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AHHOTaUMH 

.MeTOLlOM, paSBMTbiM B np9LlbiLlYIUMX pa6oTaX /4/ 1 paCCMOTpeHa npeLXnO>K9HHaH 

BHnbiHHUKMM-BHpynH MOLlenh noKanhHoft TeopnH nonH. ·nonyqeHbi s -MaTpHua H KQH-

CTaHTbl nepeHOpMHpOBOKe JloKaSaH01 qTQ nepeHOpMHpOBKa sapstLla KOH9qHa BO BC9X no

pHLlKaX H He COL19p>KHT norapHtPMHqeCKHX OC069HHOCTeft. noKa3biBaeTCH 1 qTo BKnaLl B 

PHLlbl OT ynhTpacpHoneTOBOft o6naCTH CYMMMpyeTCH K KOH9qHOMY npeLXeny. JloKasaH0 1 

qTQ pHLl LlnH cpyHKUHH rpHHa HyKiiOHa CXOLlHTCH a6coniOTHO npH ManbiX Bp9M9H8X H 

HM99T TQqKy B9TBn9HHH npM -1: =0, npuqeM OC069HHOCTb· B Hyne MHTerpupyeMa • 



/ 

npH HCCneaOB8HHH BHyTpeHHeJt 38MKHYTOCTH KB8HTOBcit TeOpH.Ii nomi H3B9CTHYIO 

' 
nonynSipHOCTb npnol5peno Hsy'ieHHe pasnH'iHbiX Moaeneil:, TaK KaK Ha nyTH nony'ieHHSI 

peiiieHHil: TO'iHhiX ypaBHeHHil: nomi ne:>KaT noKa HeopeoaonHMbie TpyaHoCTH. VIccneaoBa

/1/ 
HHS MOaenH flH npHBeno, K8K .l:838nOCb1 K BbiBoay 0. BHyTpeHHeil: npOTHBOpe'iHB0-

/2/ 
CTH T90pHH 0 0aHaK0 1 nosaHee OblnO nOK838HO 1 'iTO HSC8MOCOrnaCOB8HHOCTb MoaenH 

CBSI38H8 C ynpOIU9HHSIMH 0 KOT0pb!9 aenaiOTCSI anSI nony'ieHHSI TO'iHO peiiia9MOrO raMHnb .. 

TOHH8H8 o B 'i8CTHOCTH 1 9THMH ynpOIU9HHSIMH HapyiiiaeTCSI B8:lKH09 TpeoOBaHile nepe

Kp9CTHOil: CHMM9TpHH 0 

/3 4/ 
B HBCTOSIIUeil: CT8Tbe M9TOaOM 1 pasBHThiM BBTOpaMH B npeahrayiUHX paoOT8X 1 

1 

/5/ . 
HCCneayeTCSI npeano:>KeHHaSI ESinhiHHUKHM-EHpynSI MOaHqlHUHpOB8HHBSI Moaenb fln, B 

KOTOpOil: BbinOnH9HO ycnOBHe nepeKp9CTHOil: CHMM9TpHHo PeiiieHHSI nonyqaiOTCSI B BHae 

pSiaOB no nepeHOpMHpOB8HHOil KOHC:TBHTe Am. (Am - cpH3H'i9CKHil: napaMeTp, o15ycnaB

nHB8IOIUHil: pasHOCTb Mace Me:>Kay aByMSI cpepMHOHHhiMH cocTOSIHHSIMH ~ MoaenH) • .llo

KasaHa cxoaHMOCTb 9THX pSiaoB B ynbTpacpnoneTOBOH oonaCTH E >>A m . Ba:>K

HbiM CBOli:CTBOM MOaenH SIBnSieTCSI KOH9'iH8SI nepeHOpMHpOBKa 38pSiaa BO BCSX nopSiaKax 

no am B cnyqae TO'iS'iHOro B38HMoaeli:CTBHSI 1 B. npOTHBOnOnO:lKHOCTb MoaenH flH, 

rae cyruecTByeT xopoiiio HSBeCTHaSI npooneMa Hynh-sapSiaa. 

¢yHKUHSI lpHHB p8CCM8TpHB89MOll: MOaenH oonaaaeT BC9MH CBOli:CTBBMH cpyHKUHH 

/6 7/ 
lpHH8 nepeHOpMHpyeMOll: TSOpHH 

1 
! 1. nepeHOpMHpOBBHHbill: nponaraTop BHBnHTH'iSH 

B nnOCKOCTH t H npH t = 0 HM99T TO'iKY B9TBJI9HHSI 0 2/ npH J'hz < 1 cyiUeCTBy-

eT cpypbe-ol5pas, 
. 2 

KOTOpb!l!: aonyCKBST pasno:>KeHHe B pSia OKOnO TO'iKH ~ =0. 

1. S- MaTpnua Mop;enn 

B paooTe ESinhiHHUKoro-E!ipynSI ohma paccMoTpeHa Moaenb noKanbHoll: TeopHH 

nonSI C cpHKCHpOB8HHbiM HyKnOHOM1 B KOTOpOil: HyKnOH MO:lK9T H8XOaHTbCSI B aByX co

CTOSIHHSIX 1 OTnH'i8IOIUHXCSI apyr OT apyra no M8CC9 ( Mbi ycnOBHO oy a eM H83biB8Tb 9TH 

COCTOSIHHSI npOTOHOMcoH Ii9li:Tp0HOM) • 

l8MHnbTOHH8H CHCTSMbi HM99T BHa: 
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H = m,(cr+cr) + 2
1/dx :[ :Jr

2(KJ + (v(frXJ/ + f" 2lfl?J]: + 
( 1 ) 

+ i (cr+-r;Cf/Jjdxy;{it)d{x) + A mo r~r 'Cj ct) I 

r Jle <f = tf. Cf + 'ZT,; (! n - onepaTop HyKnouuoro nonH, 

C IV { N= f.J n) - onepaTop YHII"ITO:>KeH!fH nyKnona, ~ - cmiHop, onachJBaro-

walt nyKnon {Vf= (t), ~ = {'[)}; !iT(x) a Cf (K} - onepaTopbi Meaoimoro nonH, 

"21 H "Z_j - MaTpHUhl lf30TOllH'I8CKOI'O CllHH8 1/2. 

3aMeTnB 1 'ITO npn .6mo =0 nonyqaeTCH TO'IHO pewaeMhilt cnyqalt 

CKanHpHbiX M830HOB C cpHKCHpOB8HHbiM HCTO'IHifKOM 1 MO:>KHO npHM8HHTb TSOpHIO B03-

MYUI8HHH no KOHCTSHTe _a #1, 1 He orpaHH'IHB8H CHnhi B36HM0Jl8il:CTBHSI MS:>KJly uyKno

HOM If MeaouaMn. 3TnM cnoco6oM B pa6oTe /5/ 6hm nonyqeu HHTepeCHhill pe3ynhTaT, 

36Kni0'1610UIHJ1CSI B TOM 1 'ITO nepeHOpMHpOBKB 38pSI,ll8 OK83anaCb KOH8'1HOl1 1 He CO,/lepma

Uielt norapncpMH'I8CKHX oco6eHHOCTelt. 

/3 4/ x) 
C TO'IKH 3p8HHSI M8T0Jl8 1 p83BHTOI'O B paoOTBX 1 I'BMHnbTOHH8H ( 1) nu-

l 

TepeceH TeM, 'ITO PSI.Il nanno-.Llaunnef!.CKOl"O COB08Jl.88T 3Jl8Cb c PHJlOM Teopnn B03My-

UI8HHSI no KOHCTBHT8 A trlo ' 0JlH8KO, HOBhllt M8TOJl no3BOnHeT nony'IHTb n -a qneu 

pHJla1 'iero He Jl88T TeopHH B03MYUISHHSio 

l1TaK1 paCCMOTpHM ypaBHSHHe JlnSI s -MaTpiiUhl B npeJlCTaaneUHH B38HMOJlefi
t>( 

CTBHfi. By.lleM ncKaTb cpaay "a.llna6aTnqecKyro* S ·-MaTpnuy, 'IT06hi aocnonhaoaaTb-

CH cpopMynaMn (I.4.2) H (1.4.3). 

B npe.llCTaaneHHH B3611MOJleitcTBHH nMeeM: 

. o o< - o( It! <>~ 
1 ·it-S '(i, t,)= Hr {t) .e S (t1 f,) 

So((t~ t,Jj, = 1 
t=t., 

x) Ltanee pa6oTa 747 6yJleT o6oanaqaTbCSI KaK I. 
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r.o.e 

(2) 

o{ 

Haii.o.eHHaH S - MaTpuua onpe.o.eneHa c TO'IHOCTbiO .o.o yHuTapHoro <Paaoaoro. MHo:m~r 
T9JlSI U AJlH Hee BblnOJIHSIIOTCSI paaeHCTBa 

So<{ oo,- oo) / o> = fo) 
.. ·~t 

~ ·-s ( oO,-oo)/N) = R ex }N)
1 

(4) 

r.o.e Jo> U /N) 0603H8'I8IOT BBKYYMHOe II OAHOHYKJlOHHOe COCTO.IIHU.II CB060AHOro rBMIIJlb

TOHUaHa. 0AH8K0 1 06bi'IHble YCJIOBUSI CT86HJlbHOCTU . BBKyyMa U OAHO'IBCTU'IHOrO COCTOH-
' 

HUH Tpe6yiOT~ 'lT06bi 

S (co,- _C:C; /O) := /0) 

S (oa, -oo) /N) = /N). (5) 

Bo acex .aanbHeAwux pac'leTax Mbi 6y.o.eM nonb3oaaTbC.II a.o.na6aTn'IecKoA runoTeaoa, 

KOTOp8SI n03BOnHT1 B_ 'I8C1'HOCTH 1 KOppeKTHO ycTp8HUTb Heonpe.o.eneHHbiA nplf c:( .. Q 
/10/ . . . 

¢asoabiA MHO>KHTenb u, cne.aoaaTenbHo, y.o.oaneTaopHTb ycnoamo (5} (cM.npuno-

:meHue A). 



--;;; 

B 

PaccMoTpHM Tenepb HSH6onee aa>KHble MaTpH'IHbie aneMeHTbl 
s .-'MaTpHUbl, 

/10/ 
Co6CTB9HHOO 3H8~0HHO aHeprHH O~H0~9pMHOHHOrO COCTOHHHH p8BH0 (eM, npr 

no>KeHHe B). 

EN 
<N/ HS"'ro.-oD)/ N) -/Ji-m 

o(. ... o < Nf .s•to,- oD)/N) 
c>Q 00 C-"0 . 

~Am£: (-:~Am)9 fdKJ~··(e/'1(0 ·Y,· ,v )( .. 
Q r=o '/ r r 1 I • " l'f 
I 0 o 

=m + 

>< ?Jfl · ixt.,{· 'Zfl;p cf. t t€-r e-..f;.Kjj·· 
o~ ... '4x., (/ 4ra . I( Rrrf lf'l=l 

r~e £ _ { +1 J:tns npoToHa . ( 11"-=f) 
iV- -1 ~nH uel\TpOH8 (N=:Il) 

. 
m= I ll~ _!... m --a CJz. 0 2d I( 

Am= Afflo Uff-J'~~j.· 

(6) 

(6') 

(6') 

Tpe6oaaHH9 KOHO'IHOCTH ua5mo.aaeMbiX m H .am npHBO,llHT K TOMYt 'ITO 38Tpa

B0'1Hbl9 aenH'IHH~I . mo . H A mo ~e~6xo.z:iHMO C'IHT8T~ 6eCKOH9'1HblMHo 3aM9THM, 'ITO 

nepeuopMHpOaKa hz
0 

TO'IHO coana.aaeT CO cnyqaeM 'cJ(anHpHblX M930HOD D none ~HKCH
poaauuoro HCTO'IHHK8o nocne npOB9Jl9HHH nepeHOpMHpOBOK ( 6') H ( 6') K8>KJlblit ' . . . ) .. 
qneH ps.aa ( 6) KoHe'leH· npH ycnoaHH I,;.)- a < 1 x ( no.apoOJiee eM, npHnomeHHe B), 

KoHCT8HT8 nepeuopMHpOBKH ~epMHOHHOrO nons 
,N . 
J: & . onpe.aenReTcH, cornacuo 

ee aepOHTHOCTHOMY CMb!Cny, KB8Jlp8TOM M8TpH'lHOrO 8l'lOM8HTil 

'4.,v = I <N l N>l" = l <tV! s"'r o.- ... JJN> l" --
r·· E. ., 

x B pa6oTe /5/ np~tae~eno uenpaaHn&noe yc.noaHe xone'IHOCTH 'lneuoa ps.aat1a<e 
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IN) -
~'*== Mf{-;iz{.,;} 

0603HaqaeT OAHOHyKnOHHOe COCTOHHHe nonHOrO raMHnbTOHHaHa. 

N 
noaqepKHeM, qTo KOHCTaHTa Zz B paccMaTpHaaeMoit MOaenH pasHa 

' . CJ( 

npOH3BeaeHHIO KOHCTaHTbi Zz CKanHpHOit HeitTpanbHOii TeopHH C <i:JHKCHpOB8HHbiM HC-
z 

TOqHHKOM Ha pHA H3 KOHeqHbiX qneHOB1 T8K K8K npH /1""/;,z < 1 BCe qneHbi pHaa 

KOHeqHbio B aanbH9itWeM STO 06CTOHTenbCTBO n03BOnHT caenaTb 38KnroqeHHH 0 KOHCT8H'"' 

Te 2'., • nep9HOpMHpOB8HH8H KOHCT8HT8 CBH3H onpeaenHeTCH K8K 06bzqHo: 

(8) 

CHTyauHH a sTott MoaenH cywecTaeaao oTnHqaeTcH oi Toil, KOTopag aosHHKna anH 

sapH:lKeHHOit TeOpHH (cM./1.4.10/H aanee), T8K K8K B TOqKe ~z =Q BCe HHTerpanbi 
"~. 

orpaHHqeHbi B ~pOTHBOnOnO:>KHOCTb Bbipa:>KeHHIO /1.4.12/ • nosTOMy saecb npH npHMe-
- 2 

HeHHH TeOpHH B03MyiUeHHH1 T.e. npH npeacTaaneHHH peWeHHH B BHAe pHaa no ~ 1 

He B03HHK8eT norapH<i:JMHqecKHX paCXOAHMOCTeit no MaKCHManbHOMY HMnynbCY o6pesa

HHH1 CTOnb X4P8KTepHbiX anH noKanbHOti TeOpHH nonHo B STOtt CBH3H aaHH8H MOAenb1 

Ha Haw BsrnHA 1 He OTpa:>KaeT HeKOTOpbiX ¢yHAaMeHTanbHbiX TPYAHOCTeit1 CBOitCTBeHHbiX 

$0qHbiM ypaBH9HHHM Me30AHH8MHKH 0 
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KoHCTSHTa nepeHopMnpoBKH aepWHHHoA 'ISCTH Z, MomeT 6biTb HaA.o.eHa H3 

xopowo H3BeCTHoro ypaaHeHHR 

. j,. = ?,-' ('l/' Z/') ~ 2; 'lz f. 
B .O.SHHO:ll MO.O.enH KOHCTSHTa IIepeHOpMHpOBKH M930HHOrO IIOnR .?

3 
.. paaHa 1. 

Vicnonb3yR (7) H (8) 1 MO:lKHO 3aKniO'IHTb1 'ITO KOHCTaHTa z, HM99T CTpyKTypy 

~ = ~~ 6"(Jz, L!J m), (9) 

r.o.e 6(j~A~) PR.O. 110 iJ Jn H3 KOH9'1HbiX B9nH'IHH npH 
z 

IJ,z < f 
HannweM MaTpH'IHbl:ll aneMeHT ynpyroro pacceRHHR Me3oHa ua uyxnoue (eM. 

npnno:meune A) 

r.ae 

Sr·=~ +-1 ~--0 

{1){/ai'J S~(oi:>,-t:>O)O~ /tY) _.:.. 

<N/ s-<{CXJ1 -~)/H) -

_ 8(~-:-ff) - 21ii S(wi -c.J:f) M1~; (wf), 

o0 oo oa 

M /"") - Z ta% A In ~I ·d_ ,l 9 ( ( [ 1 f4-1·l"':f -- (,.)2. • G:) ~l-z "N~m; r'~ ... ;dx1 r+ -
j f r·o . . 0 ~ . 

. . ~ t 

~ ~ er~Wr { 0 i'i~ lCj -z·w.f~ Xj)] · 
- L- £....... c-J :-e J·"' + e J.... )( 

e=t m=t 

00 000 e 

l( .E--/' f"!f ... fe~;, 
't, 1('1 

9 { · 'I R . , .E~ 
:£..__ eKf 2f2L;j ~ L(-)ftm R-'~·.:,.,tij 

'(}J't ... Q 1, . (/ i! i=f 1'1=1 • 

2 • 

(10) 

.Lloxa3aTenbCTBo ~xo.o.nMocTn pR.o.oa (6)-( 10) qpe3Bbi'ISAHo cnomHo, Tax xax 

oueuxa n- oro. .'lneua Tpe6yeT KpaAue TC:lHKHX MeTo.o.oa anpoxcnMaunA1 6e3 xoTopoA 

H~nb3R cy.o.HTb o noae.o.eunn psuxoa a uenoM. 0.o.Haxo 1 pa.o.bl .o.nR. £, 1 ~ n H tlr 
/9/ (/' 

y.o.aeTCR npocyMMHpOBSTb B H9KOTOpOM o6o6weHHOM CMb!Cne (Mbl 6y.o.eM roaopHTb 

B e - CMbiCne) 1 CYTb KOTOpOrO H3nO:n<HM H.!l 1IpHMepe pst.o.a .O.nR Ep 
0 
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PaccMoTpMM pSI.ll 

' ( 11) 

nocne MHT9I'pMpOB8HMSI no 'i8CTSIM B KS:lK.llOM 'ineHe 0 nony'IMM (cM,tPOpMyny /B,8/ B 
\ 

npnno:>KeHMH B ) • 
~>"'" oO . OoO 9 

bm = L(Am/1 [et-t, ... [eiJtf TT(1-Q:}f:(x ... . X.) '(12) 
'f:::o . 0 0 • j=l :J : 7 I 

1 
J f I 

"" r.11e onepaTop ~· onpe.11eneu paseHcTBOM: 

"" C3· ;;;{. .. ,~·~···) == F:,( ... Joa~ ... ). 

(13) 

KOTOpb!il: npH E = 0 nepexo.llHT B ( 12). 

Mo:lKHO noKa~aTb0 'iTO .llnSI G • y.llosneTsopSIIOlllHX HepaseucTsy: 

00 

A(' < 1- Am [d'J(i'exp;{x), 
0 

( 14) 

pSI.ll ( 13) orpaHH'ieH senH'IHHOil: ( CM,npHno:>KeHHe B) 

(15) 

npH f'-+ 0 neBSSI 'ISCTb HepaseHCTBS (15) nepeXO.llliT B HCXO.llHb!il: pSI.ll (12) 0 8 npaB8SI -
'i8CTb HM99T KOH9'iH~Iil: nonO:lKHTenbHhiii npe.ll<W npH LJ/n {d'J([t:;(1}- f] < f, 

0 . 
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l1ano:lKeHHa.II npone.llypa oaHaqaeT,. 'ITO pSI.ll ( 11) cyMMIIpyeM a o6o5u(eHHOM 

CMbiCne X) ( £- CMbiCne) Upll .,.a 

.6.171 {d1t[F,{,c)-1] < 1 
0 

11 ero cyMMa orpaHII'IeHa aenii'IIIHO~ 

oO 1 

Sm < { 1- Am f''"[f;rxJ-1] }-. 

B 
n 

C. - CMbicne' cyMMIIpylOTCSI pSI.llbi .llnSI :2'; 11 !: 
(£) 

' ' 

np11ae.lleM peaynbTaT: 

(16) 

n cK { oO 7l-2. 
~ < 2'2 f- Llfn frh[F;~J-t}J (c) (17) 

. 0"' 

1

9t- ( 2 (4~) 2 J«x·)( [F,M-1] 
- - 1 < -:------0~-----
3 { 1- (Am?~[F;M-t] ) 2 j 2 

(E) ( 17') 

OcTaHoaiiMCSI Ha cpll311'1ecKoM CMbicne ·npe.llno:lKeHHoro cyMMIIpoaaHIISI. Mbi Bll.lle

nll, 'ITO PSI.ll ( 13) CXO.lliiTCSI o6bi'IHb!M o6pa30M npll .llOCTaTO'IHO 6onbWliX e (ycnOBlle 

/14/), 110 pSI.ll (13) OTnaqaeTCSI OT (12) TeM 1 'ITO a HeM yMeHbWeH aKna.ll OT 6onbWliX 

apeMeH ( 6onbWHe X j ) , 1'.~. oT ManbiX aHeprH~. Cne.lloBaTenhiiO, aKna.ll OT ynbTpa-

cpHoneToao~ o6naCTll OKa3biBaeTCSI CyMMllpyeMb!M 'K KOHe'IHO~ aenll'll1He
1 

'ITO Ka)!(eTC.II 

HeO:lKll.llaHHl!IM C TO'IKll 3peHliSI noKanbHO~ TeOpllll nonSI. 

B CI3SI3ll c 8TliM liHTepecHO liCCne.lloaaTb noae.lleHlle cpyHKUllll rpliHa npll. ManbiX 

apeMeHax, T.e. 13 ynbTpacpliOneTOBO~ ·o6naCTll0 ¢yHKUli.II rpliHa onpe.llenSieTCSI: 

G(tJ = < o IT{ ct{tJCfr(oJS(oO~- o0J j fo>-
oO t 11 j·t· 

z2.CX. ~CK {t) L {-i't3Am) 9/dJ; /alz. ... jdJ", )( (18) 
r=o 0 0 0 

'1 . 

X f!//f {-!zl:. "'~ [ L (-} e(e-l"r-J(l-ft!_ e-l"'J;) + 
"' e=-r 

X) I1ano:lKeHHbl~ MeTO.ll .IIBnSieTCSI perynSipHblM 1 T.e. CXO.llSIWlleCSI PSI.llbl Bll.lla ( 11) 
cyMMllpyeT K liX 06biKHOBeHHO~ CyMMe /9/ • 
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r~e 

npH 

MO)!{HO nOK838Th ( CM.npHnO)!{eHHe l) 1 'ITO pSI~ no 

r rt <:< 1 J ' 
CXO~HTCSI a6coniOTHO npH ycnOBHH 

4 m npH ManbiX 
z 

t 
a'h 2 < f H HMeeT 

B t =0 TO'IKY BeTBneHHSI. TaKHM o6paaoM1 cpyHKUHSI 6! (tJ HMeeT npH t == 0 

oco6y10 TO'IKy, npH'IeM aTa oco6eHHOCTh HHTerpHpyeMa Ha-aa ycnoBHSI IJ., < 1, 
'ITO ~enaeT B03MO)!{HbiM ct>yphe-npeo6paaoBaHHe. . . 

3aKniO'IeHHe 

0pHBe~eHHbift npHMep MO~enH C KOHe'IHOft nepeHOpMHpOBKOft aapsr~a nOK83biB8eT 

~pyryiO B03MO)!{HOCTh (no cpaBHeHHIO C MO~enhiO flH ) 1 KOTopasr MO)!{eT OCyiUeCTBnSITh

CSI B CTpOI"Oft TeopHH. 0~H8K0 1 no H8Ill~MY MHeHHI0 1 H ST8 MO~enh He OTp8)!{8eT HCTHH

HOI"O nono)!{eHHSI B TeopHH nonsr, TaK KaK Hccne~oBaHHe 6onee cno)!{HbiX MO~enea 

(eM. /4/) npHBO~HT1 ITO-BH~HMOMY1 K BbiBO~y 0 CyllleCTBOB8HHH B TO'IHOM pellleHHH 

2. 
oco6oa TO'IKH /J -:- 0 paano)!{eHHe pellleHHSI oKono KOTopoa B psr~ Teanopa npH-

BO~HT K ~ononHHTenbHbiM pacxo~HMOCTSIM. KaK y)!{e· OTMe'lanoch Bbiille1 paccMaTpHBae

Masr Mo~enb no~o6HbiM CBoficTBOM He o6na~aeT. 

B aaKniO'IeHHe aBTOpbr Bbrpa)!{aiOT rny6oKyiO 6naro~apHOCTb npocp • .D..YI.EnoxHH

ueBy aa nocTOSIHHbift HHTepec K pa6oTe H CTHMynHpyiOIUHe o6cy)!{~eHHSI1 a T8K)!{e 

fl.1.3acTaBeHKO 38 06Cy)!{~eHHe MaTeMaTH'IeCKHX BOnpOCOB. 
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npnno:x<eHne A 

Tax xax 

c< s -MaTpHUS 38.ll8H8 B BH.ll9 pH.ll8t TO M8TpH'IHbl9 ·aneMeHTbl npe.ll-

CTSBnHIOTCH B BH.ll9 npe.llena npn o(- 0 OT OTHOW9HHH ,!lBYX pH.llOB. 0K83biB89TCH, 

'ITO, ecnn p83.ll9nHTh O.llliH PH.ll. Ha LlPYI'Oil: H. COOp8Th 'ln9Hbl npn O.llliHSKOBbiX. _CTene

HHX A m t TO B nony'leHHblX T8KHM cnocooOM 'lneHSX cPS38 coxpawaeTCH, H, cne.llo-. 

BSTenhH0 1 MO:>KHO nepeXO.llliTh K npe.lleny npH o( - 0 B K8:lK.llOM 'lneHe OT.ll9nhHO. 

nponnniOCTpnpyeM npoue.llypy ycTpSH9HHH cPS3bl H8 npnMepe M8TpH'IHOI'O aneMeH

TS p8CC9HHH~ M930HS Ha HyKnOHe (cM.cPOpMyny /10/) 

00 C>O 9 c( 

~f. ~" M,._i (w.;) = -f!.- ofT e1 1 .e!:-
1 2t (.)/ a{~O 

f.; (-t"{,LlPV B, (7:) 

oQ o( 

'J:J-i~Lltno)" bf - .,.:> 

1=0 

I'.ll9 
o( ' 00 00 "if. 'I 

B (7:J =:, &r, ... far, ~pr-o(t:.,ljl} 7T crreJc(fe- r; )C 
1 ,. }VI }"' I J-1 (=/ 

-0() -Ob 

. . . oo r •• 'I 

{ . '"fj -cl. •...IS,/f/.fz!,~ TT J 
~- -€4f -1 rtl"thz.e . .II f(lj-S,)A{S,-~z.)e{fj-Sz) 

- ..0 J=f 

o(' 

~,~ 

f 

. oD 00 

1j_ [t~r, -:_·[a 19 e1rf {- o{Jf I lj I} " 
• z c:>O --1.(/r,/+/Sz/) 9 .. 

>< rbXf{- ~.[[ds;dsz e j!(f{J;;..s,)J1(S',-Sz)l{lj-JZ)j 

( A.l) 

( A.2') 

(A.2') 
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ViHTerpan noKa3aTeliSI sKcnoHeHThi paaeH: 

• 2 ({ -oi{/SJ+/S.I) /r · 2 
- !£. )Jtlf,dSz e II £~-J;}L1(l"t-S:t)E{~-Sz) =-~ ~ ~ 

2 _""' J=t 2cot. ~ ~ 
fC. 

'I ' ~-f 
(A.3) 

-!'J.E t.' { ~ + 2L L TTc(~-?J,)JT E(!. -l) i'wf~-"4'} 
it '1=2 llt=f J·~ . _,_,, 'i ~~- . 

I I J,tr>'t 

nepaoe cnaraeMoe O.llHHaKoao .llliSI acex 'illeHoB pSI.a.a H nosToMy coKpawaeTcSI. 

HaliH'iHe cpa3bl B Bbipa:m:eHHH JlliSI MSTpH'iHOI'O 9lleMeHTa ·npOSIBliSieTCSI. B TOM 1 'iTO 

HHTerpallbl no ap,eMeHH (no }j ) paCXO.IlSITCSI liHHe:l!:HO Ha 6eCKOHe'iHOCTH npH o(. •0. 

0.1lHSK0 1 KSK CKS3SHO BhiWe 1 pSI.Il 1 npe,llCTSBliSIIOIUH:l!: co6o:l!: OTHOWeHHe paCXO.IlSilUHXCSI 

npH rX ='0 pSI,IlOB1 co.a.ep:>KHT HHTei'P.Sllhll KOHe'iHbie npH ~ "" 0. 3To 06CTOSIT9llbCTBO 

o6ycliSBliHBSeTCSI TeM, 'iTO OKOliO K8:lK.IlO:l!: CTeneHH iJ m pSCXO.IlSIUlH9CSI HHTerpallbi 

rpynnHpyiOTCSI TSK~ 'ITO 6eCKOHe'iHOCTH COKpSIUSIOTCSio npoue.a.ypa peryliSipH3SUHH 

Clle.llyiOUlSSI0 nepe:l!:.a.eM B HHTerpanax ( A.2') H (A.2") K HHTerpHpOBSHHIO no CHMnlleKcy 

H npOH3Be,lleM 3~MeHy nepeMeHHbiX 

L-f 
(A.4) 

le == 'f - L X)· 
' f=l 

x ( ::.) "p;_, ('I,J···J x1_,J 
(A.5) 

.,...oo.,... <He 

~ o<.= f dJ fax, ... f dKf-' eoi(ll/ i; 11~'/;"jl} ( ~) 'f Fi-t ( '1,} ···} x.,_, ), 
- 00 o o . 

r.a.e 
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VIHTerpan oT- ¢yHKUHH fi-l pacxo.llHTCH nHHeAao aa 6ecKoHe'iHOCTH no mo6oMy 

apryMeHTY Xj 1 O.llHaKo, tPYHKUHH ;;;_, {. •• 1 Xjr-J - Ff., (. ·· J DO r··} 

y>Ke HHTerpHpyeTcst no - Xj Ha 6eCKOHe'iHOCTHo 3aMeTHM .llanee 1 'iTO 

r;_, ('tu•••J Xi-tJ ~ ~ .... h .. 'J ><,.,) = Ff-,-(K,~ .. ,Y.J ... ,) Ff-l·t {l)+t,•••J x,.,). (A.6) 

~ 

Vis_ CKaSaHHOrO cne.llyeT1 "'TO ,llnH TOro, 'iT06bi perynHpHSHpOBaTb tPYHKUHIO e, {'r) 

~a.llO HS tPYHKUHH , /if-1 Bbi'ieCTb ee SHa'ieHHSI Ha 6eCKOHe'iHOCTH no Ka>K,llOMY ee ap

ryMeHTY 1 T.e. BMeCTO P,-t noCTaBHTb tPYHKUHIO ,_, 
lT (1- ~) f:_, ()(,). ··, Xf-'), 

'"'/ I -

(A.7) 

""' "" 
r ,lle one paTop ~· _ onpe.llenHeTCH paaeHCTBOM q F,-,(..., ~·, . ..) = P,-t {. .. 1 t>OJ ... ) • 

TaKaH saMeHa ¢yHKUltH _ f;;., 'Ha ¢yHKUHIO (A.7) KaK pas H ocywecTBnHeTCH .lleneHHeM 

Ha PH.ll H rpynnHpOB-KO:lt qneHOB OKOno O.llHHaKOBbiX CTeneHe:lt A m . To >Ke caMoe 

OTHOCHTCSI H K perynHpHSaUHH HHT~rpana no J ( A.5) • 0KOH'iaTenbHO Ma'tP._H'iHO:lt 

aneMeHT pacceHHHSI C ycTpaHeHHO:lt ¢aso:lt sanHCbiB&eTCSI B BH.lle: 
- • coo-· - oo oa 9 -

t1 9z. f ' -tt.y.'l'~ . , ( f. l7i' ... 
f~i(w1 ) =-:- dv:R L.... (-ztA~n) jt1Y, ... 1t~K,. (1-~-}P,(x, ... ;t1}x 

2t'i_... 1.,' 0 0 J&l 
- (A.S) 

00 " .( ,_ 

~ ( dJ[f(IJE(J-Y)Tf l('f~~Xj)e{J-'C:-f;.){j) :..1 1 
) -f=t J-' J·' 

- OlfJ' 

-, ~ 

Vis (A.8) Henocpe.llCTBeHHO nonyqaeTCst (10) , ecnH yqecTbi''iTO onepaTop (f-~} 
MO>KeT 6biTb npe.llCTaBneH B BH.lle: 

""' f- Q.. 
1 

C>O 'J 
= - fa' /IJ' IT"i 

X: (jJ J 

(A.9) 

AHanorH'iHbiM cnoco6oM' ycTpaHHeTCH ¢asa .llnst n106oro .llpyroro MaTpH'iHOro sneMeHTa. 
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0pHnO>K9HHe ··B 

Cor nacHo_ cpopMyne ( 6) co6cTB9HHOe sHa'leHHe o.aHocpepMHOHHoro cocTOHHHH 
~ . . "' 

onpe.aensteTCSI TaK: 

(B.l) 

(B.l') 

MaTpH'IHbiA sneMeHT B 'IHCnHTene paaeH 

(B.2) 

MaTpH'IHbiA ·aneMeHT B 3HaMeHaTene ( B.l") nony-qaeTcst aHanorH'IHO 

M.fl( := ( N{ S~(o,·ete)JN)·= f:. (-i~Amo) 9 2"11 2 . ,~ 

r.ae 
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l1HTerpan1 CTOSIUlHil .B llOKS3STelle SKCllOH9HTbi1_ paaeH ( npH _ft > 12 > ... J'l) ; 

------0 ~ 9 . 
1
1 

(lfr···l.,) =- !f-zff,ts,at R ol :r,~s''.n i'tst-1jJ Ll(S.-sz.Jirsz-"Ij)_ 
- oO J:f 

. Z - . . 'I_ . . :_·,. -:- . - 'l_- .1-( ~r&,.J{f..:1'li.J E.4) 
I 1 2 ' I .- I flJ,~,_ . f-tll1 

=- f ~~26~ +~1-;Z:. t.):i[tt+Zc-Je .+2L.2)-' e 
IC I( f,( f:2·M:t 

nepaoe cnaraeMoe a ( E.4) O.!lliHaKoiiO .!lliSI acex '1119HOB psr.!la KaK 'IHCliHTensr, TSK 

H 3H8M9H8T91ISI 1 H 1 Cll9.!lOB8T9llbH0 1 COKpamaeTCSI• Bb!'IHCliSISI B (E.2) HHTerpan 

nony'IHM - .. . . , 
~ 82L I o(. oO f D 7,., . E . 
==-- -· - -r·f Al"l ol.~,~ 1'1 2 tJ2 --t12 L {- ~ PJ f~~'Ft··~f"11 R J_ )( 

-; f=l - - . - -- . -

(E.5) 

. / ~ () )" ·{ il r 7 l~li + ••. tor,- fM(f ~(}fj ... J;,)J .. ' . 

· PaccMoTpHM Tenepb f-bil '1119H psr.!la (E.5) • 

jar, ... J;J9'1·. ~Oltlj t(..: + •.. +1~) Mf{ r,(J;, ... ,Jf)} = 
-- -oo Jt s, 

(E.6) 

- ·i~9-f-. ?.o(f'e1 • 

.nanee, llO.!lCTSBliSISI (E.6) B (E,5), nolly'IHM .!lliSI ~ 1 cornaCHO (A.l), Bbipa:meHHe 

£ - gz ' IJ. =- mo - - L: ~ + tMot 
IV 2. - tJ ot~o 

" 

£(.:,-~ ~mp;_'lf ~1 
. -~ 9•1 . 
'I ~. . 'I 

L{-d;, Altf4 2y 
(E.7) 

,~0 

j) 
•·-" ""· 

..;.'.(· 
_,. 
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npoH3BO.llSI B (E. 7) noqneHHOe ,lleneHHe pSI,lla Ha PSI.ll, TeM C8Mb!M HCKn!O'iHM cP830Bhlfi 

Ml!OlliHTenb B K8)K,llOM nopSI.llKe no £\ m • 3TO ,llenaeT B03MO)!(Hb!M nepeXO.ll no ()(.- 0 

B K8)!(JlOM nopSI,z:t Ke no Ll m I CM. npHnOlli9HHe A/. 

8 peaynhTaTe nony'iHM 

92 { 
EN = mo - 2 ~ ZJi + 

K 

00 oO oc> 9-f 

+ L (-t"J;~m} "frir, ... fJ('I-1 .rrr 1-~.J ;;;, r~,,. ••J Xf-t} I 
7"' 0 d ;=1 

(E.B) 

. r .lle P,.
1 

,llaeTcSI ( A.5). 

( A.9). 

Ha ( s:s) Henocpe.llCTBeHHO nonyqaeTCSJ ( 6) • ecnH yqecTh 

npHnOlli6HHe 8 

PaccMoTpHM cjJopMyny ( 13). 8ocnonhayeMCSJ cooTHOWeHHSJMH: 

... ,...._--~·--·"·•-·~·--"'-, 
\ u~·Le1~1memmit 1mcnn~::r 1 
~ -:·.;- '0~~~/ .. ~;WA tH:cne.n.on,!IH~.\~ 1 
, r ... ~ p~' I A t 

.. , :LJ!VlOTEht"· 1 

( 8.1) 

(8.2) 

(8.3) 
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nollCTaBnHSI STH COOTHOJlleHHSI B .( 13) 1 nonyG:HM nocne nepeMeHbl ITOpS1,1lK8 CyMMHpOBaHHSI 

B cyMM8X no 91 R H si H saMeHbl HHlleKCOB cyMMHpOB8HHSI (BbiKnallKH npoCTbll HO 

HeCKOnbKO rpOM031lKH 0 ITOSTOMY Mbl He 6ylleM HX 31leCb npHBOllHTb) 

o.o -l ~ e ooo R+l 

bm' =f. (;:,mJ' I; . :._ r; c-;;J { j;; (dml'l/} (8.4) 

-E 
I; 

0.0 00 'I r r. -E(Y,+ •. ;t·x,J T7i A 17 . 
- ) ely;, ••. r''J(f e . (t- ~') rf ('l,r .. ) ><,). 

0 0 J=f ' 

rlle 

8bmonHHM <PopManbHO B (8.4) cyMMHposaHHe 

. _,. -1 

fJm < = { ¥'- + { J;(""')' I/t} . (8.5) 

{" ( f) '1 
TaK KaK J

1 
~ L 1 TO 

r [Am t:j-f { -r~-1 am ~ f +{-~mJ, = 1- AmJ; • (8.6) 

CyMMHposaHHe B ( 8.4) 6y lleT cnpasellnHBbiM 1 ecnH f y llOBneTBOpSieT ycnoBHSIM: 

( 

am L < 1 (8.7a) 

~ 
E 

<f-.tJmi, 

H3 KOTOpb!X 6onee CHnbHOe BTOpoe. 

f 

' (8.76) 
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n p H n· 0 :>K e H H e 1 

PaccMOTpHM r -blit. 'IneH PSI.ll8 (18) ,clml ¢yHKUHH 1pHH8 . 

. . . t ~, . . " . . c-~-.,. 
q~ { }" ' { ~ e{ -u.1 • .sc) I {f) = (-:l'Am) "r, ... f«'r, eyp -q'~ Z7 L... (-) .f -

1 I d " R=.f 
0 0 

'f t'-( • _,(,.)h) ~ ~ R,., /1-zt:.J(};..-]i)J'l - e + .2 L- L.. c-J -c 
€=2. ltl'll( 

(1.1) 

TaK K8K H8C 6y.aeT HHTepeCOB8Tb noae.aeHHe !lJyHKUHH 1pHHa npH M8nbiX 

BpeMeHaX ( f t << 1 ) 1 TO CTOHIUHe B SKCnOHE!HTe !lJyHKUHH MO:>KHO 38MeHHTb 

HX llCHMnTOTH'IeCKHM ·paano:>KeHHeM npH M8nbiX apryMeHT8X0 

(1.2) 

r.ae c - nOCTOHHHSH 3itnepa 1 

npOH3BO,ZlH .aanee 311MeHy nepeMeHHbiX HHTei'pHpOB8HHH B (1.1) 3.·= rt·~ 
. ~ 

H nO,ZlCTaBnHH TY.Zl8 8CHMnT.OTH'IeCKOe paano:>KeHHe (1.2)
1 

nony'IHM . 

J; (-t) = (- f')!(t'ft) 9-_
2

G

2

[/] ur{z(!Yfk2-C-f){/:]j · ~ 

(1.3) 

~ 

"]- ( F, ecnH '! 
{ T- ~ a 

T 1 ecna -, 

'IeTHoe 

He'I9THOe 

• 
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PacCMOTpHM CH8'18J18 'IHCJ18 r, llJISI qeTHb!X 3H8'19HHll: r =- 2 n 

1 tZII-t ~ . 6 z 

1 - of I Tf( (t-Yt.'l)Xn-'] 
2n- !tlx,.~~~r.ltz, 'l.=l . Xn{I-Yn~) )( 

n N- z 

lT t Tf.{;. {Kt,.,- -xz~ ){r:u..,- 'Xie; j u 
~ I( -)(, u·a . 
t=l { u~t u) ,.,=, 0 (K;,., -'fz,_,)(~,_.,-Xz~) ' 

npo!I3B9ll9M B HHTerpaJiaX CJ19llYIOWYIO 38M9HY nepeM9HHblX 

e 
xt = .TTz1·, 

J =t 

TOrlla nony'IHM 

1 1 2n 

1 = fr~l!, ... fa~, 
2n · 

' 0 0 

T1 'Z.r (Zn+f-S)(t-G'')-f ~ 

$:::( • 

U (;2 .{'-1 . •' 2M . 2fl2 

l1n (tf- .TT~) / TTt*- 1T ~)( 1- .rr ~'i 'I( ~ J ( • i•Z...+t J".Z ... 
' · 2,;t zt-t zt 

i:( f-xr~· . (1-i!te) ,.,=, (1-1!L?J(t.-lf!i) 

nerKO B!Ill9Tb1 'ITO HHTerpaJibl CXOllSITCSI Ha aepxHeM npe,liene npH YCJIOBIIH 

2 G
2 < 1 HJIII 

z. 
L < 1. 
:Jr" 

AnSI oueHKH 'IHCJia I2h caepxy aocnonbayeMCSI HepaaeHCTBOM 

f-)( 

1-Kjl 

OueHKa llBeT 0 • 

~1 npH O~)(~{oJ Otjl~1. 

1 ,. 2n I 0 

L 
. ~ f rlr, %, 2n(t-G~-f TT.f 1!(2n.,.f-f)(t-t;-;-f 

2n ( "z tl~ _e;....._ __ __ 
o I - ?,} e ( 2Q' 

e=2 
0 

1-Z~J . 

• 

(r.4) 

(r.B) 

(r.a) 

(i,7) 

(1.8) 

(1"';9) 
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Bbi'IHcneHHe HHTerpanon npHBO.llHT K peaynhTaTy: 

<r.to> 

npH CTpeMneHHH n K 6eCKOHe'IHOCTH HepaseHCTBO HMeeT BH.o: 

(r,ll) 

npH 

(2nN)(!-Z~ZJ >>f.· 

HanH'IHe B 3H8MeHaTene B rrpanol! '18CTH HepaBeHCTBa <PaKTOpa r{{2n<~I)(I-ZG')) 
o6ecrre'IHBaeT a6coniOTHYIO cxo.onMoCTb p.st.oa (r.t) rrpH ManbiX t {I' f <tt I} , 

2 
IIpOH3BOnbHbiX A m H ycnOBHH Ha 38Tp8BO'IHYIO KOHCT8HTy CB.It3H c? h-t < 1 

OueHKa He'leTHbiX 'llfcen f2n+t 

TO me peaynhTaT, 
IIpOH3BO.lllfTC.It 8H8nOI'H'IHbiM CIIOC060M If .oaeT 

PyKOIIHCb IIOCTyrrnna B H3.llaTenbCKifft 
oT.oen 27 ceHT.st6p.st 1960ro.oa. 
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