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A b s t r a c.t 

In the approxirnation.of the effective-range theory the explicit expressions 
for $ and p phase shifts of ttle :r- K scattering are derived. 

1 

In the paperlll the approximate equations for partial waves of the r- I{ scattering have been ob
tained. There are great difficultie-s at present in finding exact solutions for these equations: first it is ne
cessary to know S and p pqpse shifts of the pion-pion scattering and secondly up to the present time 
there is no reliable selection rule of a physical solution among solutions obtained by the interaction 
way on computers. 

However in rough approximation in the low-energy region one can obtain one of possible solutions of the 
system of Eqs. (25) - (26) and (30) - (33) from the paper IV namely, the solution T; ~.r. = ~ l/.e where 

T/{~ 1} is the partial wave of the !f- J< scattering depending on the square of the !C- meson 
momentum 'f,J. in the c.m.s. in the state where isotopic spin is equal to 7 and orbital momentum 
f"' 0 or I. It is advisable to use it as a first approximation when solving more exact equations by the 

interaction method on computers since it is known, that the form of solution obtained with this method de
pends strongly on the choice of the first approximation. 

. ~ . Jf.e 
. So, we assume that fe -= Tt . Then the system of Eqs. (25)- (26) from/11 written for partial 

waves of the X- K scattering averaged over all angles takes the form: 

f
... .t 

R, 7i (~1 = R, T, (o) + 16~J>0 dx {!iJ {[flt(•,~')-he(•.•J}/T.M/ ~11 
+3 [ fe (x,'i~- 'ft (x,o)] I r. M/ '} 

and the system of Eqs. (30) - (33) fromll/ for the T- Jl. scattering amplitudes in the case of the back
wards scattering will be of the form: 

""' 
Re T. (~1= r. T.( •) + s~· 'P lit~ 
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-... 

Re T, ( tt tJ - _I f{>j.Jx {i' 
- !'f;rl. tv(JC) 

0 

{ 
/T.6c)/1[ ( ) 7 
1( (t-'IZJ X (' (t,ff,~}- L (t,o) + ~t((,r111N+ 

+ 3 /T,rt:J/.t[){ ( Q{x,tj,l}- Q{~,o)) + 9' Q (<,•)1) 131 
J( (t-~}} 'J J 

In Eqs. (l)-(3) ht
1

.fe, V 
1 
L 

1 
C and 

whose complete notations crre given in/1/, 
Q - are complex functions of the variables f:f l and ,c 
W'(>~) is the total energy of the X- I( system. 

I• lS interesting to note that the p -phase shift of the 7i'- '/{ scattering does not enter Eqs. (1) -(3) 

which gives greater freedom in choosing an explicit expression for the S-phase shift of the :f'- T 

scattering since it is not necessary now to take care of the self-consistency of the S' and p phase 
shifts. 

In the present paper the expression for the S phase shift of the 'il- ']( scattering is taken from 
the paper 121. 

The S phase shift of the !f- !f' scattering enters Eqs. (1) - (3) by means of the expooent 
"'" p { lJ. ('J :-iJ - tL (ll, 'i,)]. The calculation shows thatthe account of the I phase shift le<jldS 

for the exponent to values close to the unit: deflections do not exceed 5 percent up to the values of 
X ..... /0,14 L ( /" is the mass of the ?('-meson at rest ) in Eqs. (l) and do not exceed 15 percent up to 

the same values of )( in Eqs. (2)-(3). If JC ;!!:. /6,.u 1 then the subtraction procedure must count greatly 
and the integral contribution in Eqs. (l)-(3) in the region X > ltl_;l' must be negligibly small. 

For the sake of simplicity of calculations it is natural to assume that 
e11p {U.(q.~~~)- U(t,1.,J] = 1 in the whole region of change of the variable X • Under 

the same assumption, namely, that the integrals over X in Eqs. (1)-(3) contribute mainly in the region 

of small ]( , we can use the following approximate expressions for the functions "t 1 ft 
1 

V: C, 

L., Q Qlld w: 
I +I .. t 

n1 (t,f.
1

) "'- ~-''1-J. J ~ (l,)J1: 1 ft(t,f')= t-t'J,' flrP,b,}Ji,; 
-r ::; I 

V(x/t-l) = t L { i, ~zJ = o c ( t, 9- J.) : 0 ; 

a ( ll, ,_ ") = t , W (x) V(H+J4)\ y. {2 + ~;' 

of 
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and " 

l~ds 

I 

----------~----~--.~ ----------- -~------
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H bienq the mass of the K -meson. 

By inserting these approximate expressions into Eqs. (l)-(3) we obtain in both cases the same system 
of splitting up equations: 

Q 

0 

/T,(,t)/1.. 

1( ex~ fr -LJ 

2 

1 
The connection of isotopic spin states T with scatteriney phase shifts is of the form: -

T'= 

From which it is easy to obtain the following relation 

3 

We shall seek the solution of the equatton (4) in the form 

(4) 

(5) 

(6) 

(7) 

(8) 

where Rt. 1/(o} is the quantity related to the scattering wave length, and ( is ·a some constant. 
From (8) it follows that the analytical properties of the function V (f,l.} are defined by those of the 
function T. ( 9 ") . By using the condition (7) we obtain an explicit expression for V (~~): 

00 

!J..I.jd~ {i 
tr.r. wr~~.J 

(9) 
() 

or 



( 
l! ('1-L} ,. flt 11 {o}- l.t.t V.1 + 'i 

where V = {J-1 +)") 1 
1 

)., 9, +; 
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& ;;:r-rr 
v>-. ~- + fi' 

* 

if 
t.r I>-+ ~ (10) 

I 
From (8) and (10) it is seen that the only constant, namely, tc V(•J 

the following we assume therefore the value I to be equal tci the unit. · 
enters practically T., . In 

.. 
lfe must demand further that in the whole plane of the complex variable ~ the' function V(il) be 

different from zero. It follows from here that the subtraction constant can have only positive values, i.e. 

Rc 1f(o) ?Q **. 

By using the expression (10) we get the following expression for the S -phase shift: 

~ 

y >.'J-1.+ v 
I 

d ~ o o = g X fle V" { 0 J - .!f V). + f ... ~ ,h.+~·- R 
v'). + ~· + !>:' (ll) 

To compare the S phase shift obtained in the present paper with that of the paper /3/ it should be as-
sumed in (lOa) that the quantity 9,.1 ~ /" .t ( this corresponds very close to the subtraction point 
from the paper/3/ ). The results of the comparison are given on the diagram I (a small difference is connec-

ted to the choice oi the approximate expression for W (tc. J ). 

· [t is important to note that the region of change of the constant It V"(o} depends explicitly on the 
choice of the subtraction point. By choosing suitably constants the expression (ll) coincides practically 
with the expression for the s- phase shift from the paper /5/, 

* In th'l case when In the expression (9) the subtraction procedure Ia carried out
1
not at zero but at a certain point 

0 • 9: > -l and the Integral Is cut off for a certain value of the parametre 11 , we shall have for the 
• function V'(t.&J the followlna expression: 

&~-~.,. 
VA+j,. + t-1+ f 

I 

V(l/.t] = Ne 'lf (9o.t) - ~~ .,6. + ~ ( 10a) 

I 

+ "~l..;,.. ~ (- (A+ 1!: ') i 
.T - ate t' VA ~ - Is y). + l'-... 
1 + t: ~ 

(In the formula ( 10a) Instead of 9: Ia. should Insert positive values of J.'- , namely ~ ,. i-.' l- 0 ), It Ia advi
sable to use the expreaelon (10a) In comparing the results of the present paper with those of the papsr/8/, 

** Similar restrictions Imposed on the value of the coupling constant have been treated In papers/8/ and /4/, 
These reatrlotlona can be obtained In our work too, If we Introduce tht subtraction procedure at a suitable point and 
demand that the function 11'(~.,] have no zero In the region -;44 ~ 9.1.~ 0 

The 

• 



• 
7 

4 

The expression (5) contains no inhomogeneous term and therefore, in finding solution by the reverse 
function method it turns out to be necessary to take into account the negative cut. Indeed, if we shall seek 
solution of the equation (5) in the form: 

use the expression for 

J;(qz}= 
cjl'>l v (rtlj : 

1'th v ( tt~) 

(12) 

and assume as in the case of the S phase shift, the analytical properties of the function V (tJ.·') to 
be defined by those of the function· T,. (fl. l) then writing the Cauchy theorem for the function V {tt-9 
and performing two subtractions we get: 

(13) 

where 

The elementary check shows however that the function V { 't .t) obtained in this way have zero in the 

region 't .t. < 0 . To avoid zero in this region it is necessary 

a) or take into account the influence of the negative cut* 
b) or introduce the cut-off that leads to the appearence of the third constant. 

For our purpose - obtaining approximate solution of the equation (5) in the region of small ~.t - it is 
sufficient to introduce the cut off L provided ~ .t << l 

In this case the solution takes the form: 

(14} 

In the region of q.. 1 z. 0 the last te~ in the relation (14) tends to zero faster than the second one, and 
the expression can be written in the form: 

tt ?> d~ ~ 
1 

z g JT A ( :1. + ~ ~ .t) . 
v'l/ .. )I.CJ,L (15} 

which is in good agreement with the results of the paper/51. 

*One can show/6/ that the account of the influence of the negative cut under some assumptions·ts reduced to the ap-
pearence of the additional mbltlpller ><"' (0 < "'- <. i) In the denominator of the Integrand ":1 (<J'A) . In this 
case the Integral turns out to be convergent and the constants A and 8 can be choosen so that V (q_.t) 
should not vanish for all 9- .I..( 0. 
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Con c I u.s ion 

Lately the problem of the !f'- I< scattering is being investigated very intensively. Two approache~ 
are used: 

a) perturbation method 151 and close to it Chew-Low 17 I method and 
b) Mandelstam double representation method 11,3,41 

In the latter the attempts of investigating the !f- K scattering are somewhat different one from 
another: in the paper 131 the investigation is carried out by means of the 'classical' Mandelstam represen
tations, in the paper 141 the Cini-Fubini method is ~sed, and in the pap~r Ill one uses a way of symmet
rization and antisymmetrization of amplitudes, in order to avoid difficulties connected with the kinematic 
cut 121. However, in all three cases the obtaining of exact solutions of equations for the Ji- K scat
terbg is confronted by great difficulties and solutions can be obtained only after performing some simpli
fications. In particular, in papers 3,4 solutions have been sought in the effective- range approximation. 
The comparison of solutions for the S and p phase shifts obtained in the present paper and 
papers13,4,51 shows that the results coincide. 

Thus, solutions (11) and (15) get in a rather rough approximation can nevertheless turn out to be 
useful in the two cases: a) they can be considered with great reliability to be true for the .K- II 
scattering in the ~ meson low-energy regioni<,.AAC Lj 

b) the solutions (ll) and (15) can be used as a first approximation in solving more exact equations 
from Ill by the iteration method on computers. 

The authors are indebted to prof. H. T. Tzu, A.Efremov and L. Soloviev for the useful discussions. 
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