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It is sho.wn that under right choice of the sign of the pole,..._._~ 
scattering dzagram due to a neutral point decay its contribution of the 
cross section of f' rays scattering by protons decreases considerab
ly. To obtain the information on the neutral pion lifetime it is neces· 
sary to improve essentially the experimental accuracy. 

L Introduction 

Some years ago Low drew his attention/11 to the existence of the pole diagram which is due to the 

neutral pion decay in the amplitude for elastic scattering of quanta by protons. From the point of 

view of double dispersion relations for r-..J scattering the account of this diagram is equivalent to 

the consideration of the nearest singularity by Qt. . There are some interesting ideas concerning doubl€1 

dispersion relations for i -pi scattering in the paper by Nelipa and Filkov. Zhizhin/2/ considered the 

contribution ot this amplitude m states with definite value of angular momenta. Recently, Hyman/3/and other 

authors, especially Jacob and J. Mathews/4! pointed out, that the addition of the one-pion pole amplitude 

improves considerably the agreement between the theoretical and experimental results in the f - quanta 

energy renge of 100-250 MeV. This problem is being treated in detail in the recently published paper by 

13ernardini, Yamagata et al/5/*. 
lt is well-known that the analysis which makes use of the dispersion rel~tions/6,7/, leads to the values 

for the scattering cross sections exceeding the experimental values in this energy interval. 

In this paper we wish to draw the attention of the readers to the sign of the pole amplitude which is of 

great importance since the interference terms play the main role. It follows from the results of Goldberger 

and Treiman/8/ for neutral pion decay and from the dispersion relations for the forward scattering we used 

earlier/71, that (a relative) sign of the pole diagram differs from that used by Jacob and"J.Mathews. Thus, 

the addition of the pole diagram does not improve the agreement between the theoretical and experimental 

results the difference between which has to be accounted for in another manner. 

2. Scattering Amplitude 

Let us denote the vectors of nucleon momenta in the initial and final states by p and p t 
respectively, and by CJ,. ~nd ~ 1 the same for f quanta. Since they satisfy the conserva-

tion law 

it is convenient to introduce the following four orthogonal vectors 

* The authors of this paper are grateful to Nellpa, Fllkov and to dr. Yamagata for sending the results 
of their papers prior the publloatlon. 
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Jl : l. (,., + ,.,, ) ' Ci = i ( ,._,) = i ( p- p') j 

j>' = tj> - ('l· ~) '](. 
-;j(l. 

where 

; N /4' = i. £ /4-v .. p 'Y~' JL r G t 

<S': i (p+p'). 

It is possible to construct two independent scalar of these four vectOIIS 

Qa.· and M 'I = - ( 5>· ~) • 

( 2 ) 

( 3} 

.. 
The lengths of the vectors intro-:iuced in ( 2 ) are connected with Q and M '1/ by the follow-

ing relations 

J('·- ~2. ; pl.=- ~ .. _,.,'l. 
CJ't. = ~t. _ ('J>:)"= ·~ [ M2Y~ -l¥& ( ~1.,.11 2J} 

,vt: _ 'j)'" J(t ~z.:: Q.t [ M' yl.:_ a 2(~'+ M'")] . 
. The S matrix element for J N scattering may be put as 

. M N 
<P''\t'l $·11 P+> = i; 8 (P'•4'-p-~J-) (P.R,'fl.w,f,:)''l. 

where 

H !: i i (p') ~ N~v ~ 'U- (p) : 

= h 1 t ( ~) y. ~ .l't- e'")(!<~'IT (e'i(\)) (e ~ (-i)) I p). 

In the c.m.s. the differential cross section is given 'by 

~:: 2_ ( ~ N \'" 
do s. 

P'~ 

where Yl 'L •- ( '! + 1L) a, is the square of the total energy in the c. m.s. 

The scattering amplitude N may be written as a sum of six invariant functions 

( 4) 

( 5) 

( 6) 

( 7) 

J.;>.r• 
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, • 1 (e'~') ( e ~') [T. ~i. i_ \,_) -t ~~ N) (etJ) 
e,_t"~"e.,~ ~·'1.. -... Nt. 

- ~''?') (~) - (iN')(e'}>') i:~s-Ts + 
(-J>'Z- N2.) '12. 

-t (e'-s>') (e--N)"'" l~'N) (e1>') 1<s- i_ \, 
( p't N2.) 'h. 

( 8 ) 

In some cases it is also convenient to represent the amplitude as an operator in the spin space in terms 

of six noninvariant functions R i. 

+t RS' [ (& K) (s'e) - c~-~·, ( i ~·J J 
~ ~ ~, [ t~·\Z') (~'e)_ (5.-~.) cse:')] 

( 9 ) 

where 
.., - ...,...,1 .... , [ .. ' ... ,] ..., .., 
S = L ~ e , S. = I(. e while ( e , \c.. ) r.""'' ..., ') and 1.... e > "'- are unit vectors of the 

photon polarization and momentum before and after scattering, respectively. 

3. The !\latrix Element of the Neutral Pion Decay 

The matrix for the neutral pion decay is of the form 

where 4 and ~ 1 
are th•photon momenta; ~ - is the four-momentum of a pion; J(~) is the 

pion field current which is determined to be 

where 'f('l.) is the meson field operator; 'f (~) 
nonrenormalized constant of pion-nucleon interaction. 

be written as 

(11) 

is the nucleon field operator, and ~0 is the 

The Heisenberg equation for the meson field may 
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{-o"t+m~) 'f (1) = l (.,.). ( 12 ) 

In Goldberger and Treiman's notations/8/ 

M=(.1l\)1 \'i¥\t"('}'q,\J\o):-tE,...-.~6"" e~e. '£..~'£-~ f" [c~..-~·>z.] (l3l 

where f ( al)is a form-factor. F (-"'i) enters the expression J-or the S matrix .. 

The probability of the neutral pion decay is 

ur =· L \ <~ 'ltl s t i-tr )f2. :::. L 2. ~ ( ~w _ 4,_l--) o('",_ ,~,.,., 
q)~e'(. U'J)'!I V · T (U) ( 14 ) 

I 8~.~; 
4 
• .y'4'' ~ [Ce's..,J + c;.•SJY /F/' . 

Summing over e and e 1 and integrating with respect to the angles, we get in the rest system of a 

pion 

uT"= 
~ 

W\11: I t=l2,. 
&lfll 

The pion lifetime 'L is equal to 

'L-
64.F 

~~ {~\~ 

By using the dispersion relations technique, Goldberger and Treiman have shown that 

where 

,ea. F (b) ~- ...;._--- (;H•ft'p) 
'13f'tmx 

Io ... PI£ 

l + .t1 
I "li .s. 

~ = if'4'p -~~ -tk-~) 
1 +f"p 

( 15) 

( 16 ) 

( 17 ) 

( 18) 

""'$. 

it 

• 
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and f'4' p and ~'h. are anomalous rrtagnetic mo:nents of a proton and a neutron, respectively; 

1 are positive integrals. It follows from { 17 ) that 
i 

F(o)~ < 0. 

This sign is important for what follows further. 

4. One-Pion Diagram for 't Quanta Scattering 

by Protons 

The S matrix element of the pole diagram is equal to 

<:p'~'l S-4/pij,) = i. (:Z.J\)"S(p'+~'-p-q,-) (p'_l IH(o)jp) 

<(~'I JJ\lo)\cy) = 11 ~)1 ~ (p') '6s- \.t.Lp) 

<~' I rx- loll~>. 
(p'-p)~ T WI} 

~ (P'•Or' -p-cy) (?.n')'' Ct'-P~+ l'ni 

I 0 and 

{ 19) 

{ 21 ) 

One may show that 

<(~' / Jx (o>l 't) 
-1 4 

(:-i) £14-"'f>" e~ e.,(-~)" 't~ F [CtJt'-r,J1= = -(2"Jr)3 v "~4-~ 
{ 22 ) 

11 I I , 
:=..., [-i) t,...v(;}. ~ ev 4\f 4" !=". = (.2$\)'& VZf t" '}-~ 

As far as the matrix element < q..' ( J W (O) J q...) is taken in the pole at ( tJ.~~ )2- ., - m; then 

it is the same value of F which is encounted in the neutral pion decay enters { 21 ). 

Substituting { 22 ) into { 21 ) and reducing the spinors in the c.m.s., we get 

(P''}'[S-1\ pcy) -=.,- !£.. (J."X)'f S(p'•t}'-p-'J-.) __!_ (Y1 
. (.2rr)

6 
( ~4-;) '/z. (Pc P,') 'A 

.i c;,;:_~')t'l.-'~e5') 1-ct's>] = ~ M "f (.23\)'f ....!:_ 
2ft.\ (.tJJ)' l"9·~ p,p,') 1. 2M { 23) 

-& (f'+q,'-p-~) [ (6'.\Z) (e &'J -c6'k:'J {t' s>- (6 ~·J (esJ -t ("k:J (t's .. J] 
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Comparing ( 23) with ( 9 ), we have for the contribution of the pole diagram 

R.,p : R:a.v = R)p = R .. r :o ( 24) ' 
J 

- ~ F q; 
Rsp = - R,p - i.JfW (p-p•)%. .. w.} 

Hence, we arrive at a conclusion that the contribution to the amplitude of the pole diagram from the exchan-

ge and decay of the pseudo-scalar neutral pion reduces to 

Rs - R, = CJF ~ ~ :uv~ = 
p P l.i W Wlx 1"",_ (i- r...H~) + .-n,i. 

~F q... ---SIT" w 

1.. 

1-+ k1~ - Cd& 

2o/" 
It should be emphasized that in virtue of ( 19 ) 

Rr-p- ~'P < o 
if we assume that F ( o) and F (-ww.i) are not very different. 

-a 

( 25) 

The expression for the cross section ( formula (16) in/5/) has the pole term in the combinations 

~ IRs--R,\~ (i-~9))- R~ (~-R"t (~s-R,) (1-c.--s&t. 

The contribution of one pole diagram is of the form 

I!(.P):: 1_ l~sr-R,p\11 (4-W>f)~ = 

= 1 r: 
lt.Jr 

FL ( q..--)t (-t- ~g.) !o 

'lfJr w (1 + m} -~e)~ :: 
.2 ""f.. 

:L (q,..)t ~1. ("" ).t (1- t.H&-)!o 

= t;;;'t:' w iii -.;;. ( 1 -+ h\~ - u~ &'a, 
~~ J 

what coincides with Jacob and ].Mathews's results. 

( 26) 

( 27) 

We can expect the decrease of the cross section at 90° because of adding the pole term only when 

the second term in ( 26 ) is negative. 

.;;_-· 

. . 

• 
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As K14 is great and negative due to a large anomalous magnetic moment of a proton, 

Re.. l~l-~Jt), is a positive quantity in the energy range under consideration. So, the second term in 

( 26) is positive, if R sp - Ra,p ' 0. Hence, under the assumption that Goldberger and 

Treiman's analysis is correct the pole diagram rather increase than decrease the theoretical value of the 

cross section. 

If one makes use of the results of our analysis/7/R~ (Rs--ll,_l,would turn out to be determined, apart from 

the limiting theorem by the photoproduction amplitudes E 11 and M' . Since the ( isotropiC ) 'Part of the 

pole amplitude contribution is atJJ:omatically taken into account, it is necessary to add to the amplitude we 

have obtained earlier not the whole expression ( 25 ), but only the contribution of ( 25 ) to higher states, 

i.e. the difference 

As a result of such a procedure which is necessary in order not to violate the unitarity of the 

(at 8 = 90°) the quantity ~~i ( 1o : 1+ wl'irj1,_,) is replaced by 

- \ 
~ ~\~\ ~·- 1 

matrix, 

leads to the substitution of 2/3 by - 0.14. Thus, the conribu-

tion of the amplitude decreases as much as five times, and the sign of the contribution changes. So, a 

higher accuracy is necessary for the connection between the neutral pion decay amplitude and the amplitude 

of "(' rays scattering on protons to display. It was shown recently that the lifetime of a neutral pion 

is !9/ ( 2 :!: 0.4 ) • lo-16 sec, what decreases the magnitude of the pole diagram contribution as well. 

The ambiguity in the analysis of the photoproduction cannot affect the conclusion on the sign of the 

interference term in ( 25 ) since this sign is determined by a low energi theorem for 'I"' amplitude. 

The scattering amplitude at low frequencies which was first obtained by Low and Gell-Mann, and Goldber

ger/10/ was considered anew in the Appendix where it was obtained as a contribution of one-nucleon terms 

(see
161

). 

Note, in particular, that 

( 28) 

-
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Let us give one more, less strict, but simpler prof1 that the sign of the pole diagram· is determined 

correctly*. 

The matrix element <cy' I !,;lo)\'it 'J may be put as 

<::~' \ l.rr lo) \ \ 'J • L f. 14v 6~ e~ ev 46" q.,~ ('u)~ F [ ( i-- -4 ')~ = 

1~!. 
(,;¢1 ~ 

(e' ~') (eN)- (t'tl) (e.J~ 
( j' 12. NL) 'h 

so that 
()''\'' \ S-1\ ?~) -= L (1rr)-2.~ b (p'+q,'-p-~) t ~ lp') '/~ "-- (.p) 

lQa. F (e!P~ (uv) -(l-1 
N) (e :P') 

'tQ" ... WI~ (:i''.t. N.t.) 'h. 

hence 
Q't 

j F - a. 
-r = - .t· '·~~a.+ mJt 'sp .t.K ., ... 

Now let us introduce the function 

~ (v, Q2.) = 
Ts- (v,Q4

) 

~~ 

If ~ (>~, Q11 ) is considered as an analytical function of ~~ 
it follows from the Cauchy theorem and from ( 31 ) 

~(-4, Q") : if_ 
X " r JQ 

46l2.-+ W\~ 

( 29) 

( 30) 

( 31 ) 

( 32 ) 

for the fixed -I 

( 33) 

, then 

where J Q is the dispersion integral, whose lower limit is found to be 4 M; . In the region 

~t.~~ 4 "'i the integral in ( 33) is small and ,f. l"' lla.} may be approximatedby the expressior 

~ (v,~a.} ; lf. 
1\ " ( 34) 

4~:t -tm~ 

* An analogous approach wal!j ul!led by Bernstein, Fubini, Gell-Mann, Thirring and one of the authors/ 

111 

to ob

tain the Goldberger-Treiman's relation. 

.. 
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to ob· 

~~- -----~-- ---------

ll 

On the other hand, ~ ( V, Q a.) is also an analytical function of V for the fixed ~ t. . 

.o\ccording to the Cauchy theorem and taking into account ( 28 ) 

( 35) 

where J " is another dispersion integral. In the region :1. 'II .6 WI Ji the pole ter:-:1 will prevail, and 

roughly 

( 36) 

Evidently, ( 34 ) is not correct in the vicinity of ~~-~t.~ Ci~ , while ( 36 ) does not take place at 

4~"=-~;.. Yet, it is possible that in a certain region V and Ga, ( 34) and ( 36) ore 
z 

correct. Equating these expressions at 1 V = mx and Q = 0 , we get 

F -
( 37) 

what is very close to Goldberger and Treiman's formula obtained in quite another manner. 

Indeed, from ( 17 ) at 

we get 

what coincides with ( 37 ) u;::- to a numerical factor. 

There are two different choices of the general phase for the ~ rJ scattering amplitude in the li-

terature. According to one of them, the Tompson limit is equal to t ej~, according to another one- it 

is - e,-&/M • The error in the papers published is that the choice of the general phase factor of the one

pion amplitude does not con!rspond to the choice of the sign of the rest of the r- n amplitude. 

A straightforward comparison of the amplitude used by Jacob and Mathews, with ( 9) shows that the 

functions tt introduced in/4/ are connected with R & by 
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- ~" = R.\ '\" Rl. c.~& 

~2.: R,., 
~., = (t~ ..-(t~ ~· + ('4-+R.,) lt+en&) -llts--~,) (-1-~9) 

~~ = RJt 

~' : "~.as
~" = R' . 

It is also clear from here, that the (relative) sign of the pole term used in/4/ is different from that proved 

in this paper. 
Appendix 

one-Nucleon Terms in Dispersion Relations 

Having taken into account, that 

T (e'-1U:) e·\t\)) "&lh) [ e' ll\) e·j l-ll1 + 

+ le! j l\)) le -~ ~i)) 
we determine the retarded and advanced amplitudes 

r ( 
~I '/ ( j: i.-j/..i 

N ,., ... ~ QAlli :. -z u21·~, to :1.) z. J 4 -~ e 

< p' (9(~lo)[e~1lt) e·i rl)] /r>. 
The matrix element of the current has the form 

(A.l ) 

{11..2) 

.. 
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It is possible to express Ao in terms of the basic invariants 

Ao = ~f') (eY') A o 4- @N) (e!!) )/ + 
1''1. ' N'-' .t ( A.8) 

ce''')(~)- (e!f'/)(e:P') 0 (t' 'Y) (ttl)+ (e'N) (e~' A" 
+ (J't. Nl.) .,,. A~ .... ('Y'l. N,.) 'h. ... 

.... 

Con1paring ( A.7) and ( A.8 ), we have 

A~ 'J''~ = f S (t:•~<') ii: (p'l ( (•_,.~/~' + ~ ':P~ f') . ( A.9) 

t i l~-i) +M] ItH>.) .Y' ->% 'J
1

• p] 1< (f'l. 

It is easy to verify that 

(f~p': ~'(.~-G)= 'J>~f : 'r'1, ~ 

1.1. (r') ~ - i ( 'l-~) .. M ~ J 't (fl = ;;;: lr'l l [t GP-1c.) + < A.!O 1 - ["'("'A )"'I 5 AI\ 

+ ~ 1 (t'2.- 24 ~~p '? 1 1 'k (f) = 1A: (!') t i "")( 'J''! 1 'i' .. M + U 'i'~~ i j>''l 'I< [p) i ( A.ll I 
1\ 

ii(fl 1' t "( (~ -~) + 1111\lltl : ~ lf'{ 6- ?~~ ~) t' (~-i) + 

.,. 1-1)} 'It lf) = i (p') r M l <Ill - 't~ i_) - t l'J'"• 1'·1::) + L l o} i_ + 
L '1' 

-+ ~ -_i-}) }~l\') ·, < A.l2 I 

J, 
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Using ( A.lO )-( A.l4 ) and noting, that in the pole 

or that 

we get 

£'- ~ l~":K:t- ~ '1> "l£.) 'k LP') (Ut-t ( :k_) k (p) ~ 
lf 

1 

:: et s L-~- riJM) 1t. (r') c~Jl.\ ... 'X) ?t(p). 
~~ 

Analogously 

A: .tA.: E.t-(4~,.\)t '2. " ('" .. " " 
... " IM &("-~) ii.[p')Nc-:i(1--;k)+M]N1t(p):: 

== ELH1 (1-t ~)~ 8 (~- riJM \ ;u. (p'J [- i :X J 'k (p) ; 
i M . '} 

( A.l3) 

( A.l4) 

( A.lS ) 

( A.l6 ) 

( A.l7 ) 
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. (A~~ A~) (~'2. rt~)'"' = £·~·:>-) HI-~\ ~ (f') [H (-t (~-
" ) (" \ • ~ IL) J - 1'.) + M ~ • ~ ~ " lf) =: 

= £.%. (, ... }.) 5('1- tt."'jM) i4. (p')[tt ~ (-iM+.f)] 'k(p) ' 
M I 

( A.l8 ) 

(t\~-~~) L~\'LNL) 11a, = f.a.(\+~) ~(-.-cfJ~)U.(p')[f li.-i~)NJ~tp'· ~ '~ ~ ~, 
( A.l9) 

From ( A.l8) and ( A.l9) " 1\: L ~·· rt•)'12. : t~(~ +~) f,( 1-C:J .. ) (-t ~··) ;;., lf ~ N I< (p) 

~~ m'"L 1\ 1\ 
k' r~,'l~~ytt: t l~-"~) fb(-4-e'"f,...) !.. 'lA-lf) N1l'k-(V) 
I"\~ \.. iM M • 

( A.20) 

One can show that 

~ lf'1 N i 'U lV1 ::: l~\'l. ~1)'1~ ~ 1.t lf') ~'"u. (f) 

\. ~ lt>') ~ '\.l(~ = ~"' U.lf') ~'"~ u lp). 

( ''- 2.) 'lz, \1. ~ 
If now we take into account that owing to ( 4 ) . CJ N :. <'j Q 

then from ( A.20 ) we obtain that 

A o =- £'{""' ~) ~ lv - ri'fM) .L ~ (.p') l~ \(,(p). 
~ ~~ ( A.2l ) 

A::: £.~~~""") ~L"- Q'~/M) 'k-lr') ts-i 'l(.lp1. 

r 

,. 
• 
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20) 

21) 

Finally, from ( A.16 ), ( A.l7 }, 

• - ti- fr1l Q~ 
T, - 2sM ~-~~a, 

17 

and (A.21 ) we get 

' 
£l-

4rrM 

. \'; o _ _ t 2{ tt-+ .,..)J. _M_t._v __ 
' It - 4X"M l'f'-~1 1 ( A.22 ) 

What coincides with the results obtained earlier with a correct sign. In making all the calculations of 

one-nucleon terms it was assumed that in the electromagnetic interactions the parity conservation holds. 

These results also remain valid for the CP- invariance only. 
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