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1. Introduction- The Statement of the Question 

The system of interacting particles in quantum field 

theory can be aescribed using the Bethe-Salpeter amplitudes or 

the quasipotential wave functions. Let us recall the definition 

of these quantities. 

Let tF>c,>- be the state vector with the total 4-momentum I 

p and quantum number of the particle c • The bound 

state of the particles CL- and 6 having the total 4-momen

tum e and quantum number of the particle c is described by 

the Bethe-Salpeter amplitude 

'+P (.xI y)::. (OIT'-fo. (x) \{6 (j) ( e c), 

'f o. (':x) and 'f~ (j) are the Heisenberg operators and 1' 
is the operator of time ordering. 

Due to the translational invariance, we have: 
. p X+ 'j_ 

'r0 ( X1 ~) " e- L ). J p (X-~) • 

The amplitude .fpt~J:-~) depends on the relative time .:x:,. -y, 
and it is impossible to interpret it as the wave function. 

The quasipotential wave functions are determined as the 

values of the corresponding Bethe-3alpeter amplitudes on the 

given space-like surface. In the early paper/l/ as the space-

like surface,we chose the surface of equal times for all particles. 
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In particular,the quasipotential wave functions of two particles 

had the .form: 

Xp(i-1)::}p(1: j¥·,-.y,"c 

Note, that though the wave functions thus determined are 

formally non-covariant, nevertheless, all physical quantities 

(the spectrum of bound states, the scattering matrix and eo on) 

obtained using these functions have a relativistically invariant 

meaning. 

At present various ways of constructing relativistically 

covariant quasipotential wave functions/2/ are known. 

The present paper gives a systematic description of the 

properties of multiparticle quasipotential wave functions and the 

corresponding Green functions in quantum field theory on the null 

plane for arbitrary spin. The starting point of the unified appro

ach is the spectral representation of the Green function. It makes 

it possible to study the structure of a quasipotential as a result 

or' which one can formulate the correct relativistic equations in 

the many-body problem/3/. The projection and transformation proper-

ties of the Green function and quasipotential wave functions are 

specially investigated. 

The projection properties can just be explained by the examp· 

le of the tw0-particle quasipotential wave function. For the sake 

of simplicity, let us consider the scalar particles of the 

4 

type 0- • e and c to which there correspond second - quanti

zed fields Yj_('Jc) { i ~ U., (C) and the interaction Lagrangian o:f the 

form: 

Xr(x)~rYO-('J.:)'1f(J)'1c(:x:). 

In the lowest order of perturbation theory in the coupling 

constant .~ for the Bethe-Salpeter amplitude, we have: 

]p(~)~ - ~-

where 

-i~(~-~) 

Jp(J:-~J~jJte Jp(~). 

The quasipotential wave function on the null plane (see ~ 2) 

is determined by the expression 

CFp(:r;-~) "}p(J;-~Y:A·"~+ 
In the considered approximation, we have 

1 
; -i.!:!(~-~) - . 

q:pr~-~J::, cr~e - crp(~) 
where 

~ f!M fl({-rr) <- J( 

CR(K-) ,.._ /-P-'1 -/.-----,)) f:'------2 -~ /,.-L j.-D ,-!< )..,-,.L-, -2 --(-:-,-P~)-2 l.l ,__,- - 7tl·z LP-r:-- (2 ~ • M- 2 .i -J;., '/M 

I 1-7 -
r~ f t. ' +-

p· 
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One can see that in the given approximation the Fourier transform 

of the quasipotential wave function has the following projection 

propertiee/4/ 

CF- /)<.' K ) = 0 , 
() (' ) J. 

jf 1< o) or p> i. 
It will be shown below that this important property is conserves 

for all quasipotential wave functions independent 

tion theory. 

of perturbs-

2. Two-Time Green Functions 

'rhe Green function of n interacting particles in quantum 

field theory on the null plane is defined as a vacuum expectation 

value or the time ordered products of the corresponding Heisenberg 

field operators, and has the form/5/ 

C
(!,) .~ -

(~ 1 :J.•)Jn·· y-.}o; (01/r ~(2;) ~6.,)~1}'h) -~/tJ• )!o> • (1) 

For the parametrization of the components of four vectors 
" ' 

I ) , t 
~·- J. and others the following variables oi' the light cone 

are used: 

'l::' =/'X ' ?' - :r ) 
- l ' ) ' ) ..J. ' )" ! £ /-.~c.' :1:· ' ) ;r : (/fi .i X 2 ) ]l - /; .. J / 

-~ -=(;<; :<-_.) :-c-·=(:.r:~). 

In the momentum space it is convenient to introduce the following 

notations: 

f~(t;P; ll)) f!= j'::f', ~ = (t ~ t)' ! = ( r~r;;) 

f ·x ~ r:c '+ (' -:t---!; .:<j = j1- ;r ',. J ~ 

6 

/1 0 and ', are conjugate to each other Heisenberg fi!!ld 

operators of i-th particle. '[ ie the operator of time ordering. 

In the simplest case of two fields 

T~-'r7c)~fy)= f?6'-y~~(;L) ~~/JJ! Pf;'-;.-)t'fJJ ~(7c) 

(minus corresponds to fermions). 

Note, that in quantum field theory on the null plane, the 

canonical coDDilutation relatione are given at fixed"time" variable 

x·.,= J.'''' X .s • Correspondingly, in perturbation theory there 

are considered the -~'-ordered products of field free opere-

tore. 

This results in a certain difference in the language of 

diagrams ae compared to the covariant theory for particles with 

spin. 

Let us define the "two-time" Green runction or f1 -partie-

les 

-~(h)/ ., l.j 1 ) /'(n) )/ 
C ( :fj ~·/ T, j J,'j;) l" -:: Ll (:£n · 2'") j; "j,. 17,:J~·~ 

(2) 
-·2~,.,.."£-t 

:;.-: = ':f• 

It is convenient to introduce the following opera•ors 

/f6.) ~ ~ (?J) ~r-'c~. 1 I 
-z- ·-

' 
, .. x· 

- I 
l(j)-= ~ r;.J-. rr;JJ ~y~= y,.": yf 
and. to write down the "two-time" Green function (2) in terms 

of' these operators 
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"'") ·- -
., (-;sy)-: <'c! .~ vJffk)A1fjJio> == 

(3) 

-=:: ['(-rr:.y~)<(q;.//rz)~,frJjlo>:! fl(:f!2;J<O/Aj)/rx)/o;>. 

The signs ( ~ ) are chosen depending on the number of 

fermion operators in .Jlr~} . 
Further we want to obtain the spectral representation for 

the Green function ()). 

Using the expansion over the total set of physical states 

/m) , the properties of the translational invariance 
. -r"f!-xt-

<rJt.lr~Jin.> = e ... <(C'1 .4'r~·);w.> 
;~ /J. I 
·- f-..·) - 1-1(: '"'-·) ,/t ~ -;· /'- i;(:·~::!C' 

and the Fourier representation for the CJ -function , one 

can write (3) in the following spectral form: 

;trJ.) ";"c.~<), ) 
'-~ r ;_l· ·") -: C /;r+_ !f"': ?:' . '~ /-= 

)/ ' ,-)tl 

r -r' p ?2· .. _ :1 :J - 1:: ". . / <4> 
~ j' j~:re 1 (ct?jO..~r,~,J) ~ G;(Z;~:j)7 _._ }e: P-zr,£ p~,..z-,~J, 
where for the spectral functions ~,Z we have the expression 

in terms of the /1-particle quaaipotential wave functions 

~ (z/ ~-y) = 2~ L ,l?z. ;£ ).:Z:..,r~) :(h/J) 
- '"' -

~ (~·?,j) =frf_ /?2-!;.)J::..f~) J:~./;) 
- ... -

(5) 

~-... ,~·} = l;~,(~J,· ~~) -=<o·i ~~~~/· CJ:(t;~ .. )/Jr./ 

8 

1~hr r;) ::- <Ntll r; J to> 

/!~() (~) == <'hf I .Jlr!:) /o) J:,/j) =<"I /lfJJ!;... > 
The summation over ~ in (1.8) means the integration over 4-momen-

tum 8 d~~~f;,)tJ, f} ) R.. 
4

> 0 
and the summation over the rest of quantum numbers on which 

the given physical eta te 1"" 7 may depend. 

Let us define the Fourier transforms of the spectral functi-

one "' 

. · i jp~{~?JJJ;) n 

q,l(~·~;·!~;tf,.·?~)(2H)" ;~ 0.;(r;tJJfJcl/!/6> 
From (6) using (5), we have J· -'J ~ 

G;(:t;t· ~iJ,''J,, )(2;;>-i"'/?z-f2)Z..fr: [:.) t/t /.,) 
• (7) 

G;_{t,·~ fi)J,- !. )(1~~-?'1&-k.)~{!: ·tJ %_0(! ~)' 
where ·I, f. -1 ~ ~ . • t (?:~ z.,) ~ J e - ;t; (j: . !.. ) ~ ~ cl;/ 

&-"" - - • o;., -~ -., J, -~~ 

'7/ f .-/LfJ~ -v· / . ) I' .3 
1--~ooo(~,- ~ .. )==je t£~.. 0 (/ f. tf! /(:. 

We also show that the spectral functions G": ., ... , .... 
momentum apace have the following important properties 

~(Z;/J. t._;C1 ~)-= 0 
.Ji,_" J.' ;, ' 
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' 
if at least one of the variables f~ or tl; is smaller ' 
than zero, and 

,, :; 

6 \ (9) 
.1. 'Z/" ;:;r, c; ! -= (} 

•.i ~ 'J ,., -
if at least one of the variables r or :r is larger 

•( (/ 
than zero. 

First, let us show the validity of (8). 

.To this end, consider the Fourier transfonn of the Y'. -par-

ticle quasipotential wave f~ction 

h / ' I I" .-I/, Zj 
V 'f /J /-= --=-:3,. I C d"'' -/-(! (/-'. 

I 0111 .i. . '~ / ( ;?,;) ) L...... <CI/ /;t;) ~6· )!h-.' (7 c~.:. '=-
17 _, 'j:~ -j 

~ (10) 

'fz , - _!_. ~~ r: ( ( ..::-- - -1 ( P. . fT / 
-(1;/"'~ elf;;~!.,)) e rf-2 j <··! trc_;;;..J ><'n., I ~[~L) ... f,..1!~1 

Taking i;to account that t..; > o , we have that X .... (t;_ . !,. ) 
is equal to zero i.f /; "< 0 • To prove the validity or this sta-

tement for any (;., 

commutation j 
j/ 

arbitrary operator j (!; ) 

, we use the properties of field 

on the null plane and placing an 

to the first place in the left-

-hand side, we rewrite eq.(10) os follows: 

Y. ( ) i . I f /It. ~'- ( v ~P ... P = !.(.-3 -~ ~ rP"l_ t>) {J ~~-'- <:'ol r
1

.re)/J4'1.!> 
;·<>-It r, ;;?-) "~L.. , - 1• - " . 

- - II, J..J -J - '-, 

./._,I tLt(i-) If(~.)(// (::t· ) ... ~(?!.,)f~H> flc4: 
''~s 1J -• ·· ;-1 -;;I r; .. , -,r " tt

1 
Thus, considering that for the physical states f.."~ c) 

we are convinced that ~~ 

1~' (r .. /J ) -= {/ 
~"""' f.J. !n 

. ; (11 ) (J.f at least one f .Co ) · 
' 

10 

Analogously, one can make certain that 

X,..o(j; .. ·~)= O 
(if at least one f+ > o 

I 

)~ 12) 

Taking into account (11), (12) and (7) we can verify the validi

ty of properties (8) and (9). 

Now, determine the Fourier transfonn or the "two-time" 

Green function (4) 
- h 

C·"'(,.r. , , 1 t;. -tPfr.:y:)-L.'f/:~ -til J, 
< :r -~- ~~ · ·~"if· 1" J (.z;; )f"J e ,;orr// 7 -~~ _';/ 

C
'"(•) Jr .5 ~ 

(p··l:· 1J • ?_· .. t.) /IT /l /t: 1 · 
J _J [it ' • ' _II ,J:J. -'1 -{/ 

Substituting (6) and (13) in (4) one obtains 

Cr"'(Pjf;J)=jlz/6;~i/,!) 
P-Zr/c 

- t;; 6, f,f) 7 
1' P~Z-~l~ j 

( 13) 

(14) 

r?;(~f,f)-::0 (if at least one /',.f.';:: 0) 
I I J 

6~ (zlt;f )=o 
(if at least onef' t1';;>o> 

,· I I 
The spectral representation ( 14) is the analog or the spectral 

representation in the total energy of the "two-time" Green functi

on in quantum field theory. However, there appears an essential 

separation between the upper and lower parts of the 

light cone characteristic of quantum field theory 

on the null plane. llamely, the "retarded" part of the Green 

function (14)(the first component) completely determines the 

behaviour of the Gree"n function at positive (' *'" 
and the advanced part (the second component) - the Green function 

at negative ,~ 7 -f 
I ) 'j 
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If one takes i11to account that in quantum field theory on the null 

plane the "dressed" vacuum /o;> ( the eigenfunction of a total 
" Hamiltonian with the minimal energy p- / o> = 0 

coincides Ylith the "bare" one, i.e. with the analogous solution 

of a free Hamiltonian, it is easy to show essential simplifica

tions in the spin structure of the "two- time" Green function. 

In fact, the q_uasipotentii!.l wave functions can be presented 

as follows: l 

r. r: )=I 1/h )· 
t., '.r ( ~ 

(/(f) p r~:--·t.) ~1>1 r. !;, i I J. I; h _lr 0;., - J. -" 
- - ,J .. -

J:. r: z {; {t d: r.. '~ . ,, 
hto / l,) =. . { {;,)· Y~) ?: (;: · ~) ' 

where-l - 'J' ·t~, · 1 _., 0 - -

mi.; t~ M)- 3"(.,. o.o)-..1/ · ·; 
7 0 ,.. ~ fl,)-=t"ii /; · ·r,./ <..J:.lt f},t., ;..> 

is the projection of the state vector ln.> on the state of n-free 

particle with the momenta P. " p and the spin projections 

11 '" 
lJ '' t.., 

i ( U' , 
'}. f)-:.(c i It?Jf(o)/t//; 
'ef - / -

~itJ)=<Jlf-~(o)j~·> 
' *) are the spinors describing the one-particle states , The spectral 

densities c;-...n be rewritten in the form of the projection operators: 

f ) - }' ~ ~~ /. )11/J -;" 
6';. rz) ~ · fl: -~ ff. :z., !/ (/7 ;-- · LlfbJ c. c z,Jr fi.j ~ -~ utrJ· · ·ll ft.J 

I~~. J !.l Jl!" .ltJ '\F!H - - 'J -· ~._ .. 
~-~ . 

/. )' ~ / ) - /; - j. 
G;.(z;t (.,if;.· '(..)~ [1;:J !lr;Jb:(~'j: t.;t·!.. lfr~J frtJ. 

t, · '" J _J. A (11 "t,· t.yll--j,. • -" 
/J • ~H Q' 

.*) 
Here and below we use the invariant normalization of the one-

particle state vectors: 

/"" . .... ,.,> < . ,., jr, J'o? I ('{3) - /1 Jl .,/ frJ) 
'f/lf,' == f,'lf,' )=p.t7 Ljd ,/,df{-/')=(j,;; f ,·,·,t/r_ft) 

12 
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Let us return to the spectral representation (14). From 

the property of the translational invariance it follows: 
~ D <f-- (. ,. ) 2_ (/-/):::C. 'Ne introduce the vector -" ::- L !j ~ P.J /i 

- -J ..:d J =J. 
Ja.fid determine 4-vector P::: /p- pf f!) p-- .£ /p2.,.P,2

)_ 
( I ' I ~ - j)' ( J ..i 

Using the definition of spectral densities (7) and the property 

of the translational invariance of wave functions, one mey get, 

using (14), the spectral representation of the "two-time" Green 

function in the total 4-momentum P squared. 

C
""":(~ef'_ :z 

(pi fl··J,) 3 J.)=.iis 
9 

6·(s~· [:-- t., J · J,) 
P :z C> •• 

- ..> f,E_ 

where Jt h 

(15) 

C(~f/f) =~(~!)f)(! tq,.Jtftf); G;_(s;!;J~{ ~~~t'(-?~ 

~ (~'f: f) = /(2;) 9~~-:z p"/(s . !() h~ (f) ):;, ... fj) 
"" 

~(s~t~· r) ~; (2,;)flr·iz P/(s -r:..l) l. rf) J: {f) . 
- lo.c) """" -- ~ - v 

Taking into account the law of'conservation of three-dimensional 

momentum 

l t'"· -~'/:. = f.,.["·~t 
:1. ~:~. Jr _J. _z _lr 

we write down the Green function in the form 

,-(M) 2 _;n'i;"' ... ) ·~ (16) 

C (f>.J !d f.)- ~?j /) Cff,J f.>_! .f.) 

13 
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W~also, show that the Green function (16) depends especially 

on the variables or and P ..L 

( 17) ~._,2h-Z (") -r,) ) (""-.1 
f."> • , • - <c' • I - p ·, , ·~ ·· { (P; t:f..; ~. ~) -·..JpCrr; 7. ,f:,- t /i; J/, ~- ~ • ~ p 

where due to (8) and -~9) ) 

lT -: f,f 
f,· pr r ... I_ ( ',' =I - 11-.f 

(/ p--- f 

C'.C::f.,5j<J. 

.Sp (1-1 
and .Jp the known transformation matrices acting 

on the spin indices. For the scalar particles 

to unity. 

.5p is equal 

The dependence of the Green function on the scale variables 

7 and f; only, is a consequence of the invariance of 

the h-particle 4-dimensional Green function (1) with respect 

to the Lorentz rotations in the plane ( X"', X 3 
) : 

C ( .. )/ ~ - - 'I + '1- ) 
( z.:r ,X.,~, '-YJ.) .•. '(/J I (/J l~.i.-.. -= 

(18) 
( .. )/ -.t ) r.t )' r'-J 0. C ( ) ~/;). J:~-) ~.J. .. • _; t< J/; tf. Jt -~ f'.t; · · · ~) 

The matrix s ,.{ acts on the spin indices, and 

transformation of the field operators Cf rf. ., J 
that under the rotation in the plane ( X") 7C • 

realizes the 

• Note, 

the arbitrary 

4-vector /1-=(.Jl;.J?;.II;.) is transfo:rme.d by the law: 

) "'- 7 ;-~ ! -- )-:~- JJ ~ /l. . /(, ) - /( ./t.J, , J. 

14 
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For the "two-time" Green function the property ( 18) is conserved. 

As a result, the Fourier transform (16) is the "homogeneous" 

function of the variables p-r- f. "' 4 + / ,.) v 
[(")/ ~ 

( p pr p • . . . tl " If . 
) .) J. ) I;~ ~j I 

- ,tlt-2 ~ c·--r ... .v.p~ 1 p-f- p . 
- A '-'...l ( I I /t ~ ~ I 

t ... b. )-
fl'~J. - (19) 

~ li_" (J ... .• )t>"' /) .. ) S' -1.. 
li I I,.J. .) ~ ~ 'J.I.. ) 

It follows from (19) that cf'•J depends in a nontrivial 

way only on the scale variables ~- and J ( 17). 

Consider the Lorentz transformation given by the two

dimensional vector 2~ 

}
1
_., J-f . j~ !J-;_ 7/ ll ~ i /?,/ 2. ;J- ~+If~-~. 

J /f CJ..".J. 2 /-1/--' 

The Green function (1) is invariant with respect to these trans

formations. For the Fourier transform of the"two-time"Green 

function it follows 
,.._Is.) z 

C '(P) t:_ / ~-, t~ " ~) ~~ ) 
~ (20) s: C (-.~ 2 f! p 'J,/ 11 J) ~ f! !/ -r 11 ·~;/) rv-' -::: • tj_ ( p; ..J. f- C.~ /. I/ ..J 1/.J / 4 .J ~ J ~.1. + t t'j_ ,) t:._. 

By choosing z~-- ~ , we come to eq. (17). 
J.. p~ 

). The Quasipotential Green Punctions of Free Particles 

Let us consider the Green function of one particle with 

an arbitrary spin, making use of the representation (15). Separa-

15 



ting explicitly in the spectral densities __ J. 
2 ' . the contri-

butions of single-particle states , we have 

6; ( 5"/ f J r )-= t c~:;~ f) &fi:J rl?s-,.,')r C:,/ w~)f')>><,tflfro)IC) 
- - - - ,· - -

b;.(s;_r,/ )= ~//'~ -1) fJ(J'i/is-J<tz},? (of YfcJ!it':><Jt"l Cfto; /c). 
- - ' 

Denoting the projection operators on the states with positive 

d t . · · t t jM d or-) t· 1 an nega 1ve energ1es 1n erma o . an /1 ,respec 1ve Y, 

j (-t") -

(f)-:=? <"!YrcJifi><tjJ/ 'tr&>JI" > 
.. ' - -

.f~)-=2_ <oJ rfroJ!ft:><ft'11("J lo> 
- ' the single-particle propagator in the pole approximation can be 

rewritten as follows: 

5/r) = C."'rp:,. t?ft-J/0}! tr-;;J.r~) 
(21) 

Analogously one can calculate the quasipotential propagator 

;:;(:~.) or two free particles with arbitrary spins taking into 

account only two-particle states in t; z 

c:{fJ.1)1;;:f!;~,)fd-~JfuJt(J- ) lffJJ/I~~~;~:tfP)4;~4~) 
'JI~.i. 'Jh. '6 {Jt /.." J0' z -/. ft'.!i rp:t.f!l- )'/!.z,.,....l ~ 

'J 'J ,._ ~ L .1:=____j_ r/[ 
;~J 1 . 

where 

P::. P-;:. 
12 ·- -

16 

In the general case oi' n -particles, the free "two-time" Green 

function has the form: 
,.... 0 )h-.t h ;;rz) I 
1 r"(p_,.p . ·a ~,)= i ~ f1 ° ~ -t,~ )t/~.-Ji J G'(fr) 
-'1 111 f.,,r~ r, /p'/"1h-J, 'J V 'j 'j 'I 

- - - - j=J " J 

'.! 
" !7 /J(+). - )f /-) 

&(PJ ._ .!!;'· (f}'l) _! ((-PJ fl.-/;1· r!) j-i - j=J Jj (2J) 

p~ i: (1J -~ 8 )2 ,.I'J 2 

/=i ~ "~"/c 

4. The Equations for the System of Two Particles 

It is seen from the previous consideration that both the 

free and total two-dimensional Green functions have the projection 

~- ' fj 
Just they are different from zero only in the range 

properties in the scale variables 

cJ<' ".,[,-< j, 
/, ':/ 

Besides, if the particles have spin1s, the free and full Green 

functions being considered as operators have eigenvalues 

different from zero only in the subspace where all the particles 

are either with positive or negative energies. Since,- as is known, 

the definition of the quasipotential is connected with the inversion 

of the free Green function, we turn to subspaces of positive ener

gies of all particles. The transition to the subspace t'<tf.~i 
I d 

is natural as beyond this region all values are equal to zero. 

Let us define the projected Green function of two particles 

{24) 
(l) / 2 . )- ;p·t·; ~~) 1;(r;) "'"(·~ 0) v.) 

~'~J)~~l£ 'J !z - j;/ 0 g)~?. )CJ:;;;; /t tz Jtj r;)tf1z) · 

17 



Then,the free one is as follows: 

r 7 rfLJ l?z; r_ t: I r 
i:p2 ) d(t-fl )clu-~ )ti0-•)r!fl!-r) i:: c~,. 1C(f i!. f.; T, rL := f>.J. ~J 1<4 ltJ l.t IJ r, }< t,c~ :P.I• 

i '""/J/·- -- !P'I ~ ?z.[P"- (11J-?. 11Y·"'J .,_ _ r&.~. -r, ef~~tr/-+dj 
Let us define the two-particle~quasipotential IJ.. v(;z) in 

the given subspace 

V
{z) cz)-1 j(z) -1 

-= ~ -iF I 

which results, as a rule, in its construction by perturbation 

-theory in quantum rield theory on the null plane/ :z I. The 

equation for the Green function 

form is the following 

in the symbolic operator 

q u~= q_ rz).,. t? 6.) V M fz) 
1 r ;·· ! · (25) 

where by the product we mean the three-dimensional integration 

(' f. r; (z) (z) f 
J it '~~- , r ~ • 'lz - 1 J f 1;; ~ ~.~. t~V;; • I.J _ e ) . 

We~ intrQduce the off-shell quasipotential ~-matrix T(zt/?f,f) 
qr'~ c;t•J_,. (z)·;(•) (zJ 

1 /'" ;~ ;" ' (26) 

f 1 are the relative momenta o1' the two-particle system _,_ 
in the initial and final states. 

As was shown in paper/2~ ~ it coincides with the physical 

scattering amplitude of two considered particles on the 
mass shell 

2 

t 2. +;., z. t f, 2. f ,.., z.. P2-t {)2.=Z l.L I : tJ. f 

• I.J- t •'•J ;,. ,· :.J 
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The equation for the ~-matrix according to (25) and (26) has the 

form: 

rr'•)_ i/r .. J ... T/rzJ · (i}.--;->1 (zJ 
-v •· c.;,. • 

J 
(27) 

Considering the spectral representation (19) for the two-particle 

Green function.and separating the contribution of the bound state 

near the co~reeponding pole, we have 

(27, ) . 3 Cf>pfrJ xC/jj 'l'') ! { p!)! = .l (zJ 2 - l - ' ( 28) 

- p-/f +lc 

where ~~) is the wave function of the bound state with 

mass /1 in the momentum representation .5 

D (3} I ,· ·- fr.v -{tJ) p -'J -~ ; 1 · f rL(,'):! 

(Jr7) lrp-p')Cfl>.'~J= p'tf0J Lf~~ ~~ci!._L, <~l~f~)~r;~;.JIP>-
Teldng into account (28) in (25)

1 
we deduce the equation "·or 

the bound states 

2. f. 2 2. · (z) 1 I 2. 2 ~ fj, ~ )Ft-.'·'• 1 \ 1 7 7 /p ) I cPJ;c/L 
(/1-rf1-L ~Jt0) = ~ L 1/_ (l>f>( "'f:'1'·1p ft~ 

1 •1 1, P_ ~ 7~ ~1~1 t,t,!' /& .1 -

and the normalization condition 

f -c.t. ;'t" )[7(•)) j 

1i ~?1l ~~; rt;~)- (cf Jp~ Cf ~ ~:;-;:;;;> 
5. The Structure of the Quaeipotential of the Three- lbdy System 

Let us show that the quasipotential of the three-body system 

- c..; - 0 V- ;; -1 -1 
~ j (29) 
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/t 

,j 

is represented in the form 
3 
); ;;•) (': .,. M 

V-=t1 ~ %-t./Jt11.-tJVri>-[1~/_t.,;J + [{.. oo> 
i rf2) 

where V / are the two-particle quasipotentials of the 

interaction of I' -th and C-th particles ( I 'I )L "I e "I/ ) introduced 

in the previous section , ~ corresponds to purely 

three-particle forces. Here,for the sake of definiteness we in-

troduce the momentum variables of the Jacobi i-th system 

p::; t> .f f. fl.. ) P. -= h; (t +t }- (llfk .. p;t! )/} 
IJ. • J lt'~o~ 1"'1~.f-l"f~f-/11'!> 

- l'fet_ -Itt",{ 
1 ~ ~- IJt.: ~ 111._ 

-- '' rJ., ,. - - !>2_ ~ ) f. = (t := l~f I / I; ) l.t 
( 

( l, 1<"1 t! ) -is the cyclic permutation from (1,2,J). 

Really, the three-dimensional Green function of three par

ticles has the structure represented by the following diagrams 

~TI 0 
0 

Fig. 1 

where the blocks correspond to the sum of all connected diagrams. 

To the transition to the quasipotential Green function 

in the momentum space there corresponds the integration 

g(~t,t)=j~r-~- C(~ t;t)lt'- /;,(. 
j - - 1;._ 1;<. ;~ 'jic... 
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and the above mentioned projection for all three particles. Let 

us perform this procedure on one of the two-particle connected 

diagrams. For the sake of definiteness let the first particle 

spread freely 

.~ .If_ - - t 
. /'jJ ) 'p I I } I; I I ' J ~ I . {,' f·~-
~1 I ,fl //-; ~ ~J (t {,10 h3~) j"t, "!;!> 2/P;; ~l.-t:J 

~lit_) ft1;,-t,) t~:: ~;if (l:tJt: Y:t) t;(t') 

C(z) is the total Green function of the system consis~~n'-' 
23 

of the second and third particles. Using the explicit form of the 

single-particle propagator -S: and the spectral repre-

sentation ( 15) for fl 
3 

we have 
:,/2 " 

(P /'l -t rrz) t. (J). 

I~ '. ! /f / -= ~ t1 ft -;: I) tit~ -I} ') t1 ( p_ l' !) !' )I . (31) 
() '•'•'JJJ/•/• •t .-; J IJ /H. J ' __ u_<~ tijJ. 
It is important to note, that the two-particle connected diagrams 

in the three-body system are simply expressed in terms oi the two

-particle quasi potential Green function with the shifttJ 1 variable 

of the total 4-momentum by complete analogy with the non-relatl-

vistic case. In the usual equal-time approach it was necessary 

to separate additionally the "retarded" part/6' I. Due to this 

fact the pair interactions in (JO) exactly coincide with the two

particle quasipotentials. The algorithm of constructing the 

three-particle forces in terms of the two- and three-particle con-

nected diagrams in quantum field theory on the null plane follows 

from definition (29) and is given in paper/~ I in a symbolic 

form. 
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6. The Wave Function of the Bound States of Three Particles 

The quasipotential Green function of three particles 
z z 

q near the pole of the bound state J? ~If has 
I 

the form: 

~(2r~)6 l~rj) ~fi) 
a IP-t o ')-t:l '. '! - P

2. u1.. ' -
-1 I +I C 

~ ... 

where -'J p (f) is the quasipotential wave function of the 

bound state of three particles in the momentum representation 

. ·ye ·t . ~ (31) 9 3) . · / 
2 

-(t.J.) - (,;J - (tJ i (l~i , 3 S 

(Jtij Jrpp)~'-~j-= /P'l Lf ~ JifrtJ/f0J e- .caf~7JIP:f/?:J. 
Considering the equation for j) J = Jv -f'j~ ~ near this pole, 

we derive the equation for the wave function (31) 

f. ·~ t~ J -'~t;t~ I ~ v; ,,) ./ 7/,/J/·1~ 
O~f?Z..f ~ 'J: (I J =-b y'l'Rt!/tr.'?'1'1' ~p/'f/'J <33> 

J ·=I 1t p__ t~'> '.1·'·/N· IJ. lJ. I z --

and the normalization condition 

~ J I"/;~) I?,~ ?J i 1. .. 11l ~ (ip ;~[:lp)~ J;;y 
,,.,,) 

As is known,eq. (32) is not mathematically correct due to singula-

rity of kernel, thus, we reduce it to the form of the Faddeev 

equation. ..,In the approximation of pair interaction, we 

have :t'p -=,? V. 
t=l/'-t 

(;

. 3 P.)z 1.) . ) "\"' (_J T(z) j(l) p:"' rr,~ -?, .J +t'1; ~-(! ~~Jfi" l,(p; ;;:, t)l(p.p•Jii.,)r~)· f: 1. ll' ,,.. ,, -r v-- 111 ... ;, , ;; 1 
where -r;'•>(P:ff) is the off-shell scattering amplitude of 

J -th and ~-th particles determed by eq. (27). The wave 
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:t'unctions of bound states of two and three particles, introdu

ced above, may be used, in particular, for the investigation of 

form factors and the scattering amplitudes of relativistic campo-

site systems. 

7. The Scattering Amplitudes in the Three-Particle System 

In the case of two particles , having the expression for 

the Green function, one can determine the T-matrix by eq. (26) 

which gives the on-shell physical scattering amplitude. In the 

three-body problem, one can construct the analogous T-matrices 

corresponding to the possible 16 processes. Among these processes 

there is the elastic scattering of three particles,the quasi

elastic scattering on the bound state and also the disintegration 

of bound states. In the case of elastic scattering, the ·r-matrix 

is determined in a usual way 

j;: C1 
::> 

rT' 
f {j /0 

/ ~'"' v/ '".., 
v v 

On the mass shell 

2 ~ 
J =- L 

I ,() ) .<? ' 
1• f. - 11 r; . +J-r.rj' . /' t; .... . 3 / () j2 

~ (1'!' - r r. / f-/1.( ~ = L '}~ J J. / I 
/J J = i 'l 

it gives the physical 
j=1 JJ 

amplitude of the elastj c scattering o1' three 

particles. It will be shown below that tne de•ermined "two-time" 

Green l·unction oi' three partjcles has a complete ini'ormation both 

on the elastic scattering of three particles and on the processes 

. involving the bound .states. In the general case 16 operators 

Ol the transition from the state ( /1, ) to the 

11 ( 2 ) It D.l' .,£> 
. j. 1 ) ' !. '~ J 1. 12 t, 

I "- ·- - - -

state ( J. 

/11...=1)123 I/_, I J J 
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*) are detennined 

:: t! _ cf. ) q-t. - -·J r -J. 

·,s .. d j;, ·<f qJ. , ~ J / 1 
04) 

where J~ is the free quasipotential Green function of three 

r/ (/=-1,2,$) is the two-particle Green i'unction 

of ) -th and k-i~ interacting particles. 

particles, 

' Then the scattering mat~ices corresponding 0.r 
to these transitions (/'>)- (~ ) are written as: 

rr,. /p . ··)-= (epr;> . ,ft !1. (P' ~.-)~· cpoJ {f.) 
'til {I i! I~ J ,1p.P, rr. .. ~ ]}!<:-' ,., 'f.! J .. 'P-t.:;~ 

.. _j, -'/.. (/ - _, 05) 

....-.-' ( < ) ( /} ~ ) j. lz) 

~ I l q!. t j J :; j /(C' ( q t f. •'f, 1!" J" <t:p_r, (t ,) t 

where Sf(%) is the wave function of the bound state 

of j -th and ,t-th particles detennined in section 4. When 

passing to the mass shell the above T-matrices coincide with 

the physical scattering amplitudes. Note, that to the disintegra

tion of the bound state as a result of the collision with the 

third particle (J. 2) -t 3 _, L " 2 .,. 3 there corresponds the fol-

lowing condition of the mass shell: 

-; p ~ 2_ (fa -1, fJ.) '+ M. z.= 
i =I 7.-

. ) 2. 2. ) )l. l rfs.L- fs ~ .,.IM, _. !1,-~t/4(36) 
f • 

J~ ;- r) 

:If) 

particles, 

1 

/.=C' 
/~1,2,3> 

• 

corresponds to the state of three free 
~ -th particle is free, and the rest 

of two are connected between themselves. 
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Let us demonstrate the validity of the latter statement by the 

same process. Really, one can show that the "two-time" Green 

function of three particles has different poles corresponding to 

the contribution of any definite initial or f'inal state, In 

particular, near the pole corresponding to the initial state 

'jll., and the final state I.,. 2 • ~ , it has the fonn 

(2) . 

· £ (f, ~ [. 1 !s ),J/:p. f, fj,,.) 
a ( P 1 · v)-- .. . (!? J z '"' .,_ • j '- '1 fp~ fl-.._ j{ I;/ 0••/) (P ~ft- is_. •ltfsl. _ :L -~ •1112 ) 

( / I • I ?, f.) ( - fs 

where f;'?. is the physical amplitude of the conside-

red disintegration process. 

On the other hand, having rewritten definition (34) as 

.[ 11 J = ~;.f JJ. + J~- J('"f ;(, 

and taking into account the pole contribution oi' the bow1d state 

to the two-particle Green function, one can easily see that the 

on-shell scattering matrix T03 coincides with the physi-

cal amplitude or; the mass si:t:ll ( 36). 

For the transition matrices, one can deduce the equation 

following from definition (34) and equation for the three-particle 

"two-time" Green 1'unction 

~11 :=(f- ~(p )t?~-i r q[ J~ + L.~t f. J; f /·~,, J.· [~' 
j' r Jtf!> 

25 



where 
. ' ,.. rr•) r ,.,.. (•) 

7.(,.Pt ?)= h c (p_1 )/r" -~·J l.(p_~:t: ;r) t=/,2,3 
' '- '- (, /,j ,J f. J, I fi ~~I< -'1~ 
~I =o. 

<! 

It is important to note, that the kernels of the obtained system 

of equations in the approximation Of the pair interaction 

Vr:: 0 are purely the off-shell two-particle scattering 

amplitudes. The two-particle quasipotentials do not appear in 

them in the explicit form. 

Note, that the investigation of the structure of the 

quasipotential for the system of many particles and derivation 

of many-particle equations can analogously be performed taking 

into account that we have already obtained the expression for the 

free Green function of n particles with arbitrary spin. 

In the conclusion we should like to note the importance 

of the transformation properties (19), (20) which we have obtained 

for the "two-time" Green functions. It is easily seen, that the 

quasipotentials,off-shell scattering amplitudes as well as the 

wave functions of the bound states have the analogous properties. 

Using these properties, one can considerably simplify the problem 

of definition of the kernels of the three-particle equations in the 

approximation of pair interactions. In particular, it is sufficient 

to perform the consideration made in seot.4 in the system where 

the total transverse momentum of two particles is equal to zero, 

in spite of the fact that in the three-particle equations it is 

arbitrary. 
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