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AHHOTl:lUHSI 

n p089.l19H Y'I9T BbiCWHX napUHSnbHbiX BOnH B ypa&HeHHSIX .llnSI HH3KO~HepreTI!­

'19CKOrO RHoH-nHOHHOrO paCC9SIHHSI 1 nony'I9HHbiX .llH!fl!flepeHUHlllJbHbiM M9TO.l10Mo no-. . 
K&38HO, 'ITO HX BnHSIHH9 Manoo 

PaccMoTpeHa npoue.11ypa y'leTa 6ecxoHe'IHoro 'IRena napuuan&HbiX aonH a HH3-. . 
xoaaepreTH'Iecxux ypaeaeauax H ycTaaoeneaa ee 6eccMblcneaaocT&. 

·' 



ll 1. ct>opMynupoBKa .oa¢¢epeauuanbHoro MeTo.oa aa npHMepe 

pacceHHHH HefiTpanbHhlX M930HOB 

II I 121 
' B ae.oaBHHX pa6oTax 3apKepa H naaneca 6binH no.oHHTbl BonpOCbl COOT-

B9TCTBHH M9)K.OY ypaBH9HHSIMH .OnH napuHanbHb!X BOnH fiHOH..,.fiHOHHOI'O pacceHHHH 

. .. 13 4 51 
npH HH3KHX 9HeprHHX 0 nonyqeHHbiX .OHcPtiJepeHUHanbHbiM MeTO.OOM · ' ' H Hf{Te-

161 161 
rpanbHhlM M9TO.OOM lpa60Ta B .oanbHeitw eM UHTHpyeTCH KaK lJ:M I. 8BH.Oy 

H9'19TKOCTH pH.oa tiJopMynHpOBOK 
. ll 21 

B pa6oTax ' HH)Ke Mbl .oeTanbHO accne.oyeM 

BOfipOCbl yqeTa BbiCWHX napUHanbHbiX BOnH B .OHcPcPepeHUHanbHOM MeT0.09 1 a TaK)Ke 

ero COOTB9TCTBH9 C MeTO.OOM lJ:M • 

131 B pa6oTe ypaBHeHHH .onH naoa-naoaaoro pacceHHHH 6hlnH nonyqeabi Ha 

141 
KOM6HHaUHH .OHCnepCHOHHhlX COOTHOW9HHfi Bnepe.o H Haaa.o, a B pa6oTe 6bma 

y'IT9Ha TaK)Ke HHtiJOpMaUHH OT nepBbiX npOH3BO.OHhlX no nepe.Oa'IH HMnynbca. noa-
/3/ . 

TOMY B Y'IHTbiBanHCb .09itCTBHT9nbHbl9 'ISCT'H.nHWb s- H p- BOnH, TOr.oa KaK 

141 
B 6bm TaK)Ke npoaase.oea y'leT 1- H d -aona. 

M bi Hccne.oyeM sonpoc yqeTa see 6onbwero 'IHcna napuuanbHbiX Bona, BKmo­

qaH npe.oenbHbiil: cnyqail: 6eCKOH9'1HOI'O 'IHCna 9THX BOnH. 

BbmHweM cnepBa ¢opMynbi, Bbipa)KaiOWHe HHawae napuaanbHbie aMnnHTY.llbi 

l(c) H ee npOH3BO.OHhlX B TO'IKaX c =·± 1. 

3TH tiJopMynbi HM eiOT paanH'IHbiil: BH.0 0 B 3aBHCHMOCTH 0T 'IHCna rapMOHHK 0 KOTOphl­

MH annpOKCHMHpyeTCH cPYHKUHH I (c) 

B aaaweM npH6nH)KeHIIH 1 orpaHH'IHBaHCb • s- H p -oonaaMH 

HMeeM. 

'lo = 1(1) +·1(-1) 
2 

I~ =· _illy(:.!_)_ 

l(c) =·I+ 3cf +5!2(3c41) I+ 7!2 ( lc3 -3c) 1
31 0 1 2 

ll.!i". 

I - BOnHbl 
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. 
nonyiuutM 

lo.., l(l)+ I ( -1) _ l!(l) - 11(-1) 

11 

12 

13 

2 6 

. I( 1 ) - I( -1) _ I' ( l ) +I'( -1 ) 
5 30' 

1'(1) -1'(-1) 
30 

1(1}-1(.;1) + 
70 

1'(1) + 1'(-i) • 
70· 

H aKoaeu1 npe.z:ten!>HOMY. cny'laiO 
00 

I( c)= I P(c) In 
n=O 

.COOTB9TCTB)'IOT cpopM)'nbl 

00 

lo"' ~ I l") (-1} + (-)" ln) (H) 

(n +:1),! n•O 

lz 
oc ln) · n (n) 

..,_~ I f (-1)- {-) I (l) 
n•O (n +'2)! 

00 

12 •·-% I 
. n•J 

C ) n (n) I n(n+5) 11"(-1)+(-) I (l) , 
(n +: 3)! 

/1.2/ 

/1.3/ 

Bblpa~a!OlUB9 napuaani>Hbl9 BOnHbl cpyHKUBB 

npOH3BO.llHbiX 8 TO'IK8X . C .,:;!:: l ·• 

l(c) qepe3 6ecKoHe'I:HbiA Ha!Sop ee 

B&Ipa:meHBH /1.8/ Mor)'T 6~Tb nony'l:eHbl ~acTo cpopManbHo, ~yTeM nocne.z:to­

aaTenbHOro BHTerpapoaaHBR no 'laCTS!M BHTerpanoa, onpe.z:tenHIOlUBX napuaanbHble 

aMnnKTY.llbl. Cxo.z:tBMOCTb ps.z:toB aa.z:ta' /1.8/ onpe.z:tenHeTcH oco!SeHHOCTHMH cpyHKUBH 

I (c) a KOMnneitcHoA nnocKOCTH nepeMeHHOA c • HecrtonbKO HH:me /OS/ Mbl pac-

CM~TpBM STY npo6neMy '.z:t~H cnyqas naoa-nHOHHOro pacceHHHH. I 
., 

0TM9THM 3.ll9Cb, 'ITO nepeXO.ll OT ·/l.J/ K /1.2/, OT /1.2/ K /1~3/ H9 CBO.llHT·; 

i 
l 
t 
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CS! K .ll068BJieHHIO qJieHOB C Bb!CWHMH 11pOH3J?O.llHbiMH, HO T8K:>Ke H K H3M eHeHHJO 

K09qJHUHeHTOB B y:me HMeJOIUHXCSI qJieHaX. ';_PopMyJibl THIIa /1.1/-/1.3/ Mbl 6y.oeM 

11pHMeHS!Tb K 8MIIJIHTy.lle pacCeSIHHSI, 38.ll8HHOft ClleKTpaJibHbiM 11p9.llCT8BJI9HH9 110 

HMIIYJibCHOl!: HJIH ·aaepreTH'I9CKOA 119p9M9HHOA 11pH ci:>HKCHpOB8HHOM 3H8'19HHH KOCHHy-

ca yrna pacceSJHHSI C o .[lJISI 8MIIJIHTY.llbl paCC9SIHHSI Hell:TpaJibHbiX M930HOB aTO 

11p9.llCT8BJI9HH9 HM99T BH.ll 

A ( v, c)= 1/lr j lm A(v;'c) 
0 v'·-''11 

3.oecb 119pBb!l!: HHTerpaJI OIIHCbiBaeT ci:>H3H'I9CKHA pa3pe3 OT 119pBOA peaKUHH• KBa.opaT 

~aHeprHH KOTOpOll: paBeH S =· 4('11 + 1) 1 BTOpoA HHTerpan-KpOCCHHr peaKUHJO C KBa.o-

paT OM aHeprHH . U =·-2'11( 1 +c) 1 Tp9THJl: HHTerpan-KpOCCHHr p98KUHIO C KBa.opa..;. 

· i TOM aHeprHH t =·-2'11(1-c) 1 11pH'I9M 

c =· 
+ 

2 + 3v'-c(_2 + v' 
v'O+c) 

Vf3 /1.5/ BH.llHO, 'ITO 

c =-' 2 +3 v'+ c (2 +v'). 
v'(1-c) 

/1.5/ 

c+( v~c=.:!-,1) =..±1, ~,(y ' 1 c ,..±,1) =·oo. 

noaTOMY B 11pe.ll9JlbHbl~ CJIY'I8SIX C ,.± 1 'IHCJIHT9Jlb O.llHOrO H3 KpOCCHHr-HHTerpa-

JIOB COOTBeTCTByeT paCC9SIHHJO Bllepe.o IHJI)i Ha3a.o/, TOr.lla KaK BTOpOA CO.ll9p:>KHT 

Heci:>H~H'!eCKHl!: 6eCKOH9'IHhlA KOCHHYCo 

181 B cxeMe 4y-MaH.ll9JlbCTaMa, TaK )K9 KaK H B llpe.ocTaBJI9HHH 4HHH-¢y6HHH • 

ci:>YHKUHH [m A (Y~· C + ) aiiiipOKCHMHpyJOTCSI s -BOJIH8MH BO BC9M HHTepBaJie 

·1 £. C ::;: 1 1 T.e. BII~~Tb .llO 6eCKOH9'IHO 60JibWHX 3H8'I9HHA .KOCHHYCOB 

WaS! yKa3aHHYJO 8111IpOKCHM8UHJ01 IIOJiyqaeM IIOCJI9 HHTerpHpOBaHHSI 110 C 

uM . " /cp/8,8/ 1 ,... .llJISI HeATpaJibHOn MO.ll9JIH 

c±.: Coaep-

ypaBH9HH9 

0TCIO.ll8 eme pa3 S!CHOt 'ITO B M9TO.oax 4M H 4HHH-¢y6HHH HCIIOJib3Y9TCSI 

aHa1lHTH'I9CK09 llpO.llOJI:i<9HH9 C IIOMOIUbiO 119pBoro, 'IJI9Ha pa3JIO:>K9HHSI 110 IIOJIHHO­

MaM nemaa.opa B o6nacTb, .r.oe aToT pS!.ll He cymecTayeT. 
; j 
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n onyq HM Tenepb ypaBH9HHe .n:nst s -BonHbl C nOMOlUbiO .llH<i:J<i:JepeHUHanbHOll: 

annpOKCHM8UHH. no.n:cTaBnstst 11.41 B. nepByiO H3 <i:JopMyn 11.1 I H npH5nH)Kast 

lm A (v,..±" 1) s -BonHoll:, nony'!HM: 

r.n:e 

"" 1 1 
Ao(v)=l/!r fdv'<-,- + , )Im A,(v') +a

1 o II -11 1 +11 +11 

a =lhr j ~ 
0 1+v' 

lm A (v.~ "") + Im A(v~·-oo) 
2 

11.7 I 

11.81 

noKa)KeM, 'ITO .n:nst cymecTBOBaHHst pemeHHst ypaBHeHHst 11.7 I Heo6xo.n:HMO nono-

)KHTb a = 0 

BH.llY 12.5/ H3 

.n:aeMcst, '!TO 

BbiT9K89T 0 '!TO 

• .[lnst STOI"O npOB9.ll9M B 11.7 I oi:tHo Bbl'lHTllHHe, npHB9.llst ero K 
171 . . ' 171 

pa60Tbi o n OBTOpstst 38T9M paCCY)KJl9HHSJ § 2 H3 pa50Tbl , y6e)K-
. -

lm A (oo) ,;,. 0 , oTKY .n:a c y'l~TOM ycnoBHst YHHTapHOCTH 

lm Ao ( v) = .f 11 ---, l Ao ( v) 1
2 

1 +:v 

Re Ao: ( oo) .=· 0 •' .. 

v>O 11.91 

VlHbiMH cnoBaMH ypaBH9HHe 11.7 I HMeeT pemeHHe· TonbKO npH 

a =· 0 o' 11.101 

3aMeTHM Tenepb, 'ITO BenH'lHH8 a ·npe.n:cTaBnHeT co5oll: BbiCOKOaHepreTH'l9CKHll: 

, Br.:na.n:. Llell:cTBHTenbHO, HanpHMep, TpeTHit HHTerpan 5 11.41 ·cooTBeTCTByeT yqacT-

KY npstMoll: 

t .,. 4 
. . c = 1- f =· const OT - oo .llO TO'lKH a (f) C KOOp.ll HH8T8MH 

IJ =·-12/£ t KOTOpast npH £ -+ 0 YXO.llHT H8 6eCKOH9'lHOCTb 0 noaTo-

MY nEpBoe cnaraeMoe B npaBoit qacTH 11.81 , stBmiiOmeecst npe.n: en oM aT oro HH­

Terpana npH c . = 1, npe.n:cTaBnsteT co6oit BbiCOKOaHepreT~qecKHll: BKna.n:. To )Ke ca-

MOe OTHOCHTCSJ KO BTOpOMy HHTerpany B 11.41 npH ~ = -1 BTopoMy cnara·aMoMy 

B 11.81. TaKHM o6pa30M a npe.n:cTaBnsteT co6oll: BKna.n: oT BbiCOKOaHepreTH'lecKoll: 

o6nacTH, ne)Kamell: Bbime nopora n 106oro cocTostHHst c KOHe'!HOit Mace oil. HcHo noa-
. . 

TOMy, '!TO UOCKOnbKY Mbl OT5pOCHn!f BC9 npOM9)KYTO'!Hbl9 COCTOBHHSJ, H8'lHH8SJ C 

'l9Tblp9XM930HHOI"Ot TO Mbl BUOliHe MO)K9M np9He5p9'lb BenH'lHHOit a • 

nepell:.n:eM Tenepb KO BTOpOMY npH6nHiKeHH10 1 OllHCbiBa·aMOMY <i:JopMynaMH 11.21. 
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AnnpoKcuMupySI lm A ( v, ±,1) s-BonHaMu u npeHe5peraSI BhiCOK09HepreTuqecKuMu 

BKna.o:aMu BH.lla a'+ {3v , nonyqaeM ·u3 nepBoro ypaBHeHHSI I 1.2 I 

Ao(v) =1hr Jd~·'lm AD (v') (_1_ + 1 
o y' -v v'+v+ l 

(1+ )I )].11.11/ 
6 ( v'+v+l) 

n106onbiTHO uccne.o:oBaTb acuMnToTuKy peweHuSI ypaBHeHHSI 11.11 I. C aToM: uenbiO 

IIp9.llCT8BHM BTOpOH HHTerpan H3 11.1}/ B BH.ll9 

00 

( 1 - ___L _Q_ ) 1/ 7T f 
6 av D 

0TCIO.ll8 SICHO, 'ITO 8CHMIITOTHKa 11.111 COBna.oaeT C 8CHMIITOTHKOH ypaBH9HHSI 11.7/ 

npu a. =-0 I . 

Re AD (v) -> 7Tb . ---· rn )I 

b y. , 11.121 

IIOCKOnbKY 

l 
Tti2V. 

0TCIO.ll8 cne.o:yeT, 'ITO yqeT d -BonHhi B peanbHoii qacTH aMnnuTy .llhi pac-

C9SlHHSl Mano M9HSI9T norapHcpMH'I9CKYIO BeTBb p;weH.HSl H9HTpanbHOH MO.llenu 11.11. 

05paTHMCSl .K npe.o:enbHOMy cnyqaiO 11.31 • nonyqaeM .o:nSI S -BonH, OTKHHYB 

cTeneHHOH p.11.o no v c BhiCOKOaHepreTuqecKHMH KoacpuuueHTaMu 

AD (v) =1/77 j ·,av' lm AD(":') + 
D )I _,)1 

00 

+ 1/lr J dv' lm AD( y ') _2_ I _1_ ( y' 
D : v ' n = 1 n 2 ( 1 + Y + Y ') 

n 

CyMMY B KpOCCHHr HHTerpane MO:lli:HO CBepHyTb, 'ITO .ll89J 

00 

AD (v) =1/~r J d y' lm AD( v')- ~- jav' lm AD(vHn (1- __ v ___ ) 11.131 
TTY o 2(v'+v+1) o' 

HeTpy.o:Ho y5e.o:uTbCSI, 'ITO ypaBHeHHe 11.131 .o:orrycKaeT nor apHcpMH'IecKyro acuMrr­

TOTHKY 11.121 • 

Ba:lli:HO OTM8TUTb, 'ITO ypaBH8HH8 11.131 CYW9CTB9HHO OTnH'i89TC.Il OT ypaBHe-

. HHSI l.JM 11.61, KOTOpoe o5na.o:aeT norapHcpMH'i8CKOH 8CHMIITOTHKOH BH.ll8 11.121 ITpM 

b = 1/3 • 
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. 111 
¥13 BbiwecKaaaHHoro cneayeT onpoBepmeHHe yTBepmaeHHSJ 3apKepa • Ero 

38KniO'I8HHe 0 TOM, 'ITO.ypaBHeHHSI THITa 11.71,11.11/ MOryT 5b!Tb ITOlly'IeHb!H3 

11.61 pa3JIO)l<eHHeM norapHcPM8t OCHOBaHO Ha HellOCT8TO'IHO aKKypaTHOM H3y'IeHIIH 

'IHCJI8HHb!X KOScPHUHeHTOB COOTBeTCT·BYIOIIlHX pS!llOB. 

PaccMoTpHM eme Bl!HSJHHe BbiCWHX BonH B MHHMOH qacTH aMnnHTYllhi pacce-

SIHHSI Ha s -BOl!Hy. C :aTOM Uel!b!O ITOBTOpH~ paccymaeHHS!, Y'IHTb!B8Sl C ITOMOlllbiO 

cPOPMYll /1,21 S- II d -BOl!Hbl KaK B aeHCTBHTel!bHOH, TaK H B MHIIMOH 'I8CTSIX aM~ 

ITJIHTY llhl patceSJHHSI
0 

npoBOllSI Bb!'IHCl!eHHSI C OTKHllb!B8HHeM Bb!COKOSHepreTH'IeCKHX 

'Ili8HOB H cPOPMYll llHcPcPepeHUHpOB8HHSI 

~ I ac . =+1 
. ac 

ac 

nonyqae~ CHCTeMy ypaBH8HHH lll!Sl 

I ~- 1+11' 
=-1~'' 

s- H d -BonH 

/1.141 

00 00 

Ao(11)~1/17 f lm Ao(11') dv'+1/17J dv' (1+ 11 )(lmAo(11')+Slm.A,2'(v'))+ 
o. v'·-'11 o 1+·v'+v 6(11'+11+1) · ·. 

· 10 J00
·• d11'· +---. ----

3rr • 1+v'+11 
1 + 11' Im A ( 11 ') --,- 2 

11 

"" 00 

A (v) ~ 1/Tr f 
2 

lmA2(11') dv' -1/17 f , dv'( l+y') 

v'(1 +11'+11) 
0 

l/ _, l/ 
.0 

00 

11.151 

lm A (v') _, 
2 

l/ 

30rr 
f d l/, 
o (1+v'+11) 2 (ltr> A 0 (v') + 5 '!m A

2 
( v') ) ,. 11.161 

1.-1 3 I 1.18 I cne a yeT, 'ITO norapHcPM I!'WCKaH acnMnTOTI!Ka cPYHKUHH A 2 onpea enSJeT-

CII KpOCCIIHr-nHTerpal!OM, COll8p)l<8lllllM 
!: 

A H HM88T Bllll 
OJ 



l' Re A2 ( 11) "' - ~ 
t n~11 

9 

11.17/ 

Bcne.acTBne sToro '!nen, co.aep:tKamuu lm A
2 

B Kpoccunr-nnTerpane 11.171, npu 

OOJibilli!X II BeneT ce5Sl KaK en"3 II II He M8H98T acHMUTOTIIKH /,}.12/ S -BOllHbl 0 

a /npu y'leTe BbiCl!-lnx napuuanbH biX BO'llH cne.ayeT cornacOBbiBaTb npu6numennS'\ 

B .aeiiCTBUT8llbHOH H MHUMOH '!aCT9X aMUJIHTYAbl pacce51HH51o 'TaK, npu6numenneM_, 

cne.ay10mnM sa /1.H /
1

51BJI51eTc51 npu6numenue, Korna nap51llY c Re A 4 y'IHTbi-

BaeTC51 TaK:tKe lm A 
2 

• BBnny sToro ypaBnenue /1.13/ ne .aaeT noBbiruenn51 

TO'IHOCTII ITO cpaBH8HHIO C /1.11/. 

5/ JlorapucpMH'l8CKa51 aC!!MUOTnKa /1.12/ He M8H518TC51 npH y'leTe Bb!Cll{UX nap­

UHallbHbiX BOJIH KdK B nei1CTBHT8llbHOH 0 TaK H B MHHMOf: '!aCTH a'MnllHTY J:lbl pacce51-

HH9 0 

KaK, 6yneT ncno ns .aanbneuwero, saKn!O'leHne a/ 51Bn9eTc9 cneuuanbHbiM 

CBOHCTBOM neiiTpallbHOH MO[leJIH II o6ycnoBt19HO OTCYTCTBII9M p -BOllHbi. Hnme 6y­

.aeT noKasaHo, 'ITO B cny'!ae pacceSIHH51 sap51:tKeHHbiX MesonoB KoscpnuuenT np1n no:­

rapncpMII'!ecKoii ac!IMUTOTIIK8 M9H98TC51, OllHaKo, 3TO H3M9118HII9 H93Ha'lfiT9llbHO • 

2. Paccennue sapameHHbiX /T-MG30HOB 

,05paTUMCSI K peanbHOMY cny'la!O pacceSIH~51 3ap9)K9HHbiX 
11 -Me30HOB 0 ct>op-

MYllbi /1.1/ , /1.2/ 5y.aeM npnMenHTb K cpyHKUII51M 
2 

A,0 =3A+B+C, 

3~A8HHbiM upe.acTaBJI8HH9MII 

A = B + C, 

A 
[ B ] (II, c) =1/17 J 
c 

A C 

lm[B ](v'c) +l/17 J d11' lm[B]{II~c+) + 
C l+v'+v 1 +c , A 

2 .. 

B 

+ 1/lr J dll' lm [A](v~c_) 
l +ll'+v~- c 

/2.1/ 
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KocHHyCbi KpoccHHr-peaKuHfi c+. H c_,.-orrpeaeneHbi,B 11.5/, 

13 51 
Han5onee rrpocTbie ypaBHSHHSI anst s- H p -BonH /eM. • I MO)!{Ho rrony-

/ 
'IHTb na /2.1 I c IIOMOIUbiO cpopMyn /1.1 I. OrpaHH'IHBastcb B aMrrnHTyaax A 

TOnbKO S - H P -BOnHaMH 

A0 (v,c);:,. A~(v)=A0 (v) AI (v,c) :;;.JcA~(v) =JcA/v) /2.2/ 

A
2

( v,c):=,A~(v) = A
2

(v) 

C yqeTOM o5paTHbiX COOTHOIU9HHfi 

A ( v, ± 1) = Ao- A2 
3 

B (v,!",1)= A;4:,3A, 
2 

C (v, + 1)= A2 + 3A_L_ _, 2 

rronyqaeM IIOcner:tOB8T9nbHO H3 /2,2/, OTKHL:tblddl1 3biCOKOSH9pi"9TH'I9CKH9 KOHCT8HTbl 

THaa 11.81;. 

A(v,1)cA(v,-1)=1/rr j ~v' 
0 v - v 

_[m .4o(v')-•ll!l_A2(v') __ 
3 

"" +1/rr f _ dv' _ 
o.1+v+v' 

B (v,1)=1/rr j ~ 
o v'-v 

00 d , 
+ 1/77 f __ v_· 

0 v'+v+1 

1,; A2( v') - 31m At~ 
-- 2 

·' 
lm A2(v')+3lm A z( v ') 

2 

~~(v ') + 3/!l!._A 1 ( v ') 
2 

+ 

~C(v,-1) 

+ 

B (v,-1) c-C(v, -1)=1/rr r dv' lmA2(v')_-3l~.tJ..U,_ + 

00 d , =1/rr J __ v_ 
o 1+v'+v 

o v'-.v 2 
lm Ao(v') -1m A 2~ 

3 

n epeXO,lls:! K I18pUH8nbHbiM BOnHaM, rronyqaeM ypaBH9HHSI 

00 00 

12.3/ 

A
1 

(v) =1/ 77 J lm Ai(v') dv' +1/rr f !i (v) dv'·/2.4/ 

r.z:;r.e 

o v' -•v 0 

f.(v),lm A.(v) +e.¢ (v) 
I I . I 

¢(v)=2/mA (v)+91mA(v)-51mA (v) 
0 \ { 2 

e c-113 
0 

e =-1118 
1 

e =116 
2 

1+v+v'· 

/2.5/ 
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npH Ll0fiOJIHHT9JlbHOM nopOI"OBOM yCJIOBHH Ha P -BOJIHY 

A1 (0) =01 
12.61 

BbiT9K8!0IU9M H3 CBOftCTBa KpOCCHHr-CHMMeTpHH 

B ( s, u, t) IC. c ( s, t, u). 

151 
YpaBaeaHH 12.4 I obiJIH LleTan&ao Hsyqeabi B paooTe • TaM, .s qacTaocTn.~ 

oblno ycTaHoBneao cymecTBoBaHHe norapnci>MH'Iecxoft BeTBH peweaaft c acHMnToTn-

1 T n~'uel211 '19CKHM fiOB9Ll9HH9M CMe ~~~ 

A1.(11) "'-.!!L; d
0

=2,13; d-=·01111·· 
fn11 1·' ti' 

d2=· 0,640. . 12.1 I 

nepeALleM K CJI9LlYIOIUeMy npHOJIH:lK9HHIO, Y'IHTbiBaiOmeMy d-n f -BOJIHbi 

B peaJibHOft 'IACTH aMnJIHTYLl• 

Bb!'IHCJI51H C fiOMOIUb!O COOTHOWeHHft /J.il6/ H . 
a 1m A (II, c ) = 0 ' 

ac 
a 1m B f11, c 1 

ac 
_a-"l::;;in'---"'C_.(.:;_II._, c::..).___ = 3/2 1m A1 (II) 

.- ac. 
j 

npOH3BOLlHPI91 HSXOLlHM 

f I oo , 
A (11,1) =A (11,·1)=1

1
(11)-y/2rr f d11 · 

o 0+v'+v)2 
1mA2(11')-31m Ar(v') 

2 

' , ~ 
B \II, 1) =-C \II,· i) a-l (y) -v/2rr f dll, · 

• 1 · oU+ll+11'}2 

12.81 
1m A2(11')+31m A

1
(v') 

2 

1m A o - 1m A 2( v ') 
3 

I"Lle HCfiOJib30BSHO 0003HS'I9HH9 

00 

1
1 

( 11) = 3/2rr f 
0 

d11' 

l+:v+11' 
v'+1 lm A 

1 
( v'). 12.91 
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:j' 

! ~ 

:} 
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noacTaBnSISI /2.3/ H /2.8/ B /1.2/, rronyqaeM 

. 00 
00 

f_dv' 
0 . 

Ao(v) =1/~r im AJv~- + 1/" f.~ 
J1+v+v) 

( 1 + "' )f
0

(J.I)-2/31
1

(J.I) 
6(1"'+1-'+1) 

12.10/ 
00 . 00 

A1 (v) =1/~r f ~ lm A1(v') +6/S~r f dv' ( 1+ "' · ) ~ (v')+1/151 (~) o v'-·v · o(l+v'+v) 12(1+v+v') 1 

00 00 

A (v)=l/~rf 
2 0 v'-•v 

· dv' 
lm A ( ll ~) + 1/ IT f ~_:_. - ( 1 + ll ) f ( y ') + l/3 1 ( y ) • 

2 o l+v'+v 6( ·v'+v+l) 2 1 

BxoastmHe CIO.lla 11 orrpe.lleneHbi B /2.5/. 

Y'paBHeHHst /2.10/ aHanorH'IHbl ypaBHeHHSIM· 1211-123/ H3 pa6oTbi· Xo, CsrHsr H 
/4/ 0 . .· . . D. 

UennHepa • aHaKo HMeeTcsr oaHo cymecTBeHHoe oTnH'!He. eno B ToM, 'ITo ypae-.,. -~ 

HeHJISI /21/-/23/ CO.llepR<aT 'IneHbl -BH.lla 

00 

f 
0. 

d.J!.' 
y' 

lm A 1 ( v'), /2.12/ 

He 3aBHCSIII.l!Ie OT ll H He Hc'Ie3aiOmHJ B rrpea ene 6onbmHx "' • TeM caMbiM 

ypaBHeHHst /21/-/23/ He MOrYT yaoBneTBopstTbcsr norapH¢MH'Ie.cKoit acHMIITOTHKoit 

H 0 cne.llOBaTenbH0 0 f{e HMeiOT peweHHit. 3TO 3aMe'IaHHe He OTHOCHTCSI K Bbi'ITeHHbiM 

ypaBHeHHSIM /25-27/ pa60Tb/
41

, KOTOpbie1 TaKHM o6pa30M
1 

He9KBHBaneHTHbl HeBbi'I­

TeHHbiM ypaBHeHHHM /21 1-/23 I. 

HanH'IHe qneHoB /2.i2/ B ypaBHeHHSI?C Xo, CstHst H UeJJnHepa cBsr3aHo c TeM, 

'ITO 9TH aBTOpbl HCXO.llHnH He H3 .llHCIIepCHOHHbiX COOTHOWeHHit IlpH cPIIKCHpOBaHHOM 

KOCHHyce C THIIS /1.4/, a. H3 .lliiCrrepCHOHHb!X COOTHOWeHHit rrp!I cPIIKCHpOBaHHOM 

1 KOTOpble IIp!I t .f.1Q CO.llepR<aT HeclJH3H'IeCKHe HH3K09HepreTJI'IeCKJie BKna.n_bl 

oT o6nacTeit, B KOTOpb1x KOCQ:Hyc yrna paccestHHSI MeHSieTcst B rrpeaenax 1 •(! c 1 <::"oo .• 

Vfccne.llyeM norap!IclJMH'IeCKYIO aCHMIITOTHKY CHCTeMbl /2.10/. nonaraSI 

1T 
A·(v).., env I z · cj 
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nonyqaaM .113 /2.10/ CHCTeMY ypaBHaHHft .llnH l{OScPIIUII9HTOEI d i "" rr/ C i 

12.1:31 

r.lle (/3 -4 5/3) 
"ik =· . -2i15 7/10 1/3. .. 

1/3 2 1!6 

/2.14/ 

·-; ~ '. ... ... ~ ·. 

3Ta cHcTeMa ·o6na.llaeT e.llHHCTBaHabiM aeTpHBHS:nbHbiMo pl;il.\.leaa.eM ~.· 
. ~ ·~ --

dl __ , 0; 137 ' d ... 0,653. / . /2.15/ 
2 I 

KOTOpOe QblnO aa.llaEiaO aaA.lleao JlaBn.ecoM121• 3aMelfaTem::iabiM 'cmoAcT'aoM · sToro · . ,.:. 

·peweaHSI HEinHaTCSI ero 6nH30CTb K /2. 7./ o Vl:3 cpaBaaHHSI UHcPP EIH.llHO' 'lro nora­

PHcPMH'I9CKSSI aCHMnTOTHKS OK83biEI89TCSI EI9CbMS yCTOft'IHEIOA no OTHOW9'\HIO K yqe-

Ty d H I -Bona. npe.llCTaBnHeT HaTepec. pacCMOTpaTb BnHBaHe .aa' acHMn-

TOTHKY peanba·blx ·qaCTeft BbiCWHX Bona. M bi Hccne.llyeM. cpasy 'npe.ll~11b!fb1A cnyqaft 

yqeTa Bcex Bona, kcnonb3oBaB cl>opMynbl /1,3 I.· .UnH aToro ·,llocTaTo'lao ~ci.z::icTa-
1 • 

BHTb. /2.3/ H /208/ El /1.3/. B ElbiJIHCSHHbiX aH>Ke ypaBaeaHHX .llnH napu~anbHbiX 

BOna Y.llap>Kaabl nHWb 'lnaabl, .llSIOIUHG EIKnS.llbl El narapHcPMH'IaCKYIO SCHM~TOTHKY 

~ . . -
A

0
( v) .. l(rr f ',dv' · 

0. IJ ·-· IJ 

lm Ao{v/)+1/II'J. dv'·, 10 (v')-•4(2!n2-1)1 (v). 
• 6J+JJ+IJ . . " l 

4 :.1 . 
~ .~ ~ 

A1(v) .. 1/rr J dv'· 
0 IJ . _, IJ 

lm Aiv') +3/!ll'tl+::~·~,. 11 (v') +(3-4fn 2) 11 (v) 

/2.16/ 

A2( v) .. 1j, f ~v'. 
0 IJ -•IJ . 

3THM ypaBaeaH~M CO~~EiaTCTByeT MaTp!IUS 
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( l/3 -3( 4 fn 2-11 513 

uik =· -1/6 21!4(1-24 £n 2) 5/12 
. 21 

1/3 3/4 ( 4£n2 -1) 1!6 

12.11 I 

lit COOTB9TCTB9HH0 1 8CIIMITTOTH'I9.CKH9 K0ScPIIU119HTb! 

d 0 =2,15, d =-·0 167' 
1 ' d2 0,667. 12.18/ 

CpaBHHBaH UllcPPbi /2.18/ c /2.15/ 11 12.71, M bi y6e:>KaaeTcH, qTo norapllc}:lMII-

qecKast aCHMITTOTHKa, ypaaaeHIIii anH napu~anbHbiX aona, nonyq~HHbiX .llllcPcPepeaull­

am,HbiM M9TO,llOM1 0'19Hb 6biCTpO CXO,llHTCSI K CBOeMy npe.aeny /.2.18/ • M 1>J Blf.lll'l'M 

T£\K:>Ke, 'ITO ypaBH9HIISI .llllc}Jc}JepeHUHanbHOI'O MeTO.lla np11 BCe 6onee TO'IHOM pac-

CMOTp9HIIII .aeiiCTBIITenbHOit '1£\CTII £\MITnHTy .llbl pacceSIHIISl OTHIO.llb He nepexo.tlSIT B 

COOTBeTCTBYIOilllle ypaBHeHHSI t{y-M aa.aenbCTaMao 

3 • n po6neMa Y,'leTa Bb!COKIIX iJapuHanbHb!X BOnH 

06CY.lliiM Tenepb 3H8'19HII9 nony'I9HHbl)( peaynbT£\TOB0 np11 ITOCTp09HHII HH3KO­

aaepr9TII'IeCKIIX CXeM npiiXO.llJ!TCSI IIMeTb .aeno C .llBYMSl annpOKCIIM£\UHSlMHo 8T0 1 C 
·~--

O.llHOii CT0p0Hbl 0 ynpyroe npH6nH:>KeHHe t, ycnOBIIH YHHTapHOCTII. C .apyroii CTOpOHbi1 
,, .. ' 

aTo oz:-paHII'19HIIe HH3WHMH napuHanbHhiMII aonaaMH pacceHHHH. BTopoe npH6nH:>Ke-

HHe 3£\TparHaaeT K£\K .aeiiCTBUTenbHYIO TaK II M HIIMYIO '1£\CTH aMnniiTY.llbl pacceHHIISI, 

acne.acTBIIII qero Mo~eT 6biTb pean11aoaaao paanii'IHhiMH nyTHMII. K ax 6bmo noKa­

aaao a § 1 a a npHM.epe pacceHHHSI aeiiTpanbHhiX M eaoaoa, np116n11 :>KeHHH a Re A 

II lm A .aon:>KHbi 6hiTb .asaiiMHO cornacoaaHhi. He IIMaeT CMhiCna Y'IIIThUiaTb 

Re A4 1 He BBO.llSI a paccMoTpe>nHe lm A 2 

npiiMepOM H9C6anaHCI!:pOB£\HHOii CXeMbl SIBnHIOTCSl ypaBH9HH5l Lfy-MaH.aenbCTa-

/6/ . 
Ma • B aTHX · ypaaaeHHSIX a Rl§l A He c.aenaHo npH6nH:>KeHHii, a TO apeMH KaK 

lm A annpOKCHMI!:pOBaHa s- II p -aonaaMII. Bcne.acTaHe aToro ypaaHeHHSI 

t{y-Maa.aenbcTaMa He .aonycKaiOT aae.aea11sr a lm A .aa:>Ke d- H f -aonH, u, 
/2 10/ 

no-BH.lliiMoMy1 • aoo6me He 11Me10T peweHIIii. 



15 

YMeCTHO nocTaBHTb Bonpoc ot5 yTo'IHeHHH ypaBHeHHil: THna 12.41, 12.101 3a 

C'leT y'leTa BCe oonee Bb!COKHX napuHaJibHbiX BOnH B aMnnHTy.Qe pacceSIHHSI C no­

MOUlb!O cpopMyn BH.lla 11.31 • 3.QeCb MO:lKeT B03HHKHYTb coona3H npOH3BeCTH yqeT 

' ' 
oeCKOHe'IHOI'O 'IHCna napuHanbHb!X BOnH HnH 1 'ITO 9KBHBaneHTH0 1 oecKOHe'IHOI'O 'IHC-

na qneHOB B cyMMax I 1.31 ilnst peanbHbiX H M HHMbiX qacTeil: ·· aMnnHTY.llbi paccestHHst 

If nony'IHTb TaKHM oopa30M "TO'IHbie" ypaBHeHHSI1 He CO.ll9p:lKaiUHe npeHeope:lKeHHR 

Bb~CWHMH napuHanbHbiMH BOnHaMHo 

TaKoe "yTo'!HeHHe", O.llHaKo, He HMeeT CMbicna no .aByM pa3nH'IHbiM npH'IH-

HaM. 

nepBaSI· npH'IHHa COCTOHT B TOM, 'ITO B OonaCTH He CnHWKOM ManbiX 9Hep­

I'Hlt, I'.lle BbiCWHe BOnHbl MOI'YT OKa3aTbCSI Ba:lKHbiMH 1 cymecTBeHHY!O pOnb HrpaiOT 

:raKme BKna.ll H oT HeynpyrHx npoueccoB, KoTopbiMH M bi npeHeoperaeM • 

.lJonyCli·HM 1 O.llHaK0 1 'ITO no KaKHM-TO npH'IHHaM BKna.Qbl OT HeynpyrHX npo­

UeCCOB Manbi no aoconroTHOlt BenH'IHHe HnH, 'ITO 9KBHBaneHTH0 1 paCCMOTpHM MO.llenb, 

B KOTopoa HeynpyrHe npoueccbi 3anpemeHbi • .[la:lKe B &TOM cnyqae yKa3aHHoe 

"yTO'IHeHHe" He MomeT ObiTb npoBe.QeHo 113-3a HanH'IHSI cneKTpanbHbiX cpyHKUHil:. 

nostCHHM 9TO OOCTOSITenbCTBO Ha npHMepe 

nepBaSI 113 cpOpMyn 11.31 MO:>KeT paccMaTpHBaTbCSI KaK pe3ynbTaT HHTerp!{pOBaHHSI 

no c .llBYX pst.llOB Tei!:nopa .Qnst ipyHKUHH ·f (c) B TO'IKax c""+ 1 n: c =-1 

npH 9TOM pSI.ll Tafinopa B TO 'IKe C =+1 HHTerpHpyeTCSI B HHTepBane [ +1, 0 ] 

a pst,a B TO'!Ke C = -1 B HHTepBane [ -'1,0]. T aKHM ot5pa3oM .Qnst cymecTBOBa-

HHSI cyMM I 1.3 I HeooXO.llHMO, 'ITO.Obi ot5nacTb cxo.aHMOCTH &THX .llBYX Pli.llOB Tai!:no­

pa uenHKOM noKpbiBana cpH3H'leCKHil: HHTepBan [ +1, -1) , 

3TO TpeooBaime BbinOnHsteTCSI npH niOObiX II> 0 

cneKTpanbHbiM npe.llCTaBneHHeM BH.lla 11.41 npH ycnOBHH 1 'ITO 'IHCnHTenH HHTe!"pa-

noB He HMeiOT OCOOeHHOCTelt no C IT.e., 'ITO cneKTp.anbHbie cpyHKUHH oTcyTCTBy-

lOTI If npH ycnoBHH OTopaCbiBaHHSI nonHHOMOB no II C BbiCOKOSHepreTH'leCKHMH 

KO&cpHuHeHTaMH Tlma 11.81. CoBoKynHOCTb &THX .llBYX ycnoBHil npHBO.llHT K To~y, 

'ITO, HanpHM ep, BTOpoil: HHTerpan B I 1.41 pa3naraeTCSI B pst.ll Tefinopa TOnbKO. OKa-

no TO'IKH C "'+ 1 t .npH'leM OCOoeHHOCTH no c' 3a.zlaiOTCSI 91:'0 3HaMeHaTeneM. 
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KapTHHa MeHHeTcH cymecTBeHHbiM o6paaoM npH yqeTe cneKTpanbHbiX tPYHK­

uua. Toraa o6nacTb aHaliHTH"'HOCTH onpeaensreTcH annuncoM neMaHa u, xax nerxo 

BHaeTb, psra I 1.3 I ansr aeftcTBHTellbHOft qacTH aMnnnTy Llbl nepecT·aeT cymecTao­

BaTb B 061IaCTH V >" 2 

OaHaKo u npH aTHX ycnoBHHX KOHe"!HaH cyMMa "'lleHoB Ha 11,31 Mo»<eT aa-

B8Tb Xopowee npH611HllieHHe, VfHTerpHpyH no "18CTHM 

S - B011Hbl Bblpa:»<eHHe 

+1 N -1 (n) n (n) 

1
0 

-=·~ f de l(e) =·~I I (-1)+(-) 1 (-1) 
-1 · n=O (n+1)! 

+ 
N ( -1) . 

2 N! 

+1 (N) 
1 f I , (e, 

N 
e de, 

N paa, nonyqaeM ansr 

+. 

13~1 I ,1 
~ 

·~ 
-1 

npeanonaraH, 'ITO B HHTepecyromeft HaC 06118CTH 9HeprHft BbiClliHe napUH81Ib-

Hbie B011Hbl 1 Ha"'HH8SI C I M81Ibl 0 Mbl MO:»<eM OT5pOCHTb B 13.11 OCT8T0"1Hblft "'lleH· m 
npH N=·m H nony"'HTb BbipameaHSI BHLla 11.11, 11.21 • 

.Y 

0TCIO.lla cneayeT BbiBOLl, 'ITO cxeMa, Y"'HTbiBaiOWaH He60JJblliOe "'HCJJO HH3lliHX 

napuuaJJbHbiX BOJJH MomeT aaTb xopowee npn6numea~~:e B o6nacTH HH3KHX aaepruft. 

Y"!eT 6ecxoaeqaoro "'Hcmi "'JJeHoB B cyMt.fax 11.31 c oaaoa cTopOHbi ae aaeT peanb~ 

Hor:_o llOBb!WeHHH TO"'HOCTii ua-aa HaJJ.H"'H.H aeynpyrux npoueccoa, a c apyroft cTo­

pOHbl, MaTeMaTH"'ecxu aeaoaMo»<eH ua-aa aaJJH"'H.SI cnexTpaJJbHbiX q,y~xuuft. B aTOM 

cnyqae pS!Llbi I 1.3 I cne.!lyeT paccMaTpuaaTb KaK acH.MllTOTH."'ecxue. 

,llJJH H.JJJJIOCTpaUH.H 9TOI"O Teauc"a paCCMOTpH.M eme OllHY CXeMy llOCJJe,llOBaTeJJb -

Horo y"'eTa napuuaJJbHbiX Bona. By a eM paanaraTb BTopoft H.HTerpan B 11.41 oxono 

TO"'KH. e ., + 1 t a TpeTH.ft H.HTerpaJJ OKOJJO TO"'KH. e=·-1 11 H.CllOJJb30BaTb 9TH 

paano»<eHH.H lla BceM H.HTepaane [ +:1, -1) 1 BMeCTO TOI"O "'T06bi OTKH.LlbiBaTb 

BbiCOKOaHepreTH"'eCKH.e "KOHCTaHTbl, npu 9TOM MHHMbie "'aCTH. 8llllpOKCH.MH.pyiOTCSI IS .. 

H. , -BOJJHaMH. IH.MeeTcH B BH.LlY pacceSIHH.e aapSI:»<eHHbiX Me30HOBI. npu JJI060M 

KOHe"'HOM "'H.CJJe B ,cyMMaX ,llJJSI peaJJbHblX '!aCT eft llOJJy"'eHHble ypaBHeHHH 6y LlYT 

H.MeTb peweHH.H,. Ecnu me. Mbi nepeaae!.4 K 6ecxoHe"'HOMY "'HCJJY qneaoB, To aeBbi"'­

TeHHbie .. ypaBHeHH.H He 6y LlYT cymecTBOBaTb1 llOTOMY 'ITO MHH.M bie "'aCTll KpOCCH.HI"-

HHTerpanoB ua-aa HaJJH."'H.H p -BOJJHbl HM eroT ll01IIOC no (: B TO"'Ke C =+1 H.JJH 

/ 
/ 

t 
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c =-1 O.nao Bbi'IHTaaHe npHBO.llHT a TO'IIDCTH K ypaaaeaHHM lfy-M aa.nenbcTaMa 

H KO BC9M CBH3aHHbiM C HHMH MSTeMaTH'I9CKHM OCJIO:>KH9HHSIM 
1101 

Tpy .naocTb co cneKTpanb~biMH ¢YHKUHSIMH MO:>KeT 6biTb 'laCTH'IHO npeo.noneaa 

, nyTeM .Y'IeTa ynpyroil: .nayxqacTH'IHOfi 'ISCTH cneKTpa1IbHbiX ¢YHKUH.fi. TeM caMbiM 
. . /11/·. 

Mbl npHXO.llHM K nporpaMMe 'nonocaofi annpoKCHMauHH' lfy H <t>pay'IH • O.naa-

Ko, B OT1IH'IH9 OT 9THX aBTOpOB 0 Mbl O:>KH,llBeM 0 'ITO y'leT cneKTpanbHbiX ¢YHKUHfi B 

ynpyi'HX nonocax 1IHWb H93Ha'IHT91IbHO H3M9HHT HH3K09H~preTH'I9CK09 npH6JIH:>K9HH9. 

Hao6opoT, noae.nea:~~e aMnnHTY .llbl paccesraHSI a o6nacTH 6onbWHX saeprHfi H ManbiX 

nepe.lla'l HMny1IbCa MO:>KeT OKa3aT_bCSI n01IHOCTbiO onpep,e1I9HHbiM caofiCTBaMH HH3Ko-

9HepreTH'I9CKOI'O paccesrHHSI. TaKaSI nepcneKTHBa Ka:>KeTcsr oco6eaao aepoSITH~fi a 
. /12/ 

. CBeTe He.naBHHX pe3y1IbTaTOB pa60Tbi • 

AaTopbi 6naro.napHbi )l.H. BnoxHaueay, H.H. Boronro6oay, IO. ·Bonb¢y, 

B.A. MewepsrKoay, .H. <t>:~~wepy, a TaK:>Ke y'laCTHHKaM CoaemaHHSI_ no npHMeaeHHIO 

.nHcnepcHOHHbiX cooTaoweaHfi /HoaocH6HpcK, HacTHTYT MaTeMaTHKH CO AH CCCP, 

ceaTS16pb 1961 r.l sa none3Hble o6cy:>K.neHHSI. 
.· 
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