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noKa38H01 ~TO TeOpHH HeATpanbHOrO BeKTOpHoro nong C HeHynesoA MaccoA 

flOKOH ~ORfCKaeT KAnH6pOBO~Ho-HHB8pH8HTHfiD ¢opMynHpOBKf 6ea Bb~~eHHH BCROMO

raTenbHhlX noneA. KanH6pOBO~HaH HHB8pH8HTHOCTb B TaKOA TeopHH HMeeT TpHBHanb

HhiA ¢HaH~eCKHA CMhrcn: KBAHThi Hynesoro cnHHa, onHcblsaeMhre ~eTblpe-aeKTopoM A~ 

HH C 'leM He B3AHMO~eACTBfiOT. Bo B38HMO~eACTBHH y'laCTBfiOT TOnbKO KB8HThl CO 

CRHHOM 1. -'If_:-
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1. Bae.a.eHae 

1...:10 
LUapoKo pacnpocTpaHeHo y6e:>K.a.eaae • qTo Teopaa aeATpanbHoro BeKTOpHoro 

nona At'(.,t) c aeHyneaoA Maccoa noKoa1 a oTnaqae oT sneKTPO.O.HHaMHKH, He MO:>KeT 

6hlTb C~pMy1IHpOB8H8 K81JH6pOBQqHQ HHB&pHSHTHhlM o6p830M 6ea OpHBIJeqeHHSI BCDOMO

raTe1JbHhlX D01Jel. 3TO p8CCM8TpHB8eTCSI K8K Cepbe3HOe DpeDSITCTBHe Jl.OBOIJbHO qaCTO 

npe.a.npHHHM&eMhlM a nocne.a.Hee apeMB nonhlTKSM npose.a.eHHB aaanorHH Me:>K.a.y 6,apaoH· 

HhlM H 91JeKTpHqecKHM HIJH rHnepOHHhlM H 91JeKTpHqecKHM 38pS1Jl.8MH DyTeM BBe.a.eHHSI 

/56 7 9 10/ 
COOTBeTCTByiOIUHX BeKTOpHhlX D01Iel ( nH H .Har, CaKypaA H .a.p.) 

1 1 
' 

1 
o 

B o6hlqaoA 

ypaaaeaae (eM., 

¢opMy1IHpOBKe TeOpHH 

I 11 121. 
HeiTp&nbHOrO BeKTOpHOrO DOIJH HCD01Ib3yeTCH 

aanpaMep, • ) 

qTo 9KBHB&neHTHO ypaaHeHHIO 

c .a.ononKHTenbKhlM ycnoaHeM 

-ot.A..., 
)~r4ll.v 

t.l\ . 
- m t"\"' ==- \ 

I· ,)1' ·I ( 1 ) 

(2) 

Q. (3) 

HI ypaaKeHHe ( 1 ). HH ypaaaeaHe (2) c .a.ononaaTenbHhlM ycnoaHeM (3) He BBIIHIOTCH 

K81JH6poaoqHo HHsapaaHTHbiMH. 

Heo6XOJl.HMOCTb Jl.OD01JHHTe1JbHOrO yCIIOBHH (3) MOTHBHpyeTCH CTpe~M 
HCKIJIOqHTb CDHH 0 H o6ecneqHTb D01JO:>KHTe1JbHYIO onpe.a.eneHHOCTb. 9HeprHHe 

0TMeTHM 1 qTO ueaoA BBe.O.eHHH KpOMe 

acnoMoraTenbaoro CKalfslpaoro nonH B(x.) 
4-aeKTopa f\f4 (x) 
· LUTroKenb6epry 

131 
eme .H HeKoero 

y.a.a~OCb DOCTpOHTI:: 

K81IH6pOBOqHO HHB8pH8HTHhlA ¢opM81JH3M aeKTOpHOrO DOIJH C Jl.OD01JHHTe1JbHbiM ycnoaw
/14811/ 

eM 1 t t • 0.a.H8KOt CMhlCIJ K81IH6poaoqHOI HHB8pHaHTHOCTH B T8KOA TeOpHH B aaa-

qHTe1JbHOA Mepe 3ABy811HpoB8H, 

Hl:>Ke 6y.a.eT DOK838HOt qTo TeOpHSI HeiTpa1IbHOrO BeKTOpHoro DOIJSI C HeHyneaoA 

M8CCOA DOKOSI Jl.ODYCKaeT K81JH6poaoqHo HHBapH8HTHyiO ¢opMy1IHpOBKY 6ea DpHBneqeHHSI 

K8KHX-1JH60 BCDOMOr8Te1IbHhlX D01Ie:A. LlnSI 9TOrO Hy:>KHO B006IUe OTK838TbCSI OT Jl.OD01J

HHTe1JbHOrO ycnoBHSI. B p8CCM8TpHaaeMOA TeOpHH A r ~) no.a.qHHSieTCSI TOIJbKO 

-
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KanHOpOBO~HO HHBapHaHTHOMy ypasHeHHID (2) 

npeo6paaosaHHSIM no.a.sepraeTCSI nHWb ~aCTb 

( § 2) o 0Ka3b1BaeTCSI1 

Ar (x) co cnHHoM 

~TO KanHopOBO~HhiM 

0. KanH6poso~uasr 

HHBapHaHTHOCTb ¢H3H~eCKH 03Ha~aeT 3.0.eCb1 ~TQ y KBaHTOB BeKTOpBOrO nons CO CDHHOM 

uynb OTCYTCTByeT saaHMO.O.eiCTBHe C .a.pyrHMH DOnSMH H Me>K.a.y CoOOI ( § 3) • fbSTOMY 

.a.nsr HCKniD'leHHSI CDHHa Hynb .O.ODOnHHTenbHOe ycnOBHe OK83biBaeTCS H3nHWHHMo 8 HeM 

HeT Heo6xo.a.HMOCTH H .a.nsr o6ecne~eHHSI nono>KHTenbHOI oopt.a.en~HHOCTH sHeprHH (§ 3). 

TaKas TeopHsr nonHOCTbiD SKBHBaneHTBa oobi~HOA TeopHH ueATpanbHoro MaccuaHoro BeK

TOpHoro oong1 OCHOBaHHOI Ha ypaaHeHHBX (1) HnH (2) 1 (3) (§ 4). 

N\o>KHO CKa3aTb1 'ITO B paCCMaTpHsaeMOM cny~ae KanHOpOBO~Has HHBapuaBTHOCTb 

urpaeT TY >Ke ponb1 KOTopyiD OObi'IHO urpaiDT .a.ononuuTenbHble ycnoausr a TeopHH BbiCWHJI 

CDHHOBo 8 OTnH~He OT OObi~HbiX .O.ODOnHHTenbHbiX ycnOBHI OHa Be HCKniD~aeT KBaHTOB 

ueuy>KHoro CDHHa1 a nHWb OOe3Bpe>KHBaeT HX0 

2. OcHOBHbie ypasHeHHB 

DnoTHOCTb narpaH>KHaua, onHCbiBaiDmero ueATpan-bBoe aeKTOpHoe none 1\r so 

x) /12/ 
B38HMO.O.eiCTBHH CO CDHHOpHbiM noneM \f 1 BbioepeM 1 KaK 9TO- ~aCTO .a.enaiDT 

s su.a.e: 

;i (x) = _ ..i. of\.., )~" 
"' ll)lr oxr - ";_" f\r(\~ + jr f\r - ~ (•r~>'r + M)~ (4) 

I ~ r = ;,1' 't' "r 't' I 
JlarpaH>KHaH H BbiTeKaiDlUHe H3 Hero ypaaBeHHS .O.BH>KeBHS 

(o- m")f\r:: -lr (5) 

(lr{)(." + M)'t' = i.1 "" '\' f\t' , (6) 

x) 
AHanorH'IHO MO>KBO ODHCaTb B38HMO.O.ei<;:TBHe DpH BanH~HH HeCJtOnbKHX oonel, 

a TaK>Ke DpH BMH~HH CBB3el THDa aHOMMbHOro MarHHTHOro MOMeHTS. 
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a TBK:>Ke O.llHOBpeMeHH~e / Xo-=- 'lo / nepecTBHOBO'IHble cooTHOWeHHS1
1 

aHanorH'IHhie -
x) 

9neKTpO,llHH8MH'IeCKHM 

(7) 

xx) 
HHB8pH8HTHbl OTHOCHTenbHO K8nH6pOBO'IHblX npeopp830B8HHA 

(8) 

AI f-x): 1\ (!.) + 0 {\~) 
r~ r •"r ( 9) 

C npOII3BOnbHOA "~) 7 Y.llOBneTBOpSliOWeA ypaBHeHKIO: 

KanK6pOBO'IH8SI lfHB8pii8HTHOCTb1 T8KHM o6p830M 1 HMeeT MeCTO npH WI. + Q TO'IHO 

T8K :>Ke 1 K8K H B cnyqae, KOI".ll8 B (4), (5) H (10) 

B8SI 9neKTPO.llHH8MHK8) 0 

nonO:>KeHO rl'\.. = 0 ( KB8HTO-

x) 
.0.llHOBpeMeHHbie nepeCT8HOBO'IHble COOTHOWeHHSI MOryT 6bllb Bhi6p8Hbi B Ta-

KOA ¢opMe, TaK KBK .nononHHTen&uoe ycnoaue Ha onepaTopbi nonS! ~I"' He HaKna.nhiBa-· 
eTCSI 0 

xx) 
nnoTHOCTb narp8H:>KH8H8 (4) npH STO.M HHB8pH8HTH8 C TO'IHOCTbiO .llO 

Hecy;weCTBeHHOA .llHBepr'eHUHH (CM0 npuno:>KeHHe 1 ). 
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. /5 6 7 9/ /\'-') 
3aMeTHM 0 'ITO B OTnH'lH~ OT t t 

1 
1 r.lle \!- Dp9.llDOnaranHCb COB9plll9BHO 

DpOH3BOnbHbiMB 0 B paCCM8TpHB89MbiX 3.ll9Cb npeo6pa30B8BIUIX ( 8) 
1 

( 9) 1\.(x) orpaHH

'l9Hbi ycnoaaeM ( 10). TaxaH 1Ke orpaHH"leHHOCTb HMeeT MecTo H B KB8HTOBOA snexTpo-

.llHH8MHK91 B OTnH'lH9 OT KnaCCH'l9CKOAo 

Vfa K8nH6pOBO'lHOJt HHB8pH8HTHOCTH narpaH1KHaB8 BnH yp8BH9HHA. cne.llyeT 38KOH 

x) • 
coxpaaeaas 

~x [- }r t\ r 
~£\"of\ 

,_ o)(t' IX" 

3TO p8B9HCTBO .llOn1KHO C06niO.ll8TbCSI DpH 

HHIO (10). B 'l8CTHOCTH npa (\:c:.o"st. 

A o~ f\ 1 = Q. 
+ "-v '")o.xt' ox" ( 11) 

ni06hiX f\ (x) 1 y .llOBneTBOpSI!OlllHX ypaBHe

DOny'l89M 

~=0 (12) 

o)l.r 

- 38KOH coxpaaeHHSI TOK8o 
s..---" 

.llacpcpepeaaapyH ( 5) c y'leTOM ( 12), nony'laeM ypaeaeaae 

(o-m'-); ~t' = 0, 
r 

(13) 

KOTOpoe H8M C9A'l8C DOH8.ll06HTCSle 

3. 0TC)"l'CTBB8 B38HMO.ll8JlCTBHSI Y KB8HTOB CO CUHBOM 0 

tieTblpe-aexTop f\r((c.) HCUOnb3ylOT1 HM9Sl B BB.llY ODHC8HH9 'l8CTHU CO CUB-

HOM 1. 8 p8MK8X O.llBOpO.llHOA rpyDDhi nopeaaa H9T aenH'liiB1 ODHCbiB810lllHX TOnbKO 

cnaa 1. B cooTaeTCTBHB c aTBM Ar(!..) , aapg.lly c KBaaTaMa cnaua 1, onacbiBaeT em~ 
H KB&HTbl CO CDHBOM O; (1.. r M01K8T 6b1Tb p836HT Ba 2 'l8CTB: 

x) 
BbiB~Jl 38KOB8 (f0Xp8H8BHSI H 06CY1K.ll.8BH8 CBSI38BBOrO C BHM onepaTopa 

npeo6p830B8HHSI B9KTOpoB CoCTOSIBHH CMe B npan01K9BBB •• 
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r.ne nepsag ';18CTb 

ODHCbiB8eT KB8HTbl CO CDHHOM 11 a BTOp8SI 

J:.. 'l_ ')~" 
~,_ ol<t' ") "" 

- KB8HTbi Hyneeoro CDHHa. 

(14) 

(15) 

(16) 

13-16 
B 9TOM MO:>KHO y6e.llHTbCSI1 npHMeHSISI KOB8pH8HTHbiA onepaTop KBa.npaTa CDHH8 · 

.llnH DOnSI f\t'(z<.) (eM. npHnO:>KeHHe 11 ): 

fri) -2.(~ 0- o'- ) (11) 
\: rv - ~ \"'" ")~t'oY.v 

C C06CTBeHHbiMH 3H8'ieHHHMH S.~+i.) a npH CDHHe S. • l--fMeHH0 1 HCDOnb3yH ypasue

HHe ( 13) • nerKo nposepHTb1 'ITO 

( 1.8) 

(19) 

EcTeCTBeHH01 'ITO Te :>Ke KB8HTbi HyneBOI'O CDHH8 ODHCbiB8eT H C8M CKangp ()"''II • 
o')(v 

CnenyeT nonqepKHYTb1 'ITO KanH6poso'IHoe npeo6paaosaHHe (9) npH ycnoBHH (tO) 

H3MeHHeT nHWb 'i8CTb ~.t' CO CDHHOM 0 

I 
1. ~ ~f\y 
;t ~~ oXv 

(20) 

TOI'.ll8 K8K 'i8CTb CO CDHHOM 1 OCTaeTCH HeH3MeHHOA 

(21) 
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EcnH Mbl XOTHM paccMaTpHBaTb TOnbKO KBaHTbi CO CllHHOM 1, T01 KaaanOCb 6hi1 

He06XO.OHMbl Mepbl .OnH HCKniO'IeHHH KBaHTOB C HyneBbiM CllHHOMe 

Harne yTBep:>K.OeHHe CBO.OHTCH K TOMy1 'ITO HHKaKHX cneuHanbHbiX Mep (HanpH

Mep, Hano:>KeHHe .nononHHTenbHoro ycnoBHH) s cnyqae HeHynesoA Macchi noKOH aeKTOPHhiX 

KBaHTOB npHHHMaTb He Hy:>KHO. Y:>Ke Ha caMHX KanH6poso'IHO-HHBapHaHTHhiX ypasHeHHil 

nonH (5) H (6) cne.nyeT, 'ITO KBaHTbi CO CllHHOM 0 He saaHMdt\eACTBYIOT C .npyrHMH 

nonHMH H Me:>K.OY C06oA: OllHCbiBaiOWaH HX qaCTb 1\ t' DO.O'IHHHBrCSI CB060.0HOMY 

ypaBHeHHIO 

( tJ - W\ 1.) _!__ ::L ~ f:\" = 0 
~ m'L o~t' o~v (22) 

( TpHBHanbHOe cne.ncTsHe ypasHeHHSI ( 10)). Cne.nosaTenbH0 1 ypasHeHHIO co B38HMO

.neAcTsHeM (5) llO.O'IHHSieTCSI nHlllb 'laCTb 1\r CO CllHHOM 

(a -\'t\" (" - .!... l_ 'Of:\v\ =- \ (23) 
\':: J\t'r m'L o~ ox") J t' · 

TaKHM o6paaOM 1 'laCTHUbi CO CllHHOM 0 He BnHSIIOT Ha tPH3HKy: ecnH KaKoA-TO KOMnneKC 

HX npHCyTCTByeT B HaqanbHOM COCTOSIHHH 1 TO TO'IHO TaKOil :>Ke KOMnneKC HX 6y,neT H B 

KOHe'IHOM COCTOSIHHH. B npOTHBHOM cnyqae MaTpH'IHbiA sneMeHT £, -MaTpHllbi. paseH 

HyniO. 3TO YTBep:>K.OeHHe MO:>KeT 6biTb CtPOpMynHpOBaHO Ha Sl3hiKe aaKOHOB CoxpaHe

HHH. Yla cso6o.nHoro ypasHeHHH ( 13) cne.nyroT aaKOHhi coxpaHeHHSI nonHhiX 4-HMnynbca 

p f'lo) H MOMeHTa M.~:) CKansrpHoro DOnH ~ ;~~ H) 6onee T0f'01 'IHCna KBaH-

TOB c Ka:>K.OhiM aHa'leHHeM HMnynbCa. TeM caMhiM 1 ~ - MaTpHua .nHaroHanhHa no 

KBaHTOBbiM 'IHCnaM CKansrpHbiX tPOTOHOB. 

HnH 

Hano:>KeHHe .nononHHTenhHoro ycnoaHsr BH.na 

x) 

ot\r 
~ ~t' 

:0., 

{'!h_\ <1)=0 
"""ox;)_ 

_x) 

3To ycnosHe B paccMaTpHBaeMOil TeOpHH tPHKCHpyeT KanH6pOBKY 

OTCyTCTBHe CKansrpHbiX KBaHTOB B tPH3H'IeCKHX COCTOSIHHSIX ~ • 

H oauaqaeT 

A£: 
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~ng HCK~qeHKH CfiHH8 0 HBnHeTCH H3nHIUHHMe T8K K8K K8C8eTCH TOnbKO TOft q8CTH 

1\\" (.x) 1 KOT0p8H OllHCblB8eT HH C qeM He B38HMO~eACTByiOIUHe, CB060~Hbie KB8HTbi 

syneaoro cnHsa. 

1 2 
B KaqecTae eme o~Horo ~oao~a, a HHor~a H ocsoasoro • , a nonb3y seo6xo-

~HMOCTH sano>KeHHH ycnOBHSI (24) npHBO~HnH C006pa>KeHHe 1 qTo B npOTHBBOM Cnyqae 

onepaTop nonHoA aHeprKH P 0 He sanseTCSI nono>KKTSnbHo-onpeaeneHHblM. 0~HaKo1 
onepaTop aHeprKK P ~o)_ acer~a cao6o~HblX KBaHTOB co cnHHOM 0 coxpaHseTcs. 

x) 
noaTOMy a KaqecTae ¢HaHqecKoro onepaTopa aHeprHH MO>KHO npHHSITb onepaTop 

p ... ~ 
0 

=P _pto) 
0 0 • (26) 

8ToT onepaTop coxpaHseTCSI1 KanH6poaoqHo-HHBapHaHTeH H ero cneKTp nono>KHTenbHO 

onpe~eneHo no CyiUeCTBY TaKOe BblqHTaHHe MO>KHO 6blnO 6bl H He ~enaTb0 Tor~a 

SHeprHSI OTCqHTblBanaCb 6bi He OT HynSI1 a OT HeKOToporo 38BHCSIIUero OT KanH6pOBKH 

OTpHuaTenbaoro ypoaHSI. TaKHM o6paaoM 1 H c aToA TOqKH apeHHSI seT seo6xo~HMOCTH 

B ~ononHHTenbHOM ycnOBHH (24). 

4. 3KBHBan.eHTHOCTb 06blqHOA TeOpHH C ~ononHHTenbHblM ycnOBHeM 

j,_ ()~ 
XoTs cKanspaoe none m ~ H oKaaanocb cao6o~HblM 1 ao oHo eme ae 

ucKniOqeso H3 ypaaHeHHSI .LlHpaKa (6). Paao6~M Tenepb onepaTop 'f 
K8THBHO H8 38BHCSIIUYIO H He38BHCSIIUyiO OT· K8nH6pOBKH qacTH 

MynbTHnnH-

(27) 

r~e 

(28) 

K) 
KoaKpeTHbiA BH~ onepaTopa Po•w~ ~ 

~ng cao6o~aoro nons 1"\t' eM. a 

npHnO>KeHHH 111. 
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x) 
- ueaaaHCSIW8SI OT xanH6poBKH '18CTb 'f . Tor.aa a nepeMeuu&Ix 'f narpau:>KHau 

/4/ H ypaaueuHe JlHp8K8 /6/ 38nHlllyTCSI 

~Cz.)=- i :;~ ~~~- ~· 1\..f\r +it-~ 1 .. ~"-~ +f>-~1)- 1~~~x/~'f <2eJ 
" .. 

("r~r + M) 'f • ~ "r l1 1\~) + 1\~ 'f) ' (30) 

r.ae 

t\(.i) - {\ i ) ~~" 
r = t'- mt..'CI~t- o~v • 

(31) 

3aMeTHM .aanee, 'ITO C TO'IBOCTbiO LlO 4-MepHOI LlHBepreBUHH nnoTBOCTb narpau-

}KHaua {29) MO}KeT 6&ITb nepenHcaua B BH.lle 

.t: (?r.) = _ ~ ~ t•) F. l•) _ m t. A. c.·) f\ t•) + :!. ( l. 1:.. of\~t. + !!£ ( -1. oAv\t. + 
lt ~'" r" 9.. r r CJ.. \.~xr m oY-;} 1. \.., C>'l<;) c

32
> 

ii. - (. 1\ (1) ~ l•) \ - (.. ') t..A\ 
+ 9... ~ "~\.~ "~ + 1"\~ '1') - 'i \.)'r~r + ntf J 

r.ae 

(•) '0 f\~' 0 ~·) F =--~· rv - o~r o'l<" 
{33) 

8TOT n8Fp88}KH8B COOTBeTCTByeT 06bl"IBOI TeOpHH B38HMO.lleAcTBHSI CUHBOpHOrO nong U) 
- l•) .J 

H BeKTOpuoro nong A.\" C .llOUOnHHTenbJlbiM yCnOBHeM 

i. b) 

0 "" = 0 o~r-

H} KpoMe Toro, onBC&IBaeT cao6o.auoe CKangpuoe none 
i. of\, 
~~· 

(34) 

xJ 
C TO'IHOCTbiO LlO nocTOSIHHoro ~aaoaoro 'MHO}KHTenSJ: npH npeo6paaoaauHSJX 

{8), (9), {tO) 
~~: e"~ L- ~._(_Q-~'-)1\]'f = ~)l.r[- ~C.OW\t.~] ~. 
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1\ (1) 
nepeCT8.HOBO'IHble COOTHOWeHHSI .ll.IISI noneA: i H t\t' T8.KHe :lKe K8.K B 06bi'I

x) 
HoA: aeKTOpHoA: Teopuu c .llOnonHHTenbHblM ycnoaueM • B To :lKe apeMB aa8.HMo-

A. (l) 1. 'OA. 
.lleA:CTBYIOWHe nong "j H t\t" KOMMyTHpytOT CO CKBnSipHbiM noneM '");\ ~ H CO BCe-

i.'"'bA.v II 
MH ero npoH3BO.llHblMHo Cne,lloBaTen&Ho1 CKB.nBpHoe none 1W\ '>Xv coaepweHHO .llHH8.MH-

'IeCKH HeaaaHCHMo. TaKHM o6paaoM1 paccMoTpeHHBSI TeOpHSI nonHOCTbiO sKauaaneHTHa 

06bl'IHOA: TeOpHH He.A:Tp8..1IbHQI'O BeKTOpHOI'O nonS! C ,llOnOnHHTe.llbHblM ycnOBH9M0 3KBHB8.

neHTHOCTb o6eHX TeOpHA: MO:lKHO YCT8.HOBHTb H .llpyrHM CnOCOQOM - C nOMOWbiO yHHTB.p-

/17 11/ 
HOI'O npeo6paaOB8.HHH JlaA:COH8. 

1 
1 T8.K:lKe 'BbiKniO'I8.10W9I'O' B9KTOpHOe B38.HMO.lleA:-

~TBHe CK8.nHpHOI'O nonS!. 

0TM9THM 1 'ITO H8.nO:lK9HH& .llOnOnHHTen&HOI'O ycnOBHSI He TOnbKO npH,ll8.eT TeOpHH 

HeK8.nH6pOBO'IHO HHB8.pH8.HTHblA: BH.ll 1 HO 38.CTBB.IISI&T HCnblTbiB8.Tb H&KOTOpbie ,llpyrHe 

Hey.ll06CTB8.o l-JanpHMep1 HCnonb30B8.HHe COOTB&TCTBYIOWHX T8.KOA: TeOpHH cpyHKnHA: 

pacnpOCTpaHeHHSI B TeOpHH B03MYW9HHA: npHBO.llHT K TOMy1 'ITO nepeHOpMHpyeMOCTb 
/12/ 

CT8.HOBHTCSI He COBC&M O'leBH,llHOA: (eM. 1 CTp •. 235). 

C.llenaeM O,llHO 38.Me'I8.HH& 

p8.30B8.HHSIM nO,llBepraeTCSI TOnbKO 

o nepeaopMupoaxe Maccbl. Kanu6poBO'IHblM npeo6-

Ta '18.CTb ~ t" 1 . KOTOp8.S1 OnHCbiB8.&T KB8.HTbl CO CnH-

HOM 0. Cne,llOB8.Ten&HO, TOnbKO .llnH STHX KB8.HTOB MO:lKHO O:lKH.ll8.Tb1 'ITO HX M8.CC8. 

H& ,llOn:lKH8. nepeHOpMHpOB8.TbCHo J.1 .ll9A:CTBHTe.llbHO STO T8.K 1 H60 OHH HH C 'leM He 

B38.HMO.lleA:CTBYIOT0 T..ITO :lKe K8.C8.eTCSI KB8.HTOB CO CfiHHOM 11 TO HX M8.CC8.1 9CT9CTBeH

H01 nepeHopMupyeTcB a npouecce aaaHMO.lleA:cTBHB. YpaBHeHHe (5) c y'leTOM nepeHop

MHpoBKH M8.CCbl KB8.HTOB CO CnHHOM 1, H8.npHM&p0 MO:lKHO 38.fiHC8.Tb B BH,lle: 

(35) 

I-ia.KOH9U 1 OTM9THM1 'ITO B p8.CCM8.TpHB8.&MOA: TeOpHH B9KTOpHOI'O nO.IISI A.Y' C 

M8.CCOA: cpyHKUHH rpHH8. nO,ll'IHHSIIOTCSI T8.KHM :lKe 38.KOH8.M KMH6pOBO'IHblX npeo6p8.30B8.-
/J8-22/ . 

BHA:, ~8.K H B sneKTPO.llii:B8.MHK& . • TaKHe 38.KOHbl CBSI3blB8.10T Cp&.llBHe no O.llBOMY 

. x} 
J.1x MO:lKHO nonyqHTb HS nepeCT8.BOBO'IHblX COOTHOW9HHA: ( 7) H ypaaHeBHA: 

.llBH:lKeBHK ( 5) 1 ( 6) • 
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H TOMy )1{8 COCTOHHHIO OT DpOH3B8.ll8HHI onep8TOpOB B .llBYX p83HbiX K8nH6pOBK8Xo. 

3TO COCTOHHHe B o6eHX KMH6pOBK8X 8CTb B8KYYM .llnH KB8HTOB CO CDHHOM 11 DO 

nHWb C TO'IKH 3peHHH O.llHOA H3 HHX He CO.llep:lKHX KB8HTOB CO CDHHOM 0. (flpHnO:lKe

HH8 1 ). 113 yK838HHhiX 38KOHOB cne.llyiOT, K8K H B sneKTPO.llHHaMHKe 1 TO:lK.llecTB8 

Yop.ll8. 

,. 

AsTopbl cep.lle'IHO 6narO.ll8PBT M.A. MapKOB8 H E.H. B8nyes8 38 o6mHe 38Me'l8-

HHH, A.A. noryHOB8 H .M. H. lliHpOKOB8 38 .llHCKyCCHIO BODpOC8 o6 onep8TOpe KB8.llp8T8 

cnHH8. 'N'IbJ. oco6euuo npB3H8TenbHhi JI.r. ::S8cT8aeuKo, H. A. CMopo.llHHcKoMy H l.f:lKoy 

ry8H-'l:lK80 38 CTHMynHpyiOUlHe o6cy:lK.lleHH51 pH.ll8 DyHKTOB p860Thi. 

npHnO:lKeHHe. 1 

38KOH COXp8H8HHH. cneBYIOU1HA H3 K8nH6pOBO'lHOI HHB8pH8HTHOCTH 

flnOTHOCTb n8rp8H:lKH8H8 (4) DOCne K8nH6pOBO'lHOrO Dpeo6p830B8HHH (8) 1 (9) 

C yqeTOM ycnOBHB (10) OTnH'l88TCH OT nepBOH8'1MbHOI H8 .llHBepreHUHIO 

~'(x) = t.~)- :!__fA_ ;t.f\ \ _!_ 1_ {')f\ .--al.f\ \} (1.1) 
'tl'l(t' ~ v "r'l~) t. ~xr\""oxv o~t-•~..,) 

BnB BH¢HHHT83HM8nbRO 

') (I ')9.(\ :\ 

~ "i = - 1)'1( ~" ov. ~~ J 
" t' 

( 1.2) 

Bbi'lHCnBH B8pH8UBIO i ~) o6bi'lHbiM o6pa30M c Hcnonb30B8HHeM ypasaeuaA 3Anepa 1 

DpBXO.llBM It 38KORY COXp8H8HHH (11) 

:L r _ · -.f\ of\ ot.f\ 1 . 
'lxr l jt' (\ - ~ ~ + ~" oxt')xv) = 0. 

( 1.3) 

B 9TOT 3aKoR coxpaaeHHH MO:lKRO no.llcTaBHTb nto6ble ¢yHKUHH 1\ (}c) , orpaaa'leHRbie 

. nBWb yp8BH8HH8M ( 10),. DOSTOMY ( 1.3) npe,ll.CT8BnHeT co6oA KOHTHRYYM 38KOHOB 

COXp8H8HHH COOTBeTCTB9HHO KOHTHHYYMY D8p8M9TpOB K8nH6pOBO'lHOI rpyDDhlo 

nerKO y6e.llHTbC!i1 1 'ITO ypaBH9RH9 ( 1.3) 9KBHB8neHTRO yp8BH8RHIO ( 5) 0 

0TM8THM1 'ITO 38KOH COXpaHeHHH ( 1.3) MO:lK~O eme nepeDHC8Tb B BH.ll8 

.-;·_ 

?G;-----

" 

.~
~< 

~ 
(f 

j 

~f, 

• 

~-.;:; ... · 



,-

~-
1 

l3 

( 1.4) 

CoxpaHHIOlllHAcsr onepaTop a KB&HToaoA TeopHH nom1 cny)KHT HH¢HHHTe3HM&nhHbiM 

onep8TOpOM npeo6p830B8HHSI BeKTOpOB COCTOSIHHH, CBSI3biB8IOlllero C06CTBeHHbie BeKTOpbi 

C O.llHH8KOBbiMH C06CTBeHHbiMH 3H8'leHHSIMH B p83HbiX CHCTeMaX OTC'leT8
1 

K8nH6pOBK8X 

H T.n. TaKHM npeo6paaoaaaHeM npH nepexo,lle OT O.llHOA xanH6poBKH K .llpyroA 6y.lleT 

y' =li'r , ( 1.5) 

I'.lle 

( 1.6) 

( 1.7) 

38KOH K8nH6pOBO'IHbiX npeo6p830B8HHA onep8TOpOB nong (8) H (9) TOI'.ll8 38fiHIUeTCH 

( 1.8) 

'ITO nerKO npoaepHTb C fiOMO!llbiO nepeCT8HOBO'IHbiX COOTHOWeHHA (7 ) • .. 
C TO'IKH 3peHHSI paanH'IHbiX K8nH6pOB0K O,llHO H TO )Ke COCTOSIHHe o6n8.ll8eT 

paanH'IHbiMH H860p8MH HeB38HMO.lleACTBYIOlllHX CK8nHpHbiX KB8HTOB
0 

3To Mbi ceAqac npoHnniOCTpHpyeM Ha npHMepe npeo6paaoa&HHH aaxyyMa. npH 

aToM orpaHH'IHMCH f\(r.~ , y.lloaheTaopHIOlllHMH 

( 1.9) 

( 1.10) 

'ITO fi03BOnSJeT npe.llCT8BHTb f\ ~) B BH.lle 
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f\ ~l = f [~(-) E!. '\.fX 't'"") -ifX1 ~ 
cl_, . 

J \..ttt):!-1. ~0 f + \.t ~ /ro=-~·f·+YMt./ ~1.11> 

~t\ 
KpoMe Toro, 8 CHJlY c8o6o.oHoro ypaaHeHHSI ·( 13) B03MO>KHa aanHCb .onB ~ 

oXt' 
_ .... 

') ~M - • \ c1f [ - 'rx + -'rx 1 ---'-'- = , Cl e. - C1. e. 
o 'l't' ~ (?....-)'!> i.fo r-fr ~ fr / P• = ~pt.4-m'- /, (1.12) 

x) 
r.oe Clrfr + 

H a.r ft' onepaTOpbl pOlKA9HB51 B YHB'ITOlK8HH51 CK8nS1pHbiX K88HT08 

xx) 
C nepeCT8HOBO'IHblMB COOTHOW9HBSIMH 

[~rlr;,)Pt.r, a.~lf""'Jrt.v1 =- ,., .. ~(f, -"ft)' 
cornacyiOWHMHCSI c ( 7). 

no.ocT~nss (1.11) H (1.12) B (1.7), nonyqaeM 

lY = uy \-i \ Jy l ... rfr ~(f) -t a.t Pr I\ \f)] 1. 
xxx) 

EcnH onpe.oenHTb saKyyMbi B .osyx paaHblX KanH6posKax cornacao 

CL~fr 'io = () Cl.'+ w"!'-o 
t' ~t' 0 - ' 

TO npeo6pa30B8HH9 lJ 
I 

( 1.14) 1 CBB3biB8IOW99 ~ 0 H "t'o 1 .ll89T 

x) CM. npHno>KeHHe 11 r. 

(1.13) 

:c.·-

( 1.14) 

(1.15) 

xx) 
Vlx MO>KHO paCCM8TpHB8Tb K8K Cne,ZlCTBH9 6onee 06WRX1 HO RM9IOWBX CMhiCn 

TOnbKO B C8060.0HOM Cnyqae1 nepeCT8HOBO'IHblX COOTHOW9HRI 

r~t' (f._),~\ (f.)1 = ~t'" l~ -t'.). 
m) - ~J ~JI 

Mbi He BblRHCbiB89M ycnOBHI TOr01 'ITO 8 ":L 0 H "1 0 HeT KB8HTOB CO 

CRHHOM 1. 3TH ycnOBHSI K8nH6pOBO'IHO HHB8pH8HTHbl~ 

--- ~ 

" 

.c-

~.:r 

-· ..-r 

~ 

• 

~-

-· 

' 
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~~ =1f'io =~ltr\ -!f~Jf~<tr)~(p)- i'\clf ~(f)e~.t'r~11to < 1.f6 > 

1.101 
nocn&JlB" BWp&lK&BBe Jl8&T paanOlK&HB$ BAK)7N8 BOBOI lUUIB6peBU ~ no COCTOsr-

HBBM CT8pol1 _JIOpolKJl88MhiM onepaTOpliMB pGlKJl8BB~. Cl.t'ft'. 83 CTaporo B8KfYM8 1!0 • 

TauM o6pa30Me B~KYYM C TO•Um 3p&BBSI O.llBOI KanJ16pGBU 88 &CTI> BaxyyM C 

Toqxa apeHBSI .apyroA. 

3To noBHTBO, TU xaK ycnoaae ( 1.15), xaK B 6onee o6Ulee ycnoaae (25)1 ae 

K8n&6poaoqa;o-aHB8pB8BTHhl 1 nOCKOnbKy SIBn5110TCSI ycnOBHSIMH 1 <J>BKCHpf10UlHMH 1 38Kpen

nBIOUlHt,f:H xana6poaKJ. 

npano>KeHHe 11 

OnepaTop pa,goaTa cnaaa AnSI nons A p · 

06Ulee onpe.aeneaae onepaTopa xaa.apaTa cnaaa (o.a&oro aa aaaapaaaToB 

aeo.aaopo.aaol rpyiUihl nopeama) .ans npoa3aonhH&Ix MHoroKoNnoaeaTBI:dX <J>yaKnal, 

npeo6paayiOUlBXCB no npe.acTaane&BHM aeo.aaopo.aaoA rpynnl:d nopeaTua. 6hlno .aaao a 
/13-16/ . /16/ 

o6cy>K.aanoci> B psr.ae pa6oT • 3To onpe.aeneaae rnacaT 

(11.1) 

r.ae 

( 11.2) 

( 11.3) 

- BB<J>BBBT93BM8nbKW9 onepa~pw C.llBBra B 4-Bp8Ul9HBA .anSI Jl8BHOI <J>yBKDHB. 

/f\4~pBIII:d S.76 SJ;BlUIIOTeB Ba4>BBBT93JIM&nl;ollhiMB onep8TCDp8MH Bp8Ul9BBSI ee KOMnoae'BTo 

Tax KAK .ana aexTopaQA <PYBKDBB 

(i&J6 )~"= i. tb,r co6v- ~~,·b6rJ' ( 11.4) 
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TO DO.llCTaHOBKa ( 11.2) 1 ( 11.3) H ( 11.4) B ( 11.1 ) KaK pas H .a.aeT Bbipa:>KeHHe 

(17) 

(r'\.v = 1 (i>t-• D- ~~"""). 
3aKOH npeo6pasoBaHHSJ BeKTOpHol cPYHKUHH /\\'" (1.) 

( 11.5) 

1 a SHa'lHT 1 H HHcPHHHTeSHM8nbHble 

OnepaTOpbl p,... H W\J6 H DOCTpOeHHbiA HS HHX onepaTop Kll{i.llpaTa CDHHa ( 11.1) HliH 

( 11.5) He saBHCSJT OT TOrO DO.ll'IHHeHa /\f" ~) KaKHM-nH60 ypaBHeHHSJM HliH H8T0 

O.a.uaKC'\ 1 ecnH s cny'lae ypasHeHHI 6es ssaHMo.a.eAcTBHSJ f\t' ~) Mo:>KeT 6hiTb pas6HTa 

Ha H9SaBHCHMbl9 qaCTH CO CDHHOM . 0 H 1, TO B Clly'lae BSaHMO.D.eiCTBHSJ MOrliO 6bl 6biTb 

H He TaKo 

B HaWeM Clly'lae, KaK Mbl BH.ll9liH (a} 3) 1 .D.a:>Ke npH HaJIH'IHH BS8HMO.ll9ICTBHSJ 

f\f' t11.) pas6HB8eTCSJ Ha .llHH8MH'leCKH HeSaBHCHMble 'laCTH CO CDHHOM 0 H 1. 

DpHno:>KeHHe 111 

"~ 

~-

""'ill 
'Q 

HopMan&uoe npoHsBe.lleHHe onepaTopos seKTopuoro nonst H onpe.lleneHHe 

cbHSH'I9CKOrO .onepaTopa. 9HeprHH B CB060.llHOM Cl!Y'Iae 

-:'£.·~ 

B cso6o.llHOM cny'lae Y.ll06Ho onpe.a.enRT& see onepaTopbi B BH.lle uopMallbHbiX 

DpOHSB9.lleHHI1 TO eCTb TaK 1 'IT06bl onepaTOpbi pO:>K.lleHHSJ CTOSJliH ClleBa OT onepaTOpOB 

yHH'ITO:>KeHHSJ, 

HanpHMep, B TaKOM CMbicne Mbi xoTenH 6hi noHHMaT& onepaTop 4-HMnyn&ea 

P" = \ ctr fr 'Cl.~ ~" ~ /fo = ~ ft.-+~t./) (111.1) 

'ITO H 060SHa'laeM .llB09TO'IHeMo 

OnepaTopbi O..v H 
+ ~ fiO./l'lHHeHbl nepeCTaHOBO'lHbiM COOTHOWeHHSJM 

l. D. r ty i.) 1 o.t (.ft.) 1 = b f'" <& ("fi.- f,_) . ( 111.2) 

• 
Vis 9THX COOTHOWeHHI SJCH0 1 'ITO onepaTopaMH yHH'ITO:>KeHHSJ SIBliSIIOTCSJ O..W\ H 

+ 
a onepaTOpaMH pO:>K.lleHHSJ O..W\ H Cl.o , Q.llHaKO sanHCb HOpMallbHOrO 

a.~ 0, 
DpOHSBe.D.eHHSJ 

B (111.1) B BH.lle 

---- --- ------

). 

!j-

~ 
·;~. 

..... 

4o' 
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~ 
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( 111.3) 

HenpHeM1JeMa t XOTH 6bl ua-aa HeKOB8pR8HTHOCTR. K_OB8pH8HTHOe onpe,lleneHRe MO:>KHO 

... 
Jl8T&1 9C1JR pa36HT& onep&TOpbi O..t' H Cllt' H8 '18CTH CO CnRHOM 0 R 1 • 

~ 

OnepaTopbi yHH'ITO:>KeHHH OnepttTOpbi pO:>KJleHRH 

s=i Cl - O.vfv f 
t' p~ t' 

Cl.+ t <1.;- 'II "f~ 
f (111.4) 

+ Clv fv f ~= 0 Cl.: \1 '"' t~ fr rt. r 

~ CnHH aTHX 'I&CTeA MO:>KeT 6hiTb ycTaaoaneH c nOMOUl&IO KoaapHaHTHoro onepaTopa 

'-..._ KB8Jlp8T8 CnHH8 ( 17 )X) 1 38nRC8HHOrO B HMnylibCHOM npe.llCT8B1IeHHHe CMbiCII RX K8K 

~~~nepaTopoa yHH'ITO:>KeHHH H po:>KJleHRH cne.llyeT H3 ( 111.2). 

HopM81I&HtW:S npoHaae.lleHHH Tenep& aanHmyTCH 1 aanpHMep, 

:(a.;-~~ r~( .... -~Yv): =:G.- ~t r:)(a.r- "";t r~: = 

~ l ~ -"-;£ r~( ""· -; .. r·) 

I OheuHeiRWI IIIICTIITJT ' 
uepBWX lh:c.te.t:oaanl i 

6H6nHOTEKA i 

( 111.5) 

(111.6) 
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B cMewaHHbiX npo&::Be.neuusrx c S •1 H 5 • 0 nopsr.noK eecywecTaeeee acne.ncTBHe 

KOMMYT8IIHHa 

J-bpManbHoe DpOH3Be.lleBHe B · ( 111.1) MOlK9T Tenepb 6b1Tb paCKpbiTO K8K 

P = c cl""y bk \[a..+ u. _ ~+r)(.«.p)j-+ ~r)(«-"'"~) 1 
t' ) I , V \1 p'- t. ;a. • . r (111.7) 

nepabiA 'lnee B ct>urypeblx CK06Kax ecTb nonolKRTenbHo onpe.neneHHbiA onepaTop 'IHCna 

KB8HTOB CO CDHHOM 1, a BTOpOA - OTpHU8TenbHO onpe.neneHHbii ODepaTOp 'IHCna KBSH

TOB CO CDHHOM 0. CooTBeTCTBeHHO 9HeprH51 KBSHTOB CO CDHHOM 1 onpe.neneua nono

lKHTenbHO, a KBSHTOB CO CDHHOM 0 - OTpHU~TenbHO• 

EcnH H3 pt' Bbi'I9CTb 4 -aeKTOp 9HeprHH-RMnynbCa KBSHTOB CO CDHBOM 0, TO 

DOny'!HM B CB060.llHOM cnyq:ae RBB8pR8HTHbiA OTROCHTenbHO K8n&6pOBO'IRbiX npeo6p830Ba

HHA / o..r- Ol~ +i ~(y) Pr / onepaTop auepruu-uMnynbCa KBSRTOB co cn&ROM 1 
... 

( cpR3H'IeCKRX) 
~-

p q,\4'!. 

r ~) df rr l cs."!a..- ~·r~~cs.r)J 
c nonolKHTenbHO onpe.nenekHoA aHepruea. 

( 111.8) 

......... 

~ 

~~-t-

~ 

-.. 

_;,;; __ .. 

' 
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