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Abstract 

The aauaa trane fonnatlon laws o f many-partlole Gre e n funotlona are obtained. 

General Ward ' a Identities follow !tom theae )awe. 

L l ntr o rlucti o n 

After Landau and Chalatnikov' s work 
1 

devoted to gauge transfonnation laws of the Green functions 

< 1' lt'(x)'( <.~)) and ( T 't'Qc)~ (}) Ar(\4 )> appeared many papers related to this ques-
tion 1-51_ 

This laws follow only from the transfonnation properties of the HeisenbetQ's operators in changing 
gauge without any dependence on a particular kind of coupling. 

In this paper the general theorem is proved, which established the gauge transformation laws of the 

Green functions with any number of whichever charged and neutral fields without assumptions about in­
teraction. 

Recently in electrodynamics Okubo derived the gauge transfonnation law of many-particle Green func­

tions, which are somewhat differently defined. His proof however is valid in electrodynamics only and 

related to the expansion of the Green functions in the perturbation theory series. 

With the help of the Green functions gauge transfonnation laws it is possible to get the most general 

and natural derivation of identities of Ward' s type. This was done in 41•51 for the relation between the 
vertex part and one-particle Grean function. 

Below, in the last section, the Qeneral identities between many-particle Green functions are obtained 
and several particular examples of Ward-type identities are quoted. 
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..2... Definitions o f Green Functions 

Let us write down the definitions of many-particle Green functions for which the gauge transfor­
mation laws will be obtained. The Green functions without photon ends are defined as a vacuum expecta-

tion of the T -product 

(;.(y. ..... )(" ) '!!.···) '\ ~i. •.. }:(\'t) = (\ 't't.~i) ···"'~(:<")1\ (';1.) ... \f ~ l'J-~)1 i l~i.) .. -> ( 1 ) 

where '\' (?t') and ~ ()) are operators of any lepton, meson and baryon charged fields which have the 

gauge transformation law 

't'' ~) = f_)(r ~ e f\(~)] ~ ~) ~ ' (~) = '5'(~) uytie J\(~)j ( 2 ) 

and i<.~) are operators of any neutral fields except the electromagnetic one. The Green functions 

with electromagnetic field operators 1\ r ( \l) are defined as 

(,.r(xt."· ''!t ... ,~i: .. ,14.)::. ('f1!1\r(v.')) 
( 3 ) 

(,. (xt.. .. ,'i~· · ,1-i. ••• ,~~.t.u') =(i"'tAr(1A')/\.J\l1'V-(T'!)('T f\r (v.')l\r (")' 
N"l .. I~ i. 1 ~ 4 ) 

········· --·· ...... ------. - - ·-- -- -- ----·-·· ....... . ............... ... 

'r"'"·"~ ... ~i··-,'t~ ·· , !-L __ J ... i~1. ... lA."') = <1'¥ Ar .. {.tA .. )A.r,_(y..'l) -.. f\r,.. (lA.""))-

-LG '->t r ..... ~t-i.t't.ct'~-i.rlt+t··· t""" <. T At't( ..... ')f\~..._ (\lie.))-
( 5) 

-L c;, ri. ... ~ ... z T Ar,l ..... ') 1\r j(u!) t\r~u.k)f\~t( ... t))- .. ...... . .. . 
i..>)>i>~ m-lc 
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formally these expressions may be obtained by means of Schwinger's method6 of functional differentiation 
with respect to the source current 

( 6) 

where functional derivative is defined as 

Y>i3~~ =<rtArlv.)) -<n><f>..rlv.)) 
( 7) 

and at J = 0 the vacuu:n expectations for odd number of A.~lr.A) $ vanish. 

The Green functions defined by formulae (3) - (5) are transformed in changinq of gauge simpler than 

vacuum expectations and the natural generalization of ','/ard-type indentities is obtained for them. These 

definitions correspond in the perturbation theory to the throwing away of the graphs containing unconnected 
parts all external ends of which are photon ones. 

3.S a uge Transfonnat ions of Green Functions 

In this section the Green function (5) in an arbitrary covariant gauge will be expressed in terms of 

Green functions in true Landau gauge, in which by definition the photon propagator has no longitudinal 

part and the equal-time commutator of electromagnetic field operators vanishes5. 

The transition from Heisenberg operators in Landau gauge ~ 't. , '1 't , J..'t. and A~ to the 

0 perators in the arbitrary qauge 't' 1 '1 1 J. and "r is accomplished according to 

If (It) = urB~ t\(x)) "'1:<2<) ':S't'!): ~1:( '}) e.xp t'e.f\(~)] 

~l~):l't(t) f\ L14) =1\'tlr.A)+ '0/\(r.A) 
,.. 1'4 our 

where 1\(x) is suitably chosen hermitian operator, which can be represented as 1 

( 8 ) 

( 9) 
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~k ani 0..~ are unn.:1:;a•:cr 'ID-i :..rea•:or. o;:;crtJ'ors ). •)ne ':Qil believe t:1cl opera!or t\ a::-ts 

in the Hilbert space clii!erent (ro·-~ cnP ·, '':hi c li 'l't: , ·ic. iT. and /\~ cperatei.S an I, con-

sequently, 1\ co:.; ·.ute.; : .. 'h • .. e ... I• i.:> ':;or:; ev.-hi&e tc r.ote nlso that 'n !he tror.sitio:1s to trut> 

qouqe, In which by the definition the e']ual-ll:r.e electro·:1agnelic fields r:o:'111U!o:o: v::mishes, the chci::e 

of 1\ is ll:nited by the :::onriition 
5 

( Ll\~,o),i\(o)1) =0 . ( 10) 

fhen the photon propagator in an arbitrary ~~ue covariant gauge will be expresse<i a~ 

D~, l •'-•') ~<.If\ r<-"')f>....(v..')) = <.T f>...~ l~<')~ l•'\> + ~~otl-" <. T f\l~<')l\(v.'))= 

= \cl\ e\~(14i.-ul.) l(\t~t'"-'\.~'\.0Jt.("t) +tr-\vdt('\-1)). 
( . '' .. 

~~OH, we proceed to the derivation o: •.he 'rcn.";vr ·.ctior. low o~ ';reen funct.ion ( I ). -\ccordinq to what 

has been sold above 

(,( xt .. . ~~ t. ... ,!:'" .. .')=G-r.(!. ....... ,'; ....... >?:. i . .. )(1' ~){f (-i e..<-1:> )> 
( 12) 

where 

<l> = 1\(r.'-)~ .. :+1\(x~) -f\(1i.)- ... -{\(1"') · ( 13) 

Owing to the choice of the operator f\(x) in tl.e foM ( 9) the ·;acuuc expectation (Te..xf(;e¢)) 
:nay be evaluated by rneans o! the '.'lick ' s theore;.·, . Th.s tlteoreTJ :::an be JUSt applierlto <!> , a£< <D .i s 

linearly depen<ient on I\ . Thus, 

oO I . -~"'- oo I: "' '\9Jt.. \(. 'l.. \ 

cr~r~t~))::I_~<J<1llr.>=L ~~-~n<.T~~ =e.."'r~~ <..\<l>i.>; ( 14
) 

"-·o k=O 

and the transformation law for (;, is obtuin~.l 
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,• ' I" . 
\ • ) J 

where 

~: J(le.~ .. . ,~1.·· ·) =- ~ '1'<11i.>= 
't\ ( 16 ) 

=-t J:_ ~ Tl\(x')J\l~l))-(1' f\(:A')f\(~i))-(\ t\li')f\l~i)>1 
',l=-t 

' Jow we will show the fo llowing qe neral theore:n is valid. 

}.~~~~~ : . The Green function G,t4t.""t',.,.in an arbitrary gauqe is expressed in ter:r.s of '3reen fun:::tior.s 

in Landau gauge according to the law: 

_____ ....... ... ..... _ ............. - ......... .. ... . ... ~··· ·· ·· 

.......... -.. .. ... .. .. . . .. .. .. .. . .. . .. ... .. . . . . . . . .. .. - . . .. . . .. .. ..... .. ... ......... . 

where 

( :8 ) 
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For the proof we note, that the definition of the many-particle Green functions (6) can be rewritten 

in the form 

(y :: <t,W\ ('T'l{) \ = 
t-~'~2.··· ~"' ~J~i.(\4'-)b'J\itt~1.) ... ~1r"'lu."') ~o 

., 
~ft (I ... .!._.~)<'I'Y"t>· <T~~r L~ .. ~ +'J.fuM•llJ> \ '19' 

't:t 1r't ,J... 1u.r-.: <.1' ~"'r [-\J.. ~ {\(u.t)1> J"t-= o 
'&"t cl = 0 

~ 
where th.t fu nct~nal derivative t>l't is defined by the rule ( 7} with the i eplacement of 1\r 
for A.r . ~:}'t operates oi (\~) only. On the whole ntH Jr. and parameter d... 
are not e~al to zeh,, the operator W -+ tJ_ {u,. generates A.r\.1!4.) in the form of the 

sum fa\~-+~ accordinq to t!\e rule ( 7) in which the vacuurr: expectation <f ... ) should 

be replaced by r ('\ .. . ~Xf [iJ..L:.f\tu.£)]) 
(TQ.xf [iclL_ (\(\4t))) 

After the calculation analogous to ( 14) we obtain 

<T ~· r\:5 ~<P +' J.I.i\lv.t))) ~ "-'f [ .. ~ l'- .I.. e..~ (i <t> N. •l))\ . 
<1' Q.'Kf [-icl:L_J\(v.l)] > -~ ( 20) 

Differentiation of thls expression leads, evidently, to 

e.:Jk. :;~ .. :)\Ali ~·r le..' J - J.e.. I_ <T <P 1\( ... t))j I = 
r~ ~~ t~i ~:o 

( 21 ) 

=- ~<-)k. ~r'"~rt. ... ~r1c. ~"'rl~ '"y) · 

As 

't ~M( \ 'lt't) \ 

(, N~· 1\.. = 'b'J~~~·)~1;,l~') ... 'b1 r, lu.k) j" :() 
( 22 ) 
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ffim )"" 
+ ... + ~ "' 

ol.lt4'" .. :"Ol.t: f'4 ... 
then the qauqe law ( 17 ) follows from Eq.(l9). The theorem is proved. 

Let us make two comments. 
Firstly, we may note, that the theorem can be proved without the prescription ( 6 ), ( 7 ), but using 

the initial definition ( 5 ) and applyinq the mathematical induction. 

Secondly, It must be stressed, that the proof of the theorem is based essentially on the definition (!J ), 

which permits applying Wick's theorem to operators 1\ . If one omits this definition, then the law 
• 

obtained Is not correct. For example, if we take 

( 24) 

where f\,(!.) and (\,_~} are hermitian operators of fon n ( 9 ), operating In different Hilbert spaces. 

For simplicity we assume that 

Then the one-particle Green function transformation law Is 

• This example is only illustrative as [Ar ,J\"1 Is no lonqer 

formation. 

( 25) 

c -number after such a trans-

• 



• 

10 

In this connection we note that the derivation oJ the law ( 1S) for (1'"t'~)~(:t)) from qroup con­
siderations in Evans, Feldman and Matthews's paper Sis wronq, as they found the in£1n.itesimal operator 

only for transition from the particular (Landau) qauge but not from an arbitrary one. Therefore, the tran­

sition from Eq.(3.1S) to Eq.(3.16) in5is wronq, in spite of the fact,that qauqe transformations forms Lee 

qroup indeed.So,in the example quoted j ustEq~3.15) is valid, but (3.16) is not. Eq.(3.16) takes place for 

operators f\ ('1') of the form (9) only, but for its justification it is necessary to know , in fact, the final 

result. 

4. General Ward-type Identities 

In the true Landau qauge 

7) r-t- -o 
• "''~~"=' r, ... r"" ... t't.- ( 2T) 

as a consequence of the Lorentz conditionS 

I~; L\A.) 
'1\.\ =0 

~ 
( 28) 

and 

l"''t~\t:\~l~l=t'!'t('k\~lll)j=[i't('l),f\~l~}=[l\~l~\t\'\-~1=0 ( 29) 

at t~:t~=t~·tl4' =t ... 

Calculatin.J diveiQence of both parts Eq.( 17 ) and takinq into account Eq.(27). we obtain qeneral 

identities for Green functions in an arb! trary qauge 

0 c, = 
'""~ ... r.· .. r'\:" t'"' 

\ct -o .!r,. c, 
0 U • .'~· f1, " . t'-t-1 r'l·U . ... t'"' 

t''\. 

( 30) 

They have the form 

L F s:-t.?;" r n ll't-~t)-D u.. ... - t~ ~ < 31 > ')""" c,.r, ... ,."" ... r,.. l: (.~ c.~ ~ )JGr, .. ·r, ... ~ ..... rM 
~... •i 



ll 

( 31 ) 

In the particular case of Feynman gauge 5 as the transition from Landau to Feynman (Jauqe is realized 

by means of 1\ {l.) for which 

( 32) 

OperatinQ on Eq.(3l) by 0 1 Alembert operator 0 '-'"' we get 

( 33) 

Gauge independent qeneral Ward-type identities for processes with any number of charged and neutral 

particles and photons follow from identities ( 30 ) at proper definitions of higher vertex parts. Such a deri­

vation of Ward identities Is based on the gauge transformation law for field operators only, no assumptions 

about a particular form of renormalizable interactions are required. 

As an example we consider the case of one charged particle /"f.:: 't'C1c) f (~)I and }'Y1 photons. 

Defining the vertex part r r, ~'L ... t'"' as 

( 34) 

we obtain from Eq. (30) after dividing by 

• 
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s'"t i) "'r ( t. 9.. i. ~\sC.c '"'= r 1-~,. vi."'"v··"m p 'p , t ··· <J. } p) 

-s'-c bi.) r ( -L t 't 1.. 't-i. 't.H. IM) ri t..r .... 9.. 't) _ 
- r "1. · ··V,__1 \l't.u···'\1~ r l P -1- ) '\. ... , '\- ... ~ f::> 'f' -1-
_ S,(.(bi.+a) r ( 1. "l 9.. i. 't·i.a'l+i. m\ (1 c.c 'l.\ 

r rJ ~c· ""-·t."'l+i." ' "'rl'\ ~+'\t,P,t- ··· 1-- ~ ···~);::) PJ ( 35) 
'M 

where r._-r'+ J 1-t•Q. For :n ::: 1 this identity can be written as w. 

sc.(p._)~.., r'l (r\ p1+' '~ )~C.(p1+\J = Sc.(pi.)- 5'-(pi.+~) ( 3So) 

Let us consider one :r.ore par~icular exa,r,ple w1th two charge particles, namely the relation between th._ 
processes 

:1\++r--.Tt++p 

:J\+ + r -.~+ + r +~ 
Introducing standard defini tions 

c,. ~-~."'1, ~i,l) ==(~:~ty't ~ Jfi. J r'"Jf~~" ~)(v 0 ri.x1. +'Pt. ~9..-; f~;t1.- ' r" ~'") 
cr ... t ~ "\ Gf"'i. 'l. ~ 't) 

. 
0 '{-l+y -r -r) 'f'p,p,p 

( 36) 

~ r <:t.· .. ~ '! i) ~ .. ) =-~,y' be. ) ~fi ~ r' A r' dr ~ ~"r ~ r· Xi +i (x~-i r~ <_; r 4~ l + '<~-") . 

·~(f-+r9.-f-r~~')D~~)~pt.)tf(t>~r .. ,(ri;r~r~i'>'l-J~(f)lf(r~) 
we obtain the identity 

~Ct~~c.(pt) 'hr .. (p\ pt) p~ )~\'\-)seer~) l!(f") = 

==G(p\p\ r\r"-,) +C:z(p\p~ r~-,,f'')- c,(p\p\.+<htf,p")-G.Ct+t,r\rs,r4) < 37 ) 

~ 
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where 

We restrict ourselves to these examples. 

2 ' 
Identities (35) which are the direct general ization of 'liard identity, were found by E.Fradkin (1955) , 

who derived them as a consequence of Schwinger's equations system for Green functions in electrodyna­

mics, i.e. with exploring particular for.n of the renormalized interaction. Recently the identities of the form 

(35) were derived by Kazes 7in the perturbation theory. 

Feynman gauge identities (33) have a direct relation to the identities for perturbation theory coeffici­

ent functions, obtained by Bogolubov and Shirkov (1955)8 in quantum electrodynamics. 

Nonperturbative proof of Qeneralized Ward identity (Equation (35a) , which has been formulated 

by Green 9 , was given by Takahash110 with the aid of the Feynman gauge identity (33), derived him for 

m = 1. Okubo4 gave gauge !dependent derivation of this identity in quantum electrodynamics by means 

of Cainaniello method, closely related to the perturbation theory. Finally Evans, Feldman and :.~atthews5 

derived the same identity as a c:onsequence of the gauge transformation Green functions <:f ~Qt) \((~) 
and (T "'Vc)'ft~;t)/\r("'-))laws 1 . In their derivation no references are necessary on the particular 

form of interaction. 

The authors are greatly indebted to M.A.Markov, J.A.Smorodinski and Chou l<uang-chao for useful dis­

cussions. 

Received by Publishing Department 

on October 3, 1960. 
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