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Abstract 

The low enerAy limit for "' rJ scatterinA amplitude has been obtained with 
the aid of the single nucleon terms of the invariant amplitudes .. The account of 
the crossing symmetry requirements permits to get the next terms by y for 
Q~ .. 0, aa well as an expression for the limiting value of the first derivative 
with respect to Q ~ for q.t. -+ 0. 

I 

Low, Gell-Mann and Goldberger have shownlll, that the requirements of the relativistic and gauge inva

riance make it possible to express the limiting value for the low energy amplitudes of r- rays scattering 

on spin· \.-'2 particles and the limit-ing value of the derivative of the frequency amplitude for -I _., 0 in 
terms of the charge and the magnetic. moment of the particle. 

Later on, this result was generalized/2/ to the case of elastic scattering of T rays by particles 
with other spins, as well as to the bremsstrahlun/3~ 

This result for elastic scattering is also valid when only C.P invariance is assumed. 

Ol)e is led to the low-energy theorem if the single nucleon terms in the dispersion relations are consi -

dered for l N -scattering/ 4,5,6/. (An analogous result holds for the bremstrahlung/7 I ). 

This note is concerned with the limiting theorem for 1) N -scattering basing upon the one-nucleon 
terms. 

The requirement for the invariant functions T ~ L -1, Q.t) L t " ~, · · · • b) to be crossing 

symmetrical allows to get additional components to the limiting values of the functions R~ (''1,0) , 
which are characteristic of the l-N scattering matrix in the c.m.s., as well as ot the limiting values of 

the derivatives of the amplitudes by Q2, for ~ -. 0 . ( The quantities Ti and fl i are determi-
1• d . /6/) ne , e.g., m • 

D 

The invariant functions li ('t1, ~~) are related to the scalar functions f(_ i ( v, tq.tj 
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i. ... ~ -~ [1 +l.W Qa, leo .. o) + 4vJ l\- 4<iW'" J (2 +~ \ 
1 " - lw"-M"') 21 ~. (w+~~ J "' ~ (w+M+ l (wt.-M2-)z. ' ~J 

T,·T~ "~"w~. ~~-!!:" ri-1(~)-~") -+ {bw~Q~ - l~,-R.t.) W"-~"" L w t ~ "" c . :\1. 

_,.. 

T.•T - '""''- \. ~vi Q'- l 1P•;ISI~ \. 
. s. ~ - ~1-k')' l ~ • ~ {w• t<)'J ( l~ -'I.~) - Qol•,.l

1 
(w •-•d t.,-R,) 

~'l""" Gt 
wlr Ts 

_ \\'4~rl (~-~,)- (il~-\l~) 
- (vi'·- ~z.)~ ( 1 ) 

1.. 

~-~-+~ '" 
'VJ 

= ( t- \\141. ~1. ) ( tr ... q,) . -+ llt~ -4-\t~t) 
~ l\11--~1.)2. 

where W is the total energy in the c.m.s., while V and ~~ are two invariants which characte-

rize the kinematics of the process VI"'-M'l :. l MV + l."lt.. 

The pole terms for Ti (-I, Q~) are of the form 

-r o - ~a. M.a.QJ. 
1\ -- ----=~ 

M ~ "- ~z.yt. 

-ro- - e~{'\ ... }\)~ r.A"-~ 

'"' - M ~"- Mt.yt. 

~C1 : e_L ~2.~ 
1'1 ~ .,_ ~*-V"' 

T;·= 0 

T;=M~":. et-(1 ... ,\) ~~Qt. 
J\1 ~.,- 1'12. v 1. 

( 2 ) 

where 

t 

tr~ 

.. 
• 
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where the units in which ~ = C. = ~ are adopted and the magnetic moment is 

For Qt.= 0 , it follows from ( l ) 

T"-T~) = .2.wt.(1t~..-R~t).- ~ (~-+RJo 
0 ~~ w ... ~ 

\._ -T..) = .tW"' (~-+ ~,.) + lfW (R,•R ... )., 
o ~"" o (w+f..\)-z. 

2.W.._ 
T"-+ 1;)o = Mv ( ft?>-RJt). 

T:a.. ~ T~t) :: "'w t. l ~ -R,.) II 
• f\f\va. 

T~) ~ -~ (t~- ~Jt), 
• M'l 

( 3 ) 

( l ) 

T. \ = li. [~ (~+ R~) -+ R~ ..-R.~l 
& )o Mv lj . 

By differentiating the relations in ( l ) with respect to Cl/ ~ in the limit ~.t.,. 0 we obtain 

characte-

( 2) 
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(I~ •\,)1,: :t w" (R. -~ )~ .- 4(11.,-~l. [ w• _ ,_,_ ~<'] _ 1.t wJ (t.,.-R ... ) .. 
f\t\V'- f!J.a. "1'-- L(kl<~~)'" v (w·~>~ rv.z. ..;t. 

-r.) 1, = .;; [ ~:;., L t,-11.,). - o~.- rz.)'. ~ ~ (fl., -14 ). ] 

I 
Tb) o 

W [ a. .. I =- -~ (tk-tR,),-+ (1~ ... 1R,-+R~ ... ~.)" 
1\4" ~2..'/l. 

(_ ft~ +itt -t 1 (4- + 1 ~,)., J. M-tV -\142.'11 

One can see from ( 2 ), that T 1-\ s and T.t -t "f;, do not contain a pole at 

lows fro:r: ( l ) , that R, -t tl2.. and R~ '! ~.. are finite at V ~ o . 
v 

As far as the functions T,_ t Ta. have the singularity of the form 

e:L r_ 1 ' ~L-i-t l""'~)a.. v 

it follows from ( l ) that 

R), t ll .. ) 
" () 

-- e.~ [ c ] - ~ -1 ± '1-t,\)a. 

for Y"" 0, what is in consistence with the low energy theorem. 

Owing to the fact that 1;. and ~ do not contain the pole at ~ ~ = 0 

remain constant for ~ -t 0. By analogy, from the condition that (\\ -±.T_,) 
1
0 

::ler pole 

and ',] (1"2. -T,.) 
1
0 

I 
( T, ± T!) o :: -

Le.., 
""'1. 

does not contain any, it follows that 

et-l R, t ~.a.)() ; - 'M 

( 4) 

Q,~ ...- 0. Then it fol-

-~-

( 5) 

R~+~") 
, -;--

0 
has to 

do contain the second or-

( 6) 

• 
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it fol-

5) 

to 

or-
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From for V _. 0.. 

I ) I Ts) ~ p ::: 1'-l 76 o p =-
one. can draw a conclusion that 

y..., 0. 

We see that formulae ( 5 )-( 7) 1 obtained from the consideration of pole terms ( 2 ), 

involve the results of the limiting theorem for Qt. :: 0. 

m 

( 7) 

It should be noted that with the aid of the crossing SYmmetry conditions it is possible to get addi

tional information about the limit of low energies. It follows from the crossing symmetry that, e.g., the quan· 
tity T. -T ~ must be an even function -J. 

If we substitute into the first relation from ( 2 ) 

(~-+R2.). =-~ ~ J..,'tl+··· 

( 8) 

(tl!>-.R.If) =- e~ [1+(1-t...\)~"l+J.~~-+··· 
0 2M~ 

,, ao~ __ (•·Z+ • .... \1\ ~z ~. M 't' V and take into account that for small y w '"' .c ,.. • J 
obtain the relation then we can 

( 9) 

from the condition that there is no H'fiear depe.ndence on V. 

The crossing symmetry requirements lead to the fact that the quantity V ( ~-T~) must be an even 
function of ~ The absence of the terms linear over V leads to 

( 10) 
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From ( 8 ) - ( 10 ) we have 

( ~.., ~1.)o =- ~ ( '\-~) + o(vt.) 

r o_ ..,o.\ -: _ ~ (-1-~v) v _ e1. (1+~)1.(1-1.;)-J+ 0(\'~. 
( ll ) 

\...~ MfJ. ~z. M · .2Mz. 

The functions T, +1"~ , T s ,-J(T.,•\.}and T, must be even functions of V 
. An analogo-

us consideration leads to 

c~~ -~). --- et- c~- ('\-t~)i) ( -\- ~) v -+- 0 ('1·~ 
.1M-z. ~ 

( 12 ) 

whereas 

) 
'-/..2. " (.lt~·R~t .... :t~-t.2R, o =-~~~- (1-~)v + 0('1

1

) (l
3

) 

and 

( Q.-• R,), = e~b·~) v ... e'- [-'~-; -JL ( -l+~)j V1 
_.. D( v') . 

2M 1. t, M !I 

I 
The function (. T. -1' ~) 0 

is an even function of V . Substituting into ( 4 ) 

I \ 
( ~~ .., R,.) o = ol~ -+ · • · 

I cJ,.I 
(st, .... Ra.) -= __.!..-+ . -. 

') 0 y 

from the condition of the absence of the component proportional to 

l ~ ~~- ~ ck~ ":: ~ ["-.tl'\+~)1]. 
An analogous condition on the even function ...J l Ia, 1at) ~ leads to 

Then 

Hence 

1 ~ J.~ ~- ~ [; +l.(, ... ~)z.]. 

' e'l. 
cl..'\ -= - .t -Mz. 

_,-1 
v we get 

{ 13' ) 

( 14) 

I '2. 

, (Q~-tft.)o:-~3 [3-+l.(1+A)'j4-o(v), (
1 

I e'L I ~~ ~ Rt.)" = _, ,..'L v -t- o(•) 

-~-

~ 

6. 

7. 

tc 

• 
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11) 

analogo-

12 ) 

13) 

{ 13' ) 

( 14) 

9 

The conditions for the first order poles to disappear in the even functions and 

lead to 

( It -il.'t) t ~ ~ [- .3 -+ .1 (., -i-,).)2] + 0 (v) . 
~ 0 ~~~ 

A.nalogous conditions for the functions T~)'o and T,)1
, require that 

( 15 ) 

(k-~,) =- e1(1 ... ,X) v + ~'L t.t + tl (" +~) -+- (1-r~)z] y2 + 0 Cv~) 
• 2. f.l\2. .It"",. ( 16) 

Let us emphasize that the low energy dependence we have got is valid for the amplitudes in the 

c.m.s. The results obtained may prove useful in the dispersion analysis of '{' quanta scattering by 

nucleons 
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