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Abstract

The equation describing the scattering of the neutral pseudoscalar mesons in the low
energy region is investigated. The general solution olit);lned is similar to that of the Chew-
Low equation found by Sastllleio, l%alltz and Dgson/ . The solution has too different pos-
sible asymptotic behaviours at high energy. In the tirst case, the scattering amplitude de-
creases as ( €& ) -1 at high energy; It corresponds to the result of the renormalizable
perturbation theory. In the seoond case, the amplitude decreases as oé.-‘ , such solution
has no correspondence with the result of the renormalizable perturbati theory, In certain
sense, it s connected with the non-renormalizable Lagrangian ( a,,fa,,y )3. The se-
cond clasa of solutions has a number of interesting properties. In pattioular, it shows dege-
neracy in the 1imit of the switching off of the interaction.

- 1. Introduction

"In the last few years, attempts have been made to build the theory of strong interaction in the low énergy
region based on the analytic propei‘ty of the scattering amplitude as postulated by Mandelstam2 and the unj-
tarity condiuon. They all start from the assumption that the scattering amplitude in the low energy region is
essentially determined by the nearest singularities/ 3 , so that a self-contained theory of the low energy
phenomena can be formulated without the detailed knowledge of the high énergy processes. It is therefore
justified to approximate the unitarity condition by the contributions from the two particles intermediate
states. Such approximate unitarity condition together with the spectral representation lead to a system of

non-linear equations for the scattering amplitudes/2:4/.

These equations involve two continuous'vcn'iables and are very complicated. Further approximation is
made by using the first few terms of the Legendre expansion to represent the scattering amplitude. Using
this method, Chew and Mandelstam”/ obtained a closed system of non-linear integral equations for the
lowest partial waves of the X %~ scattering. Equations for a number of other processes have been

derived in a similar approach afterwm'dg 6,7/ .

In these papers, the imaginary parts of the scattering amplitudes in the crossing integrals are obtained
by analytic continuation with the help of the Legendre expansion into the region / coso/ >Z. Lage
errors are introduced by keeping only the first few terms of the Legendre expansion/ 8,9,10/, The errors
are particularly serious in the high energy region of the crossing processes. Integrals involving higher par-
tial waves even diverge. The solutions of the equations are unstable with respect to small perturbations in
the high energy region. In particular, the analytic continuation with the help of Legendre expansion leads
to the inconsistency of the results on the parameters of the f -wave resonance of the X 7 - scat-
tering derived from the investigdtion of the 7 M scattering on the one hand and that of the nucleon
structure on the other/117, It also leads to difficulty in the search for a stable solution of the equation for
the X & -~ scattering with a large /P ~ wave.

The analytic continuation of the scattering amplitude into the region / cos e / >7 with the help
of the Legendre expansion leads therefore finally to results in contradiction with the initial assumption on

the self-containedness of the low energy processes. The above mentioned difficulties raise doubt on the



possibility of building a self-contained theory of the strong interaction in the low energy region.

However, we believe, that such pessimism is not yet well founded. It is very probable, that the above
mentioned difficulties can be overcamed by using a somewhat different approach to the derivation of the
equations for t'h‘e partial waves proposed in/9.10/, In this approach, no use is made of the analytic conti-
nuation with help of the Legendre expansion. The structure of the crossing integrals of the equations for
the p&rtial waves is quite different from that of the equations of the Chew-Mandelstam type. In particular,
these integrals converge better in the high energy region. This new approach may lead to an explanation of
the low energy phenomena free from internal contradiction. It is therefore interesting to obtain the numerical
solutions of the equations for the partial waves of various processes, first of all, that of the W scat-
tering. The equations for the W X ~ scattering are derived in/8/ using the new approach. A simpli-
fied version of the equations is proposed in/9/ , where it is assumed, that the f— and o/~ waves are
small in comparison with the &=~ and P~ waves and can thus be neglected. In fact, these equations were

derived by only using the dispersion relation for the forward scattering, which has been proved rigorously.

Before embarking on the numerical solution of these equation, it is useful to have some indication on
certain general properties of the equations of such type. However, the analytical investigation of the equa-
tions proposed in/ 9/ turns out to be rather complicated. Therefore, we study first the neutral version of the
equations proposed in’9 The investigation leads to a number of important conclusions, which have to be

taken into account during the analytical investigation and the numerical solution of equations of such type.

P

II. The Integral Equation and the Behaviour
of its Solution 1n the High Energy Region

In the case under consideration, there is only one invariant scattering amplitude l , which is a

function of three usual invariant variables
S=4(v+r),;,  U=-2U(rec) [ {=-20(7-c) (2.1)

where V= %2, C = cos B; g and @ are the momentum and the scattering angle in the
_center of mass system respectively. As a result of the crossing symmetry, l is symmetric with respect
to all three variables in (2.1 ). Its Legendre expansion contains therefore only terms of even degree. In ac-
cordance with the approximation used in/9,10/ , we approximate the forward scattering amplitude by the

8§ -wave
A, c=1)F Aolv) = Av). (2.2)
Taking into account, that //V/ = 6}:_’?//11# z'é)

and that l is a symmetrical functionof 8§ and &/ , we obtain



ACr-v) = A7y, _' (2..3)-

The unitarity condition for the & -wave can be written in the form

S A) = SOOI JAC) S~ /,,H (24)

This formula is exact only ﬁ'p to V-3 where the first inelastic process begms to appear. We assume,
however, that even if { 2.4) is used for all \))O the solution in the region of small \J) receives
only unimportant modifications due to the error of ( 2.4 ) in the high energy region. F'rom ( 2.4 ) follows,
that /(U/ is finite, so that one subtraction is sufficient for the dispersion relation. We choose to make
the subtraction at the symmetrical point U s 34 and obtain

”{U} /‘+ uf/ Jl/ JM//"] ./ _ : / /'_ (2.5)

Ve % vev V$u4(

From ( 2.5 ) is obvious, that the assumption

Em Ky A/ = >0

V= oo’ ' '
leads to logarithmical increase of al( V) as Usoe iy contradlctlon ‘with (2.4). Thus, we

have A {"ﬁo The equation for f/ can therefore be written without subtraction.

/(v/-;z-;/ym/ﬁ,yf&?’; 475£:7de’- (26)

From ( 2.6 ) follows

Vs %

Therefore, the equation yithout subtraction ( 2.6 ) is mathematically equivalent to the equation
with subtraction ( 2.5 ). It follows therefore, that the existence of the manifold of the solutions connected
with the parameter A is not a consequence of the subtraction.

/Jm /v/o/ ’ o (2.7)

M. The Solution of the Equation

1t is convenient to introduce the following new variable

W= (2uer)? Bl = A/, (3.1)



Equation { 2.4 ) has then the form

Jm B(w) = f(wj/gf‘d//z,‘ blw)= AT(v); w2/ (3.2)

while ( 2.6 ) becomes
R(w) = j-’/ I BT .,
_ ; W - W

The equation ( 3.3 ) can be solved by the method of Castillejo, Dalitz and Dysonl.

as a function of the complex variable &£ m &J+ ’ y has the following properties:

1. analytic in the complex plane & with a cut [ f, oo ) along which

I B(w+#:0) = Kw) [BCsi0)]"
It is evident from ( 3.3 ) that '

B8°¢) = B(2%).

2. is a generalized Q - function

oy B2)=A (2)Jn 2 Y

Thus, B{ij has no zero except possibly on the real axis and at infinity.

3. ABfw)is real and larger than zero for &)  real ana smaller than 1.

4. B @) may have any number of isolated zeros in the interval (7, oo / .

Let us investigate the function

Hé) = 50)

H@) has the tollowing property:

/’(?/ ,/ é(‘"}/ﬁf“"//‘

aw’ >0.

(3.3)

The function 8(3)

(3.4)

1. //(8} is ahalytic in the complex plane with the cut ﬁ, 0°) , along which

o H (w+ :’o/:—r‘{U}.Besides, there is Ae%)= A ).

2. ”{8} is a generalized ,€ - function, has no zero when> T & #0.:

3. //(3/ has no pole except in the inter val ( /, o° / where- there may be any number of isolated

poles of the first order. Poles of Higher order have not the properties of the generalized

A, - function.

4, //6’/ has no zero on the real axis. It follows, that the general form of //ft’/ is



R A i Y V1Y)
/‘//9} b 7’, o (.d’/w’—é} e } : (3.5)
where
£.,

)=

h COp(@rm-8) [ € W & o2 (3.6)

From (3.5) follows

.7!»”/8/—-%1?&(8)*(‘ +[ ?/lf
#lw’)
I 4 ’
A= //w' e/"/
In order that ﬂ(i) has the property specitied in 2. tpere must be .
Ro,20 , C2z0 (3.7)

//( j decreases monotonously in the interval ( w, 1 ] In order that /@)  has the property
specitied in 4), so that it has no zero in this interval, it is necessary and sufficient, that

.!.>/1.1J{/}+C+,e(/) ' (3.8)

p S

where

Jw) = W iA@Y ' L)
w) ’f;w STwtw) = T - 2/x G (t/;/‘ /;—‘5'670/&:—5/

(3.9)
Qo denotes the Legendre function of the second kind.
0.(3)=-A & -1 o - f-l_ v
o ) 2 ;_‘/ . X is defined as: V—*/ BR77YAR

Summarizing, we have th.c-:j following general solution of the equation ( 3.3)

- A , ,
B(w) = /—AJ{«)}-,{CUD A R@) (3.10)

The function A (w0, ) is defined in (3.6), A, C, R » have to satisfy the conditions ( 3.7) and
( 3.8). The condition ( 2.7 ) is a consequence ot the conditions ( 3.7 ) and ( 3.8).



IV . Comparison with the Result of the Perturbation Theory

It is interesting to see the correspondence between ( 3.10) and the result of the perturbation theory.
Assuming that )\, is small, we may develop the denominator of ( 3,10 ) and obtain

kS .
Awy= X + %J‘(uvu}‘) + A% (2v+1)*y A,l(zvu)zR(u.vw)") +O ). (4.1)

-

The first two terms'in ( 4.1 ) correspond to the first and second order contributions in the perturbation
theory based on the interaction Lagrangian

) 41 3
Jm = gAY | (4.2)

The fourth term corresponds to the pole contribution of the second order terms in the perturbation theory
from the interaction Lagrangian

I = ZahHt] (43)

* {’See in this connection the paper of Dysen13/ ). 4”; describes here the unstable particle with the mass
m, > 2, The relation between :n A mﬁ Wy, and 2"_ can be established easily in the

_theory of perturbation.

The third term is in a certain sense connected with the non-renormalizable interaction Lagrangian
u) / [ ( _3_2 J-P - __ ¢ ]
Xu (4.4)
with J‘ =2 "/\ZC,

Of course, the connection between ( 4.4 ) and the third term in ( 4.1 ) is not clear cut, as there is yet
no consistent theory of perturbation for such interaction Lagrangien, Hewever, it is shown by one of the
author/14/, that' similar case exists in the non-relativistic theery. We pestpone the discussion about this
interesting point to the last sectien and limit ourselves in the present section to the discussion of the cor-

respondence between the first two terms of ( 4.1 ) and the interaction Lagrangian ( 4.2 ).

The first and second order contributions to the S -wave in the pergn‘bation theory can be calculat-
ed easily.
A 2 /4 (2)
+ — (v) + -
Ao ¥ T Lpa

We obtain

4;«.#;. =

Y] ”
Here the amplitude is renermalized at the threshold. The suffix 7 B\, denotes here the results of the

(4.5)

pgrturbution theory. ' A:;:V) is of the following form:
@) ~4po/4)-220YA
= £ - JX) - 2 22— @, (= 6
Aﬁth.‘” = 6 ~1/RQ = Qi) x Y ( %) (4.6)

“uh



(4.5) and (4.6) should be compared with the first two terms of ( 4.1 ), which can be wriz*en in the
form ( 4.5) by transfering the point of renormalization to the threshold. We have then

(z)
Aieg

The suffix :«. 0}«” denotes here the results derived from the inteqral equation. The first order term in /\a

2
)z 2 - R QOE) - Z R (F). (4.7)

in the perturbation theory agrees with that of the solution of the integral equation by definition. It is interes-
ting to compare the second order terms in A 0 given in ( 4.6 ) and ( 4.7 ) at the threshold.

a) In the perturbation theory
. 24
Atz) g':.{x-iixl- Jxa
P th, 3 45 318

b) In the solution of the integral equation

() 4 {72 S S
A. - -‘3.’ -Fx 3‘.

<. b;

At the threshold of the first inelastic process at V = 3

(2) "
A (3) = =382/ A. ) (3) =-3333,

P th, d weq.
We see therefore the solution of the integral equation agrees very well with the corresponding result
of the perturbation theory in the low energy region. Error of the second order term is 6% at ¥ = 3. This
agreement supports the initial assumption on the possibility of building a self-contained theory of the strong

interaction in the low energy region.

V . The Solution with Resonance

From (3.10) follows , that the;e are two different kinds of possible asymptc-itic beha?iom for the so-

lutions of the inteqral equation as vV ~» eo

a)
T
ACV) = 2 kn V (5.1)
which corresponds to the absence of non-renormalizable interaction.
b) Ay = - - .
. cyv? (5.2)

which corresponds to the non-renormalizable interaction Lagrangian ( 4.4 ). These asymptotic behaviours
do not depend on the function Riw) , which describes the influence of the unstable particles. For the
sake of simplicity, we shall limit our discussion to the case, in which there is no unstable particle. This
is equivalent to the case, in which the phase shift of the scattering never becomes zero in the interval

0 < p 99, It is then obvious, that there is no resonance in the solution of the type a), while in the so-

lution of the type b) there is a resonance at the point Vo = -ZL(&QIE - ) = ‘-'.( /t_ié -1 ). (5.3)
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If X\ and f are magnitudes of the same order, the resonance occurs in the low energy regioh. The resonance
solution for small A, can be written in the following form

A/‘ ’\/L (5.4)
Aw) = : + . ) ‘
Vel LA 20 A e fe)y) O (-
'-;";-':"LEK‘V)OC") f+‘.%+' 41,‘1(( V)& (-1-v)

In the limiting case of A® 0, the imaginary part of A ) can be qpproxgnated by the & —functions

P Av) x A “”“f ){J(V,;-v)-f(\‘a-*s’w)}.

Y (5.5)
The real part can be represented by the pole terms
. A : { + { }
2&4(” = T‘VA*E'.') { Vo=V Va+vVel * (5.6)

Therefore with & fixed, the width approaches zero with A . In the case of A< © , we obtain there-
refore non-zero solution. At the point of resonance ¥ , which can take arbitrary value, the phase shift
jumps suddenly from 0 to ‘M . Thus the solution shows degeneracyat A 20,

It is to be noticed, that in this case, the @l «wave A& will be proportional to A . Its main con-

e

tribution comes from the crossing integral. It is always small due to the large denominator appearing in the

. integral. For example, in the interval €€ ¥ <€ & and ¥4 # 3 the numerical estimation shows e
, A‘ (4 V) Y )
€¢%.
A

It is very likely, that the equations describing the scattering of the charged -y - mesons have also
different types of solutions similar to those given in ( 3.10 ). It can be shown, that the solutions of the equa-
tions for the scattering of the chargéd I - mesons tend to zero as ¥ =» @ | Beside the type of solutions
with the asymptotic behaviour 4 ¢»s | e ‘z'; which corresponds to the result of the renor-
malizable perturbation theory, there may exists another type of solutions, which tends to zero quicker then

m as ¥V =» o , Such type of solutions will also exhibite degeneracy in the limit of the switching
off of the interaction as described above.

We would like to add here a few remarks on the possibility of obtaining the solution ( 3.10 }'with the
"N method proposed by.Chew and Mandelstam/5S/ . The form of the-integral representation for the func-
tion ) depends very much on the asymptotic behaviour or the phase shift as ¥« @®, This representation

i{s determined only up toa polynomials of the M #& degree, where
m = # { & (o) -J(o)}‘

The form of the representation (V.12 ) proposed in/5/ cortesponds to 7 @ . Thus from the outset, Chew
and Mandelstam excluded the possibility of the existence of an odd number of resonances of the partial waves .
The equations of the form ( V.11), ( V.12) of/5/ cannot have solutions of the form ( 5.4 ). It needs a

second subtraction of the equation ( V.12 ) to make the existence of the  resonance solution of the form



( 5.4 ) possible. Taylor arrived at the same conclusion in his recent work”17/.
»
method are

.

It is to be pointed out, that equations of the type ( V.11 ), ( V.12 ) derived with the

bz

not convenient for ensuring the crossing symmetry of the real part of the scattering amplitude.

VI. Discussion

First of all, we would like to say a few words on the formal aspect of the results. Many features of the
solution a) and b} have close correspondence with those of the expressions for the model Green functions

in the renormalizable and the non-renormalizable theories proposed in/18,19/,

The solution q) is very similc to the expression of the Green function for the photon. Its spectral repre-
sentation can be written down without subtraction (Eq. {2.6) ). However, if we develop the expression un-
der the integral sign in power series of A , then logarithmic divergences appear in each term of the
power series after the integration. If one subtraction is made of the spectral representation, equation ( 2.5 )

is obtained. Then no divergence will appear.

The solution bj corresponds to the Green function of the non-renormalizable theory in certain sense.
If the expression under the integral sign in { 2.6 ) is developed into power series in A and f , then
a series of divergent integrals appear, the degree of divergence of which increases with the degree of f
Such divergences cannot be get rid of by any finite number of subtractions. Solutions of the type b) have the-
refore no correspondence whatsoever with the theory of perturbation.

However, there is no justification to throw away solutions of the type b) in favor of solutions of the type
a) which is in fact nothing else than the analytic continuation of the result of the perturbation theory into
the region of large A .

As pointed out above, solutions of the type b) show degeneracy in the limit of the switching off of the in-
teraction. It ispointed out by Bogolubov/ 20/ , that solutions of such type are of great interest in many prob-
lems of the statistical physics. Now it seems very likely, that such solutions will also be important in the
problems of the theory of elementary particles. It is well known, that the 33-resonance in the =M scat-
tering is rather narrow. Th;e preliminary estimation using the data of the nucleon structure shows, that the

r - wave of the 7= scattering has very narrow resonance. However, theories, which explain the exis-
tence of the 33-resonance, have great difficulty in explaining why the resonance is so narrow” 21,22/ ar
tempts to explain the narrow ‘ﬁ Tesonance in the M- scattering encounter still greater difficulty/23,24/.
Howeaver, solutions of the type b) lead to narrow resonance in a natural way.

We would like to make the following important remark based on the explicite form of the solution ({ 3.10).
Integral equations derived with the help of the dispersion relation, unitary condition and crossing relation do

not give a unique description of the scattering processes. In order to fix the solution completely, it is neces-
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sary to specty a set {consists of infinite number) of parameters. This fact is not surprising. The disper =
sion relation only the consequence of the most general properties of the theory, such as causality and re-
lativistic invariance. It does not specify the concrete mechanism of the interaction. In this sense, the re-
lativistic dispersion theory corresponds completely to the non-relativistic models. {See for example/ 13,144,

Therefore, in order to build a theory based on the integral equations derived from the dispersion rela-
tion, it is further necessary to specify a series of properties of the sblutions of these integral equations.
For example, in the case of the neutral model under investigation, it is sufficient to specify the value of
the scattering amplitude at the threshold, the asymptotic behaviour at ¥ —» e® and to demand that the
phase shift never equal to zero for finite ¥ . The same aim can be achieved by fixing the subtraction
constants, The first subtraction gives the threshold value of the amplitude. The second subtraction constant
(Viz. the derivative of the amplitude at the threshold ) fixes the asymptotic behaviour of the amplitude, if
the zero of the amplitude is exclude. This method is convenient for fixing the solution during the nume-
rical solution of the integral equation.

It is interesting to speculate on the physical meaning of the parameters defining the solution. The first
possible interpretation is, that these parameters correspond in fact to the Lagrangians { 4.2), (4.3) and
( 4.4), so that interactions, which is not renormalizable in the perturbation theory, play an important role
in the pion physics ( see in this connection/ 25/). In other words, the dispersion relation may offer a pag~
sibility of settling the question of the existence of non-renormalizable stronq interaction by means of compar-
ing the consequences of the theory with the experiments.

The second possible interpretation is, that these parameters take into account the influences of the ine-
lastic processes on the elastic process in the low energy region. We have, therefore, here a possibility of
taking into account the effect of inelastic processes phenomenologically in a scheme, in which the two par-
ticles approximation of the unitarity condition is used.

Further investigations show that the solutions of the integral equations describing the scattering of
charged pions also possess the important properties of the solutions of the neutral model discussed in this
section. Result ot these investigations will be published in future communications. »

It is authors pleasure to thank N.N. Bogolubov, D.I. Blokhintsev and A.A. Logunov for valuable

discussions.
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