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AUHOT8UHH 

n pe.anaraeTCH MeTO.U MHHHMH38UHH cpyHKUHOH8ROB 0 38BHCHWHX OT HCKOMbiX 

napaMeTpO~ TOnbKO 'lepe3 CBOit cpyHKUHOH8RbHblA apryMeHT, .Q810WHA 3H8'1HTenbHO 

nyqwy10 cxo.aHMOCTb, '!eM npuMeHHeMbie o6wue MeTO.Ubi. PaccMOTpeHa ycToA'IHBOCTb 

H8XO.QHM bt'X peweHHJi no OTHOWeHHIO K BHeWHHM1 He BXO.Q!lWHM B cpyHKUHOHBnbHbiA 

apryMeHT, napaMeTpaM. MeTo.a noKa3an BbiCOKYIO scpcpeKTHBHOCTb npu peweHHH pH.aa 

38.Q8'1 0 

~ 



Ceil:'!BC LWSl MHHHMH38UiiH l!I06biX Bb!p8)1<8Hiiil:, 38BiiCSILUilX OT !l8p8MeTpOB 1 np~r-

1 2 
M8HI!8TCI! IIO'ITH RCKliiO'IRTenbHO Me To .a rpa.aHeHTa ( cKopell:LUero crrycKa) ' • EcTe-

CTB8HHb!M Cne.aCTBH8M yHRBepcanbHOCTH 8 TOrO M8TO.LI8 I!BnsteTCSI 1 np8)1< .Ll8 Bcero, 

Hey.aoBn8TBOpHT8!IbH8SI CKOpOCTb CXO.LliiMOCTil 1 npii'18M H e06XO.LlHM08 .anst .LIOCTil)I<8HiiSl 

MHHilMYMB 'lllCIIO LUBrOB 6b!CTpO pacTeT C 'II!CIIOM BBpbiipyeMb!X napuM8TpOB. 3TOT )1<8 

1 
H8.LIOCT8TOK npiiCYLU H .apyrHM 06LUHM M8TO.LI8M 1 HB!lpHMep, penaKCBUiiOHHOMY • 

BBI!.Lly TOr0 1 'ITO llO.Ll8BIISI!OLU88 6on bLUHHCTBO Bblp8)1<8HHil:, C MI!HHMH38UH8il: KOTO

p b!X IIpiiXO.LIHTCSI HM8Tb .Ll81IO H B np8KTHK8 1 .LlOBOnhHO LU861IOHHbl llO CBOeil: CTpyKType 1 

npe.LICT8BIISI8TCSI uenecoo6p83Hb!M Bbl.Ll8nHTb H3 HHX .asa-TpH OCHOBHblX Tll!l 8 H pa3pa-

60T8Tb COOTB8TCTBy!OLUI!8 C!l8UH8nH3HpOB8HH bl8 M8TO.Llbl llOHCKB MHHilMyMOB 1 6onee 

8¢¢eKTilBHhie , .'!eM MeTo.a rpa.aHeHTa. TaKHe crreuHanH3HposaHHbie MeTO.Llhi MoryT 

6b!Tb IIOII83Hbl B 'IHCTOM Bll.Ll8 HIIH B KOM6HH8UHH C H8KOTOpoil: !lOOLUpHT81IbHOil: KH6ep

H8TH'I8CKOil: npoue.aypoil: .J TBK )1<8 J KBK, H8llpHMep, M8TO.Ll rpB.LIH8HT8 HC!lOnb3yeTCSI .a 
3 

MeTo.ae osparo.a 

B HBCTOSILUe il: pa60Te B KB'leCTBe O.LIHOrO ll3 TBKilX C!leUH8nii3HpOB8HbiX M8TO.LIOB 

npe.anaraeTCI! Me To .a HBXO)I<.L18HHI! MHHHMyMOB ¢yHKUHOHanos M I y (a, x) I , 38BHCst-

LUHX OT HCKOMblX napaMeTpOB a =-I a1 , ••• , a,J TOnbKO qepe3 CBOil: <i:JyHKUHO-

HBnbHbiil: apryMeHT y ( a, X) , T.e. 

a \1 
= I 

(no.a B8pH8UilOHHOil: npOH3BO.LlHOil: 

iJy(a,x) dx (1) 
Sy(a,x) 

!2 
Mbl !l0HHM88M Si.LlpO IIpOH3BO.LIHOil: ¢peLUe 

8y(x) 

M'(y,f)"' I~ fdx). HanpHMep, M = Jf[y(a,x)] dx. nepeMeHH8SI X MO)I<eT 

By x) 
6hiTb .LIHCKpeTHOil: H Henpepb!BHOil:, O.LlHOMepHOil: ll MHOrOM8pHOil: 0 ¢yHKUHOHBn M 

Mbl 6y.aeM C'IHTBTb .LlB 8 )1<.Libl HenpepbiBHO-.aH<i:J<i:JepeHUHpyeMb!M ITO, CBOeMy <i:JyHKUHO

HBnbHOMy &pryMeHTy BO BC8X 06nBCTSIX 1 r.ae 8TO M0)1<8T llOHB.LI06HTbCSl B .aanbHeil:LUeM. 

C <i:JopMBnbHOil: TO'IKH 3p8HHSI rrpe.anaraeMbiil: M8TO.Ll COCTOHT B 38MeHe TO'!Hb!X 

ypaBH8HHil: 8KCTpeMyMa HeKOTOpOil: Cl1:CT8MOil: nHHeil:HbiX ypaBH8HHil: 1 B CBSI3H C '18M 

OH H83B8H M8TO.LIOM nHHe8pii 3 auRH. 

x) 3.aecb H B .aanbHei!:LUeM no.apa3yMesaeTcSI, 'ITO :ecnH ¢YHKUI!OHan 3a.aaH Ha 

LlHCKpeTHOM MHO:>KeCTBe TO'I8K X~ , ~ "'1, ... , D 1 TO B8pii8UHOHHbi8 !lpOH3BO.LlH b18 

38M8HSI~TCSI '18CTHbiMH, a HHTerpHpOB8HH8 - CyMMHpOBilHH8M 1H8!lpH Mep: 

__Q_M_ = I a M a y (a, x.;) • 4~rcno TO'I8K xf • .aon)I<HO 6b!Tb He M8HbLUe '!Hcna 

aak{=t iJy(a,xj 7ak 

napaMeTpos a 

I 
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Vl 3 n OCTOHHCTB MeTOna IIHHe8pH38UHH CIIenyeT ynOMSIHYTb1 'iT0 1 K 8 K 6y neT 

BHLlHO H11.1Ke 1 CK OpOCTb .::X ·) C Tl!IK9HIISI MIIHH MY:.v!3 TIO'i l'H H a na,:xaeT C pOCTOM 'iHCII8 

napaMeTpoa a 

4 56 
MeTon iliiHe8pH38UHH npHrv.lHISIIICSI a pSin e cnyqas-a • • • MHHHMYM HaxonHIICSI 

aa 5- 10 npH6IIH .IKeHHA npH 'iHcne napaMeTpoa oT 2-x no 16-TH. B 06oenHHeHHOM 

lfHCTHTyTe SinepHhlX k CCIIeAOB8HifH HMeeTCSI CT8Hn8pTH8SI nporp8MM8 MeTona IIHHe8pH-

3 8Uiflf B TlpHMe HeHHif K MeTony H81fMeHbWHX KBBnpBTOBo 

¢yHKUifOH8I! \I MO.IKeT lfMeTb MHOrO MlfHHMYMOB p83Hb!X TlfTIOB 1 npH'ieM 

naneKO He ace H3 HHX 06SI38TeiibHO COOTBeTCTBYIO T peweHHSIM TIOCT8BIIeHHOlt 38n8'ilfe 

.[liiSI OT6p8CbiB8HifSI IIO.IKHbiX peweulflt Heo6xonHMO lfCCIIenOB8Tb yCTOlt'ilfBOCTb TIOIIO.IKe

Hifli MlfHHMyMOB TIO OTHOWeHHIO K CMellleHHIO BHeWHifX (He BXOnSIWHX B cpyHKUHOH8IIb

Hbilt apryMeHT y ( a, X ) ) TI 8 p8M-3TpOB. 0TMeTHM, 'iTO T8KOe lfCCIIenOB8HHe H e CBOnlfTCSI 

K lf3y'ieHifiO cpopM.bl HaltneHHbiX SIMOK • .[liiSI MeTona IllfHe8plf38UHif OK83biB8eTCSI nerKO 

yCT8HOBHTb COOTB e TCTBHe Me.IKny THTIOM MHHHMYM8 If TeM, K8KOlt X8p8KTep lfM eeT 

npouecc TIOHCK8 B ero OKpeCTHOCTHe 

§ 1. <t>opMyna wara 

B MeTone nHHeapH38UHH cpyHKUHOHan \1 I y I 8TITipOKCHMHpye TCSI KBanpBTH'iHblM 

2 

\11 y 1 = ~ f_ _a. '! ~ . [ y ( a,z)- y (a'\ z}] r y(a,"h -y(a 0 ,x)) dzdx+ J8\1 [y(a,x) -y(a0 ,x)]dx+ const, 
~ . . - oy(x) 

8 38BHCHMOCTb y (a) 
x) 

iJHHeltHOlt 

m 
y(a).::y(a0,x)+~ __J_y_ ~ako 

k=t aak 

(1.1) 

(1.2) 

¢yHKUHOH8IlbH8SI OKpeCTHOCTb H8'i8I!bHOro npH6IIH.IKeHHSI, B KOTOpOlt cnpaaeniiHB8 

annpOKCifMBUifSI ( 1.1) • 6y neT npennonaraTbCSI HBCTOIIbKO 6onbwolt1 'iTO MHHHMYM M 
xx) ( ) 

H8XOnHTCSI B 9TOlt OKpeCTHOCTif • 0THOCHTeiibHO 1.2 T8KOro npennOIIO.IKeHifSI 

x) B npHMeHeHifH K M e Tony H8HMeHbWHX KaanpaTOBHa uen ecoo6pa3 HOCTb annpoK

CHM8UHH ( 1.2) YK83biB8IIOCb P83IIH'iHbiM H 8BT0p8MH, H8TipHMep, 7 ,8 

XX) non cpyHKUHOH8IlbHOlt OKpeCTHOCTbiO MHHHMYM8 M TIOHHM8eTCSI 06II8CTb1 

a KOTO polt f f ( z) 8 2 M f (x) d z d x > 0 nnSI npoHaaon bHOlt HeHyneaolt 

cpyHKUHH f • oy(z) 8 y (x) 
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He ,!l e naeTCSI. l..tnSJ OUeHKH HBflpBBll e HHSI II p8CCTOSIHHSI .llO MHHHMyMa \f nO.riyqaeTCSI 

C HC T eM a llHHeltH hlX yp &aHeHHA 

a r(x) dz dx = 0 • 
o y (z) o y (x) a ak 

(1.3) 

AnnpOKCH M BUHH ( 1.1) , ( 1.2) npi!BOJ:! SIT K OT6pBCb iBBHII IO B B b lp8)KeHHH Lll!S! W ara 

He T O.'lbKO 'ill e HOB BhlCWer o nOpS!.llKB M 8 l!OCTH no ,l a , HO H 'iBCTH 'i1leHOB nepaoro 

flOpS!LlKB MBllOC TH, K B K 3 TO 5y.ae T Bll.llHO HI! )Ke , no3TOMy TaKaS! npoue.aypa HY)K.llBeT-

HaltceM B P.KT<.> p \a , KOTOpblll: B 6eCKOHe'iHO M8110ll: OK-

p E>C T I!OCTI! MIIHH MYMB \I yKB3biBan 6bi TO'iHO a MHHHMyM . PaanaraSI npOH3BO.llHbie 

'l ~ I 
B !)SILl 

iak 
no C T .;o n e HSI M B e KTOpa \a 

a \I ( a .. \a) a \f(a) 
m 

·- - - - - - = ---- + I 
,1 ak a ak I= 1 

II I!C n Oll b 3 Y SI yCll9BII e 3 KC1pOM yMa 

.. ~ \f la+1 a) 
a ale 

i 1\f (a) 
\a/ + ... 

aal aak 
(1.4) 

=') • (1.5) 

rJ O<I )" IH M , npPH<c!6 p P O'fHI 8' ·1CW UM C TeneHn M ..'J. ai 1 1lHHeli:HyiO CHCTeMy ypBBHeHHit 

c~ \! '. a ) 

a a k 

llllH, B bl'ii!C11SISI SIBHO BTOpbie npOH3BO.llHbie 1 

m 

o\1 +I h J 
1=1 . I oy(x) 

f) ' k = 1, ... '"' ' (1.6) 

o y (z) 8 y ( x) 
dz dx + 

(1. 7) 

dx = 0. 
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BeKTOp !} a 0 KOMDOHeHTbl KOTOporo Y.llOBll9TBOpSIIOT CHCT9Me ( 1.7) 0 B ManoA 0Kp9CT" 

HOCTH SKCTpaMyMa .llB9T TO'IHOe H8op8Bll9HH9 H p8CCTOHHH9 .llO SKCTpeMyMSo 

B.oanH OT MHHHMyMa BeKTOp ~a yKS3biBSeT rpy6o aanpaeneHHe Ha 6nH)!(aa-

WHA SKCTpeMyM 6es p8311H'IHSI ero THD8 0 TSK 'IT0 0 9CllH H8'18llbHOe npH6llH)!(eHH9 a
0 

OKB38110Cb1 HanpHMep, B611H3H Ce.llllOBOA TO'IKH 1 TO .llBH)!(eHHe B.llOllb ~a npHBe,lleT 

B . Ce.llllOByiO TO'IKy. 3TO .oenaeT 38Tpy.llHH1!ellbHbiM HCOOllb30B8KHe yp8BH9HHH ( 1.7) 

.!lllSI OOHCKOB MHHHMYMOB 1 TSK KSK MHHHMH3HpyeMbl9 <jlyHKUHH B611H3H H8'18llbKOrO npH-

61llt )!( eKHH MoryT HMeTb MHOro pB3HbiX KOHKypHpy!OWHX SKCTpeMyMOB. 

CpaBHHBSSI ( 1.3) H ( 1.7)
1 

BH.llHM, 'ITO ypaaaeHHSI ( 1.3) nony'leHbi H3 ( 1.7) 

npH DOMOWH CBOeo6p83KOA llHH98pH3~UHH - OT6paCbiB8HHSI 'lll9H8 

m 
I 

1=1 
\~fJ.L 

8 y(x) 
~ 
aa, aak 

m 

dx e l: 6. a1 1 .. 1 
Q lk • (1.8) 

KOTOpbiA y'IHTbiBSaT H9llHKeAHOCTb y (a) H ae HBnSieTcH, aoo6we roaopH 1 MBilbiM 

DO Cp8BH9HHIO C OCTBBll8HHbiM B ( 1.3) 'lll9HOM 

m 
I 

l:a ·J 

~ m 
8 \1 ..Q.rhl.. dz dx a I 6. a

1 8 y (z ) 8 y(x) a ak I .. 1 
G lk' (1.9) ~a,f~ a a I 

8 LI6pSCbJB8KHe '} ik DpHBO.llHT K KeCKOilbKHM npeHMyWeCTBBM CHCT9Mbl ( 1.3) nepe.ll 

CHCT9MOA (1. 7 ). 8 'IBCTHOCTH, BSKTOp ~ a , onpe.oenSieMbiA CHCT9MOA (1.3) 1 ecer.oa 

yK83biBaeT B cTopoKy yMeHbWeKHSI M H npeKpawaeTCSI KOKKypeHUHSI SKCTpeMyMOB 

pB3HblX THDOB 0 

npaKTH'l9CKH HCDOllb3Y8M8SI B M9TO.ll8 llHKeapH38UHH CHCT9M8 ypBBH9HHA OTnH-

'IBSTCH OT ( 1.3) TeM, <{To BMecTo nonHoro wara A a 6epeTCSI K9KOTOp8S1 ero 

.oonSI A a =>.~a , 0< >. ::;1 , KOTopaH onpe.oenHeTCSI H3 ycnoBHH onTHMan&KoA 

cxo.oHMOCTH npouecca MHHHMH3BUHH (eM, § 3 ). Ka'leCTBeHHO .\ MO)!(HO oueHHTb 

KSK M8KCHM8llbHoe .\ $:1 , npH KOTOpOM 11HH9AH8SI annpOKCHMBUHSI 

m a 
y(a +.\ .~a) -y(a) ~ Ay !I! I .\Aak __ Y_ 

k = .l aak 
(1.10) 

SIBllSiaTCSI ewe r'py6o cnp8B9.llllHBOAo 

no.oCTSBllSISI \-;; .. .\6. a H ( 1.9) a ( 1.3), nonyqaeM 
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m --
+ 2.---4--al I G lk"' 0' 
I = 1 

OTKyLla HaXOLlHM war B !1pOCTp8HCTBe rrapaMeTpOB 

m -1 a'\1 
1 a1 = - .\ I G1k --.,--

k=t oak 

H cpyHKUHOHanbHhl~ war 

m 

tly(z) =-.\I 
l,k=t 

!l 2. npoCTO~ I1pHMep 

nycTb y (.o\) - aaanHTH'IeCK8SI cpyHKUHSI rrapaMeTpa 

(l.ll) 

(1.12) 

(1.13) 

Torna MHHHMJMhl '\1 p8BHhl Hymo H COOTBeTCTBYIOT KOpHSIM ypaBHeHHSI y (a)= 0. 
2 

noncTasnSISI M •lrl a (1.9), (1.12) H rronaraSJ ,\ .. l,rrony'laeM 

(n+t) (n) ' 
tlA=A -A .. -y/y' 

A 
(2.1) 

0'1eBHLlH0 0 M hl llpH ill11H 

x) 
ypasHeHHSI y (A) = 0. 

K MeTOLly H b!OTOH8 Ll11SI 0Tb!CK8HHSI KOM!11leKCHb!X KOpHel! -

CnenyeT non qepKHYTb, 'ITO Me Ton nHHeapH38UHH, soo6me 

f'OB OpSI, He S KBHB81leHTeH MeTOLlY H b!OTOH8o 8 '18CTHOCTH 0 ecnH HCKaTb peweHHe 

ypaBHeHHl! SKCTpeMyMa 

a a" 
a CHCTeMy ( 1. 7), HeLlOCT8TKH K OTOpOl! Mhl y:>Ke 06Cy:>KLl811H_• 

a \1 = 0 MeTOLlOM H biOTOHa, Mhl rrony'IHM He CHCTeMy ( 1.3), 

x) · 9 
0THOCHTe1lbHO cpopMy1lhl (2.1) CM. T8K:>Ke pa6oTy • 3aMeTHM, 'ITO 

B cnyqae HeaHanHTH'IeCKHX cpyHKUHl! y (A) MaTpHua G nepecTaeT 6b!Tb nnaro-

Hanbaoa H cpopMynhi ( 2.1.) ycno:>KH.SIIOTCSI. 
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§ 3. HeKoTOpbie caoAcTaa cpopMynhi wara H abtlop A 

¢yHKUHOH8nbHbiA W8I' ~ y ( Z) HHB8pH8HTeH K mo6olt ( B TOM 'l:HCne H HenHHeA-

HOlt) 3aMeHe napaMeTpoa 

ak -+ bt(( a I' ... , am) • (3.1) 

Bbipa)KeHHe ( 1.13) LWH ~ y (z) MO)KHO HHT epnpeTHpOB8Tb K8K HeKOTOpblA 

I'p8JlHeHT 1 a HMeHHO 1 K8K rpa.aHeHT 

a 2M 

\1 ay 
a npocTpaHaTae 

a a 
C MeTpHKOA 

(To eo CO CKBnHpHblM npOH3BeA9HHeM 

8y(z)8y(x) 82 " 

(fl'£2 ) .. f£1(z) 8y(z) 8y(x) f 2 (x) dz dx ) • lleltcTBHTenbH01 LlnH mo6oro 

m 
dy=l: ay 

,..
1 

--;[8 dap 
p 

H3 (1.13) npH ,\ .. -} HMeeM 

- m ·1 aM 
( d y, ~ y 1 ) ,.. ~ d ap Gpk G kl _ '"' d M , 

A=-1 p,k,l=1 aal 
(3.2) 

T.e. abmonueHo ycnoaHe, KOTopoe HanHeTcH onpeLteneHHeM rpaLtHeHTa. AHanorH'l:Ho, 

Bb!p8)K9HHe ( 1.12) LlnSI 

x) 
CTBe a C M9TpHKOlt 

~a npH A .. -1 

G ik • 
.....l 

SIBnHeTCSI rp8LlH9HTOM M a npocTpau-

lloK838TenbCTBO TOI'0 1 'ITO llpH HCnOnb30B8HHH ( 1.12), ( 1.13) Mbl 6yLteM HLlTH 

K MHHHMYMY M 1 He oTnHqaeTCH no cymecTay oT TaKoro )Ke LlOKB3aTenbCTBa Llnl!: 

o6hi'l:Horo MeToLla rpaLtHeHTa. lleltcTBHTenbH0 1 npH ManhiX A> 0 npHpameHHe M 

B pe3ynbT8Te war a ~ y 6y Ll9T 06SI38TenbHO OTpHU8T9nbHbiM 1 ecnH TOnbKO MeTpHK8 

G HBnHeTcH nonO)KHTenbHO onpeLteneHHolt. nocneLtHee, oqeaH:OHo, acerLta HMeeT 

MecTo, ecnK aaqanbaoe npH6nH)KeHHe y(a 
0

, x) 

pecTHOCTH MHHHMyMa M 

pacnonO)KeHO B cpyHKUHOHBnbHOlt OK-

nepeALteM K npaKTH'l:eCKOMY Hcnonb30B8HHIO MeTOLla. EcnH y (a
0

, X) OK8)KeTCSI 

BH9 cpyHKUHOH8nbHOA OKpeCTHOCTH MHHHMYMB, MeTpHKY G ik MO)KHO apeMeHHO 

34M9HHTb Ha M9TpHKY - .,. FfM ay(x) 
<ik fl I dz ---

8y(z) By( x) aai 
ay(x) 

aak 
dx , (J.~} 

KOTopa' BCIOAf nono)KHTenbHO onpeLteneHa. 

X ~eTpHKa G1knpeo6pa3yeTCR npH 3aMeHe (3.1) 
9HT ( 1.12) B OTnH'IHe OT 06hi'IHOI'O I'p8LlHeHT8 V, "'_a_ 

I aaj 
HOlt 3aMeHe napaMeTpoa, KBK pa.aHyc aeKTOp a • 

T8KHM o6p830M 0 'ITO I'p8LlH

npeo6pa3yeTCSI npH nHHelt-
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npH Manblx A UpHpaweHHe cpyHKUHOHana ~ \1 = \1j y (a +Kft)} - \1 j y (a)} 

pacTeT c pocTOM A HO npH ..uanbHel!weM yaenH'ieHHH A BllHSIHHe OT6poweHHbiX 

npH annpoKCHMauHH ( 1.10) qneHos MO:>KeT cTaTb HacTOllbKO 6onbWHM 1 'ITO \ M Ha-

MeHHT 3HaK. MaKCHMallbHbi.ll war no Ka:>K..UOMY napaMeTpy aj 1 llpH KOTOpOM 

HellHHe.llHaSI 'laCTb npHpaWeHHSI Y He MO:>KeT UOBilHSITb Ha 3HaK ~\I 1 aaBHCHT 

oT aenH'lHHbl H cTpoeHHSI MaTpHu G H Q • TaK KaK npH aHa'lHTellbHOM '!Hcne 

napaMeTpOB a CllO:>KHee, '!eM C..UenaTb HeCKOllbKO llHW-

HHX waroB 1 TO OllTHM81lbHbl.ll war B blrO..UHee HaXO.llHTb llO.llOOpOMo BellH'lHHbl I j OT 

wara K wary MeHSIIOTCSJ Me..uneHHee, '!eM A1 H HX nepeCMOTp MO:>KHO ..uenaTb 

J. 
I a A Bbi'lHCllSITb no cpopMyne 

A= l (3.4) 
'11axll ~~ 

• 1· 
I 

B ..uanbHe.llweM '!Hcna I · l 6y ..uyT npe..unonaraTbCSI Bbi6paHHblMH cne..uyJOWHM 

o6pa30M. nepBOHB'lallbHble I· I 6epyTCSI HeCKOllbKO aaBbiWeHHbiMH TaK 1 'lTOObl HenH-

He.llHaSI qaCTb llpHpaweHHSI y ( aj ± lj) - y ( aj ) B Cpe..uHeM paBHSI118Cb llHHe.llHO.ll qacTH0 

EcnH B peaynbTaTe wara Da 3Ha'leHHe cpyHKUHOHana ~I aoapocno, ace li 

yMeHhWaiOTCH B 2 paaa, H war no B TOpHeTCH. EcnH B peaynhTaTe ..uayx nocne..uHHX 

warOB cpyHKUHOHall \j yMeHbJI!allCSI, TO nepe..u Clle.lly!OWHM warOM Te Jj 1 .llllSI KOTO-

y ..UBaHBaiOTCSI. 

EcnH a6nH3H MHHHMyMa 

( 3.5) 

.lllll! BCeX i,k 1 TO A -+ l , npouecc HTepauH.ll CTaHOBHTCSI 011H3KHM K Hb!OTOHOB-

x) 
CKOMY, H CXO.llHMOCTb B KOHne npouecca 6y ..ueT 6biCTpo.A • YTO'lHeHHSI rrono:>KeHHH 

MHHHMyMa B 9TOM Cnyqae 6y..uyT IIpOHCXO.llHTb cpaKTH'leCKH ITO O.llHOMepHO.ll cpOpMylle 

Hb!OTOHa (2.1 ), r..ue ponh napaMeTpa A 6y..ueT urpaTb TOT H3 napaMeTpoB a. 
I 

KOTOpb!lt OKa:>KeTCSI CaMb!M Hell HHel!H hiM , CnyqaJl: HapyweHHSI yCllOBHSI ( 3.5) 6y ..UeT 

o6cy:>K..uaThC.II B cne..uyJOweM naparpacpe. 

YIIOMSIHeM .llBe OCHOBHb!e npH'lHHbl, CIIOCOOCTBYIOWHe BbiUOilHeHHIO YCilOBHSI (3.5) 

x) 0THOCHTellbHO CXO.llHMOCTH npHOilH:>KeHHO-HbiOTOHOBCKHX HTepaUHl!: CM/ 21 

rn. XYIIl § 2. 
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a 2r (x) 
Ha npaKTHKe. Bo-nepBbiX, cpyHKUHH aa. aak 05bl'lHO xopowo annpOKCHMHPYIOT-

CH llHHeHHOl! KOM6HH8UHel! npOH3B0JlHbiX ~ , a npOH3BOJlHble _j_y__ Jl8IOT ( B61IH3H 

aa. aai 
npH HHTerpHpOBSHHH C ~H~llb B CHny ypSBHeHH.It :3KCTpeMyMa a\f = 0, 

onx) aai 
MHHHMyMa) 

0~ . 
Bo-BTOpblX, cpyHKUHH O y (X) B61IH3H MHHHMyMa HepeJlKO 61IH3K8 K HylliO H3-38 TOI'01 

'ITO a6C01liOTHbll! MHHHMYM cpyHKUHOH81l8 ~ 61IH30K K MHHHMyMy Ha CeMel!CTBe 

cpyHKUHH Y (a • X) • nocneJlHee HMeeT MeCT01 HanpHMep, B MeTO)le H8HMeHblllHX KB8Jl-

p 8 TOa1 KOI'Jl8 \f = f ( y (a, xl} - t.; ]2 w.; 

0TMeTHM1 'ITO a o60HX ynOMSIHYTbiX cnyqagx ycnoaHe (3.5) HMeeT TeH)leHUHIO 

abinOllHSITbCH ace llY'lllle no Mepe TOI'0 1 KSK paCTeT 'llfCllO napaM8TpOB a H ce-

Mel!CTaO Y (a, X) CT8HOaHTCSI 60I'8'le0 3THM 1 a '!8CTHOCTH, 06"bHCHHeTCH TOT cpaKT 1 

'ITO a MeTO)le 1lHHeapH38UHH 'lHCllO lll8I'Oa0 He06XOJlHMOe JlllH )lOCTH)I{eHHH MHHHMyMa1 

npaKTH'leCKH He pacTeT C yaenH'leHHeM 'lHC1l8 napaMeTpOa a 

§ 4. YcTo.lt'!HBOCTb MHHHMyMoa cpyHKUHOHanoa 

nycTb cpyHKUHOH811 Pd 1 KpOMe napaMeTpOB a 1 no KOTOpb!M npOH3aO)lHTCH 

MHHHMH38UHH1 38aHCHT T8K)I{e OT HeKOTOpblX napaMeTpOB 

Mbl cpa3y orpaHH'lHMCSI cnyqaeM, Koraa napaMeTpbl 

cpyHKUHOH81lbHblH apryMeHT y ( a, X ) 

a y (a, X) 

a t 
IL 

= f) J 

t = ( t 1' ••• ' tiL ' • •• ) • 

He aXOJlHT COBCeM B 

(4.1) 

11 cpyHKUHOHan \f 38BHCHT OT HHX TOllbKO SlaHo: M = ~ { t; y (a, x) I . 

Hac 6yaeT HHTepecoaaTb 3BaHCHMOCTb nono)l{eHHH MHHHMyMa M oT cMeweHHll 

napaMeTpoa 

¢H3H'leCKHX napaMeTpOB, KOI'Jl8 B03HHK8eT ll0Jl06HOI'O poaa aonpoC, MO)I{HO 

npHaeCTH O'leHb MHOI'Oo napaMeTpbl MOI'YT 6b!Tb :3KCnepHMeHT81lbHblMH aellH'lH-

H8MH, H3aeCTHblMH C OI'pSHH'leHHOH TO'lHOCTb!Oo HaCKOllbKO CMeCTHTCH MHHHMYM \f 

ecnH napaMeTpbi C)laHHyTCH Ha CaOH OlllH6KH? .LlpyrHM npHMepoM MOI'YT cny-

)I{HTb p83HOI'O p0Jl8 nonp8BKH H abiClllJ.Ie 'llleHb! p831lO )I{ eHHSI a pHJlbl 1 KOTOp biM H acne a-

CTaHe HX M81IOCTH npH COCT8B1leHHH cpyHKUHOH81l8 ~ Mbi npeHe6pernH, 38MeHHB 

HYllSIMH. 4yacTaHTe1lbHbi nn pe3y1lbT8Tbi K :3THM nonpaBKaM? 
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Bo3bMeM nHHe.I!Hbii! qneH 5 pa3JIO)I{eHHH \1 5 OKpeCTHOCTH MHHHMyMa 5 p11Ll 

Tel!nopa no npHpaweHI!SlM napaMeTpa t 

I 
m 

\1 =< \1 + ~ a,, \ til+ '£ 
min ll ~ k=l 

(4.2) 

II ITOLlCT85HM 9TO pa3JIO)I{eHHe 5 yp85HeHHS1 9KCTpeMyMa • Mbi ITOJIY'IHM 

CI!CTeMy yp85HeHH.Ii 

m 

\ t + '£ 
ll k=I 

\ak = 0, i=l , ... ,m, (4.3) 

Ll810lllYIO C5113 b Me)KLlY CMellleHHeM ITOJIO)I{eHHSl MHHHMYM8 .\a H npHpaweHHeM 

napaMeTpo5 

K aqecTBeHHbie csollcTsa cHcTeMbi ( 4.3) cnenyiOWHe, EcnH CHCTeMa ( 4,3) pa3-

pelllHM8 OTHOCHTeJibHO \ak H onpenenHTeJib M8TpHUhl 

- i \1 
<\i.= () () 

\ ai 
(4.4) 

He .SIBJIS1eTCS1 M8JibiM 1 TO He60JiblllHe CMeWeHHSl napaMeTpOB 6y LlYT Bbl3biB8Tb 

He3H8'1HTeJibHbie nepeMellleHHSl MHHHMYM8 .~a 1 T,e, MHHHMYM 6yneT yCTOi!'IHBbiM, 

_ Korna B oKpecTHOCTH MHHHMyMa det G Man, TO sneMeHThi o6paTHoA MaTpHUhi 

G-1 
OK83bi B 810TCSl 60JibWHMH 1 H Ll8)1{e He60JibWHe CMellleHHSl napaMeTpOB MOryT 

B bi3B8Tb 3H8'1HTeJibHbie nepeMellleHHSl ITOJIO)I{eHHSl MHHHMyMa, Mbi H830BeM T8KHe 

M HHHMYM bl OTHOCHTeJibHO HeyCTOH'IHBbiMH; ITOLlp06Hee 9TOT cnyqal! paCCM8TpHB8eTCS1 B 

§ 5, 

Oco6hi.Ii cnyqalt B03HHKaeT, ecnH HeKOTOpble npOH350LlHbie a f (a,x) ( HJIH HX 

a a 
JIHHe.liHb!e KOM6HH8UHH) o6p8lll810TC.II B MHHHMyMe B HYJib, TaKHe MHH~YMbi Mbi 6yne~ 

H83b!B8Tb Bblpo)I{LleHHbiMH, 

06HJIHe BblpO)I{LleHHbiX MHHHMYMOB X8p8KTepHO LlJISl cpyHKUHOH8JIOB ( 1) 1 KOTOpbie 

He 38BHCS1T OT a SlBHO, LJ.e.liCTBHTeJibH01 nyCTb 

ay (a, x) 

a a. 
= 0, 

a a .2 
J 

> 0 npH HeKOTOpOM a. a. (4.5) 

J 
J J 
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rAe paaeHCTBO Hymo npOH3BOAHOfi BbinOI!H5!eTCSI TO)KAeCTB9HHO no X H aj M0)1{9T 

6 biTb ¢YHKUHefi OCT8I!bHbiX napaMeTpOB ak~j • nol!O)KHM aj ~ aj • Cornacao ( 1 )I 

3TO BI!9'19T 38 co6ofi Bbin01lHeHH9 ypaBH9HHSI 3KCTpeMyMa a ~1 -'), MHHHMH3HpyS! a a. 
t Mbl MO)KeM A06HTbCSI BbinOI!HeHHSI dcTBI!bHbiX ypaaHeHHfi ~1 no napaMeTpaM ak~ · . 

aM 1 
3KCTpeMyMa = 0 

ak/ ·j 
• TaKHM o6pa3oM. KB)KAOe o6pameHHe B HYIIb OAHOfi H3 

ay 
Tak 

M0)1{9T npHBeCTH K nOSIBI! eHHIO BblpO)KAe HHOrO MHHHMYM8 npOH3BOAHbiX 

¢yHKUHOHana M 

C TO'IKii 3p9HHSI yCTOH'IHBOCTH BblpO)KA9HHblfi MHHHMYM OTI!H'!aeTCSI TeMt 'ITO 

no HeKOTOpb!M HanpaaneHHSIM B npOCTp8HCTBe napaMeTpOB a OH He MO)KeT 6b!Tb 

CMel.lleH HHK8KHM H3MeHeHHeM napaMeTpOB t ( wCBepxycTOfi 'IHB* B 3THX Hanpaane-

HHSIXX)), HanpHMept B CIIy'lae ( 4.5) MHHHMYM MO)KeT nepeMel.llBTbCSI TOI!bKO no 

noaepXHOCTHt 38A8HHOfi ypaBHeHHeM , 3aMeTHMt 'ITO Bb!CK838HHb!9 TOII!bKO a.= a. 
J J 

'ITO YTBep)KAeHHSI cymeCTBeHHO OnHp810TCSI H8 orpaHH'IeHHe ( 4,1) • 

Ha6op MHHHMYMOBt KOTOpblfi HMeeT ¢yHKUHOH8IIt CBSI3aH C TeM, K8K napaMe

TpH30B8H ero ¢yHKUHOH8I!bHblH apryMeHT, nycTb ¢yHKUHOH8I! \1{ y (a,x) I HMeeT HeKo-
(i) (i) 

TOpbilt cneKTp MHHHMYMOB M • = '\1{ y (x) I • EcnK ceMeficTBO y (a, x) napa-
mm 

M9TpH30B8HO d)aKt 

3H8'1eHHe Y (x) 

'ITO <f>yHKUHOHan bHbilt apryMeHT MO)KeT npHHHM8Tb OAHO H TO )l{e 

npH HeCKOI!bKHX 3H8'19HHSIX napaMeTpOB a TO M KaK <f>yHK' 

UHSI napaMeTpOB a 6yAeT HMeTb H9CKOI!bKO HA9HTH'IHb!X 3K3eMniiS!pOB 3TOrO MHHH-

M}'M8 C TO'IHO coanaAaiOI.llelt rny6KHOfit H COOTBeTCTByiOI.llee cneKTp8I!bHOe 3H8'1eHHe 

ti) 
~ . • 6yAeT Kp8THblM, 

mm 

BseAeM HOBYIO napaMeTpH3aUHIO 
(i) 

0'1eBKAHO• III06ofi MKHHMYM M I Y 

~= bk(al' ... ,am) Toro )1{9 ceMeltcTaa. 

(x) I ¢YHKUHOHana M I y (a, x) I t B KOTO-

a (bl, ... 'bm) 
OTIIH'IEIH OT HYIIS!t AOI!)KeH npKCYTCTBOBBTb (no KpaJl-pOM 11K06KaH 

a (a 1• ... 'am) 
H9H Mepe 8 OAHOM 3K3eMnii11pe) H B cneKTpe \l{y(b,x)l i T8K 

cneKTpa MHHHMYMOB MOryT 6b!Tb CBSI38Hbl TOI!bKO C HyiiSIMH SIK06H8HOB 

TaK K8K H98blp0)KAeHHhiJ1 MHHHMYM npH H3MeH9HHH napaMeTpOB 

'ITO H3MeHeHHSI 

a(b) a(a) --aw- i( ---a(b) 

nepeMemaeTCSI 

B m - MepHOlt 06IIaCTH, a HK06HaHbl a (b) t 

a( a) 
a (a) MOryT o6p8lll8TbCSI B HYIIb TOI!bKO 

a(b) 

x) 
YcTOfi'IHBOCTb no OCT8I!bH hiM HanpaaneHK11M MO)KHO HCCII9AOB8Tb 06b!'IHbiM 

o6pa30M, eCIIH Bhi'IepKHYTb H3 CHCTeMbl (4,3) ypaaHeHHSI, KOTOpbre He COA9p)KaT 

npHpameHKH ~~ 
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' 

\ 
B llOA0611aCTH MeHbWe.l! pa3MepHOCTH 1 TO HeBblpO)KL{eHHb!l! MHHHMYM He MO)KeT 6biTb 

C03L{aH H11H yHH'iTO)KeH 3a'teHOlt napilMeTpOB1 XOTSI npH T8KOit 3aMeHe 'ilfC110 ero 9K3eM

ll11SipOB MO)KeT lf3MeHHTbC;J0TCIOAa, B 'iaCTHOCTif 1 ClleLJ;yeT, 'iTO eC11H CyJUeCTByeT TaKaS! 

napaMeTpH38UHH ceMeltcTaa y (a, x) , np11 KOTopolt M HMeeT eAHHCTBeHHbilt He-

Bblp0)KL{18fblit MlfHHMY M 

cs:~ c \f . , 11 ace 
mtn 

(0) 
\f . 1 TO cneKTp MHHHMyMOB \f l y (a, x) l H8'iHHaeT-

mm 
M. mm 

(0) 
> M . 

mtn 

8 Tex 38Aa'iax, rAe cPYHKUHOHa;I 

HB11SIIOTCH BblpO)KL{eHHblMHo 

M s:~ans:~eTCH scnoMoraTellbHOlt aenH'iHHOit 

H llpHMOll: HHTepeC npeACTaB1151IOT 11HWb Te 3H8'ieHH51 napaMeTpOa a 1 npH KOTOpb!X OH 

MHHHM811eH 1 Bb!pO)KL{eHI!ble MHHifMYMbl COOTBeTCTBYIOT 110)KHbiM peweHH.IIM 3aL{a'iH, 8 

C8MOM LJ;ene, ab!p0)!(2leHHbllt MHHHMYM nerKO C03AaTb HCKyCCTBeHHO llpl:l 111060M 3H8'ieHHH 

a k ,,106oro napaMeTpa a k 1 He H3MeHHR cywecTaeHHO caMoro cPYHKUHOHana' \f 1 a H3" · 

MeHHB TOllbKO cPOpMallbHO CllOC06 napaMeTpH3aUHH ero cPYHKUHOHallbHOro apryMeHTa 

v(x). 3aMeHHM 1 HanpHMep, napaMe¥bi a Ha b 

Tenepb ~=(2b +3b2 )~=0.~> OnpH \"'0 
ODk oak a~ 

KpaTHO BblpO)!(L{eHHb!lt ~HHHMYM B a~6paHHOll: HaMH 

2 3 - aM 
no clJopMyne bk + b k "' (a k- ak)sign_ 

aak 
, H cPYHKUHOHan M HMeeT m -

TO 'iKe 

.!l06HyiO npoueAypy B o6paTHOM nopHAKe, cPOpN1811bHOlt 3aMeHOll: napaMeTpOB ak MO)K

HO H36BBHTb cPYHKUHOHan M oT n10fioro H3 o6Hapy)!(eHHbiX BbipO)!(AeHHbiX MHHHMYMOB 

(npH 9TOM B Apyrwx MeCT8X MoryT B03HHKHyTb OBbie BblpO)!(LJ;eHHbie MHHHMYMbi), 

8 BblpO)!(L{eHHbTX MHHHMyMaX npouecc HTepauHll: CXOAHTCH 3a C'ieT yMeHbWeHHSI 

'iHCell }. 
I npH K8)!{..:10M ware, JlpH TaKOit "BbiHy)KL{eHHOlt* CXOAHMOCTH a KOHUe npo-

uecca A -+ 0 1 'iTO ll03B011SieT nerKO OT11H'iHTb Bb!pO)!(L{eHHbie MHHHMYMbl OT 06bi"'HbiX0 

3aMeTHM 1 'iTO MOf'yT CyWeCTBOaaTb MHHHMyMbi 0 B KOTOpblX ,\ npOA01I)KaeT KOne6aTbi

CH AO caMOrO KOHUa npouecca, HanpHMep, 9TO MHHHMYMbl 1 JCOTOpbie 6nH3KII K BblpO)!(-

LJ;eHHbiM H nepeXOL\SIT B llOClleAHHe npH He6011bWOM H3MeHeHHH napaMeTpOB 

KHX MHHHMyMaX yC110BHe (3,5) HapyweHO ). 

(a Ta-

§ 5, Jlpo6neMa HeyCTOli:"'HBOCTH 

3Ha"'HTe11bHaSI HeyCTOli:"'HBOCTb MHHHMYMOB abi3biBaeTCSI 1 KBK npaaHn01 HeKoppeKT

HOll: llOCTaHOBKOlt 3aLJ;a"'H MHHHMH38UHH H He MO)!(eT 6b!Tb ycTpaHeHa "'HCTO cPOpManb

HbiM nyTeM, He3aaHCHMO OT npHMeHSieMOro MeTOAa MHHHMH3aUHH 1 HeyCTOlt"'HaOCTb 

HeH36e)!(H0 npHBOAHT K 3aMeAneHHIO npouecca llOHCKa MHHHMyMa H K llOTepe TO"'HOCTH 

npH Bbi"'HC1IeHHSIX H3-38 HaxonneHHSI OWH60K OKpyrneHHSI, MexaHH3M a03HHKHOaeHHSI 
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9TH X 38Tpy JlH9HHH MO)K9T 6biTb pa3HbiM B pa3HbiX cnyqa SIX. B qacTHOCTH, B M9TOJ19 

nHH98pH38UHH CT8HOBHTCSI M8nbiM 
-1 

.\ lf p8CT9T OTHOCHT9nbH8SI OI.UH6K8 9n9M9HTOB 

M8TpHUbl G H B9nH'iHH 1 KOT0pb19 'i9p93 9Ty M8TpHUy Bbl'iHCnSIJOTCSI. 

H9yCTOH'iHBOCTb MHHHMYM8 o6bi'iHO npOS!BnSI9TCSI 38,llOnro JlO Toro, K8K MHHHMYM 

H8H,ll9Ho Y Jl06HbiM HH.JlHK8TOpOM M0)!{9T cny)KHTb 693p83M9pH8SI B9nH'iHH8 

p = G 11 G 22 · · · Gmm 
det G 

p ~ 1, (5.1) 

KOTOp8S1 6nH3K8. K 9JlHHHU9 B p8HOH9 OTHOCHT9nbHO yCTOH'iHBOrO MHHHMYM8 H MHOrO 

6onhl.il9 9JlHHHUbi B paltoH9 OTHOCHT9nbHO H9yCTOH'iHBoro. 6on99 Jl9T8nbHbi9 CB9Jl9HHSI 

Jl8JOT ctJ8KTOpbl KOpp9nSIUHH 

-1 
Rk"' ~k Gkk Rk ~ 1, (5.2) 

.KOTOpb19 B9JlyT C96SI T8K )1{9 K8K p H yK83biB810T H9yCTOH'iHBOCTb no rrapaM9Tpy 

ak • 89nH'iHHbi P H R k T9CHO CBSI38Hbi M9)KJly co6olt: 9CnH ctJHKCHposaTb napa-

M9Tp a k , B9nH'iHH8 P yM9HblllHTCSI B Rk pa3. 

¢aKTOpbl KOpp9nSIUHlf Hy)KHO 3H8Tb JlnSI KOHTpOnSI 38 TO'iHOCTbiO Bbl'iHCn9HHHo 

MO)KHO IIOK8.38Th, 'iTO OTHOCHTenbH8SI TO'iHOCTb k -ro JlH8rOH8nbHOrO aneM&HT8 
-1 

MaTpHUbi G He MeHblll9 1 'ieM B Rk pa3 xy)K9 OTHOCHT9nbHolt TO'iHOCTH Toro 

)1{9 an9M9HT8 M8TpHUbl G • nycTb, HanpHM9p, M8TPHII8 G 113BeCTH8 c 9-JO 3Haqe-

lll~H UHctJp8MH. Tor.aa, 9CnH XOTSI 6 b i OJlHH 113 
+8 

Rk rrp9Bbii.il89T 10 , TO B MaTpHue 

G Henb3SI 6y Jl9T rap8HTHpOB8Tb HH OJlHH BepHbiH 3H8K H938BHCHMO OT cnoc o 6a 9e 

Bbl'IIICn9HHSio 

ay(x) 
P H Rk HMeJOT rrpocTolt r9oMeTpH'ieCKHH CM bien. EcnH ctJYHKUHH 

82 \1 aak -1 
----,--·..,...---..,.. .... (cp. § 3), TO p 

o y ( z) o y (x) 
C'iHT8Tb B9KT0p8MH B IIpOCTp8HCTB9 C MeTpHKOH 

pa&h.) KBa.apaTy o6beMa rrapannenerriiii9Jla c e.aHHH'iHbiMH p96paMH, rrocTp09HHoro Ha 

-1 . 2 ay(x) 
3TH X seKTopax, a R k = sm r/J , r .ae r/J - yron, KOTOpbiA o6pa3yeT B9KTop ---a ak 

C IInOCKOCTbl0 0 B KOTOpOH ne)K8T OCT8nbHbi9 B9KT0pbl. 

THIIH'iHOJl IIpH'iHHOH H9yCTOH'iHBOCTH SIBnH9TCSI Haiip8BHnbHbiJl Bbi6op CeMaHCTB8 

ctJYHKUHA y (a, X) 1 KOTOpoe SIBnSiaTCSI ctJyHK UHOH8nbHbiM apryM9HTOM. 3TOT cnyqaJt 

n9rKO y3H8Tb IIO TOMY IIpH3H8Ky 0 'iTO .ao6asneHHe K8)KJlOrO HOB oro nap8M9Tpa a k 

Mano CHH)K8eT MHHIIMYM \1 H pe3KO ysenH'iHBaeT p • YcToll'iHBOCTb soccTaHas-



15 

nHB8eTCst, ecnH ,llnl'l y (a, X) B3HTb ceMeltcTB0 1 6onee OTBe'iBIOLUee CyLU e CTBY 3 8.ll8 'iHo 
k-1 

nycTb, HanpHMep, Y (a, X) Bb!6p8HO B BH,lle Y = r ak X , 8 HH3KHX 3H 8 'ieHHJt 

M cne.llyeT o >K H.llBTb, ecnH Y ( x) HMeeT BH.ll KpHs o a, Hao6pa.>KeHHOA Ha , pH c . 1. 

X 

HCHO, 'iTO nonHHOMOM TBKYIO KpKBYIO OOHC8Tb Tpy ,llHO H K03cPcPHUHei!Tbl a k 

6y.llyT onpe.llenstTbCst H3 ycnosHst \t = min oqeHb nnoxo. B aTOM cnyqae ropaa.llo 

n yqw e, HanpHMep, nonO)I{HTb 

Y = ( b2 + b4x + ... ) ( 1 + b1 X + bg X 2 + ••• )-
1

. 

y (a, X) B b!6p8HO B C OOTBeTCTBHH C cywec'l'-

BOM 38.ll8"1H t HO 
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38UIUI CeMeHCTB8 y(a , x) x) 
H Tpe6yeTCH HellHHeHH8H 38MeH8 napaMeTpOB C 60nb-

WHMH n • npH T8KOH 38MeHe cnenyeT CTpeMHTbCH K TOMy, 'lT06bJ K8)1{n8H H3 

cp yHKUHH a y (x) HMel!8 M8KCHMyM T8M 0 rne OCT8 llbHbJe cpyHKUHH M8llbl 0 

aak 
8 xynweM cnyqae , ecna 'ssen e HH bie napaMeTpbi ak HBJlHIOTCH HMeHHO T~MH 

Bel!H'lHH8MH, p a nH KOTOpblX npOH3BOnHTCSI MHHHMH38UHSI, npH 60llbWHX P npHxonaT-

CSI OTK83 8TbCSI OT onpeneneHHH -napaMeTpOB C 60llbWIIMH R • cpHKCHpOB8B 'l8CTb 

H 3 a THx napaMe Tpos. 

§ 6. HeKoTOphle npHMeaeHHH 

K e anpaTH.'lHbiH cpyHKUHOHan 

,, = I 
e 

2 
[ y (a,xe>-tel w.f ' ( 6.1) 

7 10 11 
M HHHMH38UHSI KOTOpOrO Tpe6yeTCSI B M e Ton e H8HMeHbWHX KB8npaTOB 

1 1 
, HBl!He TCH 

Hnean b HblM 06beKTOM nllSI npHMeHeHHSI MeTona JlHHeapH38UHH. D.eHCTBHTe llbH0 0 nnH 

cpyHKUKOH81l8 (6.1) M81l8H cpyHKUHOH81lbH8H OKpeCTHOC Tb MHHHMYM8 COBnanaeT CO BCeM 

cpyHKUHOH81lbH blM npOCTp8HCTBOM 1 H M8TpHU8 ') B MHHHMyMe Mana. nocnenae e CBSI-

38HO C TeM 1 'ITO B 

Qik 

2 
2 I iJ y (x e> 

.; a ai aak 
[y(xE)- tE] w1 , , . 

( 6.2 ) 

BXOnHT M 8 1l8SI B MHHKMyMe p83HOCTb y (X e) - t e • KpoMe Toro, ecnH cpyHKUKO-

H8JlbHhiH apryMeHT ·y ( a, x E) nonycKa eT naaeAay10 napaMeTpH38UKIO, TO M 
• xx) 

enHHCT OeHHbllt HeBb!pO)I{neHHbiH MKHKMYM 

HMeeT 

nonC'lHT8eM M8TpKUY OWH60K napaMeTpOB a 

2 
17
ik 

~ 8j ~~ ak ( 6.3) 

x) . 
J1HHeHH8SI 38MeH8 1 eo-nepBbiX 1 He H368B11SieT OT nOTepH TO'lHOCTK 0 BO-BTOpb!X, 

'lT06bl .:10CT8TO'lHO TO'lHO 3H8Tb ee K09cpcpHUHeHTbl 0 uano CH8'l8118 HSHTH MHHHMYM• 

xx) 
Te )1{9 caollcTaa HMOIOT npaKTH'leCKH ace cpyuxuaouanh i \f = -2ln L , rne 

L - cpyHKUKH npaanonono6KH. 
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('lepTa CBepxy 03H8!118eT ycpeLlHeHHe) l CLlell8B 06b!'IHOe LlllSI MeTOLl8 H8HMeHbWHX 

KB8Llp8TOB LlOnyweHHe 0 'ITO 3KCnepHMeHT8llbHbie BellK'IHHbl t e He38BHCHMbl 

npH 

ll HMeiOT LlHCnepCHH 0 p8BHbie o6p8THbiM BeC8M 

2 -1 
\ t.; = we . 

noncTaBnHH (4.3), (4.4) B (6.3) H Y'IHTbtBaH (6.4), (6.5), HMeeM 

EcnH Q 

m i\1 m 
a2 "' (I 1. G -1 At )(I .~ 
lk != 1 If a a1 at e e I = 1 1J 

m 

=I ~: c-1 2 G 11 • 
/,1=1 kl 

-1 
Mano, MO:>KHO nono:>KKTb G . = 

m 
:::.2I 

j,l=1 

2 
c·1 ~ M 1'1 t ) = 

kl a al at 1J 
., 

G -1 x) 
, Torna 

(6.4i 

(6.5) 

( 6.6) 

( 6. 7) 

B Bb!pO:>KLleHHOM MHHHMyMe, r ne 
-1 

G .. oo , npH6nH:>KeHHaH ¢opMyna ( 6. 7) Henpu-

MeHHMa. Vfa TO'IHO!t ¢opMyllbl ( 6.6) BHLlH0 0 'IT0 0 K8K STOrO H ClleLlOB8llO O:>KilLl8Tb0 

2 
y napaMeTpOB a j 0 no KOTOpbiM

2
MHHHMYM BblpO:>KLleH, LlHCnepCHH O'jj paBHbl HylliO. 

C ITOMOWb!O Ma·rpHUbl OWH60K aik nerKO Bbl'IHCllHTb0 HanpHMep, LlHCnepCHIO ¢YHICUKO

H811bHOT'O apryMeHT8 ( KB8Llp8T KOpHLlOpa OWH60IC) 

rn 

[ 1'1 y ( a, x) ] 
2 = a 2 ( x) .. ~ 

i,k .. l 
(6.8) 

.[lHcnepcHH napaMeTpOB ak npocTo CBH38Hbi c ¢aKTOp8MK KOppenHUHK Rk • 

Cor nacHo ( 5.2) H ( 6.1) 

2 11 a ... 2 
I 

-1 
G .. ) R. 

11 I 

TO eCTb LlHCnepCHIO lli06oro napaMeTpa MO:>KHO yMeHbWHTb e· 

p0B8Tb OCT8llbHbieo 

(6.9) 

R. 
I 

nycTb Tpe6yeTCSI H8ltTH neltCTBHTellbHbie peweHHSI CHCTeMbl HellKHeJlHb!X ypaBHe-

HHA 

x) 
l.J.T06b! H36e:>K8Tb B ( 6. 7) Koa¢¢HuHeHT8 2 1 '18CTO BMeCTO ,G BBOLlSIT 

M8TpHUY, BLlBOe MeHbWYIO• 
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fk ( a 1 , ... , am) x I) , k x 1' ... 'm • ( 6.10) 

nono)I{HM y~x fE , t(" 0 H aae.o:eM aeca w.; rrpoH3BOnhHbiM o6pa3oM, Tor.o:a 

peWeHHe CHCTeMbl ( 6,10) CBe.o:eTCSI K MHHHMH38UHH cpyHKUHOHana ( 6,1) • AHanOrH'IHO 

MO)I{HO HCK8Tb KOMIIneKCHbie peweHHSI CHCTeMbl ( 6,10), IIOnO)I{HB Y f.= Re £~' Y ~+m = Jm f f. 

H B3SIB B Ka'leCTBe He3aBHCHMbiX rrapaMeTpoa a~:-= !lea/: , aE = lma E (cpaBHH c 
s. s. ~ + m a 

( 2.1 ) ) • 8bi60p0M BeCOB W f. MO)I{HO B HeKOTOpb!X rrpe.o:enax BnHSITb H8 aenH'IHHy 

cp8KTOpOB KOppenSIUHHo ' 

B paccMaTpHaaeMOM '18CTHOM cnyqae, xor.o:a 'lHCno napaMeTpoa coarra.o:aeT c 

'lHCnOM TO'leK 0 H8 KOTOpOM 38.0:8H cpyHKUHOHan, IIpHMeHeHHe MeT0.0:8 nHHe8pH38UHH 

K MHHHMH38UHH cpyHKUHOHana (6.1) 9KBHBaneHTHO IIpHMeHeHHIO MeT0.0:8 Hb!OTOHa He

rrocpe.O:CTBeHHO K CHCTeMe ( 6.10) 1 OJJ:H8KO MeTO.O: nHHeapH38UHH 38 C'leT Bbi6opa A 

o6ecrre'lHBaeT cxo.o:HMOCTb B 6onee WHpOKOM Knacce cnyqaes H HMeeT 6onee y.o:o6-

HYIO CHCTeMy KOHTpOnSI. 

8 cnyqae rpOM03.0:KHX CHCTEIM ( 6,10) MHHHMYM M MO)I{eT OK838TbCSI OTHo-

CHTenbHO HeyCTOlt'lHBb!M K OTKnOHeHHIO BenH'lHH t f. OT HynSI 1 'ITO IIpHBO.O:HT K Tex-

HH'leCKHM Tpy.O:HOCTS!Mo QqeBH.O:H0 0 HeyCTOA'lHBOCTb T8KOrO po.o:a HHKdK He CBSI38H8! C 

cyweCTBOM 38.0:8'lH H HOCHT cpOpM anbHbiA xapaKTep, noaTOMy yCTOA'lHBOCTb acer.o:a 

x) . 
MO)I{HO BOCCT8HOBHTb HeKOTOpblM HenHHeltHbiM rrpeo6pa30B8HHeM CHCTeMbl (6.1~ 

2 -
8 BbipO)KJJ:eHHbiX MHHHMYM8X cpyHKUHOH8n '-1 = ~ y Wf. H e CT8HOBHTCSI 

p8BHbiM Hyn10 0 T8K 'ITO T!'lKHe MHHHMYMbl He SIBnSIIOTCSI peweHHSIMH CHCTeMbl (6,10). 
. -

EcnH OTbiCKHB810TCSI .o:eltCTF>HTenbHbie peweHHSI 1 TO HeKOTOpbie BblpO)KJJ:eHHbie MHHHMYM>l 

MOryT YK83b!B8Tb Ha H8nH'lHe B6nH3H HHX II8pbi KOMnneKCHbiX peweHHA C ManoA MHH

MOA 'l8CTbiO, 8 cnyqae )l{e KOMnneKCHbiX peweHHlt CHCTeMbl ( 6,10) BblpO)KJJ:eHHb!El 

MHHY.:MYMbl MOryT 06Hapy)I{HB8TbCSI TOnbKO B Tex TO'lK8X0 r.o:e cpyHKUHH fk He aHanw 

TH'lH bl no O.O:HOMY HnH HeCKOnhKHM 

a r 
TOpoR T O'lKe ~ .,Q H cpyHKUHH 

napaMeTpaM ak • Jlea:cTBHTenbHo, ecnH B Hexo

fk aHanHTH'lHbl no a p , TO I f I B O.O:HOM H3 Ha-

aap 
npasneHHA o6SI38TenbHo y6brsaeT, H npouecc noHcxa MHHHMyMa M=I 1£1

2 

k"'l k 
He 

38.0:ep)I{HTCSI B T8KOA TO'lKEl, 

x) 
Cv. npHMe'laHHe Ha cTp. 16. 
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