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YcTaHaBnHsaeTcH, ~TO B paMK8X waKCHOM8TH~ecKorow MeTo~a nocTpoeHHH 

M8TpH11bl pacceHHHH
1 
~ononHeHHOrO Tpe60B8HHeM 'nepeHOpMHpyeMOCTH

6 

TeOpHH, !103HH

K8IDT BeCbM8 CHnbHble orpaHH~eHHH H8 B03MO:>KHble CTeneHH pOCT8 M8TpH~HbiX aneMeH-

TOB. 

~ -·---·--

... 

\ 
I 

' 



t 

1 

1. B s e n e H H e 

B nocnenHHe nSITb neT ynenSieTcSI 6onbllloe BHHMaHHe HccnenosaHHIO o6llleA 
1-4 

cTpyKTYPhi noKanbHOA TeopHH KBaHTOBbiX noneM: • UeHTpanbHhiA sonpoc 9THX Hccne-

nosaHHA COCTOHT B TOM 1 HaCKOnbKO orrpenenSIIOT TeOpHIO OJJ.HH TOnbKO 06ll1He Tpe6o

B8HHSI - penSITHBHCTCKOH HHB8pH8HTHOCTH1 YHHTapHOCTH H nonHOThl CHCTeMbl COCTOSIHHH 

C rronO:>KHTenbHOH 9HeprHeA1 noKanbHOCTH - 6ea KOHKpeTHhiX JlHH8MHqecKHX npennono

)K9HHH1 KOTOpbie nenaiOTCSI1 Korna TeOpHSI CTpOHTCSI Ha OCHOBe raMHnbTOHOB8 MeTOJl8o 

<PopMynHposaTb CHCTeMy OCHOBHhiX cPH3HqecKHX nono:>KeHHA MO:>KHO paanHqHh;MH 

CllOC068MHo 1-JaM Ka:>KeTCSI y JJ.06Hh!M HCXOJlHTb H3 M8TpHUhl pacceSIHHS! s K8K STO 
5 

6hmo snepsbie npenno:>KeHo 1aAaeH6eproM , H ¢opMynHposaTb 9TH cPHaHqecKHe nono:>Ke-

s TeopHH o6SiaaTenhHO non:>KHhi 6hiTb sseneHhi KaKHe-nH6o noKanbHbie onepaTophi, 

nOCKOnbKY Oe3 9TOrO Henb3SI paanHq8Tb OTJJ.eiJbHbie ToqKH npOCTp8HCTBa-speMeHH H 
4 

c<!JopMynHpOB8Tb Tpe60B8HHe npH'IHHHOCTHo 3To MO:>KHO cnenaTb (cp. ), 38llHCbiB8SI· 

s-MaTpHUY B cPOpMe paano:>KeHHSI no HOpManbHbiM npOH3BeneHHSIM 8CHMnTOTHqeCKHX 

none A 

00 

s =L (1) ..... 
H aaTeM paClllHpSISI ee aa npenenbi 9HepreTHqecKoA nosepxHOCTH, To ecTb CHHMaSI 

ycnosHe 

l a - """ l 'f' CJC) = 0 • ( 2) 

Torna c noMOlllbiO sapHaUHOHHoro JJ.HcP¢epeHuHposaHHSI no nonsrM 'f<x) MO:>KHO CTpo

HTb raAaeH6eproBbi noKanbHbie onepaTopbi, 

6 
CHcTeMa ·ocHOBHbiX nono:>KeHHA TaKoro po.aa 6hina c¢opMynHposaHa l3oroni06oBbiM 

JJ.nSI TeopHH C 8.UH868TH'l:eCKHM BKniO'ieHHeM H BbiKniOqeHHeM B38HMO.UeACTBHSI H, K8K 
7 

6binO rroKaaaHo l3oroni060BbiM H WHpKOBbiM , rrpHBena B paMKax TeopHH soaMyllleHHA 

K TeM :>Ke peaynhTaTaM, 'fTo H o6hJqHbie narpaH:>Kes ¢opManHaM H TeopHsr nepeHopMH

posoK. B nanbHeAllleM aTa CHCTeMa nono:>KeHHH 6hina nepe¢opMynHposaHa H yToqHeHa 
4 x) 

B pa6oTe DOroni060B8 H aBTOpOB cneuHanbi:IO .anSI Bb!BO.U8 .UHCirepCHOHHbiX COOTI:IO-

llleHHH H cneKTpanbHhiX npencTasneHHA 4enneHa-neMaHa. TaKoA nyTb rrocTpoeHHSI KBaH

TosoA TeopHH nonsr, ocHosaHHhiA Ha CHcTeMe ¢yH.aaMeHTanbHbiX nono:>KeHHA H3 BT .D.C, 

x) B .aanbHeAllleM UHTHpyeTcsr KaK BT.D.C. 
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§ 2, H OnHp8IOUlHitCSI H8 MeTO,llbi TeOpHH .OHCnepCHOHHbiX COOTHOWeHHit1 Mbl 6y.oeM 

Ha3biB8Tb .oacnepcaOHHbiM no.oxo.ooM. 3aaqeaae .oacnepcaoaaoro no.oxo.oa K KSaHTOBoit 

TeopHH llOJlSI He HC'lepnbiBaeTCSI TeMH OrpaHH'leHHbiMH TO'IHbiMH pe3yJlbT8T8MH1 KOTOpble 

y.oaeTCSI noJiy'IHTb C era nOMOUlbl01 HO onpe.oeJISieT HOBbiA MeTOA llOCTpOeHHSI BCeit 

Teopaa. 

B qaCTHOCTH, ecna nonbrTaTbCSI y.oosneTBOpHTb ocHOBHbillf ycnoBHSIM .oacnepcaoa

aoro no.oxo.oa cpopMaJibHbiMH pg.oaMH no cTeneHSIM Manoro napaMeTpa, TO MO:>KHO 6y.oe~ 

K8K BCer.oa B TeopHH B03MyUleHHit, nocne,llOBaTeJlbHO H8XO,llHTb O.OHH 'IJ19H pa3JlO:>KeHHSI 

38 .opyrHMo npeaMyUleCTBO nepe.o o6bi'IHOit TeopaeA t>y.oeT COCTOSITb B TOM 1 'ITO Te

nepb He noaa.oo6aTCSI npa6eraTb K cpH3H'leCKH Hey.oosneTsopaTeJibHOA npone.oype a.oaa6a~ 

TH'l9CKOrO BKJliO'leHHSI H BbiKJ1IO'l9HHSI B3aHMO,lleitCTBHSI H MO:>KHO 6y.oeT pa60T8Tb TOJlb

KO C nepeHOpMHpOB8HHbiMH BeJIH'IHH8MH 1 H36erag 6eCCMbiCJleHHOrO B COBpeM9HHOit Teo

paR Bonpoca 0 CBSI3H "nepeHOpMHpOB8HHbiX" a"aenepeHOpMHpOB8HHbiX" xapaKTepHCTHK. 

8 
KaK 6biJIO ae.oasao noKa3aHo 

1 
nocne.oosaTeJibHbre 'IJ19Hbi pa3Jio:>KeHHSI onpe.oenSIIOTCSI 

npH aTOM C TO'IHOCTblO .00 KOHe'IHOrO 'IHCJ18 KOHCT8HT1 HMelOUlHX 3H8'19HHe KOHQ'IHbiX 

x) 
KOHTP'IJieHOB o6bi'IHoro raMHJltiTOHOBa MeTo.oa. 

'-lHCJlO T8KHX KOHCT8HT onpe.oengeTCSI CTeneHSIMH pocTa M8TpH'IHbiX aJleMeHTOBo 

3TH CTeneHH p0CT8 H3BeCTHbiM 06pll30M onpe.oeJISII0TCSI1 9CJ1H 3ll,llllH narpaH:>KHllH 

B3llHM0.09itCTBHSI. Li.JISI .OHCnepCHOHHOrO llO.OXO,llo!l HeO)lHOKpaTHO BbiCKll3biBllJlllCb 
1 4 . 

MbiCJlb 1 
1 'ITO 3ll,08HHe CTeneaeit poCTo!l B KllKOit-TO Mepe CJIY:>KHT BM9CTO 3ll,llllHHSI 

1 8 
·JlllrpaH>KHllHS. B TO :>Ke BpeMSI 6biJ10 O'leBH.OHO 

1 
1 'ITO COBCeM npOH3BOJlbHO 38,0aBllTb 

CTeneHH pOCTB HeJlb3SI. 

HacTOSIUlllSI pa6oTa nOCBSIUleHa BbiSICHeHHIO Mepbi np<;>H3B0Jlll 0 C KOTOpbiM MO>KHO 

3B,ll8B8Tb CTeneHH pacTa pll3JlH'IHbiX MllTpH'IHbiX aJieMeHTOBo npa aTOM H9CKOJlbKO He

O>KH.Oo!lHHO BbiSICHHTCSI1 'ITO aTOT npOH3BOJ1 O'leHb Y30K H ,llJlSI Bll:>KHeAUiero KJlo!lCCa 

"C06CTBeHHO nepeHOpMHpyeMbiX
8 

Teo pH A CTeneHH pOCTll He npHXO,llHTCSI 38,llllBllTb B 

BH,ll9 OT,lleJlbHOrO llOCTyJlllT81 HO OHH no'ITH O.OH03Hll'IHO onpe.09J1SIIOTCSI CHCTeMoA OCHOB

HbiX nono:>KeaaA BT .UC a TpaHccpopMauHoHHbiMH csoAcTeaMH noneA. 

x) 
0TMeTHM, KCT8TH 1 'ITO B .OHCnepcHOHHOM llO,llXO,lle - H aTO eme O.OHO era npe-

HMYlll9CTBO - oco6eHHO npOSICHSI9TCSI HCTO'IHHK "KOHTp'IJieHOB
6 

H npH'IHHa ll0SIBJ19HHSI 

paCXO.OHMOCTeA B 06bi'IHOA TeopHH npH He3SKOHHOM YMHO>KeHHH 9-cpyHKUHA Ha cpyHKUHH 0 

H9,llOCTSTO'IHO perynRpHble-B HMllYJlbCHOM npe.OCTSBJleHHH TSKSg onepaUHSI CBO.OHTCSI K 

(cp • .oacKyccHIO B BT.llC §§ 1 H 4) npaMeaeHHIO HHTerpanbHOA cpopMyJibi KoUIH K cpyHK

UHH1 He y6biB8IOUleA Ha 6eCKOHe'IHOCTH 1 6e3 y'leTa HHTerpana no 60JlbWOMY Kpyry. 
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ViccnenoaaHHe, npoaeneHHoe HBMH LinH npocTeH:wero cnyqaH caMoneH:CTByrowero 

ITOnSI CITHHo!l. 0 1 ynaeTCSI BbinOnHHTb oea SIBHOrO OOpar.ueHHSI K TeopHH B03Myi.UeHH.H 0 

Via c<i:JopMynHpOBBHHOH B BT .lJ.C CHCTeMbi OCHOBHbiX <i:JH3H'IeCKHX rrono:>KeHHH MO:>KHO 

9 
MHOrooop83HbiMH CITOCOOBMH rrony'lo!I.Tb CHCTeMbi ypaBHeHHA 1 CBSI3b!B8IO!.UHX Me:>K,ny co-

OOH OOOOI.UeHHbie BepWHHbl C paanH'IHbiM 'IHCnOM KOHUOB 1 TO eCTb MBTpH'IHble aneMeHTbi 1 

OTBe'lBIOI.UHe pa3Hb!M 'lHCnaM 'IBCTHU B H8'1BnbHOM H KOHe'lHOM COCTOSIHHSIXe nocKOnbKY 

rrpH rrony'leHHH TBKHX CHCTeM HCrroncayeTCSI ycnoaHe rrpH'lHHHOCTH 1 TO, KBK y:>Ke roao-

pHnOCb1 rrpHXO.llHTCSI paCCMo!I.TpHB8Tb1 ITOMHMO 

Hble raA3eH6eprOBbi onepo!I.TOpble KaK MHHHMYM rrpH aTOM HeOOXOLIHMO BBeCTH LIBB TBKHX 

onepaTopa, HMeiOI.UHX CMbiCn rrepaoA H BTOpOA BBpHo!I.UHOHHblX rrpOH3BOLlHbiX MBTPH.Ubl 

pacceSIHHSI HnH 1 TO'lHee,' paLIHo!I.UHOHHbiX onepaTopoB" (eM. BT.UC) nepaoro H aToporo 

nopSILlKo!l.o Torna Mbl MO:>KeM <i:JopMyJlll.pOBBTb TeopHIO TBK 1 'lTOObl BCe OCTtlnbHbie "'KoH

Ubl' t KpOMe OLXHOrO HnH Ll·BYX 1 COOTBeTCTBeHH0 1 ObinH Obi peanbHbiMH, ne:>Kai.UHMH Ha 

x) 
aHapreTH'leCKOA rroaepXHOCTH 

oy LieM paCCM8TpHB8Tb M8TpH'lHbie aneMeHTbl Me:>KLIY COCTOSIHHSIMH Ha 

noaepxHOCTH aHeprHH 

(3) 

H 

(4) 

nayx apMHTOBbiX onepaTopoa 1 H 1 ( " ). OnepaTop 1- aTo npocTo raAaeH6eproa 

onepo!I.TOp TOKa, B3SITbiA, 'lTOObl HCKnJO'lHTb TpHBHBnbHYIO 38BHCHMOCTb OT ll 1 B Ho!l.'lane 

KOOp.UHHBT! 

j (Ill .. 
(5) 

B cHny TpaHcnHUHOHHoit HHaapHaHTHOCTH ero M8TpH'lHbie aneMeHTbi CBSI38Hbl C MBTpH'l" 

HbiMH aneMeHT8MH ( "' .... f ... ·, .... ~ ... ) onepaTQpa j ( X ) ¢opMynoA: 

x) 
AaTopbi 6naronapHbi H. H. 5oronro6oay, o6paTHBWeMy HX BHHMaHHe Ha 

YLIOOCTBO TBKOro paCCMOTpeHHSio 
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f<P······~(i'k·-q\l .. l"''P······r,;~···-~\)e-~(l:p, -~,il)(. (6) 

BTopoA onepaTop, 1 ( l( ) , 3TO aana3.llhiB810llli'IH pa.aHBUHOHHhiH onepaTop, B KOTOpOM 

onHTh y .aaneHa TpHBH8nbH851 38BHCHMOCTb OT KOOp.llHH8T : 

l+(JI) = 1 (J') • ~ 
(7) 

~ j(- "t~) 
"i(Jil - - . 
d - ~" ( "lt.) , 

Ero MaTpHqHbie aneMeHThi ( 4) cosna.aaiOT c sse.aeHHhiMH s B T .llC ¢yHKUH51MH F ,~ 
,..., .. 

3aMeTHM
1 

qTQ 4JaKTHqeCKH M8TpHqHbi9 aneMeHTbl (3) COLJ:9p:>K8T O.lli'IH H9 neJK8llli'IH H8 

llOB9pXHOCTH 3HeprHH HMnynhC 

'P .. ~ P• - I '\i :t= o, (8) 

a M8TpHqHbi9 aneM9HTbl ( 4) - .llB8 T8KHX HMnynhCB: ( 8) JII HMnynbC, COOTB9TCTBYIOIUHA 

51BHO BXO.ll51lll9H K00p.UHH8T9 ll. 

nerKO BH.ll9Tb
0 

qTO M8TpHqHbi9 aneMeHTbl (3) H ( 4) CB5138Hbi, H938BHCHMO OT 

x) 
ycnOBH51 llpHqHHHOCTH 0 COOTHOIU8HH51MH 

"i(p.P"···fti~.---,d"' P(-1-' ),cp-~.)1Cp.,---p,;~a.···-q\)-
d 1····1~ • - - ~ l ( ·(p+.:EP• ..:.1;)r. 

- (l-<\li(:tp•)~ ).tx1(Kfp,.---.f«i~c···qs)e' :Z: 

( 9.1) 

1cp,.···P(;~·i···-qsl = .P(p,.~·r }~{f,-~l]tp,.---p,;q,---~~)-
-11 -~ \ " - ,{-If + %Pi.- 2: qj)" 

- "-'' t(~·l J.t.1<~tlp,···fti,c··-qsle 

( 9.2) 

H 

·r_. .. ::--=-

1t•l -l(-11.) = •{ i<l)j(-jl- i(-f\l(il\ ) ~10) 

a ycnosHe npHqHHHOCTH HanaraeT Ha onepaTop 1 ( " .aononHHTenbHOe orpaHHqeHHe 

l ( " ) 0 .anH X ~ 0 • 
(11) 

x) n ( . P• ) 
OnepaTop r p, .... ps B ¢opMynax ( 9 ). aTo onepaTop CHMMeTpH3a-

UHH no COOTB9TCTBY!OlllHM apryMeHT8M 0 onpe.aeneHHhiH B 
7 

§ 18. 

-..,, ___ -- - ----·-----_ -
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YlTaK, Mbl IIOJIY'IHJIH CHCTeMy ypaBH9HHH (9-11) .ll1151 H8XO)K.ll9HHSI MaTpH'IHb:X ::me

M9HTOB orrepaTOpOB 1 H 1 ( " ) • Mo)KHO .llYM8Th1 'ITO 8T8 CHCT9Ma .ll0CT8TO'IH8 

.ll1ISI onp9.ll9119HHSI 8THX onepaTopOB 1 BO BCSIKOM cnyqae MO)KHO IIOK838Th1 8H8JIOI'H'IHO 

8 
TOMy K8K 8TO C.ll9JI8HO B 1 'ITO B paMK8X TeOpHH B03MyiUeHHH 8TO .uei!:CTBHTeJibHO 

T8Ko 

I.{ T06bi HCKJIIO'IHTh H3 IIOJiy'leHHOit CHCTeMbl on epa TOp 1 ( 14. ) 1 rrep9IIHIUeM 1 

npe)K.ue scero, ypasHeHHe ( 10) B MaTpH'IHbiX sneMeHTax. 

.., .. 

Tenepb Ha.uo erue yqecTh HaJio)KeHHoe Ha 

B CHJIY KOTOpOI'O 1 ( -,r.( ... f···; . •. (\. •• 

¢opM81IhHO STO MO)KHO C.lleJI8Th,npoCTO 

1 ( ~ ) YCJIOBH9 npH'IHHHOCTH (11), 

o6paruaeTcSI s Hynh npH x• < o 

.ll0MH0)!{8SI ( 12) Ha e < "• >: 

1'"'P,···Pti ~ .... q~) = 4(Ip,+I,i_z~c,)a_,(l:r,ji,;_lir..f 
. ~ I ( IL 1(, "ff

0 
o .L ·-~)"!(lc, ... ky;o, ... q~}9(~t•)fe t - E! J 

=~L.Y.l"~·~•r:.,r(····,t•"• 3 ' ~ (t3) 
VtO • 

EcTeCTB9HH0 1 'ITO T8K8SI orrepaUHSI MO)K9T1 K8K H3B9CTH0 1 npH He.llOCT8TO'IHO 6biCT

pOM y6biB8HHH IIO.llHHT9I'p81IhHbiX cpyHKUHH 1 OK838TbCSI JIHW9HHOH TO'iHOI'O CMhiCJI8 H 

npHsecTH1 npH ee Henocpe.ucTseHHOM BbiiiOJIHeHHH 1 K noSisneHHIO pacxo.aHMOCTeit. B TaKHX 

CJIY'I8SIX H8.ll0 1 KOH9'1H01 BbiiiOJIHHTh npe.usapwTeJibH01 K8K TO H3BeCTHO ll3 TeopHH .llHC

nepCHOHHbiX COOTHOW9HHH 1 Bbl'IHT8HHe IIO.ll .lfHTerpaJIOM 1 CJ19.llCTBH9M KOTOpoi'O SIBHTCSI 

.ll068B119HH9 1 B HMIIYJlbCHOM IIp9.llCT8BJI9HHH 1 K npasoi!: 'I8CTH ( 13) HeK 'TOpOI'O IIOJIHHO

M80 YJM9HHO B T8KOM CMbiCJie Mbl 6y.lleM IIOHHM8Th cpopMyny • ( 13) H CJie.llyiOIUH9 1 He 
.._ 

BbiiiHCbiB8SI 8TO.r'O IIOJIHHOMa B"bSIBh. 

C Y'I9TOM 8THX OI'OBupOK MO~HO IIO.llCT8BHTh ( 13) B ypaBH9HHSI ( 9) ( Hanp.,nep

Bbl9) • Mbr npH.ll9M TOI' .ll8 K 6eCKOH9'iHOH CHCTeMe 38U9IIJISIIOIUHXCSI ypaBHeHHtl 

I 
l 

I 
1 
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l'P·P•····pei1•···1~) = cp(1.-~~,~}~<.t-!•l]Cp, ..... pe;~, ·:~~) 

~o., . \ft,(£+1"£;.-~!--) 
_ ~ 2. y; r J~, ... J~~ jcp,···f'ri~1 ••• 1c,}](tc, ... l.;.,,1 ···1~~ ~~~o-.zpo-p•- ,E 12?, .} ~ ' 

- g: -2".:rj. ~!~) l 
~k: +.Ztj ~ pe-it- J ,1,) 

H 8H8.110I'H'IH0ll CHCTSMS 1 TIO.Ily'l810lUSii:CH H3 ( 9.2) 1 IIpH3BaHHblX C.lly:>KHTb ll.llH Onpenene-

HHH M8TpH'IHb!X 3.11SMSHTOB onepaTopa 1 ... 

HaM yno6Hee 6yneT neifcTaoaaTb He npHMO c MaTpH'IHbiMH aneMeHTaMH onepaTo

pa 1 1 a C pe.llHTHBHCTCKH HHB8pH8HTHblMH. 9.11SMSHTaMH 

Icp .... - Pti ~·-··Cfs> = J1p,• ... 'lp;' ~.· ... 21: ttr .. ····ff·· '\• ··· c~s), ( 15) 

KOTOpb!S HOpMHpOBaHbl OOlUSIIpHHHTb!M CIIOCOOOM ( ll.llH yCT8HOB.11SHHH CBSI3SH C OOb!'IHbi-

MH pe3y.llbTaT8MH H8IIOMHHM 1 'ITO y HaC, IIOCKO.IlbKy TpaHC.IlHUHOHHaH HHB8pH8HTHOCTb 

y:>Ke HCIIO.Ilb30BaHa1 'lliC.IlO HBHO BblllHC8HHblX apryMeHTOB MaTpH'IHOI'O 9.11SMSHT8 Ha 1 MSHh

We 'IHC.118 KOHUOB COOTBSTCTBy!OlUSI'O OOOOWSHHOI'O rpaciJa) • .[lnH MaTpH'IHblX. 9.1lSMeHTOB 

I ( ... P···; ... '\ ... ) OCHOBHaSI cn:cTeMa nepenn:weTCH B ¢opMe: 

I<p.,,, ... pt;~.,.--ct.;) .. tf(~)Jfv•:l.ct~ ~Cr1)ICr,···Pt;,1, ... ~~) 
Cft·-'1• u 

~~ oe1 ..I. c ~ .... ot~" (~·~-}!..) _ ~(e-Ij;•~!,X(Ie.1 > 

- ~) ..,?;v~ l2_k,• ... 2\c,!' l(p,---~;k, ... ~.,)I(~,---~v;~,--.q~)t2"•:-Lp,•-r•-•• -.1Jc;+Z,;-(-•E} 

HH:>KHHil: rrpe nen cyMMHpoaaHHH no "tJ ycTaHaanHaaeTCH 3necb H3 cnenyiOwHx coobpa

:>KeHn:il:. Ilpe:>Kne BCero, B TOK l naiOT 1 K8K .llSI'KO IlOK8.3aTb1 BKnan TO.IlhKO CBH3Hb!S 

llH8I'p8MMbl; Il09TOMy CYMMHpOBaHHS ITO V He MO)KST BKJl!O'W!:Th 3Ha'ISHHH -..J =0. 

,llanee cnenyeT BCllOMHHTh 00 yC.IlOBHSIX CT80H.IlhHOCTH B8KyyMa H OllHO'I8CTH'IHbiX 

cocTOHHHA BT,i.J.C J ,(6), a cuny KOTOphrx Hano 6yneT nono:>KHTh 

!(-(-) = l(p\-) a 1(-11)::: 0 • 
(17) 

floaToMy, ecnH XOTH Obi onHo H3 'IHcen 

IIO ~ H8'1HH8STCSI C nsyx. 

t HJlH S paBHO Hy.TJI0 1 TO cyMMHp038HHS 

CoBepweHHO aHaJlOI'R'IHO H3 ( 9.2) IIOllyqaeTCSI BTOpaSI llO.TJOBHH8 CHCTSMbl ypaBHe-

HHA; 

... 

:..-~,-

~ 
I 

t 

~ 
I 

I 

~ 
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lCp..···Pti,.C\, .. .q,) = cr(, •. ~·,, )"f··11J2r;21• I(fa, ... pt·,,, ... ,s) 

•, c .t~c •... .t~ . ['(1•ZX· -~:, .. ) ~(-s. .. z"' + ~hl \ 
- (2.; ~VI }t~·.J~; I{p.-~p,;k.-·it,)IC~.Jr.,,1•-·•s) 2tc:·7p:., •. ,, - -2~ + l' ,j .,._,t . ( 16.2) 

HanOMHHM ewe p8.3
1 

'ITO B Up8.Bb!X '18.CTSIX ypasHeHHlt ( 18) He cne,llyeT 38.6biB8.Tb 0 He 

BbinRC8.HHbiX SIBHO nonHHOM8.X, 0 KOTOpb!X wna pe'lb B CBR3H C cpopMynolt /13/ • 

JV\aTpH'IHbJe aneMeHTbl C .llBYMSI KOHU8.MH
1 

ne)K8.WHMH H8. nosepXHOCTH aHeprHH, 

He Y'l8.CTByiOT
1 

cornaCHO ( 17)
1 

B H8.Welt CHCTeMe ( 16). noaTOMy 1 'IT06bl BKniO'IHTb B 

paCCMOTpeHHe C06CTBeHHO 9Hepre·TH'leCKHe '18.CTH1 UOTpe6yeTCSI Bb!ltTH 38 nosepXHOCTb 

aHeprHH. 3To y .ll06Ho C,llenaTb
1 

onpe,llenHB 'ISTb!pexMepHbiS CDypb9-o6pa3bi M8.TpHq-

HbiX aneMeHTOB ( 4) cpopMynol 

(18) 

Cor nacHo { 12), Mbl nony'IHM AnSI aTHX <Pypb9-o6pa30B Bbip8.)KSHHSI • 

(19) 

KOT0pb!e
1 

B '18.CTHOCTH
1 

D03BOnSIT H8.ITH C06CTBSHHO-aHepreTH'leCKHe '18CTH 1 ecnH OCTSnb· 

Hb!e M8.TpH'IHble aneMeHTbl H8. nosepXHOCTH aHeprHH H3BeCTHbl. J\IY))KHO CK8.38.Tb
1 

'ITO 

( 19) - 9TO cpopMynbl ,llnSl 'BblXO,ll8. C DOBepXHOCTH aHepr~m, 0 UOCKOnbKY B9KTOp k 
... I. t. 

B HHX He CBSI38.H ycnoBHeM k =: tM • Mo)KHO H8.UHC8.Tb H o6paTHbJe COOTHOWeHHSI: 

I<p.p,, ... Pti ,,, ... ,~) • P(,,.~!ck )/tpo.t,: I<p, .... ft; \-··q~) 

- ~i''a.i(r + ~p,-f--''· ~·····'Pe;,, ... q\) 

npH ycnOBHH 

(20) 



10 

He K8C8SICb BOn poe a 0 nyTSIX peweHHSI CHCTeMbl ( 18) X) 1 SIBnSIIOIUeilCSI B CyiUHOCTH 

penSITHBHCTCKHM 8H8nOI"OM ypaBHeHHil noy 1 Mhl BOCnOnb3yeMCSI eiO ,llnSI OUeHKH B03MO:lK

HblX cTeneHelt pocTa MaTpH'iHhiX sneMeHTOB onepaTopa 1 . 

3. CTeneHH pocTa MaTpH'iHhiX aneMeHTOB 

3aBHCHMOCTh M8TpH'iHblX aneMeHTOB OT MHOI"O'iHCneliJHblX HMnynhCOB ,MO:lKeT 6hiTh 

BeChM8 CnO:lKHOil H Mbl He npeTeH.ayeM Ha T01 'iT06hi BCKpbiTb ee B ,OeTanSIXo N\hr CTa

BHM nepe.n co6oA 6onee npocTyiO 38.ll8'iY. I-1MeHHO, B aHanorHH c TeM, xaK no-

7 
CTynaiOT B TeOpHH B03MyiUeHH.ll: \ cp. 1 Hanp., 1 § 28) 0 KOI".ll8 XOTSIT OUeHHTb CTeneHh 

pOCT8 K8KO.ll:-nH60 ,llH8I"p8MMbi 1 ~hi 6y.aeM HHTepeCOB8ThCSI TOnbKO CyMM8pHO.ll: CTeneHh!O 

p0CT8 npH p8BHOMepHOit paCTSI:>KKe BCeX HMnynhCOB. 

fbTpe6yeM 1 'iT06bi .anSI K8:>K.ll0I"O M8TpH'iHOI"O aneMeHT8 C t H S HMnynhC8MH 

K8:>K.llOI"O COpTS cyiUeCTBOB8n KOHe'iHhlit HH,lleKC pOCTa - MHHHM8nhHOe uenoe 'iHCnO 

w(e..,~ ) 1 T8KOe 1 'iTO npH p8CTSI:lKKe BCeX HMnynbCOB 

r.- ~.<t'; .... re= le'P; 1· = .,,'i', .... (h"' '7~ 9 ' <f -i> 
00 (21) 

W(f,<:.) + CIL 

MaTpH'iHhiA aneMeHT l<p,, ... , f't; 1···· Cfs ) pacTeT Me.aneHHee, 'leM <t .anSI n106oro 

rJ.. "> 0 • TeopHH
1 

B KOTOpbiX BbinOnHSieTCSI T8KOe ycnOBHe, Mbl 6y.aeM H83biB8Tb nepe-

xx) · 
HOpMHpyeMbiMH • B .aanhHeAweM Mhi 6y.aeM paccMaTpHB8Th TOnhKO nepeHopMHpye-

Mhre TeOpHHo N'u:.r XOTHM Tenepb llOCMOTpeTh He H8Kn8,llbiB810T nH yp8BHeHHSI ( 18) K8KHX-

nH60 OI"p8HH'ieHH.ll: Ha B03MO:lKHbiH Bhi60p 'iHCen w ( e, s ). 

x) 
Ha nyTH peweHHSI CHCTeM T8KOI"O THll8 ne:lKaT Tpy .llHOCTH .llBOHKOI"O po.aa. 

TaKHe CHCTeMhi Bblp8:lK810T HH3Il1He M8TpH'IHbie aneMeHTbi (TO eCTh M8TpH'iHbie aneMeH

Tbl C MeHhWHM 'IHCnOM apryMeHTOB:) 'lepe3 BbiCWHe; ll09TOMY K8K llO.llOilTH K TO'IHOMV 

peweHHIO T8KOA CHCTeMbi - BOOOIUe HeSICHO. EcnH :>Ke HMeTh B BH.llY K8Koe-nHOO npH6mr

:>KeHHe, TO Mbl CTOnKHeMCH 0 nepeonpe.aeneHHOCTb!O CHCTeMbl ( 18) - H3
9

ycnOBHH npH'iHH-

HOCTH cne.ayeT He TOnbKO 9T8 CHCTeMa, HO H rpOM8.llHOe •. p83H006p83He .apyrHX 6ecxo-

He'iHbiX CHCTeM 6nH3KOI"O xap8KTepa. Hait.aH Mhl TO'IHOe peweHHe C.HCTeMbi ( 16) 1 OHO 

y.nosneTBOpHDO 61>1 8BTOM8TH'leCKH H .npyrHM B03MO:>KHhiM CHCTeMaM ypasHeHHA. Ho 

npH6nH:lKeHHe 1 xopowee .anSI O.llHOit CHCTeMbi 0 MO:>KeT OK838TbCSI .an~ .apyroA O'leHh 

nnOXHM. 

xx) 
TaKoe onpe.aeneHHe nepeHopMHpyeMbiX TeopHA: HeCKOnhKO wHpe o6hi'IHoro. 

KOI".ll8 Tpe6yiOT ewe H KOHe'iHOCTH 'iHCna M8TpH'IHbiX aneMeH'l:OB C HeoTpHU8TenbHbiMH 

HH.aeKcaMH poeT a. O.aHaKo HawK .aanbHeA:wHe paccy:>K.aeHHSI 6y .llYT ros.opHTh s nonb3y 

TOI"0 0 'ITO p83HOCTh onpe.aeml:eMbiX STHMH .llBYMH CUOC068MH Kn8CCOB TeOpHA - nycTa. 

1 

J 

1 
~ 

' 
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npaaag qaCTh ypaaHeHHB (16) COCTOHT1 KpOMe He npenCT8B11B~LUero HHTepeca 

BK11Sna OT HeCB93HbiX nHarp8MM 1 H3 CYMMbi ( 6eCKOHeqHoro qHC118) H911HHeii:HbiX qneHOB 

enHHoo6paaHoro cTpoeHHB: 

.uc: ... ,A,; . ~ ~(p-t 2:po. -l"k" .. ) - ~(p- ~<fi ~~ k:) J 
\ 

2
"•o ... !llt,o ICp1, ••. p,.;k1 ... 1c.,)l(k,, ... &t.,,,, ... Cfs)l ~k .. o-~p,o-po-\~ -~lcvo .. LCft-po-a) 

Ka:>Knbiil: H3 HHX conep:>K!!T 3 'V HHTerpHpOBSHHil: no KOMnOH9HT8M HMnynbCOB k. 

"Y MHO:lKHTeneA 1c.• B 3H8MeHaTene H TpexMepHy~ s -<i:JyHKUH~, neneHHy~ H8 onHo-

MepHbiA ~lHepreTnqeCKHA 3H8M9H8T911b, KpoMe Toro, non 3H8KOM HHTerpana CTOHT 

npoHaaeneHHe MSTpH'l:HbiX sneMeHTOB I c HOMepaMH t 1 V H ~ , ~ 
1 

TQqHag 

38BHCHMOCTb KOTOpbiX OT HMnynbCOB H8M 1 0'19BHnH01 HeH3B9CTHB., flosTOMy 1 KOH9'l:HO, 

Mbl He MO:lKeM HSATH H 38BHCHMOCTb OT HMnynbCOB nng acero HHTerpana, EcnH 1 onHa

K01 Mbi cnenaeM TO eCT9CTBeHHOe npennono:>KeHHe, 'ITO B HHTerpHpOBSHHH no ~, ··· kv 
OCHOBHY~ p011b HrpaeT o6naCTb 6011blUHX 3H8'l:eHHA: HMnynbCOB 1 TO HSM nocTSTO'!:HO 

6yneT 3H8Tb 8CHMnTOTH'l:eCKOe noaeneHHe CTOBlUHX non HHTerpa110M M8TpH'IH.biX sneMeH

TOB npH p0CT9 acex HMnynbCOB 1 onpenengeMoe HHneKCOM pOeTS W ( (, y ) H11H la)(V, S). 

1-h Torna onpeneneHHe noaeneHHB HHTerpana npH pocTe acex HMnynbCoB cae.oeTCB,ccaep

LUeHHO TSK :>Ke
1 

Ko!lK TO nena~T B TeopHH B03MYlU9HHil:, K nonc'l:eTy CTeneHeil: HMnynbCOB, 

B CHny CK838HHOro1 TSKOA nonc'l:eT nacT HSM 

3" _.., _ 3 -1 1" w(l,v) + w(v,s) = w < e, v , + wt v, ~ > -+ .2. v - ':1. • (22) 

4To6bi oueHHTb Tenepb cTeneHb pocTa aceA npaao:A: qacTH, aaMeTHM, qTo 6hinO 6hi 

COBeplUeHHO HeeCT9CTBeHHbiJ>.! 1 ecnH 6bi CT8pLUHe CTeneHH HMnyllbCOB H3 p8311H'l:HbiX '!:lie

HOB B CyMMe no \1 B npaaoA '!:8CTH ( 16) CKOMneHCHpOB811HCb 6e3 K8KoA:-nH60 <j:JH3H

qecxo:A: npH'l:HHbi, K KOMneHC8UHH MOrno 6bi 1 KOHe'l:H0 1 npHB9CTH TOllbKO H811H'l:He KSKOA:

TO rpynnhl, K8K 1 uanpHMep1 B cnyqae H3BeCTHOA: KOMneHCSUHH CT8p1~HX CTeneHeA: B 

9119KTpOnHH8MHK9 38 C'l:eT fli>Yllllbi rpanHeHTHbiX npeo6p830B8HH:llo 

nosTOMy, 9C11H TeOpHB He LlOnyCK8~T HHK8KOA rpynnbi 1 qTO Mbi 6y.aeM pa.aH 

x) 
npOCTOTbi npennonaraTb HH:lK9 1 TO H3 ypaBHeHHA ( 16) 6y.aeT C119Ll0B8Tb 1 'ITO HHL19KC 

x) 
Cnyqa:A:, xorna Taxag rpynna HMeeTcg, Tpe6yeT oco6oro HccnenoBaHHB. 

I 
I 
I 
I 
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p0CT8 M8TpH'IHOrO aneM9HT8 B neaoA '18CTH 6yaeT BO BCHKOM cnyqae He HH*9 HaA

aeHHbiX cTeneaeA pocTa (22) Ka*aoro qneaa npaaoA '18CTH, Mbi npHaeM TaKHM o6pa-

30M K aayM CHCT9M8M H9p8B9HCTB 

w(f + t, S) ~ w(l,v) -+ c.J(V,$) + 2V- lt ( 23.1) 

w(t, ~+ t) ~ w(l',vJ + wcv, S) + 2v - q , (23.2) 

KOTOphie aon*Hhi BhmonHHTbCs ans acex e , S H )ol 1 yaoaneTBOpHIOIUHX 

'Y:;ti, t+'i=i'{ v+t;.Sl., v~s~..e. • (24) 

CoaepweHHO aHanorH'IHbiM o6paaoM Ha (19) nonyqaeTcs oueHKa ana cTeneHel pocTa 
AI 

M&TpH'IHbiX aneMeHToa I aHe noaepxHOCTH aHeprHH: 

w((, $) ~ W(q1 V) ... W(V, S) 'f' ~V -It, (25) 

JierKO C006p83HTb1 'ITO CT9U9HH poeTS aon*Hbl 38BHC9Tb He OT 'IHCen (. H \ 

UO OTaenbHOCTH 1 8. TOnbKO OT HX CyMMbl (o6mero 'IHCna KOHUOB aHarp8.MMbi)
1 

TO 9CTb
1 

'ITO 

w<l,s > = .Qu +') 
(26) 

06e CHCT9Mbl (23) 06'beaHHHTCH TOraa B OaHy 

Jl((+!»+l) ~ ..Q.(t+v) + .ll(s+v) +~v-4 (27) 

npH T9X *9 ycnOBHSIX (24) H8 'IHCna f 1 S H ll o JierKO 38MeTHTb
1 

'ITO CHCTe-

M8 (27) aonycKaeT npH aaMeHe acex HepaaeHCTB H8. · pal!leHCTl!la '18CTHoe peweHHe 

Q !"J= 3 - ft. • 
(28) 

noaTOMy 06IUee p9W9HH9 yao6HO HCK8Tb B BHae CyMMbl STOrO '18CTH0f'O peweHHH H 

H9KOTOpoA ao6&BKH fi/Ct~.) : 

jlCn.l = .n., ... , ... NCM.) = 3- r\. ... N~l . (29) 

nocne T8KOA noaCTSHOBKH OCHOBH8H CHCTeM& npHM9T BHa: 

Nlt+'> ... 4) ~ A!Cf+ ,, + 1/Cs ~"). (30) 

' 

-- I 
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Paccy:>KJ.]eHHSI, KOTOpb!e IIp!iBen If H8C K CHCTeMe ( 30 )) Henb3SI eme, KOHe'l:H0
0 

pac

CM8TpHB8Tb K8K J.lOK838TenbCTBO B CTpOrOM M8TeMccTH'l:eCKOM CMbiCne • ./'V\aTeMBTHK H83-

BBn 6b! HX CKOpee 3BpHCTH'leCKHMH Coo6pa:>KeHHS!Mii H J.l068BHn 6b!
0 

'ITO OH MO:>KeT 

IIpliJ.lYM8Tb IIpOTHBOpeqar.rme IIpHMepb!• He IIb!T8SICb IIOCTpOHTb 3J.]eCb T8KOe CTporoe J.]O

K838TenbCTBO, rrpHBeneM eme cnenyiOwee coo6pa:>KeHHe. ./'V\aTp!i'l:Hbie aneMeHThi rron 

HHTerpanBMii B rrpaBbiX 'IBCTHX ( 16) TaK:>Ke conep:>KaT B ce6e B KaqecTBe cnaraeMbiX 

KOHTp'IneHbi. nocKOnbKY 3T_u KOHTpqneHbi 38BHCSIT OT HMIIynbCOB IIOnliHOMHBnbHO, TO 

BCe IIOUHHTerpanbHOe Bb!p8:>KeHHe OK83biB8eTCSI SIBHO 38J.]8HHbiM
1 

H HHTerpan, B CBoeA 

KOHTp'lneHHOH '18CTn, IIOJ.]U8eTCSI HC'Iepiib!B8IOWeMy HCCneJ.]OB8HHIO aneMeHT8pHbiMH 

CpeJ.]CTB8MH. B T8KOM HCCneJ.]OB8HHH 1 BIIpO'leM, HeT H HY:>KJ.lbl
1 

IIOCKO)IbKy cpaK'rHqe-

CKH aTa caMaH 3a.aaqa 6hina rro.apo6Ho pa3o6paHa B TeopHH R -orrepauHH, 
7 

CM, § 26. 

nepeAneM K HCCnenoB8HHIO CHCTeMbi HepaBeHCTB ( 30) • Y CT8HOBHM rrpe)KJ.]e BCero
1 

1'\, .ll0CT8TO'IHO IIOnO)KifTJ:, 

B (30) " " s + t :,. :t, t - n106oe. Torna neBaH qacTb yHH'l:TO:>KHTCSI c rrep-

Bb!M qneHOM cnpaBa, H Mbl rrony'IHM
1 

'ITO 

0 ~ .fll(2s ... .t) nnH (32) 

LJ:T06h! yCT8HOBHTb TO :>Ke J.]nSI '!eTHbiX n. 
1 

Bhi6epeM S "' (. , 1 t 

'ITO OIISITb pa·3peweHO ycnOBiiSIMH (24). np!iXO.llHM IIpH 3TOM K 

V~i ,, 
• 

2.AI((-+v) ~ N(if-t-1) ~OJ ( 32) 

rne .anH rrocne.aHero HepaBeHCTBa Hcrronb30BaHo (31 ). ViTaK 

nnH acex (33) 

TaKiiM o6pa3oM Mhi y6e:>K.aaeMcH, 'ITO HaAneHHoe '!8CTHoe peweHHe (28 ) .aaeT HaM 

HBH6onbwHe B03MO:>KHhre HH.lleKchr pocTa M8TpH'IHhiX aneMeHTOB I (p, .... Pti ,, ... q, ). 

B 'IBCTHOCTH, oTciO.aa y:>Ke cne.ayeT, 'ITO M&TpH'IHhiX aneMeHTOB c rrono:>KHTenbHhiMH 

HHJ.]eKC8MH pOCTa MO:>KeT 6h!-.t> He 6onee KOHe'!HOrO 'IHCna H 'ITO 
1 

cneJ.]OB8TenbH0
1 

Harne OIIpe.llel!eHHe rrepeHOpMHpyeMbiX TeOpHA OK83biB8eTCSI COBII8.ll810Il.1HM C 06bi'l:-

HblM 0 

noKa:>KeM Terrepb1 'ITO B03MO:>KHble HH.lleKCbl p0CT8 orpaHH'l:eHbl He TOnbKO 

CBepxy, HO H CH!i3y, )lng 3Toro, 0603H8'!8SI apryMeHT B neBOH 'l:8CTH (30) OJ.]HOA 

6yKBoit 1'\.. , rrono:>KHM v : 1 - HBHMeHbWeMy B03MO:>KHOMy 3HaqeHHIO, Torna 
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NCrt.) ~ Jl/c ... - u + fllh• U , (34) 

r.ae n. H S orp&HH'l9Hhl 1 COJ"n&CHO (24), ycnOBHSIMH 

n.~\+2., \ ~ .. (35) 

K nepsoMy qneHy a npaeoA 'l&CTH (34) MO}KHO BHOBb npHMeHHTb Ty :>Ke cpopMyny 

( C HOBhiMH 3H&'l8HHSIMH t'\. ), npo,aOn}K&S1 STOT npouecc k pa3, nony'IHM .anH 

Nc-)orpaHH'leHHe cHH3y: • 
/IC•) ~ !tiC•- ks) + k.NU+ 1). (36) 

npH 9TOM 1 B CHny (35), npH B&I6ope k Mbl .llOn}KHbl y llOBneTBOpHTb yCJ10BHIC 

ft.•t 

T \c ' 
(37) 

BbT6~ p&SI B ( 36) \II i H k paBHb!M H&H60nbW8MY B03MO:>KHOMY 3Ha-

'l8HHIO k·~-t. , nony'IHM, 'ITO .anSI ecex n. :ill 2, .llOJl:>KHO 6b!Tb 

NCft.) ~ .NCl) + ht.•2)N'Ct) • c. ... ·t)NCll). (38) 

nony'l9HH&SI OU9HK& (38) He 38BblW9H& 1 B TOM CMb!Cne, 'ITO ycT&H&BnHB89M&S1 910 

HIOKHSUI rp&Hb B03MO:>KHb!X 3H&'l9HHA /IICtt.) .aeACTBHTenbHO MO:>K9T 6b!Tb .llOC TIH'HyTa, 

8 C&MOM .aene, ecnH nO.llCT&BHTb B OCHOBHYI<l CHCTeMy ( 30) .llJlSl scex 1/(tt.) H&HM9Hb-

I,UR8 paapewaeu&Ie ( 38) 3H&'leHHSI1 TO sTa cHcTeMa cse.aeTcst K ycnoBHIO Y ':II i , 

KOTOpOe BhiDOJ1HSI8TCSI corn&CHO (24), 

no~y'I&HH&IMH BblW9 ycnOBHSIMH (32) H (38) orpaHH'leHHst Ha B03MO:>KHbie NC."'-l 

He HC'l&pnbiB&IOTCSie VfM8HH01 eCJlH A/("-) ,anSI K8KOro-nH60 I\. • "-• .,.. 2, npeBbiwa-

8T MHHHM8nbH09 3H&'l9HH9 ( 38) t TO STO npHB9.ll9T K B03HHKHOB9HHIO ,aanbHeAWHX orpa

HH'l8HHA H& /1/(IA.t C n. ,. ~O 1 KOTOpb!9 MO:>KHO Bb!B9CTH H3 (36), npH.ll&B&SJ B H9M ~ 

3H&'l8HHH
1 

6on&WHe e.aHHHUblo Mb! He 6y.aeM BbiBO.llHTb a.aec& aTHX ycnosHA; 

HaKOH8U
1 

.anSI HH.ll9KC& pOCT& .llH&rp&MMbl C llBYMSl KOHU&MH BH9 nosepXHOCTH 

aHeprHH COOTHOW9HHH ( 25) .aa.ayT H&M orpaHH'l9HH9 CHH3Y! 

,., .... .... ..tJ .¥£•, ,. .nu,- 9. • c.~ c •.• -;- ' - ~. ~ 1Ncv1 (38a) 

Orp&HH'l8H81 caepxy s .aaHHOM cnyqae aeT. 

• 
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4. Co6cTBeHHO rrepeHopMHpyeMhie TeopHH 

B npellbillYI.l.leM naparpacpe Mhi B npe,o:nono;-h"HIIH nepeHopMHpyeMOCTH H3BneKnH 

H3 OCHOBHb!X ypaBHeHHH TeOpHH ( 16) TOnbKO CHCTeMy HepaBeHCTB ( 23) • Nib! BOC

nonb30B8nHCb ,o:nR aToro TeM 1 'ITO liHlleKc pocTa neaoa qacTH ( 16) He Mo:m:eT npeabr

waTb HHlleKca pocTa Ka:m:noro H3 qneHoB npaaoa, T.e. OH 6onhwe HnH paaeH MaKcH

ManbHOMY HHlleKcy pocTa qneHoB npaaoa ·qacTH. XoTenocb 6hi ycHnHTb aTo ycnoaHe H 

38MeHHTb B HeM HepaBeHCTBO paBeHCTBOM 0 nocKOnbKy, O,O:H8K0 1 K8K Mbl y:m:e He paa 

no,o:qepKHB8nH 1 B npaBOH '18CTH ( 16) KpoMe SIBHO BblfiHCaHHbiX HHTerpanOB IIO,O:paay-

Me:B810TCSI eme H He BbiiiHC8HHb!e SIBHO KOHTp'l:neHbl 1 TO TaKoe ycHneHHe ycnOBHH Tpe-

6yeT ,o:orronHHTenbHoro rrpe,o:nono:m:eHHSI. 

Ey,o:eM H83biB8Tb TeopHIO co6cTBeHHo-rrepeHopMHpyeMoH: 1 ecnH B HeM: cTerreHH 

no6aanSieMhiX K T-rrpoHaae,o:eHHSIM rro.rrHHOMOB He rrpeaocxo,o:SIT HHlleKcoa pocTa co.o-r

aeTCTBYIOI.l.lHX T-rrpoaaae,o:eHHH:. npe,o:rrono:m:HM Terrepb, 'ITO Mhi HMeeM neno c co6-

CTBeHHO rrepeHOpMHpyeMOH TeopHeH. Tor,o:a ycnOBHSI \23) ,o:eii:CTBHTenbHO MO)KHO 6y

,o:eT neperrHcaTb B 6onee cHnbHOH: cpopMe: 

.}A.o.'K { w(f,v) + wcv,U + ~.-v-lf} 
y 

Jl.e.x! w(f,Y) + wC~S) +h-Ie~. 
v 

..., (f .. '· ' \ .. 
(39) 

wU,~+i) = 

JlnR BenH'IHH 1/(t&.\ yCHneHHb!MH ycnOBHSIMH 6y,o:yT 

.Net+ ~ + l. ) = ..UCLX l ..J ( t + 't}) ... .AI { H v) \ I 

-II 
(40) 

r,o:e J,le..:K 6epeTCSI no BCeM 3H8'l:eHHSIM apryMeHTOB 1 paapemaeMbiX ycnOBHSIMH (24). 

norrpo6yeM pel.l.lHTb aTy CHCTeMy. 

3anHweM ee B cpopMe 

J/(M.,\: JA.:X f.J(Ka) + ..J'CM.\)~ (41) 

r,o:e Terrepb A,4o..,r Hl.l.leTCSI no BCeM 3H8'l:eHHSIM "-s 1 y noaneTaopRIOI.l.lHM 

CHCTeMe ycnOBHH 

"'t • M.1 • ~.- 1 ... 2v (42) 
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.LlnSI peweHHSI CHCTeMbi ( 41 ) aanHllleM COSOKynHOCTH nap .Af'CM.' 1 no KOTOpbiM 

6epeTCSI MaKCHMYM S npaBOA 'i8CTH (41) 0 S SH.ll9 .llSYX Ta6nHU (Ta6n. 1 H 2) ( OT.llenb~ 

HO .anSI q:eTHhiX H .anSI He'leTHbiX )c .llSYMSI BXO.ll8MH ) S KOTOpblX CTpOKH HyMepyiOTCSI 

cyMMaMH WI. a. H ~\ , a cTon6uhi - HX paaHOCTSIMH. CyMMhi s KneTKax Ta6nHUhi 

npe.acTasnSIIOT co6oA see soaMO>KHhie paa6HeHHSI "'"' - t • L'll s cyMMY Ma. H "-s , 

y .aosneTBOpSIIOIUHX ( 42) i SICH01 'ITO OJlHOSpeMeHHO OHH H306pa>KaiOT CyMMbl1 CTOSIIUHe 

no.a aHaKoM MaKCHMyMa s (41 ). EcnH KaKaSI-nu6o Ha 9't'Hx KOM6HHauHA M.,_ H "-s 
y .aosneTSOpSieT HSpaseHCTS8M ( 42) 0 TO SICHO 1 'ITO TeM >Ke HepaseHCTSBM 6y .llYT y .aos

neTSOpSITb1 npH cpHKCHpOSaHHOM tl. t 0 H see KOM6HH8UHH1 pacnono>KeHHble HH>Ke 

S TOM >Ke CTOn6ue, T8K K8K CMeLUeHHe SHH3 no CTOn6uy OTseq:aeT npOCTO ysenH'ieHHIO 

'\1 • n pH.aasaSI '1/ H8HMeHblllee S03MO>KHOe 3H8'ieHHe 11 y6e>K.aaeMCSI1 'ITO COr naCHO 

nepSOMY paseHCTSy ( 42) S o6naCTb,nO KOTOpoA HIUeTCSI M8KCHMYM S ( 41) .anSI H9KOTo-~ .: , ... 
poro ~l 

1 
6y.ayT SXO.QHTb nHlllb CTpOKH C ~i -t 1'\ ~ ... , + J. • 4TO >K~ ·KacaeTCSI 

'iHCna nXO.llSilllHX S STY o6naCTb CTOn6UOB 1 TO OHO Onpe.aenSieTCSI H3 cne.ayiOruero H3 

( 42) ycnOBHSI ( li\2..- "s> ' (l't. -t 1\\) • l:t • nonyq:aiOLUHeCSI o6naCTH OTMe'ieHbl Ha 

Ta6nHU8X 1 H 2 H 0603Ha'leHbi 38KniO'ieHHbiMH S Kpy>KKH 3Ha'leHHSIMH n. 1 

@ 
Ta6nHga1 

0 5 3+2 

7 4+3; 5+2 ® 
9 5+4; 6+3; 7+2 ® 
11 6+5; 7+4; 8+3; 9+2 @ 
13 7+6; 8+5; 9+4; 10+3; 11+:..! @ 
15 8+7; 9+6; 10+5; 11+4; 12+3; 13+2 

17 9+8; 10+7; 11+6; 12+5; 13+4; 14+3; 15+2 

•••••••• 0 ••••••••• 0 ••••••••••••••••••••••••••••••••••••••••••••••••••••••••• 

Ta6nHya 2 

4 2+2 ® 
6 3+3; 4+2 @ 
8 4+4; 5+3; 6+2 (f) 
10 5+5; 6+4; 7+3; 8+2 @ 

@ 
12 6+6; 7+5; 8+4; 9+3;, 10+2 . 
14 7+7; 8+6; 9+5; 10+4; 11+3; 12+2 

..........•..•••••••.....•...............•...••...•.........................•....... 

L. 

-1!'·~ 

i. 

' 
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nepeXO.llSI Tenepb K paCCMOTpeHHIO Ta6mm 1 H 2, cpaay YCT8H8BnHBSeM, 'ITO 

JV(1) ~ r/(4)) (43) 

nOCKOnbKY H3 Ta6nHUbl 1 BHD.H0 1 'ITO o6naCTb1 no, KOTOpOA: HllleTCSI MSKCHMYM 

D.nH .NC7-ljlenHKOM co.oep>KHTCSI a o6nacTH, no xoTopoA: HWeTcSI MaKCHMYM .onH NCic) • 

.Llariee .oeno Hecxonbxo ocno>KHSleTcSI, Tax xax rrpH nepexo.oe oT II 131 K J11 /5/ 

He TOnbKO .ll06aBnSleTCSI HOBbKI: ( TpeTHA: B Ta6n. 2) CTOn6eu 0 HO H HCKniO'ISElTCSI <me

MeHT 2+2 H3 nepaoA: cTpoxH. 0.oHaxo1 a CHny (43) AI /2/ + N 12/ ~ rJ /4/+ N 121, 

a KOM6HHSUHSI 4+2 T8K>Ke BXO,llHT B o6e .oonyCTHMbie, o6naCTH. TaKHM 06pa30M MO>KHO 

aanHC8Tb HOBOe HepaaeHCTBO 

" /3/ " rJ !51. (44) 

nerxo BH.lleTb1 'ITO Taxoe nono>KeHHe aeweA: coxpaHHTCSI H npH xa>K.oou .oanbHeA:

weu mare, 11MeHH01 KS>K.llbiA: ·paa npH nepexo.oe oT "' " tl. + 2. yueHbllleHHe o6nacTH1 

no KOTOpOA: HllleTCSI M8KCHMyM 1 OKa>KeTCSI HeCylUeCTBeHHbiM 1 KOnb CKOpO ycTaHoaneHbl 

ueno~KH HepaaeHCTB THna (43) , (44) .onH acex k_ ' t\. + 1 • TaxHM o6paaoM, 

OKS3biBaeTCSI B03MO>KHOA: nonHaSI HH.llYKUHSI H Mbl npHXO,llHM K 6eCKOHe'IHbiM uenO'IKSM 

#(~) $ Af('t) , ... 'NCllc) , ... ( 45,1) 

H 

(45.2) 

C D.pyrol cTopoH£>1 1 o.oHaxo, ace NCtt.) orpaHH'IeHbl caepxy ycnoaHeM (33), TaxHM 

o6pa30M 0 o6e Hey6biBSIOlUHe nocneD.OBSTenbHOCTH uenbiX 'IHCen (34) D.On>KHbl .llOCTH

I'STb CBOHX BepXHHX rpaHeA:1 TO eCTb LJ.On:>KHbl CylUeCTBOBSTb 

. _M._" NC2k) = -G. ~ o 
"~ 1 

Jle.Jc .N( tic + t) = - l $ o . 
~~' 

(46) 

3aue'ISSI Tenepb, 'ITO o6nacTb (42); DO KOTOpOA: HllleTCSI MSKCHMYM B ( 41) 1 BKniO-

'laeT .onH n106oro K- 1 cxonbJI'O.llHO 6onbWHe 

(41) MO>KHO 38IIHC8Tb ypaBHeHHSI 

"(.tk) = ~ I - CL - 81 .... -Cl. - ' 

NC1k+il = JAe.." tc-a.-a.l,c-&-Cl\ • 

BMeCTO 

(47) 



H:S 

C ne.oosaTenbHo, A/C2k l H .J(2k .. t) He aaBHCSIT oT k • Ho Tor.oa 

AI (lk l = - CL • - CL. - ' 1 TO eCTb & • o H , .aanee, N (2k + 1) •- C = ~u{-J .. ,-lcJ 

TO 9CTb - 0,. ' O 

V1T8K 1 peweHHe CHCTeMbl (40.) HMeeT BH.ll: 

NC21c) = - o.. .JU.Ic + 1) = 0 , (48) 

r.oe ~ - npOH3BOnbHOe uenoe HeOTpHuaTenbHoe ~Hcno. CornacHo (29) STO oaHa'laeT, 

'ITO o6wee Bbipa:lKeHHe .anSI B03MO:lKHbiX HH.oexcos pocTa M8TpH~HbiX aneMeHTOB I B 
,-<II 

C06CTBeHHO nepeHOpMHpyeMOA TeOpHH HMeeT ¢opMy 

.n. c.tk ) • 3 - '" - 4 I .llu• + t > = .2 - 1 k l o ,. o I a. f.ll . (49) 

HaM ocTanocb ewe BbinHC8Tb ycnosHe .anSI HH.llexca pocTa .oHarpaMMbi c llBYMSI 

KOHU8MH 

~(t) = 2 .... JIC NCY) .. 0 
,~1 

.ffctl = ~Ct) .. 2 = ! . (50) 

5. AHCKYCCHSI 

Ba»<HeAwHM H3 nony'leHHbiX a .oayx npe.ahillYWHX naparpa¢ax peaynbTaTos "'c~ 

RBnReTCSI orpaHH~eHHe csepxy (33) Ha B03MO:lKHbie HH.oexcbl pocTa. HeoTpHuaTenb

HbiMH HH.lleKC8MH MOryT o6na.08Tb ( KpOMe He BXO.llSIWeA B CHCTeMy { 16) C06CTBeHHO

SHepreTH~eCKOI '18CTH) TOnbKO M8TpH'1Hbie sneMeHTbl C TpeMSI H C 'leTblpbMSI KOHU8MH 

( M, • 2 H 3) • Ho STO 3H8'1HT t ~TO TOnbKO 8TH MaTpH~Hbie aneMeHTbl MOryT co.aep:lK8Tb 

KOHTp~neHbl (5y.lly'IH nOnHHOM8MH no HMnynbC8M1 OHH He MOryT HMeTb OTpHU8Tenb-

HbiX HH.oexcos pocTa! ). TaxHM o6paaoM, Mhi BH.llHM, ~To B paMxax llHCnepcHOHHoro 

nO.llXO.ll8 ")l.HH8MH'IeCKHA npHHUHn" OK83biB8eTCSI nO'ITH H3nHWHHM - O.llHO nHWb 

38.ll8HHe Tp8HC¢0pM8UHOHHblX CBOICTB noneA_ cneUH8nH3HpyeT xapaKTep JJ.OnyCTHMbiX 

B38HMOJJ.eiCTBHI C TO'IHOCTbiO llO He6onbWOrO 'IHCna KOHCT8HTo B paCCM8TpHsaeMOM 

cnyqae nonSI CnHH8 Hynb T8KHX KOHCT8HT OK83biBaeTCsr nHWb .llBe - nOCTOSIHHhiA 

KOHTp'lneH 'leTsepTOA sepWHHbl ( "- •3) H T8KOA :lKe - TpOIHOit sepWHHbl (¢opManbHO 

.llOnyCTHMbll nHHeiHbii KOHTp~neH aanpeWeH penSITHBHCTCKOA -HHB8pH8HTHOCTbiO) • 

Oco6eHHo cHnbHbie orpaHH'IeHHSI B03HHK8IOT a co6cTseHHO nepeHopMHpyeMoA 

TeOpHHo 38MeTHM 1 ~TO ycnOBH91 K838n0Cb 6bl TO:lK.lleCTBeHHOe ycnOBIIIO C06CTB9HHO 

'· 
------~ 
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nepeHOpMHpyeMocTH, scer.na HaKJia.llbiB8IOT H npH o6hPIHOM nocTpoeHHH no TeopHH soa

MyuteHHA, Bhi6Hp8S1 .llnSl KOHTp'lneHOB B HMnynbCHOM npe.llCTaBneHHH nonHHOMbl MHHH-

7 
MMbHO soaMO:>KHoA cTeneHH (cp., HanpHMep, , § 28. Eea TaKoro ycnoBHSI Henb3Sl 6hmo 

6hi nocTpOHTb R -onepauHIO). CyutecTseHHOe paanH'IHe soaHHKaeT, o.nHaKo, s cne-

.llYIOllleM nyHKTe. 06hi'IHO HMeiOT <j>aKTK'IeCKK .neno C KOHTp'lneHaMK (s WKpOKOM 

CMblcne) .llBOSIKOro po.na. HapSI.llY C C06CTBeHHO KOHTp'lneHaMK ( KOHCT8HT8MK nepeHOp· 

MKpOBKK) 1 B03HKK8IOlllKMH npK onpe.neneHHH npOKase.neHKA CKHrynHpHbiX <j>yHKUHA 1 

paCCM8TpHB8IOTCSI eute H "3SpSI.llbl' 1 KOTOpble npOHCXO.llSIT H~ nepBOH8'1MbHOrO narpaH

:lKK8H80 CTeneHH OTBe'I8IOlllKX KM nonHHOMOB He onpe.nenSIIOTCSI H3 Tpe 60B8HHSI MKHHMM .. -

HOCTK 1 a 38.ll8IOTCSI 

B HaweM no.nxo.ne see KOHTpqneHhi paccMaTpHBaiOTCSI e.nHHoo6paaHo, 'aapSI.llbi' 

BbiCTynaiOT Ha coaepweHHO paaHhiX npasax c 'nocTOSIHHhiMK nepeHOPMKpOBKH'. 11 Te 

K .npyrHe KrpaiOT ponb Heo.nHopo.nHocTeA KnH csoero po.na rpaHH'IHbiX ycnosHA .nnSl 
10 

OCHOBHOA CKCTeMbl ( 16); eCTb OCHOBaHHSI .llYM8Tb 0 'ITO B H.X: OTCYTCTBKH OHa .llOny-

CKana 6bl TOnbKO 'TpHBKanbHhie HyneBbie peweHHSlo 3To BO BCSIKOM cnyqae 6y.lleT Tal<, 

8 
ecnH .nonycTKTb paano:>KeHKe no ManoMy napaMeTpy s .nyxe 

B aToA CBSI3H Hano:>KeHKe Tpe6oaaHHSI MHHHManbHoro pocTa coo6utaeT sceA norH-

'leCKOA CXeMe TeOpHH OCo6yiO KpaCOTy: B OTCyTCTBKHH KOHTp'IJieHOB CHCTeMa ( 16) o6na· 

.nana 6bi nHWb TpKBHanbHbiM peweHHeMj Mbl .llOCTHraeM OTnH'IHhiX OT HynSI peweHKA 1 

BBO.llSI KOHTp'lneHhl 0 O,llHaKO BBO.llSI HX Mbl He .ll06aanSleM HHKaKHX 'IY:lK.llhiX ( 18) ane-

MeHTOB, HO nKWb HCnOnbayeM HeO.llH03Ha'IHOCTb1 aano:>KeHHyiO B HeA 6naro.napSI 

ee CHHrynSlpHOCTKo By.llb CHCTeMa TKna (16) perynSlpHoA 1 .llnSI .no6asneHHSI KOHTp~e

HOB He 6hinO 6bi HHKaKHX BHyTpeHHHX npH'IHH 1 H Mbl npHWnK 6bl K e.nKHCTBeHHOMy-

11 
HyneBOMy peweHHIO cp. 

J1TaK1 ycnOBHe "'MKHKMMbHOrO pOCTa' HaKJia.llbiBaeTCSI y Hac H Ha KOHTp'IJieHbl 1 

BKniOtiaeMhie 06bi'IHO B "'aaTpaBO'IHbiA narpaH:>KKaH"' • 3T01 ecTeCTBeHH0 1 MO:>KeT npH-

secTK K 6onee cKnbHbiM orpaHiJ'IeHKSIM .nonycTKMoro Knacca TeopKA - Knacc co6-

CTBeHHO nepeHOpMHpyeMhiX TeopHA y:>Ke Knacca TeOpHA, nepeHopMHpyeMbiX B 06bi'IHOM 

CMblcne. B 'laCTHOCTH, H3 nepsoro Bblna.naeT TeopHSI C O.llHHM TpOAHbiM B38HMO.lleA-

cTsHeM CKMSlpHbiX 'laCTHU - none XepcTa-THppHHra. B aToA TeopHH HH.lleKc pocTa 

npOCTe.llweA .llHarpaMMbl C TpeMSI KOHUaMH paaeH MHHyC .llByM, a .lln51 6onee CnO:>KHbiX 

eute MeHbWeo noaTO~y C TO'IKH apeHHSI MHHHMMbHOro pOCTa TaKHe .llH&rpaMMbl 

I 

I 
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x) ·n 6 . He .llOII:lKHbl COnpOBO:lK.IlaTbCSI KOHTpqneHOM H 3apSI.Il JlOII:lK9H paBHSITbCSI HyniO • 10 o-

flb!TH01 'ITO C06CTB9HHO nepeHOpMHpyeMaSI TeOpHSI C llBYMSI BH.IlaMH CKanSipHoro B3aHMO

Jl9ICTBHSI - TpOJI:HbiM H 'i9TB9pHbiM - O.llHOBpeMeHHO MO:lK9T cywecTBOB8Tbo .LleitCTBH-

T91IbH01 HH.l;leKC pOCTa TpOitHOI BepWHHbl n. ( 2) Mbl MO:lK9M Bbi6paTb B ( 49) HIIH 

paBHbiM HYIIIO HIIH OTpHU8T91IbHbiM 38 C'i9T Q, 1 HO OTBe'i810WHI 'leTBepHOit BepWHHe 

.Sl (3) 06SI38T91IbHO paaeH HyiiiO - TO 9CTb B TeOpHH B38HMO.IlelcTBHSI 'l8CTHU CflHHa 

Hyllb 06SI38T91IbHO 9CTb 'ieTBepHOe B38HMO.IleACTBH9o 
-A 

AaTOpb! 6naro.ll&PHbi H.H.Eoroni06oay, B.C.Bna.llHMHpoay H J.1.¢>.1HH36ypry 

3a niiO.IlOTBopHyiO .llHCKyccHIO H pH.Il ueHHbiX 3aMe'iaHHA. 

x) '" . YlHTepeCHO CpaBHHTb STO C006pa:lKeHH9 C JIMeiOWHMHCSI B IIHTepaType yKa3a-

HHSIMH/12/ Ha BHyTpeHHIOIO H9COCTOSIT91IbHOCTb STOI T90pHH, 
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