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I ntegral equations are derived lor the determination of the t"- de~y. An ellective 
range analysi s gives the values of the s - wave scatterinq-lengths for the TI W - in· 
teractlon, which are suitable to reproduce the eKperlmental c - spectrum. A good fit 
Is obtained for ~ , :: o,~ ; ... :: -0, 3. • These values of a ~ snd o. 0 in coml)ination with the 
Integral equations l or lflf - scattering, hint at the eKistence of a lTo l.)- re sonance of 
the n 1 - interaction. 

1. Introduction 

The "t- decay is one of the few processes which enables the investigation of the Til - interaction without 

perturbing influence of other particles . The low kinetic energy of the outgoing pions facilitates the theoretic

cal analysis, and the fairly extensive experimental dates allow a comparison of the theory with experiment. 

For the theoretical treatment of the t: - decay the ~viandelstam-representation suggests itself. 13ut for 

decoy processes the usual form of this representation does not exactly hold/1/, because in general the spec

tral functions become complex in this case. In reference/2/it was shown that the i:naginory parts of the spec· 

trol functions correspond to 3-particle intermediate reactions~ Here we consiJer the usual 2-particle approx

imation to which those imaginary parts give no contribution. '.Ve look into the consequences of this approach 

which was first used by Khuri and Treiman/ 3/. 

In the following , integral equations are written down for the T- decay which also take into account p
wave interaction of the pions, and thus in principle offer a possibility for testing solutions of lTV- scattering 

integral equations. 
In order to get some first inforrration about the n 11 - interaction, for example scatterinq lenqths, the p - wave 

ter:ns are not expected to play an important role for t.~ decay. Comparison of the calculated matrix element 

obtained with the experimental 't - spectrur:1 gives on estimate of the ~- wave scattering-lengths of the n1-

lnteractlon. 
The knowledge of these scattering-lengths together with the integral equations of paper/4/ offer further 

information about the t\l~interaction. 

2. r- wave integral equations 

In ord~>r to obtain equations ·for 't._ and 't•+_ decay we consider the follov>~ing reactions 

(1) 

. 
We wish to thank G. B onnevay for sending '"' a pr epr lnt In whloh thea~ ques tions a r e l\l8o dlseul'l8ed. 
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+ - - • K + lt'l-+ 'tls -t lf" 

+ .. • + 
K ~ 1l1 -. tr,. + lt~ ~ 

}/ + n• ~ 'tl• + '1t,. 
1 1. l 1 

t • • K + n1.-. n:~ 
0 

+ lf'\ I 

t - .. K + ~'\ -+ v" ~ Tl'~ . 

The invariant variables of these processes lake the following form in the c . m. system of reaction III: 

s'\:: ¥' .. 1,; -+ 1 r·~' 21 } 

s..,:: y-1,~-lrs~'\z.,, 

s, . '+ l,; -+ ("'-'\.) • 

(II) 

(III) 

( I' ) 

(II') 

(III') 

(l) 

Here "' I ~ denote the mass of the 1(-'Tleson and pion respectively; r::-¥"" "'-:cL') . p, and -=t~ are the 

mo!llenta of the particles before and after the collisions, 1 1 denotes the cosine of the scattering angle. 

Analogous relations hold in the c.:n. systems of the other reactions. The s, obey the condition 

.... 'l \, 
s .. -+ s ... + s., :: ""' -+ J(-l. . 

In the following we also use the invariant combinations '7;, defined by 

1'1)1 :a S._- S, :a 'l- p .. , .. 'Z.,. I 

l~" = s\- s .. • 't p",''l.'L, 

1. 't)l • s .. - s"' • 't p, ,., z.1 . 

We are particularly interested in the values of the invariant variables for 

'\.( " 'l" s .. s, s1 • t'- \""' -~ ~or 7.; = i1 . 

(2) 

(3) 

Zj,. ±1 ; one obtains 

(l) 

Fiq. 1 shows the relation (4). Here I,II,III are the physical regions of the corresponding scattering processes 

IY corresponds to the decay process, which in the case of a non-real 1<-meson !llass malf shrinks into a 

point. For real S ; ... 'tlv\ +1) • with ""'• ) ,, the product (p,,;) becomes co:nplex for 

* We "ot II;·~~ j t-'-"•"\ . 
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III) 
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We assurne the followinq representation 

(5) 

which for m ll 'l con be obtained as the C:ini-Fubini p-wave approxi'!lation/5/fro·r: the usual 1,1andelstam 

representation. \'lith G • 0 , as s - wave approximation, relation (5) has been used in references/ 3,6/. 

Fror:1 (5) an:! from the unitarily con-litions for the processes I ad III we have to obtain equations, which 

:!etemine the functions ~ , .t , a . 

''le write the partial-wave development of the scattering a;r,plitudes in the following for:TI 

(6) 

and define s- .and p- waves respectively by 

F\o\~' "It M i'l + f\(-\ 1 ) (7a) 

t\ 1 (v) =i- \ t\{t) - f\(-)\ . (7b) 
~r, 

1-fere, f\(j:) •·t\lv,t.•1:1) ; J- and hiqher waves are ne1lecte:!. 

In the followinq we denote the s-wave amplitudes of process III an·~ I hy F. and G. , and those of Ill ' and I' 

by f. an-l 4j• , res pectively; the r-waves are -lenoted accordinqly hy G
1

, ~· . f rom (5), (7) and (I) we qet 

the following equations _ 

fols)=Jt -t s - It- (J..s'l(s'} -t l. rd.s'ils') . {coe. - y){s'-4(.) -t-'tp"," 
' ~{s'-'f){s'-s) Tr ~ s'--r (s'-,.(..f" - 't r~," 
- -

- tts' a(~') ("""""" - y)(s'-~)+lf.p","- erJs'ak} 
~ - (~·-.,(.r·-'+r1.,1. lr s'-r ) 

Gols) :: _t+ s - 'tfgls'j(s'), +.i_fJ.s' { (s•)-.l{s')\ ... (,-r)(~'- -'-)-+'tp," 
"~ls'-\}ls--s) •J <>'-r\~ j ls'-"')'-'tr .. ," .. .. - --t1.. (Js'<1(s') (l.v-\-'t-r)(~'-<4h'+rj" +Y:~.J Js'cr(s') 

1. -~ t s'-A"' - 't r",, 'lw l s' - r 
~ ~ 

where 

(8) 

(9) 
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For f. a subtraction was :narle at the point st,. s-, a r , s,.lf- , and for "· in the point c • 't , 
~ 4l .. 

s"• S~· '{ 'where .X a ~(r, r ... ) anr! X •M't-,r,rl . These complex constants are connectej by rela-

tion (5). Note, that actually only the real parts of J! , ~ enter the relations (8) and (9); therefore altogether 
on! y one constant appears. 

For the D•wave we get the equation 
I - -

G l .. )-1jJs1 f<T(s1l 1 I• ~t ~(s·) -,{(s1

) 4•-, -t - al~- + 
sl- s 1T 3 ( s •-.c.)'- \- p '0(' 

" ' 
1 ~--; ~csl,') s'-1"'-+s 

-t - ~ S - .,- l I l' 1.1.. '- '\ 1' .:) s -d. - "T p ., 
(10) 

't 

We re:nark that in (8), (9), (10) the quantity (p<t ) occurs only in even powers, therefore the imaginary part of 

the amplitude vanishes in the regions where (f;,<rf becomes negative. 

For -! , A and f/!1 the unitarily conditions give 

~ i . . -1 r l. . . ' } !·r;:;.tlG.lr.- 4 r. tr.-lT.) , 

1 :a \['V' f n'" 
~ ·"· l 

• 
; 6" • ~ ~ , G. n: . 
;) \J+1 

The Tf: are the 11'1l• scattering partial-wave ampliturles for isospin T. 

(11 'l) 

(ll b) 

Ole) 

The ass u:ned isospin selection rule I AT I• \ gives the following relations between the amplitudes deter
ming t· and t'· decay: 

F.sl'3•, 

G.:s~.~~·} 

G..:-~· . 

(12a) 

(12b) 

(l2c) 

The equations (8), (9), (10) can be written in the for::1 of dispersion relations in the \1- plane. For F.l") 
we get for exa:nple .. 

- .1 ... 
Fl) 1r vJ~'l(v'J "Jt 1 .fl-''-tli),')+[\4-1-1v'-e-',.lf/!1('"' .. 1p'1') 
•"•A~- ~-tiJV + ' v1 l\l'-vl 1t v'lv'-v) 

• •• 
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~ {"''-1r'i) "'l l:.c.'-1-1 v'•r';\ ~ l..C: - 1 p',') 
..,. \ v• - "\ 

where .CaA-(v') , p'•p(ov') , etc. 

Table I s hows the variation of v' • fiiC.• * 1 p',• within the limits oJ integration of v' 

I -- - 1,65 

1:: 
0,5 0,7 v 

--- -----
+ v 1-- + 1,3 +- 0, 15 

v .. 
5 0 0,15 

Table I 

(13} 

We see, that the reqion 1 ( \1 "\ ~t,l gives no contribution to the dispersion relations. Therefore a pos

sible p~ wave resonance of the 11',.- interaction, which is e xpected approximate ly in this region, will prac

tically be of little importance for F'. and G • . It should be further remembered, that the reqion of physical 

t ~ decay is li'llited by \1: O,l ; therefore a:nplitu-ies with higher values of v 1- will have only a ll:nited 

influence on the deca y. C3ut despite an expected weak influence of the p~waves it :nay be important to take 

the:n into account for a test of solutions of the ltll' - integral equations . 

3. s-wave equations and effective range approxi'Tlation 

A s ys tem of integral equations for s-waves only can obtained by neglecting the p- wave terms in (8}, (9}. 

However, In order to <iet a first numerical estimate it is more convenient, to use a syste-n of integra l equa

tions obtained fro!ll (5} by inteqra ting alon1 the lines ~;:: 0 . Therefore, instead of (6}, (7} we choose the fol

lowing definition for the s- waves: 

(14) 

This leads to the relations _ 

Re r=.t") ·.A+ P1.J~·lt"'l {~ - -1 
\ + PlfJv· ~l"')( -1 _ _1__1 

1t l \1 '-\1 v•- v.~ 1 v'-~ \1'-\.l• 
'l. J 

' 0 - - (!Sa) 

ReG.l•l•J. .. P~ r~; il•lV-• -.:_.j .. ~Jc~;l~l•l+:UVIl{.~-T- .~ ..). (ISb) 

• • 
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A subtraction was :na-:!e in the pqint \I" a V'\.a "~~1av0 , where .A.: kt ~ (v., v. ,u.) . In the reqion 
of physical ~-decay we have 

:lm f. (v) ,. 1lv) + 1 j(1~"} 1 

Jm~.\")~ ~l~) ~ ~(T-) -t l~T) · 
} Ds~~1 . ( l6a) 

(16b) 

The relations (15), (16) are usetl for an effecfive ranqe approxif!lation, which should be a goorJ one Jn view 

of the weak energy dependence of the ~-decay. [n such a way, Khuri and Trei 'nan/3/ got by comparison with 

experi:nent a condition for thea-wave 111f-scattering lengths . Their investigations, however, should bo refine I 

for exa:nple by taking into account the imaginary part of the a:nplitude. 

'·Ve start with the following approximation: 

~~ '\f:t\J)::: QTh = "'th. F.~~. =1. 
'<I '\-1 1- j ~Tf? I 

0 utting (17) into (15), (16) we get 

l Re F. l~) .. 1"' ~ ... Z"l") -t s~ ..... ~" lJ") , 

1_ R e&o( \l) • 1 + Sa.-ta, Z I \l) + ~.+tot, 2 (v) . 
.A 'y 4\ ,. l ' 

.1..Jnl Fl-.)=-. Q c; ~ 'ia.-ta' 1'\-" ' 

.A. • "'" T l 'l. ) 

1.] r t ) : &' ca..• Q" 'IV' ... s ..... lot" ~-" .. 
.A. m'-.\" t.. tY. ' 1. 

where 

Z .l v) : fv' t n 1- {"; _ W' t 1 - f;', 
1 + ti.:' '" 0 rt 1 tv: , v + v. 

2 t ~) .. ~ '\ -\1 ' t h 1 -~ _ r t 1 - 'fv'. 
1. 1 1-tf"i" '"· n1+fu': 

'.Vith(l8), (19) and the approximation 

~ v: 1 -lT: ( \l) ::: ,; ~ T + ·, \J Q~ 

(17) 

(13a) 

(l8b) 

(l9a) 

(l9h) 

(20a) 

(20b) 

(14b) 

= 



ion 

3a) 

)b) 

l) 

b) 
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for the a 1-anplitudes we obtain an expression for ~ , 1 which is put into (5). After integration an:i 1eve

lopment in powers of '~i , taking into account "" +v~ + v,. .. 1 , the real part of the decay amplitude takes 

the form: 

Here 

and 

For ~~ we have 

.!.. Re ~ 
.J... 

(21) 

(22) 

(23) 

· lh 
here ti is the kinetic energy of the 1 11'- meson in the rest system of the t- meson. 

With a subtraction at the sym'"Tlet rical point t ; 2 t 1 'l \ , where ..A.:: PtMt,) , we get for the square 

of the real part of A ; 

(24) 

Here 

(25) 

For the imagi nary part of the decay amplitude we ()et with 

(26) 

and the equations (11). (l4b). (18) and (1 9) the following expression 
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+ lv~~ ... -J~"}l~(s~~ +ea~) +~(•,. -oa.)l'ta.-Cl~) + v~ c.\ La\-~-\Q"- Q .)} + . 

~ t· N'; + "'li.;) tt .. ~( .... t .. ~ •t.-~ ts "• • ".1} + ~, bt; h .. :( s ....... 1}. (271 

With the help of (23), (24)we have for the square of the Feynman amplitude 

a's 1:- \ t\ l 1. • 1 ~ lt t,- -1) R l~ ,, Q ·) -t- K l Q ...... i "i) J 

where 

\( la .. ,•·i \);) s r"-+ 11.. 
The quantity (28) is compared with the following one, which fairly well represents the experimental 

data!7f. 

<raiN\"= 1t0,1l1tl-1) . 

'3etween <J and <J
1 

we have the relation 

d"' 

Cf - "l ) 
- 1 -\- I "· 

(28) 

(29) 

(30) 

(31) 

In Fig. 2 the quantities R lea,,oa.) .0,1 and Jn\ ~ l Yj • \) • 0 are shown as functions of oa, , Cla . 

If we put the values Q"a-O.l and ~.·-1 which were proposed in/3/ into our relations, o~~e obtain 

R{ 0"~ • •-1}•-0lS" and 
- ,~ 1 ' t 0 r- t \) • 0 · v • v.- 0 r 1. ~ ,~ l I " ~- •" , 

?l1~~)":a{1:, i <:1• 1 ior \),•"1 av,•\, (32) 

o,, O,G v,.. 0,'\i ~ ... v,. 0,-tS'. 

Note, that according to (30) the experimental energy-dependence of <J for the energies in (32) has 

the form 1.2; 1; 0.8; therefore the above-mentioned values of a.\ , Cl• are not suitable to reproduce the expe

rimental dates of the ~-decay. 

Agree:nent with the experimental energy-dependence can be achieved for example with the values tl\.2 0.2, 

Cll.C-0.3. We obtain~( 0.2; -0.3) • 0.16 and 

iJlm ~f:a 0,02 > 
{ 

0,07 

~ 0,00 
a·{ 1,2 ' ) 

1 . 

0,8. 

(33) 

( 

v 



28) 

(29) 

30) 

31) 

a • . 
. a in 

(32) 

has 

expe-

'2 0.2, 

33) 

11 

The following table gives examples which characterize the dependence of the theoretical value of (S on 

the scattering lengths Cl, , Q
0 

---- - ---
Clt, -1 -0,3 -0,333 -0,2 0 0 0 0,1 0,1 0,15 

Q.. -0,465 -1 ~.135 -0,7 -0,5 -0,3 0 -0,65 -0,45 -0,4 

r···~ ·· · ··· ··· 1 0,64 0,45 0,89 1,21 1,23 1,08 1 l ,41 1,28 1,28 

G' \11 • O,l j "",. v, z 0,1 S l ,41 0,61 1,05 0,68 0,79 0,85 1 0,71 0,79 0,8 

- -~ _ c__ -

-r-

Q\, 0,2 0,2 0,25 0,3 0,333 0,333 0,4 o.~ 0,6 0,7 

o.. -0,3 0, 2 -0,35 -0,5 -0,2 p, 135 f-0,3 0 r-O,S 0, 1 

- 1--

r···~··· ······1 
1,22 1,20 1,32 1,13 1,23 1,0 1,36 1,11 1,45 0,9 

r:t ",.oJ, .... ,,zo,u 0,82 0,87 0,78 0,76 0,83 0,78 0,79 0,95 0,49 1,0 

5 

3 

·-

Table 2 

cs asafunclionof Q\. ,a. (bydefinition <Jlv .. •v,•v, •\) a-1 ). 
.<\!lowing for an uncertainty of 40% in the determination of the energy-dependent part of a , one finds 

that the values of Q" , Ole within the hatched region of Fig.2 reproduce the experi:nental data with 

sufficient accuracy . 

The values given for a refer to equal energies v.. , "" . We remark that for v1•v, in the hatched 

region values are obtained, which differ little fro:n the former ones, e .g. for Q,_ a 0.2; a. a -0.3~ 

<1(v,•Oi "• ~ O,lj ""' O,l) : 1,t"" 1 

<tl ~,•\i v1 •\ i v,s 0) a •\00 (34) 

a r" ,6'f· y aOl · v,•O) • O,tlt- . 
\ \- • I .. I I 

Our values for the scattering-lengths reproduce also the data of the tt- :nason-spectra in reference/ 8/ . 

With ~\. • 0,2; Ol
0 

a - 0.3 we get for the 1f-t-. spectrum 

{ (35) 
0.92 

l.ll 
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The Q' 11'- scattering-lengths Q'\. , a. thus obtained fro:n t- decay lead to certain consequen · 

ces for the relative magnitude of the partial-waves of the:f1i interaction. From the integral-equations for 

"1'1-GCattering of referencel41 the following relation between •\. and a. can be derived : -
1 ... - s .. , • ~ J. t:.-1 l t 1).., lf:(o) t~J.., 1r:(o)-!; lT~( •l}. (361 

0 

For all pairs .of Cll t. and Cll• reproducing the experimental t- spectrum, the combination ( 2 Cll • -5 Qt. ) is nega
tive. 

This statement is not necessarily in contradiction with the possibility of a r - wave- resonance, but it 

should hint at the existence of a (T• 2)- resonance in the $1i interaction . 
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