


1 • BBEAEHI1E 

AaHHaR pa6oTa noceR~eHa nocTpoeH~~ nopeH~-Koeap~aHTH~x pewe
H~~ MOAen~ MewKoe. KaK ~3aecTHo, nepe~M aap~aHTOM 3To~ MoAen~ 
RB~nacb MOAenb KBa3~He3aB~C~M~X KBapKoe/1~ B paMKaX KOTOpO~ 
YAanocb nony4HTb coenaAa~He c 3KcnepHMeHTOM TeopeTH4eCKHe 3Ha-
4eHHR MarHHTHOrO MOMeHTa npoTOHa, OTHOWeHHR aKCHanbHO~ KOHCTaHT~ 
CBR3H K eeKTopHo~ ~ PRAa APYrHx cTaTH4eCKHX eenH4HH, B 3To~ Mo
Aen~ npeAnonaraeTCR, 4TO penRTHB~CTCKHe KBapKH HaXOARTCR B 3aMK
HYTOH KOHe4HOH o6nacT~ npOCTpaHCTBa, rAe OHH AB~~YTCR KBa3~He-
3aBHCHM~M o6pa3oM. no3AHee 3Ta MOAenb nony4Hna ceoe AanbHe~wee 
pa3BHTHe B pafioTe 12~ rAe e~ 6~na npHAaHa penRTHBHCTCK~-~HBa
pHaHTHaR ~OpMynHpOBKa. 6naroAaPR y4eTy AOnonHHTenbH~X THnOB 
B3aHMOAeHCTB~R MemAy KBapKaMH AnR fionbWOrO 4~Cna Ben~4~H, xa
paKTepH3Y~HX CTaTH4eCKHe CBO~CTBa aAPOHOB, 6~no HaHAeHO xopo
wee cornacHe pe3ynbTaToB B~4HcneHHH /8/ c 3KcnepHMeHTanbH~MH 
AaHH~MH. 

3T~ pe3ynbTaT~ fi~n~ nony4eH~ B CTaT~4eCKOM np~6n~~eH~~ MOAen~ 
MeWKOB, B KOTOPOM noeepXHOCTb MeWKa C4HTaeTCR HenonBH~HOH. ~3-3a 
HanH4HR Knacc~4ecKoro otiDeKTa /MewKa/ HapywaeTcR HCXOAHaR penR
THB~CTCKaR ~HBapHaHtHOCTb, nocneAHee o6CTORTenbCTBO npHBOAHT 
B AaHHOM npH6n~~eHH~ K HecoxpaHeHH~ ~Mnynbca 141 , 4TO, B CBO~ 04e
peAb, ofiycnoen~eaeT PRA TPYAHOCTeH np~ onHCaHHH B MOAenH MeWKOB 
CTPYKTYPH~X ~YHK~~H pacceRH~R. TaK, CTPYKTYPH~e ~YHK~H~, B~4~c
neHH~e B CTaTH4eCKOM npH6n~~eHHH, He o6pa~a~TCR B Hynb B K~He
MaT~4eCK~ 3anpe~eHHOH oGnaCTH X > 1, rAe X = -q2/2pq - CKeHn~Hro
Ban nepeMeHHan. AnR peweH~R 3TOH npo6neM~ aeTop~ pa6oT~/6/, ~c
nonb3YR pe3ynbTaT~ B~4~CneHHR ~OPM~aKTOPOB HyKnOHOB B T04HO pe
waeMOH AByMepHOH MOAen~ MeWKOB/BI,npeAnO~~n~ ~cnpaB~Tb 3TOT He
AOCTaTOK nyTeM ~opManbHOH 3aMeH~ B ~OpMynax CTaT~4eCKOrO np~6nH
~eH~R apryMeHTa CTPYKTYPHOH ~YHK~~~ x ... -ln(l- x) · B 111 6~no 
noKa3aHo, 4TO 3Ta 3aMeHa ~. KPOMe Toro, noReneH~e nepeA cTpyK-

TYPHOH ~YHK~~e~ o6~ero MHO~~TenR 6(1-X), CBR3aHHOro C nopeH~e-
1-x 

B~M COKpa~eHHeM, ofiycnoeneH~ Tpe6oBaHHeM BOCCTaHoBneH~R TpaHc-
nR~~OHHOH ~HeapHaHTHOCT~ MOAen~. TaM ~e/7/ e~cKa3aHo npeAnono
~eH~e 0 cnpaBeAn~BOCT~ OTMe4eHH~X B~We ~3MeHeHH~ ~ AnR 4eT~pex
MepHOH MOAen~ MewKoe. Y4eT 3~~eKToe, ofiycnoeneHH~x AB~~eH~eM 
MeWKa KaK ~enoro, oKa3~eaeTcR ea~H~M np~ B~4~cneH~~ Mace aApo
HOB /S,e/, MarH~TH~X MOMeHTOB fiap~OHOB/10/, pacnaAa npoTOHa /11/ 
~ APYr~X CTaT~4eCK~X CBO~CTB aAPOHOB, :~ 
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B HaeTOH~eH pa6oTe 6yAeT noeTpoeHO HBHO penHT~B~eTeK~-KOBa
p~aHTHOe np~6n~~eHHOe peweH~e MOAefl~ MeWKOB, AnH 3TOH ~en~ M~ 
aoenonbayeMeH MeToAOM KaHoH~4eeK~X npeo6paaosaH~H H.H.6oron~-

/ 12/ 6osa, sneps~e np~MeHeHH~M ~M AflH peweH~H 3aAa4~ nonHpoHa 
TeopeT~Ko-rpynnosaH ~opMyn~posKa MeTOAa ~ AaflbHeHwee era np~Me
HeH~e 6~n~ paapa6oTaH~ B /1S·15/, ~13 pa60T /16·1S/ 3TOT MeTOA ~3BeeTeH 
TaK>Ke nOA Ha3BaH~eM MeTOAa KOnneKT~BH~X KOOPA~HaT, fnasHaH oeo-
6eHHOeTb MeToAa KaHOH~4eeK~x npeofipaaosaH~H H.H.6oron~osa 3a
Kfll04aeTeH B TOM, 4TO OH n03BOflHeT eTpO~Tb peWeH~H KBaHTOBbiX MQ
Aene~, T04HO y4~T~BaH ~eXOAH~e e~MMeTp~~ MOAen~. 

HaM Heo6XOA~MO pa3B~Tb Teop~IO, HBHO Y4~T~Ba~~y~ HeXOAHY~ 
e~MMeTp~~ MOAefl~ MeWKOB OTHOe~TeflbHO rpynn~ nyaHKape. noAXOA 
K peweH~~ 3ToH npo6neM~ Ha oeHose MeTOAa H.H.6oron~osa npeA
no>KeH B/19,20/, rAe 6~na nOApo6HO paeeMOTpeHa KOBap~aHTHaH KBa3~
Knaee~4eeKaH Teop~H B03My~eH~H AflH eny4aH ABYMepHoro AeHeTB~Tenb
Horo eKanHpHoro eaMOAeHeTBY~~ero nonH. B 3TOH eSH3~ eneAyeT OT
MeT~Tb pa6oT~ 121 • 221 , rAe TaK~e ~eeneAOBaHa npo6neMa noeTpoeH~H 
KOBap~aHTHOrO peweH~R B Teop~RX e HeTp~s~aflbH~M Kflaee~4eeK~M 

peweH~eM. 

H~>xe, nonb3YReb MeTOAOM KaHOH~4eeK~x npeo6pa3oBaH~H H. H. 6oro
n~6osa, H~ eTpO~M KOBap~aHTH~e np~6fl~>KeHH~e peweH~H MOAefl~ Mew
KOB AflR eKanRpHoro 3apR>KeHHoro ABYMepHoro nOflR lpa3Aefl 21 ~ AflR 
en~HopHoro 4eT~pexMepHoro nonR lpaaAen 31. 

2. KBAHTOBAHHE ,LIBYMEPHOfO CKAJlfiPHOfO nom! 

,L\nR Taro 4To6~ noHeH~Tb ~enOflb3yeM~H MeTOA, M~ Ha4HeM e pae
eMOTpeH~R npoeTeHwero eny4aR ABYMepHoro eKanRpHoro aapR>KeHHoro 
nonR. KaK 6~no yKa3aHo BbiWe, 3Aeeb YAaeTeR HaHT~ T04Hoe peweH~e 
MOAen~ 121. B pa6oTax 128,241 npo~aseAeHo Ksa3HKnaee~4eeKoe HeKosa
p~aHTHoe KBaHTOBaH~e B OKpeeTHOeT~ eTaT~4eeKoro peweH~R. B OTn~-
4~e OT MeTOAOB KBaHTOBaH~R/28,24/ B HaWeH pa6oTe AflR noeTpOeH~R 
KOBap~aHTHOrO peweH~R ~enOflb3yeTeR He raM~flbTOHOBa, a narpaH>Ke
Ba ~opMynHposKa Teop~~. AnR noeTpoeH~R peweH~R HaM fiyAeT YA06Ho 
soenonb30BaTbeR 11 perynRp~30BaHHOH 11 ~OpMyn~pOBKOO MOAen~ MeWKOB, 
npeAno>KeHHOH a pa6oTax 125• 26~ B narpaH>K~aH MOAen~ I g - ~opManbHbiH 
napaMeTpl: 

111 

BXOART 3aPR>KeHHOe eKanRpHOe none 41(X,t), eOOTBeTeTsy~~ee KBap
KOB~M eTeneHRM eso60A~, ~ AeHeTB~TenbHOe eKanRpHoe none a(x,t), 
on~e~aa~ee MeWOK. B I11V(a) RBnReTeR nonHHOMOM 4-H eTeneH~, 
aaAa~~M eaMOAeHeTa~e nonR a: 

V(a) = aa4 + ba 3 + cu 2 + p. 

2 

npeAnOnaraeTe~, 4TO V(a) ~MeeT ABa MHHHMYMa: flOKaflbH~H M~HH
MYM np~ a :: 0 ; V ( 0) -= p, rAe P - BHeWHee,,AaB-!leH~e BaKyyMa, 
~ a6eoniOT~H M~H~MYM npH a(x,t) =;, V(a) = o·. TaKoe lipeAeTas
neH~e ~~3~4eeK~ eooTBeTeTByeT npeAnOflO>KeH~~ 0 ey~eeTBOBaH~~ ABYX 
~a3 BaKyyMa: BHYTP~ (a :: 0) ~ BHe (a= 0) aApOHa. KpoMe Taro, 
oTHoe~TenbHO noseAeH~R V(a) npeAnonaraeTeR, 4TO V(a) = O(m 2), 
rAe a oTn~4Ha aT HYflR ~ u I m - Maeea a -nonHI, e4~TaeTeR TaK
>Ke, 4TO h2, m2>> p , g << 1 , C > 0. none a perynRp~3yeT MOAeflb 
MeWKOB B TOM eM~ene, 4TO eTeHK~ MeWKa ~Me~T KOHe4HYIO TOfl~~HY 

tlf _ 1/m, np~4eM nonR 41 ~ a onpeAeneH~ Ha seeM npoeTpaHeTse-spe
MeH~ ~ YAOBfleTBOpR~T.o6~4H~M KOMMyTa~~OHH~M eOOTHOWeH~RM: 

[a(x, t), ~ (y, t)] = ig8(x- y) , 

[ 41 (x, t) , ci> + (y, t)] = ig8 (x - y) • 

121 

131 

Bee oeTaflbH~e OAHOBpeMeHH~e KOMMyTaTOP~ Me~AY nonRM~ 41, 41~ . • + • 
a , 41 , 41 ~ a paBH~ Hyn~. 

no TeopeMe HeTep noeTpO~M B~pa>KeH~R AnR reHepaTopos e~MMeT
P~H MOAen~: 
BpeMeHHbiX ~ npoeTpaHeTBeHH~X TpaHenR~~H: 

tf(a, 41) = g-1 f dx j((x, t), 

~(x, t) = ~ ~2 + ~ (a') 2 + V(a) + 41+ 41 + 41'+¢' + h
2
a

241+¢, 

P(a, ¢) = -g-1 f dx Ia'~ + 41+' ~ +~+¢'I, 

nopeH~es~x npeo6paaosaH~i:1: 

L(a, 41) = g-1 f dxx ~(x, t)- tP(a, ¢), 

141 

151 

161 

171 

PaecMOTPHM Knaee~4eeK~e ypasHeH~R AB~>KeH~R, eooTseTeTsy~~e 
narpaH>K~aHy MOAeflH 111: 

181 
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CTaTH4ecKoe KnaccH4eCKoe peweHHe CHCTeMw ypaaHeHI1H /8/ 

fllo(x, t) = ~oCOBiiiX e-iwl+ o(.!..). Iii=.!.., !:~tl < ..!.t, 
b t 2 

u~ (x) = 0; 

1 1 
~0 (x,t) =o(-), !xl >-l, 

b 2 

uo (x) = a 

o6naAaeT 3HeprHeH 

pt 
E 0 = Ci1Q

0 
+- + S, 

g 

191 

/lD/ 

rAe QO - KnaCCH4eCKOe 3Ha4eHHe 3aPRAa: 

f/2 
Q 0 = 2 ~ f dx I~ 0 {x, t) I 2 

• I 11 I 
-f/2 

Pa3Mep CTaTH4eCKOrO MewKa f onpeAen~eTCR H3 ycnOBH~ MHHHMyMa 
3HeprHH Eo 11 01: 

Q dCil + .£.. = .0 • 
0 dt g 

B ablpameHHe AnA E 0 BXOA11T noaepxHoCTHaR 3HeprHR Mewt<a S, 
nponop~HOHanbHaR KBaAPaTy aeni14HHW ct<a4Ka non~ a 0 Ha noaepxHo
CTH MeWKa: 

1 do-o 2 -2 s = - r <-> dx - ma • 
2g ax 

B AanbHeHweM 6yAeT pacCMaTpHBaTbCA npeAen TeopHH npH m2/p ... oo, 

S .. 0, 4TO cooTaeTcTayeT /115,18/ MIT-aapHaHTY MOAenH MeaJKOB lt.t. 

0CHOBHOH HAeeH MeTOAa npeo6pa30BaH11A 6oronoUOBa ABnReTCR 
nepeXOA K HOBWM A11HaMH46CKI1M nepeMeHHWM, cpeAH KOTOpWX 11M6mT~A 

' AononHHTenbHwe nepeMeHHWe, Aan~l1eCR napaMeTpaMI1 rpynnw CHMMeT
PI111 MOAenH. Ycnoa11~ ca~311 c Heo6XOAHMOCTbiO ao3HI1Ka10T t<aK Tpe6o
saHwe coxpaHeHH~ 4Hcna HeaaBI1CHMWX nepeMeHHWX AO 11 nocne npe
o6pa3oaaHH~. B HaweM cny4ae a Ka4eCTBe AOnonHHTenbHWX nepeMeHHWX 
BBOA~TCR KOOPAHHaTW r H q, COOTBeTCTBY~He BpeMeHHOH 11 npOCT
paHCTBeHHOH TpaHCnA~HRM, 8, COOTBeTCTBy~aR nopeH~eBWM Bpa~e
HHAM, H nepeMeHHa~ ¢, CB~3aHHa~ C 3aPRAOBWMH npeo6pa30BaHHRMH, 

4 

An~ Toro 4To6w npoHaaecTH yKa3aHH~ aaMeHy nepeMeHHwx, pac
CMOTPHM, cneAY~ pa6oTe /19~ a6cTpaKTHYIO anre6py JlH (j, 3PMHTOBWX 
onepaTopoa H , P , K, L c yMHO>KeHHeM JlH BHAa 

[H, P) = 0, [H, K] = igH, [P, K] = igP, 

[K, L] = 0, [L, H] = igP, [L, P] = igH. 
1121 

Tpe6oaaHHe KoaapHaHTHOCTH onpeAen~eT napy ~YHK~~~~~ oT x, t 

CO 3Ha4eHH~MH B anre6pe a: 
ecx, t) = Hx- Pt- L, 

A 

r (x, t) = Ht - Px - K , 

1131 

1141 

KOTOpwe o6naAaiOT ABYM~ aa~HWMH CBOHCTBaMH: OHH ~yHK~HOHaflbHO 
He3aBHCHMW: 

[ f (x, t), ~ (x, t )] = 0 , 1151 

a TaK•e YAOBneTaop~IOT 3aKoHaM npeo6pa3oaaHH~: 

exp[ ~(t 0H -Px
0

)]cf(x,t) exp[- ~(Ht 0 -Px 0 )] =[ex+ x 0 ,t +t 0 ). 

i "" i A exp (-;;LOn)~ (x, t) exp (--;;-LOn)=~ (x ch00 + t sh 61 0 , x sh00 + t chO 0 ), 
~ -

• A • A A A I 161 
exp(.!..KA)~(x, t) exp(-2-KA) = ~ (e x, e t), 

g g . 

H COBepweHHO aHanorH4HWM COOTHOWCHH~M An~ ;(x,t), KpoMe Toro, 
BBCACM 3pMHTOBbll1 on epa TOp Q, KOMMYTHPYIO~HH C anre6poH a H ~a
n~IO~HHC~ conpR>KeHHWM C nepeMeHHOH ¢: 

[Q,¢]=i. /171 

npoH3BeAeM 3aMeHy noneawx nepeMeHHwx: 

~(X, t) = ~((,;, ,$) = ( dfdweiZ(f,wle,;) ~(f, Col) et.$ 

~+(x,t) .,~+(l,;,.;) = (dfdwe-IZ(f,wle,;) ~+(!, w)e-i¢' 1181 

a(X, t) = ;;(f, ;) = ( dfdc.J eiZ(r,wj{.;) ;;(f,w), 

rAe o603Ha4eHo z (f, w I e' ;) = Iii; (x, t) - r((x, t) • 
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3aMeHa /18/ TaKoBa, 4TO npM npeo6pa30BaHHRX CHMMeTpHH H3Me
HReTCR nHWb 3KCnOHeH~HanbH~H MHO*HTenb, npH 3TOM OHH He sa
TparHBaiOT HOB~x 'lonea~2< nepeMeH~x i{r, CcJ), ;; (f, CcJ ). ,llpyrHMH cno
aaMH, onE;J>aTop~ 41 '* u KOMMYTHPYIOT c anre6poi1 (I H onepaTopa
MH Q H ~. a npocTpaHCTBO BeKTOPOB COCTORHHR npeACTaBnfteT co60H 
npRMOe npoHaeeAeHHe npocTpaHcTaa_nPeACTaeneHHR anre6p~ d H Q 
H npOCTpaHCTBa COCTORHH171 nonei1 41 H u. 6narOAap.A CBOHCTBY Hesa
BHCHMOCTH 1151 nepeMeHH~X l(x, t), ;{X, t) H $ He B03HHKaeT npo6-
neM~ c ynOPRA04eHHeM onepaTopoe e e~pa*eHHRX 1181. B cHny cooT
HOIJ!.eHHH 116,17/ H KOMMyTaTHBHOCTH ~ H u C onepaTopaMH (I, Q 
H ~ HMeeM 

exp[ 1
8

L60}ell(x,t)exp[-.!..Le }=41(xch9 +tsh9 xsh9 +tchO) g 0 0 0' 0 0 ' 
/19/ 

CneAOBaTenb Ho, onepaTopbl H , P , K , L 11 Q npH saMe He I 181 
CTaHOBRTCR reHepaTopaMH npOCTpaHCTBeHHo-apeMeHH~X TpaHCnR~HH, 
nopeH~ea~x,Mac~TafiH~x 11 saPRAOB~x npeo6pasoeaHHH. OTo~ecTane
HHe 3THX onepaTOPOB C B~Pa*eHHRMH COOTBeTCTBY~HX reHepaTOPOB 
I 4-7 I, nocTpoeHH~x no non .AM ell (x, t) H u (x, t) c nOM~biO Teope~ 
HeTep , AaeT onepaTOPH~e CBR3H, KOTOp~e H o6ecne4HBaiOT COXpaHe
HHe 4Hcna HesaeHCHM~x nepeMeHH~x AO H nocne npeo6pasoeaHHR 1181. 
0HH HMeiOT cneAY~HH BHA: 

" CH a H- H (u, cl>) .. 0, 

C p = P - P (u, ell) = 0 , 

CL = L- L(u,ell) .. 0, 
.... 

c Q = Q - Q (41) = 0 ' 

" "" ,, " 

l20al 

/2061 

l20al 

/20rl 

rAe onepaTopbl H, P, L, Q onpeAeneH~ BbiPa*eHHRMH 14-71, 
B KOTOPbiX nonR U, 41 3aAaHbl 8 HOBbiX nepeMeHHbiX no ~OpMynaM 1181. 
TaK KaK TeOpHR, 3aAaHHaR narpaH*HaHOM /11, He HHBapHaHTHa OTHQ
CHTenbHO MaCWTa6HbiX npeo6pa30BaHHH, TO CBR3b, COOTBeTCTBy~a.A 
3THM npeo6pasoeaHHRM, He onpeAeneHa. 

6 

B ~enRX YA06cTea AanbHeiiwHx B~4HcneHHH H paspeweHHR ycnoBHH 
CBfi3H 1201 CAenaeM 3aMeHy noneA, KOTOpaR RBHO B~AenneT ~a3y 
CTa~HOHapHOrO KnaCCH4eCKOrO peweHHR: 

41(x, t) -+ e-iCcJt 41(x, t); ell+(x,t) -+ ell+(x, t) e iCcJt 

npH 3TOM KOMMyTa~HOHH~e COOTHOWeHHR 131 
a CBR3H nepenHWeM 8 ~OpMe 

He H3MeHRT ceoero BHAa, 

" CIJ 2 + 
C ' = H - H (u, ell) + - ( dx ell ell = 0 , H g 

C' p 

. + . 
= P- P(u, ell) - ~ ( dx[ a4l ell - 41+ 1!_] 

g ax ax 

C' 
L 

CQ= Q- Q(ell) -!£.(dxell+ell 
g 

0. 

CeR3H 1221 e o~eM BHAe MO~Ho sanHcaTb KaK 

C~=Ca+Ba' 

1211 

0' 

1221 

rAe Ca no ~opMe coenaAa~T c 1201, a Ba RBnR~TCR TpeTbHMH cna

raeM~MH 8 1221. BMeCTO CBR3eH C~ BDeAeM HOB~e ycnOBHR CBR3H: 

Ca =0, a= P,L,Q. /23/ 

4TOU~ TeOpHR npH 3TOM He H3MeHHnacb, Heo6XOAHMO CAenaTb npeoG
pa30BaHHe: 

H(u, ell) -+ H'(u, ell) = H (u, 41) + l u [ Ba (u, 41)] 
2 

, 
a=P,L,Qa 

/24/ 

rAe Ua onpeAenn~TCR H3 ycnoeHn BblnonHeHHR /23/ . 
Bbi!OA ~opMyn /23/, /24/, peanHSYIO~Hx npeo6pasoaaHHe H 

c~-+ H', Ca,COAeP>KHTCR 8 npHno>KeHHH 1. 
CAenaeM e~e ABa saMe4aHHR OTHOCHTenbHO ycnoBHH /20/. Bo-nep

B~>~x, ecTeCTBeHHO paCCMaTpHBaTb HX Ha BeKTOpe COCTORHHR ~~>. 
B npoTHBHOM cny4ae B03HHKaeT npoTHeope4He c Tpe6oeaHHeM o Hesa
BHCHMOCTH 11,.. H ai. ,..Bo-BTOPbiX, 8 pa6oTe /19/ noKa3aHO, 4TO Bbl6op 
nepeMeHHbiX e(x,t),r(x,t) 8 BHAe /13/,1141 COOTBeTCTByeT 
npeAcTaeneHHIO anre6p111 11, KOTopoe BbiAenReT rpynny TpaHcnR~HH. 
fpynna TpaHcnn~HH RBnneTCR HenpepbiBHOH ABYXnapaMeTpH4eCKOH rpyn-

7 



noH, no3TOMY H3 ce~3e~, o6ycnoeneHH~X npeo6pa3oBaHHRMH npocT
paHcTea X,t, nHWb ABe RBnR~TCfl He3aBHCHM~MH, HHme Ha KOHKpeT
HOM pac4eTe 6yAeT BHAHO, 4TO CBR3b CL B~nonH~eTCR TOmAeCTBeHHO 
npH e~nonHeHHH ce~3e~ CH H Cp /KaK o6~4Ho, noA cnoeoM ce~3b 
Ca M~ noHHMaeH caMo ycnoBHe Ca 1/1 =01. 

Hap~AY co cB~3flMH Ca Heo6xoAHMO TaKme noTpe6oeaTb e~nonHe
HH~ Ha BeKTOpe COCTOflHH~ 11/J> KaHOHH4eCKHX KOMMyTa~HOHH~X co
OTHOWeHH~ /2,3/, B KOTOpbiX non~ a H til B~pa>:<eH~ 4epe3 HOB~e 
nepeMeHHble: 

[a (g (x, t) • ; (x, t)). at a <l (y • t). ; (y. t))] 11/1 > = ig8 (x - y) 11/1 > • 

[til <l (x. t).; (x. t)). at til+ <{<y. t).; ( y ,t))] 11/1 > = i~ (x- y) 11/1 >. 

0CTanbHble OAHOBpeMeHHble KOMMyTaTOp~ Ha BeKTOpe COCTO~HHR 11/J> 
o6pa~a~TCR B Hynb. 

/25/ 

PaccMoTpHM, KaKo~ B~A npHHHMa~T KBaHTOB~e ypaeHeHHR ABHmeHHn 
B HOBbiX nepeMeHHbiX. .[\nR 3TOrO YA06Ho B B~pameHHRX AnR none~ 
/18/ npeACTaBHTb onepaTop exp[iZ(f,wll,;)] e <J>opMe 

exp[iZ(f,wl!,;)] = exp[i(w;(x,t)- r!(x,t))] 
/26/ 

= expl i[ ...!.±..l(H _ P) 1-e -g(w- 0 + -X+ t (H+ P) 1-e -g(w+ 011 e -i(wK-fL)' 
2 g 2 g 

4TO MO>~HO nony4H:rb, HCnOnb3YR anre6paH4eCKHe COOTHOWeHHR /12/ 
H npHMeHRR CTaHAaPTHble <J>opMynbl 11 pacnyTbiBaHHR 11 onepaTOPH~X 3K
cnoHeHT. Ha OCHOBe /26/ y~e HeTPYAHO nony4HTb ~opMyn~ AH<J><J>epeH
~HpOBaHHR B HOB~X nepeMeHH~X: 

at tll(x, t) =I Ha, - Pae +ig[~a,e+ a~) + Pa,~] + O(g 2) li<e, r), 

a tll(x,t) =IHa~: -Pa +ig[Ha~+f...(a 2 +a~)]+ O(g 2 )1i(e,r). x ., r rr, 2 r ., 

/27/ 

C Y4eTOM /27/ CWCTeMa KBaHTOB~X ypaBHeHHH ABHmeHHR AnR none~ til 
H a, flBnR~~aRCR cneACTBHeM ycnOBH~ CB~3H /23/, /24/ H COOT~owe-

8 

HH~ /25/, HMeeT BHA 

,.. 2 igt1 ' + 
<1/1 'I [ -2 ~ e r (cos gar - cosgae )a + V'(a) + 2h 2atll tllHe(x, t), 

r (x, t)) 11/1 > = 0 , 

r (x, t)) 11/1 > = 0 , 

" 2 1ga · + 2 2 + 1 8 8a <1/1'1 [ -2!!... e r (cos ga, - cosga~:)tll + h a til + 2-Ba-l <e (x, t) • 
g '> Aa 8tll 

r (x, t)) 11/1 > = 0 . 

YpaeHeHHR ABHmeHHR /28/, ycnoBHR CBR3e~ /23/, /24/ H KOMMYTa
~HOHHble COOTHOWeHHR /25/ nonHOCTb~ onpeAenR~T ypaBHeHHfl MOAenH 
MeUJKOB /1/ e HOBblX nepeMeHHblX. YAo6cTBO TaKoH <J>opMynHpoBKH 3a
Kn~4aeTCR B TOM, 4TO peWeHHe 3aAa4H y~e He CBR3aHO C CHMMeTpHH
H~M~ rRn~rTR~MH n~rD~HmHaHa MOnenH /1/. 3~~eKTHBHbiM MeTOAOM pe
WeHHfl nony4eHHblX HenHHeHH~X ypaBHeHH~, 1103BOnR~HM pa3AenHTb 
nepeMeHHble anre6pbl d H noneH ~ H a, RBn~eTcR <J>opManH3M MeTOAa 
TeOpHH B03My~eHHH, K nocTpoeHH~ KOTOporo Mbl H npHCTynaeM. 

DYAeM HCKaTb nonR ~ H a B BHAe pa3no~eHHR B PRA no ManoMy 

napaMeTpy ..jg: 

;<e,r) = tllo<e. r) + ..j"gtlll(e,r) + •.. ' 
/29/ 

Bocnonb3yeMCR TeM, 4TO eeKTOP COCTORHHR 11/J> RBnReTC~ npRMbiM 
npoH3BeAeHHeM eeKTopoe B npocTpaHcTeax npeACTaeneHH~ H(d, Q) 
H H (til, a). Bb16epeM e npocTpaHCTBe npeAcTaeneHH~ anre6p~ d ABe 
6a3HCHble cHcTeM~ l!£p> I H II k f >I, RBn~~Hecn co6cTeeHH~MH AfiR 
KOMMYTHPY~HX onepaTopoe H, P H K, L • HaTpH4H~e 3neMeHT~ 
3THX 6a3HCH~X CHCTeM HMe~T BHA/19/ 

<rqltP> = - 1-exp[-i(u- pq)], 
21T 
1 _J_(k+f) _.L(k-f) 

<rqlkt> ==-lr 2 -q 2 1-',\ lr+ql 2 lr-ql 2 

4rr 
9 



HeTPYAHO HaAT~ co6cTeeHH~e eeKTOP~ ~ co6cTeeHH~e 3Ha4eH~R 

onepaTopoe ( (x, t) ~ ; (x, t) : 

e<x,t) le.r> = ecx,t)Je,r>, 

( (0, 0) = - L , ; (0, 0) = - K • 

H3 3T~X COOTHOWeH~H B~AHO, 4TO 

e=-f, T=-k. 

A 

r (x, t) I g, r > = r (x, t) I g, r > , 

Ecn~ Tenepb paccMaTp~eaTb ypaeHeH~R /22/, /25/, /28/ e B~Ae 
MaTp~4H~X 3neMeHTOB MemAY <fP\ ~ \kf>, TO B 3T~X COOTHOWeH~RX 
onepaTop~ anre6pbl a 3aMeHR~TCR Ha ~X co6cTBeHH~e 3Ha4eH~R. KaK 
OKa3~BaeTCR, C nony4eHHbiM~ ypaeHeH~RM~ B ~CKOMOM np~6n~meH~~ 
/29/ MO~HO o6pa~aTbCR HenocpeACTBeHHO B onepaTopHOH $OpMe, a He 
ycpeAHRTb no COCTORH~RM ~3 npocTpaHCTBa ~(~, u). 

BamH~M cneAcTe~eM nocTpoeHHoro Koeap~aHTHoro $opMan~3Ma /18/, 
/20/ B MOAen~ MeWKOB RBnReTCR B03MOmHOCTb pa6oTaTb C COCTORH~R
M~, oTBe4a~~~M~ c~cTeMe noKoR MewKa IM>: 

H\M> = MIM>; PI M> = o. 

Ha eeKTooax IM> nocTooeH~e Teoo~~ B03MVWeH~A oKa3~BaeTcR Ha~oo
nee YA06H~M. PaccMOTP~M ypaeHeH~R Hyneeoro np~un~meH~R no napa
MeTpy Vg, COOTEieTCTBy~~~e C~CTeMe /28/: 

/30/ 

-(a; - a; ) ~ O + h 
2 U ~ ~ O = 2iw aT~ O + w2 ~ O 

B 3T~x ypaeHeH~Rx ~ H~>~e eeeAeHo o6o3Ha4eH~e: 1._ _. g 
Mo , Mo 

-+ T ' 

rAe Mo RBnReTcR 3Ha4eH~eM Hyneooro np~6n~meH~R e pa3no~H~~ 
co6_fTBeHHoro 3Ha4eH~R Maccoeoro onepaTopa M: M = M

0 
+..; g M 1 + 

+ gM 
2 

+ .••• C~cTeMa ypaeHeH~H /30/ AOnycKaeT CTal.I~OHapHoe pewe
H~e B~Aa /9/. Ycnoe~e, B03H~Ka~~ee ~3 /20a/, ~~KC~pyeT KOHCTaH
Ty M0 : 

+ l.pf • 
g /31/ 

rAe B npaBOH 4aCT~ CTO~T B~pameH~e KnaCC~4eCKOH 3Hepr~~ C~CTeM~. 

10 

Ycnoe~e CBR3~ /20r I $~Kc~pyeT napaMeTp pa3no>:<eH~R Teop~~ g: 

/32/ 

TaK~M o6pa3oM, $aKT~4ecK~M napaMeTpoH pa3nomeH~R RBnReTcR 
o6paTHaR een~4~Ha 3aPRAa nonR Qo /~n~ o6paTHaR een~4~Ha pa3-
Mepa MewKa f /. @~KCal.I~R napaMeTpa pa3nomeH~R 4epe3 $~3~4eCK~e 
een~4~Hbl Heo6XOA~MO CBR3aHa C ycTOH4~BOCTbn Teop~~. H3BeCTHO, 
4TO e cny4ae AeHCTB~TenbHoro nonR ~ ~ Teop~R caMoAeAcTeyn~ero 
CKanRpHOrO nonR/27<~ Teop~R MeWKOB/25/ RBnR~TCR HeyCTOH4~
B~M~. B 3T~x Teop~Rx HeT $~3~4eCKTX een~4~H, c noMO~b~ KOTo
p~x M~ Morn~ 6bl $~Kc~poeaTb napaMeTp pa3nomeH~R. 

QcTaBW~eCR CBR3~ /206,e/ ~ KOMMyTal.I~OHH~e COOTHOWeH~R /25/ 
e HyneeoM np~6n~meH~~ e~nonHR~TCR TOmAeCTBeHHO. OcHOBH~M co
CTORH~eM /COCTORH~eM nonoro MeWKa/ RBnneTCR BeKTOp IEp>, Onpe
AeneHH~H ypaeHeH~RM~ (E 2_ p2 = M2) 

0 

H\EP> = flfp>' Pjfp> = Plfp> 

~ RBnR~~~~CR eaKyyMOM no OTHOWeH~~ KO BTOp~4HO KBaHTOBaHH~M 
nonRM c$ - ~ 0 = ..;"g ~ 1 + ... , a - u o = ,/g u 1 + ... _. 

nepeAAeM K nocTpoeH~~ Teop~~ e nepeoM np~6n~~eH~~ no napa
Merpy pa3nO>KeH~R Vg. B C~:(IY B~nonHeH~R ypaBHeH~H /30/ CBR3b 
/20a/ np~BOA~T K ycnoe~~ M1 =0. C y4eTOM 3Toro ycnoe~R ypae
HeH~R ae~meH~R anR $YHKI..I~A nepeoro np~6n~meH~R np~H~Ma~T B~A 

4cu 2 ~o + 2 
+ fdx~ 0 (~ 1 +~ 1 ) = 2iwar~ 1 +w ~ 1 

fdx (~0)2 
3T~ ypaeHeH~R YA06Hee 3an~caTb 4epe3 $YHK1..1~~ 

+ 
~1 +~1 . R(g,r)= (g,r), S(g,r) 

..)2 

[a;.- a e + h2 a; + V" (a 
0 

)] a 
1 

+ 2h2 
u 0 B 0 R = 0, 

r dx~0 (~~- ~ 1)+ 
/33/ 

/35a/ 

4cu2 ae a 
. 

2 
. 

2 
f dx (ax B 0 ) • s 

fdx[(axu0 )+(axB 0)] 

= 2w ar R + w2 S , /356/ 

ll 



/35e/ 

Bocnoilb30BaBWI-1Cb <!>OPMYilaMa-1 npl-lilO>KeHa-IR 2 /n2.1, n2.2/, noily41-1M 
BblPa>KeHa-IR AilR CBR3eH /206-r/ B paccMaTpHBaeMOM npa-~6Ill-l>KeHI-11-1: 

/36a/ 

/366/ 

/36e/ 

Echa-~ Mbl XOTI-lM BOCnOilb30BaTbCR CBOHCTBOM nOilHOTbl HeKOTOPOH ca-~c
TeMbl <I>YHK~a-~11 I X n I = I (an, R n, S J I, To B03HI-1KaeT e~e OAHa CBR3b, 
KOTopaR RBilReTCR onepaTOPHblM YCilOBHeM: 

~( a - I. qRa 1 C' n n n 
c • D • T = 0. 

\ ~1{. + ll:l) - 2 ~q n K n + iqn :S n) - iw(K + i:S) J n 

KaK a-~ Bblwe, a ypasHeHa-~Rx ABI-l>KeHa-~R noRBilR~TCR A06aeo4Hble cnarae
Mble /24/ B pe3yilbTaTe Bbl6opa CBR31-1 B $OpMe /23/: 

cc = 0' 

I. ·R a qn an n 1371 

R I. 'R s I. 
. I 

qn Rn qnS n n n 
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{ ~. 
OAI-lH pa3, 

/38/ 
n s:::: 2,3, ... , ABa pa3a. 

Ycnoea-~e /36a/ aeToMaTa-~4ecKa-~ a-~cKIHo4aeT ~13 nonHoro 11a6opa peweHa-~11 
peweH~e ypaeHeH~H /35/ C HyileBOH 4aCTOTOH, 

3ToT pe3yJlbTaT 6b1Il nony4eH paHee e pa6oTax 123 • 24~ rAe TaK>Ke 
1-lCCileAOBailaCb ABYMepHaR MOAeilb MeWKOB CO CKailRPHblMI-1 KBapKaMI-1, 
OTila-141-leM nOAXOAa, a-~cnOilb3yeMOro B HaCTOR~eH pa6oTe, OT npa-~Me
HeHHblX B / 23, 24/ COCTOa-IT B TOM, 4TO Mbl npa-~MeHReM IlarpaH>KeBy $OpMy
Ili-1POBKY Teopa-~t-1, 

C nOMO~b~ peweHa-~H /37/ nOCTPOI-lM B nepBOM npa-~6Jla-l>KeHI-11-1 KOBa
pa-~aHTHy~ BOilHOBy~ <I>YHK~I-1~ MOAeill-1 /1/: 

II> (x , t) 
1 f dfdweiZ(f,w\(,;(x,t)) +ic/>-

II> 1 (f, w ), 
/39/ 

a II> (1
) (71, z)- peweHa-~e ypaaHeHa-~11 /33/. B cny4ae sh/ p .... oo 

( 1) i 00 [~] bn inrr f 
II> (7j,Z) - I. (-1) 0 lexp[-T(1}-Z-2) 

..;Trr n=-oo 
n~O 

n inrr f 
-(-1) exp[--f-(71+ z- 2 }]1 

[ b , b + ] = nSnm , b \ M> = 0, n, m = 1,2,3, .... n m n 

PeweHa-~e /39/ RBilReTCR OCHOBHbiM pe3YilbTaTOM AaHHOro pa3Aeila. ne
pei1AeM B BblpameHI-11-1 /39/ K nepeMeHHblM CBeTOBOrO <!>POHTa: 

1 _ x-t + X+t 
71 + = --(1} + Z) , X = - ---=-, X = --:::::- , 

..;2 ..;2 ..;2 J4oJ 
+ ++- J<- m+r.> ~- (x +, x -) = }{ x - P x- - K; ~ (x , x ) = x - 7 x -.1.. , 

[}{, P] = O; (K, f] = 0; [K, }{] = -1H1 

[K, !P] =-iP, [f, J<l =- iJ<o' (f, Pl = iP. . 
B 3Ta-~x nepeMeHHblX peweHa-~e /39/ npMHa-~MaeT BHA 

/41/ 

/42/ 
clll (x+,x-) =etc/> fdf[e-trC<:~+,x-)~~(f) -e-ue+(x+,x-) ~~(f)], 

l3 



rAe R- paAHYCMeWKa, nony4aeM~~H3 ycnOBHH MHHHMYMa KnaCCH4eCKO~ 

3HeprHH: 

aE 0 

aR 0' 

/47/ 

.[\nH nOCTpOeHHH KBaHTOBOro KOBapHaHTHOrO peWeHHR Hy>KHO no
CTPOHTb cnHHopHoe npeACTasneHHe rpynn~ nyaHKape. Boo6~e rosopH, 
AnR 3TOH ~enH cneAyeT paCCMOTpeTb anre6py p , COOTBeTCTBY~~y~ 
rpynne nyaHKape,H HaHTH 4 onepaTopH03Ha4H~e 3PMHTOB~e ~YHK~Ho
HanbHO -He3aBHCHM~e npocTpaHCTBeHHO -epeMeHH~e KOOPAHHaT~ X , 
CBOHCTBO c~epH4eCKOH CHMMeTpHH peweH~1R /45/ 03Ha4aeT, 4TOILCHM
MeTpHR, CBR3aHHaR C yrnoB~MH nepeMeHH~MH, CnOHTaHHO He HapyWeHa, 
a PaAHanbHaR CHMMeTPHR HapyweHa. no3TOMY B AaHHOM cny4ae HeT 
He06XOAHMOCTH BBOAHTb KonneKTHBH~e yrnoe~e nepeMeHH~e • .(\nR onH
CaHHH CBOHCTB peweHHR OTHOCHTenbHO npeo6pa30BaHHH 6ycTa BBeAeM 
npOH3BOnbHO B~fipaHHOe HanpasneHHe ABH>KeHHH e H anre6py onepa
TOPOB 

... -+-+ 
H,P P, , K, L = (L e) 

YAOBneTBOpR~HX KOMMyTa~HOHH~M COOTHOWeHHRM 

[H, P] = 0, [H, K] = igH, [H, L]= -igP, 

[ K, L] = 0 , [ P, K] = igP , [ P, L] = - igH , 

[P.L ,H] = [ P.L, P] = [P.L' L] = [p.L ,K] =0. 

thAI 

/49/ 

HaA noneM a(~t) npoH3BeAeM npeo6paaoeaHHe 6oron~6oea, KoTopoe 
peanHayeT cKanRpHoe npeACTaeneHHe anre6p~ onepaTopoe /48/: 

-t - ,.. .... ..t ,.. ... 
a (x, x. :1. , t) = a (,; (lt, t) , TJ .L , r (x, t)) = 

/50/ 

... 
nepeMeHH~e r, .; , ; , BXOAR~He B /50/, onpeAeneH~ B~pa>KeHHR~ 

,.. .... .... ..... 
r (x, t ) = Ht - P (x e) - K , 
... 
.;ex. t) = H(xe) - Pt- L. 
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-+ 
= X 

-+ 
-q 

rAe KOOPAHHaTbl -tq l. KaHOHH4eCKH ConpRlKeHbl C -+ p .L: 

... ... 

/51/ 

/52/ 

B~fiop nepeMeHH~X r .; , ;.L B BHAe /51/ npHBOAHT K HC
nonb30BaHH~ npeACTaeneHHR anre6p~ /48/, cooTseTCTBY~~ero rpynne 
TpaHcnR~HH. B 6onee cno>KHOM cny4ae c~epH4eCKH-HecHMMeTpH4H~x 
peweHHH~nacCH4eCKHX ypaeHeHHH AnR peanHaa~HH Ha6opa nepeMeHH~x 
;(X, t) , ( (:;, t) He06XOAHMO BBOAHTb 6onee cno>KH~e npeACTaeneHHR 
rpynn~ nyaHKape 1191• npH 3TOM nORBnR~TCR HOB~e KOnneKTHBH~e ne
peMeHHWe, CBR3aHH~e C Bpa~eHHRMH B 4eT~peXMepHOM npocTpaHCTBe, 

.(\nR noc TpoeHHR KOBapHaHTHOrO nonR 1/J (X, t) He06XOAHMO B~non
HHTb npeo6paaoeaHHe 6oron~6osa, peanHay~~ee cnHHopHoe npeACTae
neHHe anre6pw /48/ 1131• B 3TOM cny4ae aaMeHa /50/, KOTopaR npH
BOAHT K npeofipaaoeaHH~ CnHHOpHOH 4aCTH onepaTopa raMHnbTOHa: 

AOnonHReTCR npeo6pa30BaHHeM CnHHOPHOH eonHOBOH ~YHK~HH: 

... 
-t .. ,.._. -+-t A .... 

1/J (x, t) = D (9) 1/J (,; (x, t) , TJ .L (x) , r (x, t ) ) , 

"'(,;' 1j .L ' r) - r df df~ d (L) exp [ i (w r - f.; - i .L ;.L )] J,' (f. f .L • (L) ) • 

MaTpH~a 0(9), RBnR~aRCR HenpHBOAHMOH cnHHOPHOH COCTaBnR~~eH 
npeACTaBneHHR rpynnW nyaHKape, HMeeT BHA 

/53/ 

tr:.41 

/55/ 

- reHepaTop npeo6pa30BaHHR nopeH~a cnHHop-

Horo nonR. nocne npeo6paaosaHHH /50/, /54/ ypaeHeHHR ABH>KeHHR 
I 44 I AnR nonR 1/J (x, t ) He MeHH~T ceoero BHAa, nocKonb KY HMeeM 

. IL a r = o r 
iL v v /56/ 

Dv = (i_i. - i ...L - i-a-
ar ' a.; ' aT} 1 ' 

. a ) -1--' 
aTJ 2 .L 
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( 
H 0 0 P) ..!_ 0 M 0 0 

M 0 0 M 0 
P 0 0 H 

L (0) 
e 

- onepaTOP 4HCTO nopeH~eBa npeo6pa30BaHH~ BAOflb e. 
TaKHM o6pa3oM, nocTpoeHa peanH3a~H~ anre6p~ /48/ cKan~pHoro 

/50/ H CnHHOPHOrO /54/ noneH B 4eT~pexMepHOM npoCTpaHCTB~ /51/ 
AD~ c<!JepH4ecKH-cHMMeTpH4Horo cny4a~. OnepaTOP~ H, P , P.1. , K , 
L npHo6peTaiOT cM~cn reHepaTopoe epeMeHH~x, npoAODbH~x H none
pe4H~x TpaHCfl~~HH, MaCWTa6H~X H nopeH~eB~X npeo6pa30BaHHH B nnoc
KOCTH (t, e) COOTBeTCTBeHHO H AOfl>XH~ B~pa>KaTbC~ 4epe3 non~ U, 1/J: 

-1 ... 1 au 2 1 ~ 2 + ... ~ 
CH= H-g fwd-(~) +-(vu) +V(a)-1/1 (-lav+h/3a)I/JI=0, 

2 at 2 

i -1 ... [ au au i + rill. rl,/,+ c p = p + g r dx - - + - (1/J __:z_ - ~"' )) = 0 ' 
' ax1 at 2 ax I ax 1 

/57/ 

CL 
-t 

L e- [ ciX(;;) }{(i, t) + t { di( 9'(;, t) ;) = 0. 

,[lononHHTenbHO HMeeTc~ ce~3b, o6ycnoeneHHan 3aKOHOM coxpaHeHHn 

4HCfla <!JepMHOHOB: 

-1 ..... ...,.... 
C N = N - g f _dxi/J 1/1 = 0. /58/ 

KpoMe TOro, He06XOAHMO noTpe6oeaTb B~nODHCHHR B HOBbiX nepe
MeHH~X KOMMyTa~HOHH~X COOTHOWeHHH 

[u(;, t), ~ (y, t)) = ig8(i- y) , 
.... + .... .... .... I.P (x, t) , .P (y, t) I = g8 (x - y) • 

/59/ 

Bee OCTanbH~e OAHOBpeMeHH~e KOMMyTaTop~ MC>KAY a(;, t) . ~(X~ t), 
1/J (X, t) H 1/J +(X~ t) paBH~ HYDIO. CHCTeMa KBaHTOBbiX ypaBHeHHH ABH

>KeHHR B cna60H <!JOpMe ~Bn~eTCR CfleACTBHeM ypaBHeHHH /57-59/: 

2 . 2 - ~ .... ,.. .... 
<1/J'I[(at-ax)a+ V'(u) +hi/JI/J]{~(x,t),r(x,t))ll/1> =0, 

~ 

. 1 .... -+ A-+ 

<.P'I[iy 0 at + iy a1 - haJ.P<~<x. t), r(x, t)) 11/1> = o, /60/ 

+ .... 1 4- .... .... ,.. .... 

<1/1 '11/J [iy 0 at + iy a i + hu)(~ (x, t), r(x, t))ll/1> = 0. 

,[lanee, nonb3Y~Cb KOBapHaHTHOCTbiO <!JopMynHpOBKH MOAeflH /43,50,54/, 
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ypaBHeHH~ ABH>KeHHR, CBR3H, KOMMyTa~HOHHble COOTHOWeHH~ H APYrHe 
onepaTOPHble Bblpa>KeHH~ 6YAYT paCCMaTpH8aTbCR Ha 8eKTOpax COCTon-
HH~ IM> cooT8eTcTey~Hx CHcTeM noKo~. _ 

Pa3no>KHM e P~A no ManoMy napaMeTpy onepaTopbl non~ a, .P H 
Maccbl M: 

-.P =.Po +..Jgl/11 + ••· • a = ao + fiu1 + ... ; 

M = M0 + ...;"gM 1 + ... . 
/61/ 

H paccMOTPHM HyneBOH no napaMeTpy vi:nop~AOK TeOpHH 803My~eHHH. 
YpaeHeHH~ ABH>KeHH~ 

2'2 '2 , -
-M 0 (a~u0 + a.l.uO) + V (a

0
) + hl/10 1/1

0 
= 0, 

/62/ 
(iM 0 y llall - hu0 ).p0 = o 

... 
r(~) 

HMeiOT peweHHR /45/ C 3aMeHOH C8~3H CH ... r, - ... r. 
Mo Mo 

/57/ H CN/58/ <!>HKCHPYIOT 3Ha4eHH~ napaMeTpoe M 0 "' g: 

1 + ~ -t 1 41r 3 
M o = - w { 1/1 0 1/1 0 d., d71 + - - R p g .L g 3 • /63/ 

=...!.... r .Po .Po d~d11~ . 
g .L /64/ N 

B /63/ paAHYC MewKa R onpeAen~eTcn H3 ycno8Hn MHHHMyMa 3HeprHH 

oE = 0, <!JopMyna /64/ 03Ha4aeT, 4TO napaMeTpOM pa3DO>KeHH~ g ~BaR 
nneTCR 06paTHa~ 8eflH4HHa 4HCfla <!JepMHOHOB. 0TMeTHM, 4TO COflHTOHO
nOA06H~e peweHH~ MOAeflH /43/ RBfl~IOTC~ YCTOH4H8b1MH no OTHOWeHHIO 
K pacnaAY 

1261
• Cen3H Cp, C L /57 I H KOMMyTa~HOHHble cooTHoweHHn 

/59/ 8 HyneBOM npH6DH>KeHHH BblnODHRIOTC~ TO>KAeCTBCHHO, 
nepeHAeM K paCCMOTpeHHIO ypaBHeHHH MOAenH 8 nepBOM nopRAKe 

TeopHH~B03My~eHHH no ..Jg. B 3TOM cny4ae cornacoeaHHbiM ~en~eTc~ 
Bb16op M 1 = 0. YAo6Ho onpeAenHTb <!>YHK~"'"' 

... 1 -> lw r + -> T -lwr 
R (~, r ) = --;::::- I 1/1 1 (~ , r ) e + C [ 1/J 1 (~ , r )y 0 ) e I , 

...;2 
... 1 ... ... /65/ 

S(~, r) = -::::-11/11 (~, r) elwr- C[I/J:(~, r)yo] T e -lwr I. 
...;21 

Ypa8HeHH~ A8H>KeHHR H CBR3H npHHHMaiOT cneAY~HH 8HA: 
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/66/ 

~ ~ ~R ~RT 
C

(1) - -+ auo au1 + _1 (RT o _a_o a o o ] 
p - f dx [- - y - - y R1) 

i ax i or 2 1 ()xi ax i 

. T 
-- oRo T oR 0 

- i fdx(iJxiyOS1 + S1y0 iJxi) = 0' 1671 

C noMO~b~ KBaHTOBOrO ycnoB~R nonHOT~ 
. . 

C =lll-Iq x =0 
C n n n 

peweH~R ypaBHeH~H /66/ MO~HO 3an~caTb B B~Ae 

OQ A 

I q~u" (r) Y 0_ (1), 
u=-gow 

f -+ 
R <e. r) 

. ~'.<•l) c~.--~<~) i qR f 
n=-oo 0 iR 

0
(r) y f, m+ Yi (r) 

/68/ 

(•~<•l) C'··-~ (~) "" 
q~ s~ (r) I 

n =- oo yf m+% (r) 
' 

f -+ s <e.r) = 

AnR cny4aR f = 0, J z =-~,rAe J- nonHw~ MoMeHT, peweH~RM~ ypae

HeH~~ /66/ RBnR~TCR COCTORH~R CTaT~4eCKOrO MeWKa: 

( 

1 
) e -ikmr 

0 
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+ 
(bm,b

0
}=8mn• bmiM>=O, m,D=1,2, .... /69/ 

C noMO~b~ peweH~R /69/ HeTPYAHO soccTaHoB~Tb KoeapHaHTHY~ aon
HOBYIO c!>YHKLIHIO: 

"' 1 ex. t > 

A A 

( -+ t:-+ ...... ] 

f 
-+ ! wr(x, t) - r., (x, t)- ~'IJ. (x) ... ... 

dfdw dfJ. e cll(w, t) D(fJ (p)) 

/70/ 
-+ 

cll(w, f) 

KaK oTMe4anocb e~we /pa3Aen 1/, B 4eT~pexMepHoM cny1.1ae T04Hoe 
peweH~e MOAen~ MewKoB He~3BeCTHO. B HacToR~e~ pa6oTe, np~MeHRR 
KaHoH~4ecKoe npeo6pa3oBaH~e H.H.ooron106oea, Mbl nocTpo~n~ np~6n~
~eHHOe KOBap~aHTHOe peweH~e. HaHAeHHaR BOnHOBaR c!>YHKLIHR /70/ 
~rpaeT ponb peweH~R, nony4eHHoro e Lo-np~6nH~eH~~. 0TMeT~M, 
4TO HaWe peweH~e no ct>opMe OTn~4aeTCR OT B~Aa c!>YHKLI~~ /7/, no
CTpoeHHO~ no aHanorHH C ABYMepHO~ MOAenbiO. 

ABTOp BblpamaeT CBO~ npH3HaTenbHOCTb n.H,6oroni060BY 3a none3-
Hble coseT~ ~ o6cy~AeH~e pesynbTaToB. 

nPHJlOJKEHHE 1 

nyc Tb c!>YHKLI~R JlarpaH~a ~ = ~ (¢, 0 v rP) 
TenbHO npeo6pa3oBaHH~ 

-+ -+ 
¢(x, t) -+ T(a) ¢(x, t) 

~HBap~aHTHa OTHOC~-

HeKOTOPO~ Henpep~BHO~ r-napaMeTp~4eCKO~ rpynnbl ~ C 3aKOHOM 
YMHO~eHHR 

3AeCb a = (a 
1 
.... , ar) - napaMeTpbl rpynn~, g - ee 3neMeHTbl, a one

pali~R T 3aAaeT HeKoTopoe npeAcTaeneH~e a6cTpaKTHO~ rpynnw 'G, 
COOTBeT~TBy~ee npeo6pa30BaHHRM npocTpaHCTBeHHbiX nepeMeHHWX Hn~ 
KOMnoHeHT nonR ~. 

nepe~AeM K HOB~M nepeMeHHbiM c noM~biO npeo6pa3oaaH~R 6oro-
oo6oaa: 

¢ (x) = T (a) i (i") • 

B HOBbiX nepeMeHHbiX narpaH~~aH COAepm~T CBR3~, KOTOpble B ~eM 
B~Ae sanHCbiBaiOTCR cneAY~~M o6pa30M 1131 : 

21 



Ca=La- fdx ... (¢+)([Xa¢]) =0, /nl . 1 I 

rAe La - BKilaA B CBR3~1 HOBbiX KOilileKT~BHbiX nepeMeHtibiX Ba , a one
paTOP Xa RBilReTCR reHepaTOPOM COOTBeTCTBY~~ero npeo6pa30BaH~R 
c~MMeTp~~. Hanp~Mep, ~MeeM 

xPi = a ( ~ -~) XQ 
ax I 

AilR npocTpaHcTeeHHbiX TpaHCilR4~~ ~ 3aPRAOBbiX npeo6pa3oBaH~~ co
OTBeTcTeeHHo. 

CBR3~ /22/ ~Me~T B~A 

C~=Ca+Ba=O. /nl . 2/ 

noTpeGyeM BblnOilHeH~R KaHOH~4eCK~X CBR3e~ /n1.1/: Ca=O. He
TPYAHO TOrAa npoeep~Tb, 4TO YCilOB~R /n1.2/ np~MYT B~A /n1.1/, 
ecn~ np0~3BeCT~ B Bblpa~eH~RX AllR CBR3e~ CAB~r: 

'+ · + 1 a + ¢ ... ¢ -->.-Ba[X ¢), a=P,Q, ••• , 
a 

rAe 

>. _ = ( ch[ X a cil )+ [ X a cil ). 

B pe3YllbTaTe ·3To~ onepa4~~ nony4aeM 3$QeKT~BHbl~ raM~llbTOH~aH 

H' = H + ~ ua a! , 
a 

nPI1nOJKEHI1E 2 

rAe 1 

u = ---· a "a 

B 3TOM np~no~eH~1~ Mbl np~BOA~M HeKOTOpble ecnoMoraTellbHble Qop
Mynbl, BbiBOA KOTOpbiX COAep~~TCR AllR Clly4aR ABYMepHoro CKallRPHOro 
nonR e 1201 • 

6 Bblpa~eH~RX ~HTerpanoe, BXOAR~~X B CBR3~ /22/, BXOART ~HTer
panbl ABYX T~noe: 

11 = r dx r<e (x, t); ; (x, t)) , 

I 
2 

= J dx xr({ (x, t) , ; (x, t)) • 

CnpaBeAn~ea 3aMeHa nepeMeHHO~ ~HTerp~poeaH~R,Anp~ KOTopoH ~HTer
p~poeaH~e npo~3BOA~TCR no cneKTpy onepaTopa e: 
22 

A 1 
t 1 - if r dE r<e. 11 <t. e» • /n2. 1 a/ 

12 - ~ r de <e + Pt + ·L > ~ tte. 11 <t. e» • /02.16/ 

r,qe 

, <t. e> 
2 p2 p p 

H - t - - e - L- - K • 
H H H 

,QriA Bbi4HCJleHK.R MaTPH4HbiX 3JleMeHTOB nma <fPill kf>, r,qe lfp>, 
1 Itt > - 6aaHcHwe 3neMeHTW /28/, y,qo6HO npe,qcTaBnRTb onepaTop ·f 
a 11 N -ynop.A,qo4eHHOH 410PMe11 , pacnonaraR onepaTopw H, P cneaa, 
a onepaTopw K, L cnpaaa: 

• • p2 . 
r<(. , > .. N <f(e, "n - tg (1 - 2 >N <a" r<e. 11 n + o <'~ 

H 
1 • "' ~ +·L P <e + L)- f(e, '1'1) - N (~ f(e, 71))- ig2 N(f (l, 71)) -
H H H 

P 2 1 . 2 
- 21g(1- -;;I)'H' N((e + L) a71 f(e, 71)) + O(g ) • 

H 

/n2.2a/ 

/n2.26/ 

KOMMyTa4HOHHWe COOTHOWeHH.R B HOBWX nepeMeHHWX AllR Ae~CTBHTenb
HOrO nOJl.R C T04HOCTbn AO 4JleHOB nop.RAKa g2 HMeDT BHA 

[o(x,t), o(x', t)l ~ g[a1 <e,r), o1 <e', r')] 
0

-

a~ a~ a~ a~ a~ a~ a~ a~ 
-tg[(r-r'H-- +- ->+<e-e><- -+- -H+ oe ae· ar ar' oe ar· ar oe· 

+13/2([a1(e,r),o2(e',r')}o +[a2(e,r), o1(e',r'))a)-
/n2.3/ 

8/2 , a~ aal aal 0(10 aao aal aal aao 
lg [(r-r )(- -- +-- -- + -- -- +-- --) + ae (Je' ae (Je' ar ar' or or' 

+<e-e'><oao oa1 + aa 1 oa0 + oa0 oa1 + aa1 aa0 )] + O(g2). 
ae ar, oe or' or (Je' or 0(' 

AnR MaTPH4HWX 3JleMeHTOB < M I [a (x, t), a (x ', t)) I kt > onepaTopw (, ; 
CBOA.RTCJ' K 4HCJlaM e = X, r = t , 

B /n2.3/ ~HAeKc u npH KOMMYTaTope o3Ha4aeT, 4To e 3TOM aw
pa~eHH~ onepa4~D KOMMYT~POBaH~.R ClleAyeT paCCMOTpeTb llHWb AilR 
onepaTOPOB u, C4HTaR e H ; KOMMYT~py~~~MH nepeMeHHbiM~. AHa
llOrH4Hble BWpa~eH~R CTPORTCR AilR ,qpyr~X KOMMyTaTOPOB. 
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KpoMe Toro, a~n~weM a~pa~eH~~ An~ MaTp~4Horo 3neMeHTa non~ 

4> (x; t) : 

1 2 . 2 
<£pl4>(x,t)!kf>=<£P!kf>{l + ig[-(d-px)(a +ac) + 2 T <, 

2 -+2(£x-pt)aer1l<l>(a-pt-f, d-px-k)+ O(g2). 

nPHJlOlKEHI1E 3 

YpaaHeH~~ /35/ An~ onpeAeneH~~ <I>YHKL\~i1 R <e. r)' s <e' r) ~ 17(e, T) 
nonHOCTb~ COOTBeTCTBY~T raM~nbTOHOB~M ypaBHeH~~M AB~*eH~~ pa-
6 

/24/ ' M OT~ ,KOTOp~e nony4eH~ B nepBOM np~6n~~eH~~ HeKOBap~aHTHO~ 
Teop~~ ao3My~eH~i1. B HacTo~~eM np~no~eH~~ M~ aocnonb3yeMc~ npo
L\eAYPOi1 A~aroHan~3al\~~. np~MeHeHHoi1 a 1241, An~ nocTpoeH~~ pewe
H~~ c~cTeM~ /35/. 

noACTaB~M B~pa~eH~~ /37/ B ypaBHeH~~ /35/: 

[-a;+ h2 B 2 + V"(a )]a <e> + 2h 2 a s R <e> =02 17 <e> 
<, 0 0 n OOn n' 

/n3. 11 

/n3.2/ 

/n3.3/ 

PaccMoTp~M ypaaHeH~e /n3.3/ ~ Hai1AeM co6cTBeHH~e 3Ha4eH~~ 
~ co6cTBeHHble (j>yHKL\~~ onepaTopa H

8 
=-a[-w2 + h 2 1702, axoA~lllero 

B 3TO ypaBHeH~e: 

H S = ll S • 
s n n n 

/n3.4/ 

PeweH~eM 3Toi1 3aAa4~ ~an~eTc~ Ha6op <!>YHKL\~i1: 
An~ 4eTHoi1 4eTHOCT~: 

24 

0( ~)' lxl< ~f. n>l, 

1 lxl > 2 e, /n3.5/ 

{
-

2 2ntr 1 v- sin(-e) + 0(-), 
sn (e> = t t h 

0{.1.) 
h ' 

= (4n2 -1) (~)2 
Jl D f 

1 
]xi <- t , n ~ 1, 

2 

Jxl > ~ t, /03.6/ 

04eBHAHo, 4To $YHKL\H~ u 0 YAOBneTaop~eT ypaaHeHH~ /n3.4/, no3To
MY ycnoeHe /36s/ a~onHeHo. 

PaccMOTPHM Tenepb ypaeHeHH~ /n3.1/, /03.2/ H npoHaseAeM Hx 
4aCTH4HY~ AHaro~aflH3al\H~, TO ecTb peW~M 3aAa4y Ha co6cTaeHH~e 
3Ha4eHH~ Afi~ ~HCTeMW 

/n3.7/ 

PeweHHeM nepeoro H3 ypasHeHHH /n3.7/ c Tpe6yeMoi1 T04HOCTb~ 
~BflReTC~ CHCTeMa QYHKL\Hi1, nponop[\HOHanbHaR CKa4KY 17Q Ha noaepx
HOCTH MewKa, 0HH HM~T BHA 

/n3.8/ 

PeweHHe BToporo ypaBHeHH~ 8 /03.7/ y~e HeTPYAHO Ha~TH, nQACTa
BH8 8 3TO ypaBHeHHe CHHrynRpHy~ <I>YHK[\H~ /n3.~/ H HCnOnb30BaB 
ycn08HR CWHBKH 8 OCo6~X T04KaX ypa8HeHHR. 0KOH4aTeflbHO HMeeM 
AnR peweHHH 4eTHOH 4eTHOCTH: 

lxl < .!..t, 
2 

lxl > ~ t, 

lxl < ~t, 

lx1 > .!.t, 
2 

/n3.9/ 
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lxl <_!_f 
2 ' 

R (~ 
n 

1T 2 
A n = [ (2n + 1 ) - 1 ] 2 . 

f 
0TMen1M TaK>:<e, 4To <I>YHK1..1t.H1 u~, s0 RBilRIOTCR co6cTseHHbiMH <I>YHK
I..IHRMI-1 ypasHeHHH /n3.7/ c co6cTseHHbiM 3Ha4eHHeM A =0. B CHilY 
3TOrO aBTOMaTH4eCKI-1 BblnOJlHeHO AOnOJlHHTeJlbHOe YCJlOBHe /36a/ 
1-1 /366/. 

nocne noAcTaHOBKH nony4eHHbiX cHcTeM peweHHH /n3.5/, /n3.8/ 
1-1 /nJ. 9/ B ypaBHeHHR /nJ. 3/ nOJ1Y4HM CHCTeMy OAHOPOAHbiX ypaBHe
HHill, YCJlOBHe COBMeCTHMOCTH KOTOpOH onpeAeJlReT cneKTp 4aCTOT f}n• 
npl-1 3TOM nony4aiOTCR ABa cneKTpaJlbHbiX YCJlOBHR, COOTBeTCTBYIO~HX 

peWeHHRM pa3HOH 4eTHOCTH /2 4/: 

{ 

nrr _ -f-, n = 2,3, ... -
0 n- nrr 

-f-, n=1,2,3, •.• -

He4eTHaR 4eTHOCTb, 

4eTHaR 4eTHOCTb. 
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HET nH .flPOBEnOB B BAWER BHBnHOTEKE? 

8bl MOJKeTe OOJIY'IMTb no OO'ITe nepe'IMCJieHHble HMJKe KHMrM.• 
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