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. The ~ciss~sections ·for thElr~actions "± + p ... 2 rr . +: N are determined by means of static . ·. . . . . . . . ' '··. ' 

iriteg~al equations, whi~h satisfy the properties of:~rossing-symmetry; It ls possible to explain.the 

increase of ~h~ cr~ss-section ~£ t~e reaction "_, +: p .... rr++ "- ~·· : at low energies without ' 

explicit consideration of the "" -interaction. Available. data for other reactions are discussed . 
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, l . .In t r o J u.c t Ion·.· 
\ ,· 

The fad, that the ffxed-nucleon calculaticins ofFranklirill, Rodberg21, and Ka zes3/ for the. 
'' . , I.. \ : ' . 

reaction · rr-'+:p-+ IT+:+:rr-'+·n at low energies do•not agree with the experi!ne~tal data is usually in~er-
·, ' . . ' . . .. . ' . \ .·' . . . . ~ . ,· ·, . . ... . . . : . . 
preted as a consequence of neglecting the TT IT -interaction. ;The theoretical· cross-sections obtained in, 

, , /' . , : \ I .·"' . , . : ' ~ , - ·. , , t, ' .• ' 

. these papers differs by one order of magnitude from the experimental values • 
./ ; ' - ' ~-' ' ' . ' 

I. 

-. ~ ,' 

In the present paper we will use for the cal~ulation of the cross-sections of the reaction~ 
rr+:~:p .. 2 rr +:N · solutions .of the static integral equations, which wer~ deriv~d by' means of the' clispersi~n 

. approa~h ~4,5/,. The physical differen~e~ of thesee~uatlons a~d the Chew-L~w-eciuaticins ~~the 
~reduction· proces£1 -:-3/ are di~cussed iri se~tion IL :In secti~n III· w~. consider the method ot'solution ' . \ 

· o{ th'e integraL equations; · iri section IV the physiCal results are di~cussed. It turns out, that it is pas

sib!~ at low energies to explain•thecross-~ec~ion for the.reaction. IT...:'+:p'..> IT+·+:~-·+~n · by.means of 

these static ~quations. 

. r / ; - 2. The Integral Equations 

.-
On the basis ofa theory. with £ixednucleon-sour~es in-the pap~r/4• 5 / equations were obtained for 

-. • .• '. ' ' . - ' 'J. ,· ' ' .- ' . • - . ' / ' • ' • \ ' 

the. amplitudes of the process IT+ :N -+ fiT + N • :The investigations were carried out with the help of the 

Bogolyubov-formalism of field theory: which allows· in an element~ry ~a~ner t~ show. the' existence of stci:. 
f.. .. "" ,' ·. ,' . " . : : .. ' '' c "' / - • '. • ' • j ·, ._.. 

: . tic dispersion re.lations. By means of these dispersion relations it was possible to get equations for the 
'f c ' • ' ', ,'\ ,_' • , ' ,: ,'' I ' 

· process · IT +·N ... 21T + N , which have intrinsic differences in comparison 'with 'the analogous equati6ks3/ . ' •' . - - . . . 

; ' derived with the help 'of the. WiCk-Chew-Low-formalism.· 
. . ~ 1 /· 

The equations obtained have in ~v~ry approximation the following symmetry properties: ... - ' . . ·. 

T(-E, E';~E"). 

T(E"; -E; ~ E') 
T (-E; -E', -E" ) . 

. ' . 

\ .· 

1.', 

(la-d) 

E; E', ', E" are the energies of the irigoing and outgoing IT -mesons, where E "'E' +·E". Together 

with the energies the corresponding spin- and isospin-states must be exchanged: 

. t 

.. ' 

/ \_.· 

.I 

; . 

.. 
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.- • . • ·-. ,,·I. ' " •. j". ' • j ,' 

Note the connection between. these symmeties and the cinafytic':al properties of the amplitudes. In. 

the papers/4,5/ it wcis shown that the static_ainplitud~s of the process "+ N -+ 2 "+ N ha~e 6 
~ . - , , -. I 

poles. This is in correspondence with the properties ( 1· a-d). However, the above mentioned Chew-Low-

equations do not reflect these analytic ~roperties'o£ th~ amplitudes·, because they do not ~have the n~ces~ · 
sary number of poles; 

Furthermore,as a consequence of the dispersion approach the amplitude's of the equations used . by on 

the eru3tgyshell, whereas forthe Chew-Low~amplitudes this is in' gener~l not the .cas~. 

In the following .we .useJhe notation of paper/51, wh~;e 

E'"' v'E, E 11 "'V.~~E; 

. . 

' , c=·v£, 

"':\ l; t 

,, ,, 
( ·O:IJ ·£ • 

'•' IJ/ 1 Jl/1 are parameters Which ScJtisfy the COnditiOnS J.ll + 1111
_<= • 1; 111 , 11'1/ >' 0,: 

. . . - . , . . , I ~·,.. 

Let' us con~ider the expression E ·T (E" I E'; E ), .The inhomogenous terms ofthe equations for 
·.. . . : . . . . i . 

' ! 

these' quantities are proportional:to expressions of the kind J 

where 

lim I £t.(£';d 1=:~(1/v'+l[)(j:j -. jj' ), 
£ -~ 0 . -. . 

.. r· 

is the amplitude of the. elastic " N '-scattering and 

·\.. 

j o:y4TT f/ i({; q/q) 
fL 

/ 

· In one-meson-approxima~ion we_ get the following syst~m of equations: 

T(E", E';.E) =fl(E';,E';E) + 1T(E;',E';~J. 
. . ""'· ·. ,, 

The inhomogeneous term 0 1 has the. form: 

0 l(E"i E'; E) 

,··I 

"'li2E r liE' ..:.1/E" J 1 r i11i.:.. i" i' i vrr·. r- i r i" 1 + 

+ i!2E~ ( 1/E" + 1/E) I j j~' j' ~ i'' j j' + i' j;'l - j' ii" I+ . 

. + l/2E" ( l/E1 + i!E ') . I j j' i" 7'j' j j" + j" j' j- i" ii' 

. ,· 

\ 
' ~ 

' . 

.. 
'· ,. 

~-

(3)' 

·,' 

(4) 

(6). 

•.· 



5 ,, 

F~r the ~rie-mesori~ter~ one gets the expref;sion: 
' . . 

/.(217? ·lr ( E;:; k1; E ) .;,_ 

=1!EJ,ch~2 k2 1 vr:-:,£';()d(i;E> + Aa 
. .E- ·E 

.+ 
. * • j : "' 

d(EjE) D(E'~E';d -· B A + 

·' ·,' * • 
d(E';'E') D(E",.E';E) +aA+ D(E'~i';E) d(E'jE')- A a I + 

E'·-· E'. E'·+ E' 

·'* .. 
+ 11 E" I d3 k v"2 k"21 ~d (£ ~-; ~·-~)D (E'~ ~!;£) + aA+· D ( £ -~ E ';E) d(~ ";E'~) - A a'j ; ,' (7) 

,. I : ' ("~-·.·E.'.~ . _(~.~.+E" 

Here T =D +:i A, · t =· d +'i a;,. k2 =· ,E 2 _,1-12, . v ·is the.Fourh~r-transform of the fixed nu~leon-

source. 

We write T in the,followirig form ,;• 

... 

Tll · 
T is the matrix~element for·a definite spin and isospintransition, where. J and T denote the spin 

JL 
and isospin of the ~amplitude; · L and ll denote the spin and the isospiri of the syste;;; of the tw~ 
outgoing 17 •. -mesons. :The projection ope~citors p Tll are energy independent and n6im~lized to' 1. 

JL . 

We present the ex~ licit expr~ssions for the inhomog€mous t~rms of the ~aria us transitions: . . . . . . ·, .. \. . . . 

0 (12 2 . f 3 
=30-- (a); 

3/2 2 E'E" 
' 0[3/2 2 =01312 2 . = 0 

3/2 1. y, l 
(a,·~). 

.) 
'. ,. 3 

or/2 2 ,;,~3y'l0 _L_ (b) 
' 

.,. 
y, 0 ' . . E'.E" .. ' . \ 

' . 



·• 

' J 

"-· 

.... ,J" 

( 
\ 

··I 

/ 

. 03/2.1 --·~ 1
3 

'~12 1 -. E' E" 

r. 

3 ' 
,0[3/2 1= 12 _I __ 

7S1 E'E 11 

orw 1 ·=-24 ~ 
y,. t E' E" 

'' 13 ~ o r7S o =- 24 
. ·7S, o E' E" 

·-....,· 

' ' 2 

·\'' 

(c) 

(d) 

(et 

(f). 

6 

' \ -'l. 

. , 

.• 

y,. 1 ; 3 '' ·, ' 
0

[ ; =-l8v2 i_(_l_.- _1_) 
Y, o , · E E' , E" 

I , 

,-

,·, •""', 

.. 

, I 

(8) 

. / 

.:• . 

The amplitude's T 3~ 2 T3/2 2 'T3/2 1 T112 1 · are antisymmetric in 
.· I .. I . • , .· , ( E', · E" . andvan!sh' for· E' :: 

3/21 ·1121 112 o•· 112 o · 
'\ 

E" (v' =·v~' "''~1/2 ). In the following we.restrict ourselves·to the special case 81 v' =·v~' = 1/2 

and consider the coupled system of equations for the six amplitudes 
' ' ' ' ' 

·r 3/2 2. 

3/2 2' 

T3/2 2 
, , I 

1/2 0' 
.T3121 

I 
TY2 1 

T1(2 o 
1/2 0 

' ,' 

with the inhomogen6us terms (a:... f).· 

T 3/2 1 

3/2 1 I , 

1/2 1 · 1/,2 1 I 

./ 
·i 

· 3. 1 Numerical Calculations 

· For· v' =· 1111 =·112 the system of integral equations can be written schematically in the f~rrri 
- I . . • 

( r s E < + .. ): 

-· 

:. 

,, 



' . 

.7 
. i 

. ) 

.· \ . ' 2 . "" '' ' 
D (E) ==AlE '-+1/rrE P[ d ( I c A· t E) B (E) 

+---- (9a) 
, i c- E £+ E' 

''· 
4(E) == ·c\E) D(E) + G2(E) A(E) .(9bi 

I 
'. 

IJ(E) == G
3
(E) D(E) + 

P' is the symbol for the principal value;: D, A; B, A . are vectors with 6 c,olumns, G1 are matrices 
. . I : . . . -

I depending on the amplitudes of the elastic 1T N -s~attering~ We have used here'theS~lzman-s~lutions/6/ 
of the static "· N -equations with ~ cut-off parameter P == 7. 

' ,·, 
WithE ==.1/t t~e system ( 9) has 9een transformed to the followi~g form (0 ~ t ~ 1 ): 

where 

" ·+1 
=A t 2 t2 v (r) ., u(t) p r di 

:.- r 2 ( ,_-, t) · 1T -1 
- I 

I 

, 'v (t) == 'r1 (t) u(t) (+ r; (t) v(tJ +r3 (-t)_u(~t) + 14 (-t)v(.: t), 

u (t) = D ( 1/tJ 

v(t) =·A(1/t}, 

Ij(t)=Gi(l/t)=O for t<'O,-- · 
1 

To get a solution of the system ( 10 ) the following development has been made: 

v(t} .. 

I . - N ·-
. ' 2 3/2 - 1 ' n N • 

( 1- t.) e 196 t2 I a .t ,:e•\'. _(t) 
. n.;,O n 

.· +1 N 

u(tJ -~ At2_ f!rr PJ dr v (r) _ 
r2 ( r -t J-

N 
u (t) • 

The coefficients · a(i) have been determiri~d by ~eans of the least s~uare method' 
n 

','.-"' 

6 
a- I 

a aO) 1=1 
n 

+1 

f 
I 

-1 

' . .:.-.·,· 

2 
I£ ( t, a)l dt = 0 

I - , 
' \ 

I-

(lOa) 

(lOb) 

.·' 

\ ",. 

, I 

I 
.I 



'' 8 

where !!,....,. 

E(t, a) :: vN(t) - r; (t) UN (t) .. '"': P
2 

(t) VN (t) .-r; (-t) uN(~.t), - ~ (-t)~ N(·t), (13) .. 

The equations ( 12 ) represent a syst~m,of .iinear algebraic equ
1

ations for the deter!Tlination of tr.e a(i). : . . ·,·. . , . . ·.: . . . . . . n 

This sy~te~ was solved with the help of the electronic computer M-20 of the Joirit Institute for Nuclear 
' ' I , ' . ~ I, 

) ' . '' ~ . 
Research. ., 

\' 
' • \, ' I ' !_ ' ' 

· . The upper limit for the power series development was chosen to be N =.·10. For the practiccilcalcu-

. lotion the ;egion 0 ,:::· t ~·-) ~as divided into. l30 intervals. :The results of. the calcu}ations jus·tified 

_our method of solution for the system of integral equations, bec~use the .quantities E tUrned out to be· 

· two orders of magnitude smaller than the amplitudes. 'fhe unambiguousness of the results obtained, how-. . ' . .·· ' - . . . 

ever, must be considered as an open question. 

· 4. Dlscussl~n ol th~ Results 

The. expressions for T · Tq obtained fro~ the integral equ~tions
1

by the calculation !Tl~thod of section 
. ' . ' . JL . .,• .. · . '. I . ' ·. . '• 

3 give the cross~sections for the reactions,'"+ +:p-+ 27T +; N represe:nted in Table. 1, wherewe have 

put 111 ~·1111 ~ =·112,. assuming the amplitude~Jo-hav~•c:mly a weak y -dependence~ The exper~mentai ' 

cross-se~tio/7-ll/ f~~ the rea.ction ":_ ;+:P-+ "+:;:" -·+ n ~r; gi~eh in . Fig.··: l.. Thei curve r~present~ 
the theoretical value~ of Table l. One can see that the obtained crossing-symmetrical amplitude~ ,reflect 

' ' . . .. ) ' . . .. ' . . / . 

the Increase of the cros~-sections crt low energies. We will discussthis fact rriorein det~il. 

The integral equations of the papers/l-3/ in the approximation used are not invariant with respect ~ 
to the symmetry properties ( 1 ). ·.The Chew-Low-equ~tlon used by Rodb~rg/2/ has; .for instance, the 1 

'-.... '· .. i •· . . ' / ' .. 

following form: 

T . 
pq, k -=·-<~:. 

·- n 

~ql vp+ I n?<n I vk I D> 
'Ct.) -·Ct.) 

·n. k. 

+· < q IVk ln><n I ~I O>J 
Ct.) + Cu 

n P 

''(13): 

· We.wiil consider the consequences of a violation of the symmetry laws ( 1 ) for example by comparing .. 

the pole c~ntributions c~~esponding to the equations. used by Kazel3/. withthe crossing-sy~metric . , 

pole contributions ( 6 ). Fgr y' =· 1111 =-112 ~we gett~ef~llo~in~ exp~essi~ris: -

,• 

· rn rn 13· 
0 1. .. -=·a .,·, .. ' 

]L · . ]L E2· 

~ . 

(14a). 

f /'' 

/ 

.~ 



'.--: 

'i 
J 

9 

. 3 rn, 61 
- {3 . 

non-sy;, fl, E 2 

!',' 

, (14b) 

a and {3 are. given in Table 2. We see that the pole contributions to the ~on-crossing-invariant 

a~plitude~ are much smaller than those satisfying the symmetry laws. ·, 
•' -. i • \ ·, > ·, 

: Franklir/11 and Rodberg/2/ sy~metrize the _obtained express~o~·s with respect to E', E11i , 

I(E', E") ~· ~ I I (·i·, E") + I ( E",E') l . 
Frankli~ use~ ~or instance the follow;n9~yrnmetrized p'6le approximati~n 

,, 

T = '1 
· pq,k 2cu 

I v+ T (q+) :... T • (q) y+ l . + 
p k k. ~ 

p· 

, . (15) 

The symmetrizing factors l/2. of the ,firsttwo expre~s.ions on the ri'ght-hand-side of (15 ) must be. 
. . ', ,. ' . ~ .· . . . .·· . ., ' . . .. 

cancelled. Theh. the amplitude has all the necessary symmetry properties. This means' that the cross-

sections given by F;ankli~ must be multipliE~d by factors < 4. At low energies they then obviou~ly 
>• I '. • ' • > ; \ : l •',_' ,t-e ~~ • ' / • •' ' ,' • ,:: 

come into the region of the experimental values. 

. . . ,· . ' .. • ' 

I, 

_ The analysis. has shown that 'it is possible to explain the·increa~e of the cros~-se.~tion for the '· 

reaction· IT_,+ ·p ~ ITt:+ :IT -'+·n ' ( 1 ) . at lo~ en~rgies by meqns of crossing ~ invariant amplitudes of ' 
• . ' c • ' • • . . . , !, 

·the static theory without ~xplicit considerationof the IT IT -interaction. 
, , I . . . 

·For the reaction;; IT_;+ p ~.IT-'+ i7°+~P (2), ;++ p ~IT~:+ IT+'+ n (3),. IT++p ... IT+:+ 1T
0 
t·p (4) 

·only very little ex~erimemtal dat~ are av~ible. Results :of the investigC!tions/7,l 3/. indicate that in the 
. I . . ·.. . ' 

region -300 MeV u(2) • is much smaller than u(l). 'fhe present analysis gives 

u(2)~112 u(i). ·At 500 MeV the, experi,mentai cross-se~tio~/14;l5(for,!he reactions(3 ·;, and(.4 ') 

. is smaller than the. cross-se~tion of reaction· (.l. ). :Table 1 gives a theoretical result whi~h is 
r » . . ... · . . ~ - : , , 

: higher than the experimental cross-section. One must emphasize, however, that the energy region 
. .. ' ~ . 

. 500 MeV lies .already o~tside th~ region of applicatibn of a static approximation •. 

. It is to be hoped that the existing discrepcinces can be explained by including into our system of 
," • " ) > • • '• • X ' 1,, ' • ' 

equations the ~-waves ar!d the ITIT -interaction. ' . 

The authors· should lik~ to thank Prof. D.I. Blokhi~tsev, Prof. N.N • Bog~lubov; and P~of. A •. A.Log~- . 
·. ' . . .~ - . . 

nov for valuable discussi~ns. 
I ', 

/ •.' 
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Table I '.1. 

Cross-section fcir th~ ~eactions 

:JT :t + p ~ 2, Jr + N ('-t:1 . [m t>]) . : ,. 

' ,, , ./ ,, ' j 

----~.---------;----.-.;-----~---.-----:----:------=----::~---.-------:-' 
El{'" .. · · . · . Ji P-+ ·· · · · : . · . · · · Jr. P ~ · ·. · · . , 

fll' . . . : . · ~ . I , . 

_[M~VJ . J\+JT+Yt .. Jf+JroP.~ JT+Jr-rl . ·. Jr-JTop' JloJToh: 
---:-.-~--r-----~-:,-::-T~---:-:---1~---:------~-:----------r-------~ 

I I I I . 
1·' \'I I' . I 
I I ' I · \. I 

'I I' ' '' I •. 'I ' I ' ., 
24,9 : ·0~022. O,~II ·d . 0,0?3 0,012 : ·0;005 

I ' , . . I . . ..1 

.272, : 0,10 0,05 : 0,12 . ' 0,063 
I . ·I. · ' 

.. 0,023 

: 0,36 .• 0,17 .1 
: 0,42 0,23 

I · I · . 

367 ' T I' 1 '· 'o, 48 ·, ! I ,2 

.315 0,084 

.0,66 0 24 •' 
' I I· II " I. 

I 'l 6 I I 'LI I 2 ' 7 I I 9 
I ..J' · I t ~ I·· · ·t I ' 
I. I , ~ I' I I 

451 0 78 1 

' 
I . .I' '' ,, . I ' ·. . I . ' I I·, ' ' I ---------L---------L ____ ;,. ___ J_·----------.:..L--------L---------·· . . I . . . 

!§!'Qle II· I 

., 
·Com-parison of the symmetr.toal (~) and 

• .. ' I ' I ' 

- non-syrDI!letrioaL .(~) pole;.:.' oontri-

.. -butions. 
---r---:--:.:..-------:--:-r-----:-:-.:..---7"'-:1~-:-----::--------::~----.-~--.: 

0 -. TJi . \ I J . I . . P... ' . l · · I ·~ I y· 
.:..~_..::...:.. __ ~:_:.. __ ..:..:~:..L ___ ~----------1------~;;.-~.:.--~_::; ___ .;_,;. ___ ~_ 

0 ·.~~~ 
.. I%_~· 

,. 0 i~~~ 
OI YJ.-1· 

3/~., 

OT!o-i_" 
-::: -1f.t 1 ' 

0 1-1/t.f 
. -1/:t ~ . 

·. 0 I 1QO .·· 

' 11.f 0. 

I· ' ... 
I 

·- 20 

. ·-2J1o 
- 4 

:s 
':"16 

'·-1· 

1. 
I 
1,· 
I 
I 
L 

I -!6 I I . I 
I I 

!0 
.. -V!O: . 
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Experi~~tat17-12/ _and theoretical cross-se~tions for the reaction 
-rr- .+-_p-> 11+ + -rr- + n. 
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