;P;3) 8 1<P 1>8 <p 1- P; l x 

X dpi;3 dp;; u 1 <~i )U2 <~; )U 3<~;). 

20 

. ( 2) 
3,D,eCL G 23 - llOllHaB 4JyHKUH11 rpHHa CHCTeMbl, COCTOBI:Qeii 

H3 BTOpOH H TpeTLeH 'laCTH:Q. HcnonL3Y11 11BHbiH BH,!J, O,!J,HO

'IaCTH'IHOrO nponaraTopa S 1 H cneKTpanLHOe npe,D,cTaaneHHe 

I 15/ nn11 g ~2~ , HMeeM 

gl. ..... (P; ... p; ... p') 
1

112 I 3] 1) 2 ) 3 /31/ 

-1 (2) (2) -
=111 8 <p1..L-Pi.Llo(ry1-77:',)g23 .... <P-p ;p;p')oi · • 

. 12131 213 -· - Il 1 

3,D,eCL Ba)I(HO OTMeTHTL, 'ITO ,D,BYX'IaCTH'IHOCB113HLie ,D,HarpaM

Mbl B CHCTeMe Tpex 'laCTHU Bblpa)l(aiOTC11 npOCTO 'lepe3 

.D.BYX'IaCTH'-IHYIO KBa3HDOTeH:QHallLHyiO 4JyHKUHIO rpHHa CO 

C,!J,BHHYTOH nepeMeHHOH DOllHOro 4-HMDYllLCa, B nonHOH 

aHanorHH c HepenBTHBHCTCKHM cnyqaeM. B o6bi'IHOM O,D,Ho

apeMeHHOM DO,!J,XO,D,e ,!J,ll11 3TOrO He06XO,D,HMO 6blll0 ,!J,OllOllHH

TellLHO BLI,D,enBTL 3ana3,D,LIBaiOIUYIO qacTL /6/. HMeHHo no 

3TOH npH'IHHe napHLie B3aHMO,D,eHCTBH11 B /30/ TO'IHO COB

na,D,aiOT c nayxqacTH'IHbiMH KBa3HDOTeH:QHanaMH. AnropHTM 

DOCTpOeHH11 Tpex'laCTH'IHLIX CHll qepe3 ,D,ByX- H Tpex'laCTH'I

HOCB113Hble ,D,HarpaM1-{bl KBaHTOBOH TeOpHH ll0ll11 Ha HynL

DllOCKOCTH Cne,D,yeT H3 onpe,D,eneHH11 /29/ H B CHMBOllH'Ie

CKOH 4JopMe Ja,D,aeTcB a pa6oTe /6/. 

6. BoAHoeaR (JyHKliUR ceR3aHH020 cocmoRHUR 
mpex tlacmut~ 

Kaa3HllOTeH:QHanLHa11 4>YHKUH11 rpHHa Tpex 'laCTHU g 

B6llH3H llOIDOCa CB113aHHOrO COCT011HH11 P
2

"' M 2 
HMeeT BH,!J, 

6 X p <p) X X p <p,) 
g(P;p,p') = 4<277) ---

2
--2 -- +per. 'llleHLI, 

P - M +it 

r,D,e X p(~) - KBa3HDOTeH:QHallLHaH BOllHOBaH 4JyHKUHH 

CB113aHHOrO COCTOHHHH Tpex 'laCTHU B HMllYllLCHOM Ope,D,

CTaBneHHH: 
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(2rr) 98(3)<P-P')x ihi'\p) 

/32/ 

+ 2- (i1) _(i 2) _(i 3) i~p.x. 3 3 
=<P) U1 (p1)U2 (p2)U3 (p3)Je J-U<OI.II'I'.<O~.>I~II~ .. 

- - j= 1 J J j= 1 J 

PaccMaTpuaa.R ypaaueuue .D.n.R g, g= g 0 + g 0 Vg a6nH3H 
3TOrO nomoca, nonyqaeM ypaBHeHHe .D.llJI BOllHOBOH <iJyHK~HH 

/31/ 

2 2 
3 

(p + p l- ~ 
I 

P ~.l + m ~ 1112 13(p) 
-~~--)x P 

1Jj 
/33/ 

1 ~"'"-;- fi,~i,v ;,;, ;, ;,;,;, <P;~;p:ldp;~ dp;" w,; dry;~';'\p1 
H ycnOBHe HOpMHpOBKH 

i1 i2i1 - a v 
. ~. J lx P <~I7JI7J27J3dP 1 dp 21d7J 1d7J 2 + <xP-x J 
111213 l Jp2 

1 

4(2rr) 6 

KaK H3BecTuo, ypaQHeuue /32/ ue .RBn.ReTc.R MaTeMaTuqe
CKH KOppeKTHbiM H3- 3a CHHryn.RpHOCTH .R.IJ.pa, ll03TOMY npu
Be.IJ.eM ero K BH.D.Y ypaaueuuu «l»a.D..D.eeaa. B npu6niDKeuuu 
napHbiX B3aHMO.D.eHCTBHH HMeeM 
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3 
X p (p) =.I X ~(p), 

- I= 1 -

3 
<P2- I 

i= 1 

( 2 2 
PiL-7JiPl) +rni 

-------)x.<p> 
1Ji I -

1 (2) - (2) 
=.I. J --Ti <P-pi;Pj~c.·P]k )a <pu-Pi.l.)8(7Ji-11i) x 

l -:/1 1'/jl'/k. - -

( ')d( 2), (2), d 'd, 
x x. P P ud P 21 1J 1 1J 2 

J -

r.D.e T·~2 )- aMnnuTy.D.a pacceJIHHJI j -ou u k -oil qacTuu; 
sue Maccoaou noaepxuocTu, onpe.IJ.eneuuaJI ypaaueuueM /27 I. 
BonHOBble <iJYHK~HH CBJI3aHHbiX COCTOJIHHH .D.BYX H Tpex qac
TH~, BBe.D.eHHble BbiWe, MOryT 6b1Tb HCDOllb30BaHbl, B qacT
HOCTH, .ll.llJI H3yqeHHJI <lJopM<iJaKTOpOB H aMDllHTY.D. pacceJIHHJI 
pen.RTHBHCTCKHX COCTaBHbiX CHCTeM. 

7. AMnAulllyoz.a pacceJIHUJI e lllpex'laCIIIU'lHOU 
CUCIIIeMe 

B cnyqae .D.BYX qacTH~, HMe.R BLipa)l(euue .D.n.R <iJyHK~HH 
rpuua, MO)I(HO onpe.D.enHTb T -MaTpH~Y <iJopMynou /26/, 
KOTOpa.R Ha MaCCOBOH llOBepXHOCTH .D.aeT <iJHJHqecKyiD aMn
llHTY.D.Y pacce.RHHJI. B cnyqae 3a.D.aqu Tpex qacTuu; MO)I(HO 
DOCTpOHTb auanoruqHbJe T-MaTpHI.J;bl, COOTBeTCTBYIDJ.I.J;He B03-
MO)I(HbiM 16 npo~eccaM. Cpe.nu 3THX npou;eccoa uMeeTc.R 
ynpyroe pacce.Ruue Tpex qacTH~, KBa3uynpyroe pacce.RHHe 
Ha CBJI3aHHOM COCTOJIHHH, a TaK)I(e pa3Ban CBJI3aHHbiX co
CTOJIHHH. B cnyqae ynpyroro pacce.RHHJI T -MaTpuu;a onpe

.D.en.ReTCJI o6blqHbiM o6pa3oM: 

g=g+gTg. 
0 0 0 

Ha Maccoaou noaepxuocTu 

p2 
2 2 

3 (p.1 -ry.P.l) +m. 3 

I --1 
--

1
----

1 
= I 

j=1 TJ· j=l 
l 

( 
t: 2. 2 

q . .l.-s .P1 )+rn. 
l _! l 

(j 

oua .D.aeT <iJuJuqecKyiD aMnnHTY.D.Y ynpyroro pacce•HII• Tpex 
qacTH~. HIVKe Mbl DOJC&)I(eM, qyo onpeAeneHH&JI H&MB ABYX

apeMeuua• <iJYHK~HJI rpuHa Tpex qacTB~ CO.IJ.ep*BT B ce6e 
nonuyw uufllopMa~JO ue TonLKO o6 ynpyroM pacce•HBB Tpex 
qaCTH~, HO H 0 nponeccax, B KOTOpbiX DpBHBMaiOT yqacTBe 
CBJI3aHHble COCTO .. HB ... B o6J.I.J;eM cnyqae onpe.D.ell .. IOTC_. WeCT
Ha.D.~aTL onepaTOpOB nepeXO,D,& H3 COCTO .. HB_. ({3) B COCTO .. HHe 

(a)/a,f3 = 0,1,2,3/* Aa,~P 2 ,~t'~2'~3;~1'~2'~3) 
* a=O COOTBeTCTByeT COCTO .. HHIO Tpex CB060.IJ;Hb1X qacTH~, 

a = 1 ,2,3 - a -a• qacTu~a cao6o.D.Ha, a .D.Be ocTaBWBxc• 
CB .. 3&Hbl MelK.D.Y co6ol:. 
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-1 -1 -I 
A af3 = g a g g f3 - 0 af3ga /34/ 

rAe gO - CB060AHaB KBa3HllOTeHUHanLHaB $yHKUHB rpHHa 

Tpex qacTHU, g i (i = 1,2,3) - ABYX'iaCTH'-IHaB $YHKUHB rpHHa 

B3aHMOAeiiCTBYIOIUHX j -oil H k-oil 'iaCTHU /31/. 
TorAa MaTPHULI pacceBHHB T a, cooTBeTCTBYIOIUHe a,p 

3THM nepeXOAaM ({3) -> (a) , 3allHCLIBaiOTCB B BHAe 

T , (p' P . , ' q . ) = 
i ,i _1 ...... 1 

- ( 2) 2 ( 2) 
=J<Il.,P (p.,k,)dp.,,.,A.,.<P ,p,q)dq.,.<ll.P (q.,_), /35/ 

1 - -!:i -] - J ,.. 1 1 - - -]" ._ -'.!.i - ]" 

. 2 2 (2) 1 o·(P ,p1,p2;q.) =fAo.(P ;pl'p2;q.,q.k)dq.k¢·p- (q .k)' 
1 _ _ _ 1 1 _ _ -• -J - J t q i -I 

¢(2) ( ) 
·p P.k 
1 -pi -l 

rAe - BOnHOBaB $yHKUHB CBB3aHHOrO COCTOB-

HHB j -oil H k -oil 'iaCTHU, onpeAeneHHaB B §4. llpH nepeXOAe 

AOmKHLIM o6pa30M Ha MaCCOBYIO llOBepXHOCTL BLillHCaHHLie 

T-MaTpHULI coBnaAaiOT c $H3H'ieCKHMH aMnnHTYAaMH pac

ceBHHB. 0TMeTHM, 'iTO, uanpHMep, npoueccy Ae 3HHTerpaUHH 

CBB3aHHOro COCTOBHHB B pe3ynLTaTe CTOnKHOBeHHB C TpeTLeH 

'iaCTHUeH (1,2)+3-> 1+2+3 COOTBeTCTByeT cneAYIOIUee yc

nOBHe MaCCOBOH llOBepXHOCTH: 

P 
2 (p ·.L-TJ . p )2 2 

= I • • .L +m i 
2 2 2 2 

(q3r,;3P.L) +m3 (q3r,;3P..L > + M12 
+---~---

TJ· 1 ,;3 1 -,;3 

/36/ 
Ha npHMepe 3Toro )l(e npouecca npoAeMOHCTpHpyeM 

cnpaBeAnHBOCTL nocneAHero yTBep)I(AeHHB. )J.eilcTBHTenLHO, 

MO)I(HO ITOKa3aTL, 'iTO "ABYXBpeMeHHaB" $yHKUHB rpHHa 

Tpex 'iaCTHU HMeeT pa3nH'-IHLie ITOniOca, COOTBeTCTBYIOil{He 

BKnaAy KaKoro-nH6o onpeAeneuuoro uaqanLuoro H Koueq

uoro COCTOBHHil. B 'iaCTHOCTH, B6nH3H ITOJDOCa, COOTBeTCT

BYIOIUero Ha'iaJILHOMY COCTOBHHIO <1,2)+ :~ H KOHe'iHOMY 1+2t3, 
OHa HMeeT BHA 
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g(P; p, q) -
- (2) 

Fo3 (p l'P2 'P 3'q 3)xcfl3P-Q (q 12) 
- - - - - ...:3-

<P 2+Pl-I 
2 

2 
2 

p i.L + mi ) (P 2 + p+ _ 
T}j 

2 2 
q3.1- +m 3 

,;3 

<qu +q2 >
2
+M(2 

-----) 
1-,; 3 

rAe F 03 - $H3H'iecKaB aMnJIHTyAa paccMaTpHBaeMoro npo

uecca Ae3HHTerpauHH. 

C Apyroil CTOpOHLI, nepenHCLIBaB onpeAeneHHe /34/ 
B BHAe 

g = o P. g + g A P.gf3 
at-' a a at-' 

H Y'iHTLIBaB ITOniOCHLiil BKnaA CBB3aHHOrO COCTOBHHB B ABYX

'-laCTH'iHYIO $yHKUHIO rpHHa g 3• HeTPYAHO BHAeTL, 'iTO MaT

pHUa pacceBHHJI T03 ua MaccoBoH noBepxuocTH /36/ coBna

AaeT c $H3H'ieCKoil aMnnHTYAOH F 03 . 

)J.nJI MaTpHU nepeXOAa MO)I(HO nony'-IHTL ypaBHeHHJI, HCXO

AB H3 onpeAeneHHJI /34/ H ypaBHeHHB AnJI TpexqaCTH'iHOH 

ABYXBpeMeHHOil $yHKUHH rpHHa 

rAe 

Aaf3= <1- 0af3)g(/ + 0f3o VT + ylf3 Aaygo'Iy+ Aaog o V T • 

(2) - (2) -
T.<P;p,q) =TJ.o (p. -Q. )o(TJ.7,;.)T (P-p.;p.k;q.k)' 

1 - - 1 1 .L •-I. 1 1 1 _ J _ 1 

T = 0 
0 

i = 1,2,3. 

Ba)I(HO 3aMeTHTL, 'iTO BApaMH nonyqeuuoH: cHcTeMLI ypaBue

HHil B npH6nH)I(eHHH napHLIX B3aHMOAeHCTBHH VT= 0 JIBnJI

IOTCB npOCTO ABYX'iaCTH'iHLie aMnnHTYALI pacceBHHB BHe 

MaCCOBOH ITOBepXHOCTH. )J.ByX'iaCTH'iHLie KBa3HITOTeHUHanLI 

B HHX B JIBHOM BHAQ He $HrypHpyiOT. 

0TMeTHM, '-ITO HccneAOBaHHe CTPYKTYPLI KBa3HnoTeHUHa

na AnJI CHCTeMLI MHOrHX qaCTHU H nony'ieHHe MHOrO'iaCTH'-1-

HLIX ypaBHeHHH MO)I(HO npoBeCTH auanorH'iHO, Y'iHTLIBaJI, 

'iTO BLipa)l(eHHe AnJI CB060AHOH $yHKUHH rpHHa ll 'iaCTHU 

npOH3BOnLHOrO CITHHa HaMH y)l(e nonyqeHO /23/. 
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B 3aKmoqeHHe OTMeTHM Ba:>KHOCTb TpaHcliJopMaUHOHHbiX 
caoiicTB I 19/, /20/, nonyqeHHhiX HaMH .nm1 .nayxapeMeHHhlx 
liJyHKUHH rpaHa. HeTpy,nHO BH,neTb, qTo aHanoraqabiMH CBoii
CTBaMH o6na,naiOT KBa3HllOTeHUHanbl, aMnnHTY.I(bl pacceJIHHJI 
BHe MaCCOBOH llOBepXHOCTH, a TaK:>Ke BOnHOBhle liJyHKUHH 
CBJI3aHHbiX COCTOJIHHH. Hcnonh3YJI HX, MO:>KHO 3HaqHTenbHO 
ynpocTHTL 3a,naqy onpe.neneHHJI JI,nep TpexqacTaqHhiX ypaa
HeHHH B npa6na:>KeHHH napHhiX B3aHMo,neiicTBHH. B qacTHoc
TH, C 3TOH uenbiO paCCMOTpeHHe §4 ,I(OCTa TOqHo npOBO.I(HTb 
a cucTeMe, r.ne nonHLIH nonepeqHhiH HMnynLc .nayx qacTHU 

paBeH Hynro, HeCMOTpH Ha TO, qTo B TpexqacTHqHbiX ypaB
HeHHJIX OH npOH3BoneH. 

ABTopLI Bblpa:>KaroT rny6oKyro 6naro.napHOCTL H.H. Jio
ronro6oay, A.A.JloryHoay, a TaK:>Ke B.r.Ka,nblweacKoMy, 
P.M. Mup- KacHMOBy, A.H.CucaKHHY, JI.A.CnenqeHKo 3a nno
,I(OTBOpHble o6cy:>K.I(eHHJl. 
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