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A H H o T a u n R 

B paMKax aKcnoMa'nfqecKot'o MeTo.oa, 6e3 rrpnMeH~HifR Teopurr B03MYIUeHnH:, 

ycTaHaBliHB810TCSl cJ:!opMyllhi, cpopM8llbHO Bb!p8)K8JOIURe KOScpcpHUHeHTHbie cpyHKUI1H 

p83liO)KeHIIR MaTpHUbl pacc:eSlHIIR ITO HOpMallbHblM IIpOH3Be.oeHHRM aCHMIITOTII'JeCKHX 

IIOlleH qepe3 XpOHOliOt'HqecKHe IIpOH3Be.oeHHSl OIIepaTOpOB TOKa H Ha6opa HeKOTOpb!X 

orrepaTopoB Ill) • YcTaHaBliHBa!OTCSI TaKX<e CHCTeMbl ypaBHeHHH .Oll.ll Koacpcpn:-

UllEHTH b!X cpyHKUM:H MaTpM:U bl pacceSlHM:Sia 



1. BBeneH~re. 05o3H8"leHHH, ~ 

00bl"lHbill: nonxon· K KB8HTOBOH TeOpHH nonsr, OCHOB8HHbiH H8 npnMeHeHHH raMHJlb• 

TOHOB8 cpopM8JlH3M81 CBH38H C pSIJlOM H3BeCTHblX TpynHOCTefi 1. B8)KHefi~efi H3 KOTO 

pbrx HBJIHeTcH HeBoaMo)KHOCTb BhifiTn 3a npenenbr Teopiin B03Mymennfi. On~rH H3 

cymecTBeHHefiwnx aneMenToB Teopnn npaBnna"ycTpaneHHSI pacxoniiMOcTefi" - Mbi 

He yMeeM cpOpMyJIIIpOB8Tb BHe p8MOK' p83JIO)KeHHSI no M8110My napaMeTpy CBH3H1 

3To oocTOSITenhCTBO CTIIMyniipOBano nonbiTKII nonofiTH K Teopiin, ecnii MO)KHO 

TaK Bbip83IIThCH1 "c npyroro. KOHUa". BMeCTO Toro, "lTOObl 38niiCbiB8Th narpaH)KHaH 

HJIH ypaBHeHHSI JlBH)KeHIISI K CT8p8ThCSI IIX pa3pemiiT·hs nbiT810TCH CcpOpMynnpOB8Th Te 

cp!i3H"leCKH O"leBHJlHbie TpeOOB8HHSI, KOTOpb!M JlOJI)KHb! YJlOBJieTBOpHTh peweHHH II Hafi

TR Bee MHOI'OOOp83IIe ynoB.TieTBOpSIIOLUHX 9THM TpeOOBaHHHM peweHHfi, B paMKaX Teo-, 

pnH B03MyLUeHHfi II rnnoTe3bi 8JlR808TH"leCKOI'O BKJI!Oqe}msr II BbiKJIIOqeHIISI B38HMO -

J 
neii:cTBHSI TaKofi nyTh obm nocnenoBaTenhHO npoBeneH B paooTax BoronroooBa n 

2 
EoronroooBa 1r W~rpKoBa , npn"leM BbiHcHnnoch, "iTO oH npRBOJlHT Torna K peaynh-

TaTaM1 no cymeCTBy COBn8Jl810lUHM C nonyqaeM_biMit raMilJlhTOHOBb!M MeTOJlOM 1 

Eea aTHX ynporiH;uouurx npennono)KeHHfi TaKofi nyTb, ero qacTo, xoTsr 1r He 

CJIIIWKOM y Jl8"1HO, H83b!B810T "8KCHOM8TH"leCKHM " 1 OCOOeHHO IlHTeHCilBHO pa3BIIB8eTCH 

B nocneJlHHe I'OJlbi B CBSI3H C H3y"leHHeM nucnepcHOHHblX COOTHOWeHIIfi - e;!l!lHCTBeH

HOI'O TO"lHOI'O peayJihT8T8 KB8HTOBOH TeOpiiH nOJISI, 

OcHoBnhre cp~ra~rqecKne TpeooBaHilH aKcnoMaTH"leCKoro MeTona MO)KHO cpopMyn~r

poeaTh p83JlK"lHbiM oopaaoM. TaK, HanpHMep, MO)KHO HCXOJlliTh li3 cymecTBOBaHHH 

B Ka)Knoii: TO"lKe rafiaeHoeproBbiX onepaTopoB nonsr, KOMMyT~rpyrom~rx Ha mooofi npo

cTpancTBenHo-rionoouofi. r~rnepnoBepxHocTa; aTo HanpaBneHHe paaBHBaeTcsr B paooTax 

W U I 3~ 
neMaHa, IIM8H"liiK8, HMMepM8H8 H np, CM, H MHOI'O"lHCJieHHbi6 Jl8JlhHefi -

wile accnenoBaniisr/, C npyrofi cTopoHhi, MO)KHO ncxonnTh Ha nporpaMMbi1 npenno-

5 
)K6HHOH B OBOe BpeMSI rafiaeHoeproM J H, orpaliH"lHThCSI paCCMOTpeHHeM MaTpiTUbl paC-

CeHHHH, nocnenHIIfi nyTh 5orn aa6paH H .H .Boronro5oBbiM 1 M .K ,nonaBaHoBhiM rr 
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6 xl 
B CBH3H C TeOpHeH LlHCIIepcHOHHbiX COOTHOWeHHH0 H aBTOpOM 

3aMeTHM cpaay :>Ke, 'ITO, roBopH o cne.uoBaHHH rrporpaMMe .rafiaeH6epra, Mhi 

Bblpa:>KaeMCH He COBCeM TO'IHO. B aeii:CTBHTe.JihHOCTH COBOKyiiHOCTh H3y'laeMbiX OO'bel{

TOB H CHCTeMa OCHOBHbiX cPH3H'I9CKHX IIO.JIO)KeHHii: OYLlYT y HaC OO.Jiee OOf'aTblMH 1 a 

K.Jiacc paccMaTpHBaeMbiX TeopHfi - 6onee Y3KHMo 11MeHHO, B rrporpaMMe ranaeH6epra 

paccMaTpHBaiOTCSI TO.JibKO MaTpH'IHbie :aneMeHThi s - Ma1pXUbi 1 O~Be"tJaiOIUHe rrepe -

XOLlaM M9:>KLlY aCHMIITOTH'IeCKHMH yCTO:II:'I HBhiMH COCTOSIHHSIMH1 B KOTOpbiX COXpaHSIIOT

CSI IIO.IIHbie 8HeprHH H HMIIy.JihO, H KBanpaThl BC9X Ha'la.JihHhiX H KOHe'IHhiX '4-HMIIynh-

COB paBHhl COOTBeTCTByiOIUHM MaccaM 1 K8K f'OBOpSIT, MaTpH'IHbl9 S.JieMeHTbi Ha IIO -

BepxaoCTH aHeprHH. CoBoKyrrHOCTh TaKHX MaTpH'IHhiX aneMeHTOB MO:>KeT OhiTh rrpen -

CT8B.JI9Ha B BH.z:ie cPYHKUHOHa.JihHOf'O paano:>KeHHSI' IIO onepaTOpaM pO:>KLleHHSI H YHH'ITO

:>K9HHSI Tmra BT.D.C 12.141 H.JIH :>Ke B BHLle cPYHKUHOHanhHoro paano:>KeHHSI no aopManh-:o 

HhiM rrpoHaBeneHHSIM acHMIITOTH'I ecKHX rronea ITHna BT.D.C 12.151 H.JIH HH:>Ke 1101 I, 

y Ll OB.JI 9TBOpS110 IUKX ypaBHeH RIO: 

{ rJ:.. m1 ) '{J(x) = 0. 
Ill 

OnaaKo, orpaHK'lKBaHch M aTpHue~ paccegHHSI Ha rroBepxHOCTH :aaepi"HH ae.Jih3SI ccpopMy

n KpOB8Th TO'IHOI'O yC.JIOBHSI IlpK'IHHHOCTH I 9TO BKLlHO 'y:>Ke H3 TOI'O OOCTOSIT9.1IhCTBa
1
. 

'ITO H3 peweHKit ypaBHeHKSI 11 I He~h351 CKOHCTpyHpOB8Th 4-MepHyiO J -clJyHKUKIOI

TeOpHH C TO'IHO:II: K C M8KpOCKOIIH'I9CKO:II: IIpH'lHHHOCThlO He OYLlyT 3Ll9Ch OT.JIK'IaTbCH • 

. l..fToo~r HMeTh B03MO:>KHOCTh c¢opMynHpoBaTb TO'IHoe ycnoBKe rrpK'IHHHOCTH, rrpHXO 

LlHTC.SI pacwHpHTh cPYHKUHOH8.1IhHOe pa3.JIO:>KeHHe 110/ H paccMaTpl!BaTb ero KaK 

orrpeneneHaoe Ha Krracce rrpoH3BO.JihHhiX SO (x) , He o6SiaaHHhiX YLlOB.JieTBopHTh 

ypaBHeHHIO I 1 I. 

CnenaHHOe aaMe'laHHe c6nH:>KaeT MeTon, rrpenno:>KeHHhiH B BT .D.C, c MeTo.z:taMH, 

IlpHHHMaiOIUHMH cyrueCTBOBaHHe ra:ll:3eH6epro Bb!X IIO.Jie:li: B Ka:>K.z:tOH TO'IK9j O.z:tH8KO B 

rrocne.z:tHeM cnyqae Knacc paccMaTpHBaeMh!X TeopHit norronHHTelihHO cyf:KaeTcH, 'ITO 

He Bbi3B8H0 1 · IIO H8WeMy MHeHHIO, cPH3HKOH nena. 

xI B narrhaefiweM UHTHpyeTcH KaK B T ll C. 
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M bi. oy.aeM HCXO.llHTb H3 CHCTeMbi OCHOBllbiX nono:meHHA, CcPOpMyiiHpOBaHHbiX B 

BTUC , §2. ·.By.aeM, pa.aH npocTGTbi, paooTaTb c o.aHHM ·caMo.aeAcTayromHM cKanHpHbiM 
\ 

non eM 

IT o~~Hee, ayT-'IaCTHII I, y .aoaneTBOpHIOUlHe oobi'IllbiM nepecTaHOBO'IHbiM cooTHoweHHHM-

/3/ 

.Qo'izyCTHMe .'ITO CBH38HHble COC'rOHHHH OTCyTCTByiOTe Tor.aa Mbl Mo:meM IIpHHH'fb 1 'ITO 

COBOKynHOCTH COCTOHHHA THIIa 

/4/ 

·o6pa3yiOT upe.lly?MOTpeHHYIO TpeooaaHHeM BT nc 1. ( 4) IIOIIHyiO CHCTeMy 1 TO eCTb1 

'IT() 

(«I fl B lp > = f -fr}tt§, ... d:!,(_'(•t/fl/§,,..,J,)(§,, .. ,§./ B l;s> 
. .[,.0 

/5/ 

.lliiR nroCSbiX .llByx onepaTopoa A H B. 

Mi,r CSy.lleM IIOIIb30BaTbCR 4-Me'pHbiM npeoopaaoBaJJHeM Cl>ypbe a ci>opMe .. 
16/ 

H &HaiiOI"H'IHbiMH cPOpMyn&MH .lliiR cPyHKllHfi MHOI"HX apryMeHTOBa 

nonaras no onpe.a eneHHIO 
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;_' 

< o /"'6o cp(yJ I o > . = -(, 
0 . aW 

~ (x-Y) ·- (0/t.fi(YJtp(x)jO) :-,· v (.(-Y) . 
. . .) ,· 171 

Mhi .UO.Il:lKHhi U0.110:lKIITb 0 B COt'.118ClrH C /2/, /3/, /6/, 

%'-?K):: i1fi J(~t"} J {K'--m1J; ~(fK):: -.2fte' ~(-K•) s (Kt-rnJ.). !B/ 

Ananorll<rHO B naweii nopM!IpOBKe· 6y.ueT 

[If{<}, 'I'M]_~ -i 11 ( x->') ; '8 6<) ~ .l;r< ~( s•) iJ ( 1<•-m <) 

/9/ 

2. H eKoTopore cnoiicTBa MaTpiiUhi paccesmn:SI 

OcnoBHOii Be.llll'IIIUOii, c KOTopofi Mhi 6y.ueM pa6o.TaTb, 6y.ueT pacru!IpennaSI 3a 

nonepxnoCTb ~mepl'HII MaTpnua pacceSIHIIHo M hi 6y.ueM npe.u cTaBnSITb ee 3an!Icannoii 

B BII.Ue ¢yHKUHOHa.llbHOT'O pa3.1lO:lKeHIISI ITO HOpMa.llbHhiM npOII3Be.ueHIISIM aCIIMUTOTII'leC· 

KIIX nonefi 

5, f o-;t}dxi ... dxv cP 
11
(X.tr"Jx,.) : lfl{~.t) ... ~(Kv) J 

.,;J::O 

/10/ 

l'.U e K09LP¢1IUIIeHTHhie ¢yHKUIIII ¢II (X~ ••••J X11 ) 
- 9TO K.llaCCII'leCKIIe ¢yHKUIIH, CIIM 

MeTpll'IHhie BO BCeX CBOIIX apl'yMeHTaX, Don <repKHeM, 'ITO lf(l() He C'IIITaiOTCSI 3.UeCb 

orpanll<reHHhiMII ycnoB!IeM /1 I. Bap!IaunoHHhiM .uH¢¢epeliullpoBaH!IeM MO:lKHO nony<riiTb 

1!3 MaTpiiUhi pacceSIHHB onepaTOphi
0 

3aBIICSI!llH9 OT UpOCTaHCTBeliHO-BpeMeHHhiX TO'leK• 

Dpll aToM y.uo6nee .ueitCTBOBaTb ne c caMIIMH nap!IaUHOHHhiMII nponaBO.UHhiMH , a 

C pa.unaUHOHHhiMH onepaTopaMII 

(' (n) . . X ) - -.~ ) 

,J (X:~.r·~ " - 8ttCx~,) ... Stp{x,. 

gtl s ~+ /11/ 
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M hi noKa>KeM ceil:'!aC HeCKOllbKO neMM, ycTaHaBniiBaiOIUIIX CBH311 Me>Kny BaKy

yMHbiMH Cp9.llHIIMH STIIX p8.llii8UIIOHHbiX onepaTopoB, K09cpcPIIUII9HTHbiMII cpyHKUIIHMII 

M8Tp11Ubi pacceSIHIISI II ee MaTpii'IHbiMH 91J9M9HT8MII. 

neMMa 1. Koa¢cPIIUH9HTHbi9 cpyHKUHH MaTpHUbl. paccegHHSI COBnanaiOT /c TO'IHO

CTb!O .llO MHO>KHT91JS1/ C BaKyyMHbiMH cpe.llHHMH pa.llH8UIIOHHbiX· onepa

TOpOB /11/. 

n -yiO BapHaUIIOHHYIO np0113BO.llHYIO OT pasno>KeHHH 

llnH, nocne nepeHyMepauHH nepeMeHHhiX, 

n pH B3HTHH BaKyyMHOI"O Cp9.llH91"0 B npaBOfi 'IaCTH COXpaHHTCSI lJIIWb 'I1J9H 6es HOp

M81JbHbiX npOH3B9.ll9HIIil: 

n 
. n ( ") n r/-, ( . .) 

(, -' . y--' X$.,. .. , .X, 

II .llllH .llOK838T91JbCTBa paBeHCTBa /12/ HaM OCTaeTCH lJIIWb BH9CTII 

BaKyyMHOI"O Cp9.llH9I"O B 1J9BOti: 'I8CTH, 'ITO MO>KHO C.ll91l8Tb B CHlly CTa6111JbHOCTII Ba

KyyMa BT.UC 1. (6 ), 

CnencTBHe. MaTpHua pacceHHIISI npencTaBnHeTcst B BHne: 
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s -- Loo J. j /0/ $" ,S c~+-f ) . -; J x£ ... dxn \ 
8 

& ,J 0 . tf{~£1 ... <p(x,.):. 
n. . rp(~~)... cp(K,) . 

~·o . 

/13/ 

[leMMa 1 Bb!pantaeT K09cPcPHUHeHTHbie cPYHKUHH MaTpHUbi pacceHHHSI qepe3 BaKyyMHbie 

cpeaHHe onepaTopoB /11/. BbipaaHM Tenepb qepea Te me cpellHHe MaTpH'iHbie 9ne-

MeHTbi ,s -MaTpHUbi /Ha riOBepXHOCTH SHeprHH/1 ycTaHOBHB anSI 9TOI'O 

neMMY 2: 
,;,(II,WJ) /} .( . . 

c~, ... , e,.~ Kt, ... , K ... d 

<§1., ... , [, / ,S /11trt~ .. ) = 2: p (!. t, }P K •.. K )P {1<,.,.4..J. , ... ,1<,.,) • 
!:O 11·4d. , ... , n •·St-!' ' "' 

· £'({,.fd-!f,_4rl.) ... cf{f, -!{,) • 
.-1 lfl·~ • nMI·/..J 

cll{s.··-"1(,_4 e~¥:t. ... dy .... ,j e ~ . , o o ,.J o . 
f, -"""'-'''''' ... _fv#J/x": ~ ,,,_,, ,p,, '-L•51~· ~ 

i.(I:!x-IJ~<y) (' r -t /14/ 

K/:: + )K~_,.m7 . -~ 
/ eo /?:: _ _, 

. ::: .,. f. J.-rm J. 
J . -" 

a oxaaaTenbCTBO ·: PaccMOTpHM MaTpH'IHbdi 9ne~eHT < !s., ... ,tll Is I !:<_t, ... _. !! ... ) ' 

KOTOpbiti: cornaCHO /4/1 MO)KHO nepenHC8Tb B BHl19 

(0 I g. {f) ... a.(!,) 5 a+(!{~) ... a. +{Hm) I 0) 

By lib aaecb Bee HMnynbcbi !!~ H ii paaHbiX rpynn paanH'iHbiMH 1 Mbi MornH 6bi 

HeMe.nneHHO npoKOMMyTHpoBaTb HX c ; -:MaTpHueR .c noMOIUbiO ¢opMyn BTJlC .. 

/2.20/ 11 npHwnH 6bi K BbipameHHIO BT.UC 12.2tl. O.n;HaKo orpaHH'IHTbCSI .TaKHM cny-

'189M Henb3SI
1 

T8K K8K npH B03MO){{HbiX HHTerpHp0158HHHX M8TpH'iHbiX aneMeHTOI5 cny

'i8H COB~8AOHHSI HeKOTOpbiX ~ C HeKOTOpb!MH !;! . .ll8AYT, H3-38 eHHrynHpHOCTH 

. nepeCTaHOBOK /3/, HeHC'I93810IUH9 BKna.n;bi B HHTerpan. 

npH COBIIalleHHH HeKOTOpbiX e C HOKOTOpbiMH .!f B03HHKHYT .llOIIOnHHTenb-

a+{!f) CMQ)KOT 'CBepHyTbCSI 11 He C ,) -MaTpH-; 
Hbie tJneHbi - n106oA H3 onepaTopoB 

ueil:1 a C n106biM H3 onepaTopOB a rc) • no9TOMJ' SICH0 1 'iTO nonHoe BbipameHHe 
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.ll :HI paCCMaTpHBaeMOI'O MaTp:a:qHOI'O SJieMeHTa .llOJI)KHO COCTOHTb H3 cyMMbl qJieHOB 

T:a:na BT .UC 12.21/ c yMeHblllaiOIUHMCH Ha 2 np:a: nepexo.ue oT q neHa K qneHy no -

pst.uKoM Bap:a:au:a:oRHoro .u:a:¢¢epeHu:a:poBaHHH1 
11

BOcnonHHIOIUHMCst II nostBneH:a:eM MHO)KH-

Tenefi BH.ll8 8(/-{f) • J!erKO C006pa3HTb 1 qTo C nOMOIUb!O BB9.ll9HHbiX B 
2 

one-

. . P(x~_. .. ,x~ ) 
paTopOB CHMMeTpH38UHH : X X ; 03HaqaiOIUero cyMMy no BCeM B03 -n' ~-~ ,... " 
M O>KRbiM :Jf (n~:JJ! paa6HeHHHM COBOKynHOCTH apryM eHTOB {;(f., ... , X,.] Ha .llBe 

rpyniibl H3 -4 H H3 (n-~). apryMeHTOBt npH1IeM If3 pa36HeHHfi, OTJIHqaiOIUHXCSI 

nrrwb nepecTaHOBKaMir BHYTPH vpynnbi1 6epeTcst JIHWb O.llHO , . :a: P ( X.t, ... , x~ ) 
' 

03HaqaiOIU9I'O cyMMY no BCeM 'lf X I nepecTaHOBKaM BHyTpH rpynnbi {x:t_. .. , X'.t); 
TaKaH CyMMa K8K pas npHBe.r:teTCH K BH.llY npaBOH qaCTH. paBeHCTBa /14/ (MHO)KH

TeJib s+ MO>KHO .llOBBeCTif non 3H8K BaKyyMHOI'O cpe.r:tH91"'0 B CHJiy CTa6IrJibHOCTH BaKy 

yMa}. BepxHrrfi npe.uen B cyMMe no ~ B npaBofi qacT:a: /14/ onpe.uensteTcH 'rrc-

q epnaimeM sanaoa 11 onepaTopoB pom.ueHHH rrnrr yHrrqTo)KeHrrst; nepBoe cyMMHpoBaH:a:e 

no nepeCT8HOBK8M COOTBeTCTByeT BCeM B03MO)KHbiM pa36IreHHHM onepaTOpOB YHifqTo

)KeRHSI Ha rpynnhi, CBepTbiB8!0IUHeCH C onepaTOpaMH pO>K.r:teHHH If CBepTbiB8!0IUHeCH 

c $ -MaTprruefi; BTopast cyMMa no nepecTaH?BKaM - TaKirM *e paa6rreRHSIM one-

paTopoB po>K.ueRrrs; HaKoReu, nocne.uHee cyMMirpoBaR:ue P(K"'·:1~:i , ... ~ f<,..) - STo 

CYMMHpOB8HHe no BCeM B03MO)KRbiM pa3JIIIqHbTM 06'be.llHH9HHHM B n~pbl CBepTbiB8!0 -

IURXCH .upyr C .r:tpyroM onepaTOpOB • 

flcHo, qTo ¢opMyna, coBepllleHRO aRanornqRaH neMMe 21 6y.ueT cnpaBe.r:tJIHBa :u 

.r:tJIH MaTpHqHbiX SJieMeRTOB OT BapHaUROHHbiX npOH3BO.llHhiX · $ -MaTpHUbl JI!06oro 

nopH.r:tKa. ,UonOJIHirTeJI:pRbie .llRtP<!JepeRUHpOB8Hll:SI nepefi.llYT B ReH3MeHHOM BH.ll e non 

3H8K B8KYyMHOI'O cpe.uHero.VfRaqe 6y.r:teT o6CTOHTb .r:teJIO .llJIH pa.r:tRaUHOHHbiX onepaTO

pOB f 11/. nprrcyTCTBire MHO)Kll:TeJISI s+ noTpe6yeT .ll onOJIRirTeJibHOI'O pa3JIO>KeRHH no 

IIOJIROA CirOTeMe tPyHKI(ll:ft ll: <!JopMyJihl1 B006IUe I'OBOpH, 3RaqifTeJibHO ycJIO:>KHSITCHe 

HcKJlroq eRne cocTaBHT JIHWb cnyqan, Kor.ua npaBast o6Kna.uKa 6y.ueT BaKyyMoM mm 

O.llHOqaCTlJqHbiM COCTOSIHHeMt TOI'.ll8 1 noJI·.iayHCb yCJIOBireM CTa6IrJibHOCTH BT ,UC .I,(6~ 

MO:>KHO 6y.r:teT BTHHYTb B Hee s+ H BbiBO.ll npofi.r:teT TaK :>Ke 1 KaK If .llJIH JieM'

Mbl 2. J1TaK1 MO>KHO c<!JopMyJIHpOB8Tb eme .r:tBe JieMMbi: 

x/ Cp. TeXRirKY, paaBrrTyro B 
8 , np:a:MeReRrre KOTopofi noaBonrrn6 6hi aaMeHHTb 

a.uecb paccy:mneR:a:e BhiqncneR:a:eM (npas.ua, rpoM03.llKHM). 
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JleMM8 3; 

iECK 
('l) . - [dlf~.-·dx,. e .. - /of. c' ,,,,., (~, ... C,/S (c.£,--,i!'l)/0)-j(.o-l~htlo qj;"' \' ~ (:t,~-·l 1 ,X.t_. .. Jx,)/O) 

K oMttneKCHhiM conpsnKeHReM nony"'aeM oTcrona 

CnencTBne: 

(O I$ (Z) r~1 .... , ~'!J /f!~.,. .. ,fi,..) = 
d9J,. ... cfy,.. e ~ 

:} 

-iE~<Y + . 
S (HM) > 

::;: 2.K'):J; /i.K: ... .£I<; 
< 0/ . (a~ .. --, ct., v.~ .... J ~ ... ) / 0 

neMM8 4: 

"Jd. 1 
dfr-iKy 

/f - e I c'{r}( ) I ~ I ·;1'" X.t··· a~ ely e ~ 
\!...t' J_n ,.:J i;t,-,lr f:S :=:(-£ , ..,, __ JI • - - - -=7 

· ~~n·i · 
cf (ls,../i-~,x"-•···,X,.,Y) + 

/15/ 

1161 

~-:t 

. re. /) 1 a ex 1111 + ..P .~ .... ,c, . .£)(-i)''n·i dJf~ ... elx,. . .J. e ~ !HJ-.i . 

f, ( Jr~-v / =r cp (i (1 f.rr)-r' J.~~ .. if,~.t. _~_..,._i!t,X.t.r;-J11-J.) 0 {!,.-!f). 

KoMnneKCHhiM conpH2KeHReM M02KHO ncmy"'RTh oTcrona cpopMyny Tnna /16/. 

no CRX ·nop Mhl He K8C81lliCb yc110BRH npR"'liHHOCTlie B CRCTeMe OCHOBHhlX ll01l0-

2KeHRii BTllC oHo nMeno cpopMy 

g ( tt r 1
) 

S lf(X) 8 cp(v) ,) j = 8<p(X} 

.ll11H X~Y. /18/ 

( •3H8K HepaBeHCTB8 onpenenHeTCH 3,lleCb TeM, "'TO Mhl C"'RTaeM 8CRMUTOTR"!eCKRe 

n 011H tp(X) ayT-n011HMH; .ll11H RH-U01leii: OH ··saMeHR11CH 6hi H8 npOTHBOU0110>KHhiH}o 

n OKa>KeM HeCK01lbKO HOBhiX, BhiTeK8IOIURX li3 Hero COOTHOWeHRii. 
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neMMB 5: Vfa YCITOBHSI npHqHHHOCTH /18/ cnenyeT 1 qTo. 

0 $(n) 
- {y.!>···.~Yn)== OJ 
81(J(X) 

119/ 

KOlrb CKOpO X {; { Y~ , ... -' Y,. ) • 
/19a/ 

(3anHCb /19a/ oaHaqaeT, qTo Toqxa 'K 

nono6Ho/ OTHOCHT91rbHO BC9X Toqex 

ne:lli:HT paHbW e IHnH npocTpaHcTBeHHO 

DOK838T91rbCTBO 

Torn a 

'is. ' '• • • • y" }. 

nycTb neMMa cnpasennHBa BnnOTb LlO HeKOTOporo IV 

r_' +)== 0 -tJ·- . . ' ecnH. 

.[{HclJr:iJepeHUHpySI STO p8B9HCTBO no, 1/(>J,,t) 

oTxyna, no1IbaySJ:Cb yHHTapHOCTbiO BT.UC :r /5/ H pacKphiBaSJ LlH¢¢epeHuHpoBaHire 

no tp(x) 

s -/Jcp(X) 

s.vs 
+----

8cptv~.J ... 8cpfv~J 

n epBbitl: qneH o6pamaeTCSI 3Ll9Cb B Hynb B CHny ) *I . a BTopoii: - B CHny /18/' 

ecnH noTpe6oBaTo, qTo6bi X :E ~..t • J.1Tax, H3 BhmonHeHHSI /*/ nmt n = IV' 
cnenyeT BhmonHeHHe /*/ nnH n = N + 1. nocxonoxy nn11 n = 1 IJfl BhmonHsteT

cst, TO lr9MM8 5 Ll0K838H8a 
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neMMa 5 paapewaeT npoH3BOnbHO yBenH'IHB8Tb 'IHCnO BHyTpeHHHX apryMeHTOB 

B ycnoBHH npH'IHHHOCTH 1181. Mo»<:Ho yBenH'IHTb H 'IHcno BHeWHHX apryMeHToB, 

TOI'.ll8 HMeeT. MeCTO 

neMMa 6. Vfa ycnOBHSI npH'IHHHOCTH cne.nyeT BbinOnHeHHe paBeHCTB8 

S"' (n) 5 (YJ., ... , Y,.) = 0 , 
8 t.p(x~.) ... o Cf(~ ... ) /201 

ecnH XOTSI 6bi .nnH O.llHOI"O i~i~m 

X,j ~ {Y,;, ... ,y,J 120a/ 

Ll OK838TenbCTBO 0'1 eBH.llHO. 

VI B nepBoHa qanbHOA ¢opMe I 18/ ycnoBHR npH'IHHHOCTH H B BbiTeKalOIUHX Ha 

Hee cooTHoweHHHX I 19 I H 120/ ¢HrypHpylOT He TOnbKO pa.nHaUHOHHbie onepaTopbi 

I 11 I, HO H HX BapHauHOHHbie npoHaBO.llHbie. B. HeKOTOpbiX OTHow.eHHSIX y .no6Hee Ta

KaH ¢opMa ycnoBHH npH'IHHHOCTH1 KOTopaR BKnJO'IaeT. TonbKO caMH onepaTophi I 11/, 
. ' 7 

aHanorH'IHQSI 6 HHTerpanbHOMy" ycnOBHlO DpH'I HHHOCTR B TeOpHH B03MyiUeHHA 0 Ee 

ycTaHaBnHBaeT 

neMM8 7. Vfa ycnOBHSI npH'IHHHOCTH 1181 cne.nyeT 1 'ITO pa.nHaUHOHHbie onepa-

TOpbl $ '''1(1(,, ••• , Jc',.) npe.n cTaBnSIJOTCH npH n106oM n ~II B BH.ll e 

(n) (4) C (n•l) 

$, (x,, ... J~)= $ ("'J£•·""•~J.) ~- (Xj~_,, ... ,XJ.)~ /21/ 

KOnb CKOpO 

{x,, •... ,xi,) ~ {xj, • ._ •... , X'j. J. /2la/ 

.• 
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iloKaaaTenbCTBo: .Ll onycTHM, 'iTo neMMa BepHa D. lift n ~ N . H nyCTb apryMeH-

T hi { 1(~,: •. 1 K_, • .t. J TSKOBbi, 'iTO 

I * I 

'iepe3 BapHBUHOHHbie npOH3BOJJ.Hbie, HanHllleM TO:lKJJ.eCT-

BO 

-t-
. -r S$ 
5 . s 8 C(J(Xj,~;.} 

.[lliSI paJJ.HSUHOHHbiX onepaTOpOB N -ro nopRJJ.Ka cnpaBennHBa, no nonymeHHIO , 

3necb nepBbiA 'ilieH paBeH HyliiO B CHIIY neMMbi 51 TaK KaK TO'iKa X;••L BXO.llHT BO 

B'X'opyro rpynny B /~/, .nBa :»<e nocnenHHe 'ineaa yHH'iTO:»<aroTcH. BoaBpamaSICb K one-

paTopaM ·s;l() • BHJlHM, 'iTO neMMa BepHa H JlliSI n = N + 1. nocKOII~KY JlliSI 

n =. 1 OHS TpHBH81IbH8~ TO lieMMa 7 Jl0K838H8 no HH.llYKUHHo 

VfHTerpalibHOe ycnOBHe. npH'iHHHOCTH /21/ He TOIIbKO. He06XO.llHMO,- HO H JlOCTa

TO'iHO .!J.IISI BbinOIIH9HHSI Jl HcPciJepeHUH81IbHOrO yCIIOBHSl /18/. 0Ka3 biB89TCSl, 'iTO JlliSI 

nony'ieHHSI nOCIIe.llHero Jl OCTaTO'iHO Jla:»<e TOIIbKO BbinOIIHeHHSl /21/ .llliSI n = 2 • 

B caMO!Ii JlliUle,pacKpoeM BapHaUHOHHOe .llHcPcPepeHuHpoBaHHe no· f{1t) B neB oR 'iaCTH /18/ 



8 
GIPM 

. 14 

(
t$ +)- 8

2
$ 5_,_ SS -r JS+ 

8cp(y) $ - 8cp(J(JdtrM + JtrCYJ $ . s MrJ 
nepBbiYI 'llleH, B ClfliY /21/1 6yneT paBeH 

ss 5~ tS .,. ~tp(x') $ x;6Y 
85 + &5 + 

Stp(X) $ . 8lf(Y)~ Ll1IH 
y_:bX 

-8 Lf(Y) 
Ll1I.II M 

8$ + ss ~+ 
a BTOpOfi - B CM1IY yHMTapHOCTM - BCerna nacT - q- s . !',,.,) ~ • YfTaK, Mbl ITOl!r" 

otp(V) o <r<.x 

'lM1IM 1 'ITO npM BbiiT011HeHHM 

S ( 85 C"r) 
Jtp(x) lMY} ~) 

TeM caMhiM Mhi noKasann: 

/21/ 

rJs + 
=~$, 

"- 0 

85 --Sif(V) 
/-1-] J X~Y 

. /22/ 

x~y 

neMMY 8: .Q11H BbiiT011HeHHSI LlHcPtiJepeHUH81IbHOI'O yC110BMSI npM'lMHHOCTH AOCTa

TO'!HO, 'lT06bi BbiiT01IHH110Cb MHTerpal!bHOe yc1IOBHe··npM'IMHHOCTM B 

ciJopMe 

(1} (~} rt (:t) 
$ {Xt, 1 XL ) := s ({jt. ) rJ (~.t.) eC1IM XiL ·.::;::., ·.xd·.t. /23/ 

n otteMy >Ke yc1IOBHH /23/ OK83biBaeTCH' nocTaTOttH'o Ll1IH BbiBOLla I 181' B TO .npeMH 

KaK B TeOpHH ~03MyiUeHHfi Ll1IH IT01IytteHHH nJiciJtlJepeHUH81IbHOI'O yC1IOBHH npM'I HHHOCTH 

H8Ll0 6b1110 Tpe60B8Tb 7 BbiiT011HeHIIH MHTerpa1IbHOI'O yC110BIIH Ll1IH BCeX fl ? npu-

' . . ~~ 
'lHHa 9TOI'O 1Ie:>KMT B TOM'I 'ITO Tenepb H8lllH panHaUHOHHbie onepaTOpbl ~ 38BHCHT 

He T01IbKO OT SIBHO BbiiTHCaHHblX apryMeHTOB X~····J X"' t HO erue H cPYHKUHOH81IbHO OT 
)M 

lf(X), npHtteM 9Ta ITOC1IellHSI!I 38BHCHMOCTb CBSI3b!BaeT LlPYI' C .lllPYI'OM ,.) 

C pa3Hb!MH HOMepaMHe 

Pesyni:.TaThi npoBeneHHOI'O n:ccnenoBaHHH ycnoBHSI npHttHHHOCTH MO>KHO c9>opMy

nnpoBaTb B BMne 



s 
otpM 

. 14 

( 
tt +) _ S~.,S S_,. + SS +- c JS+ 

8cp(y) ,S ) - _Q,Af.-o,YLDIVI J<p(y) s • ,:) MrJ 
nepBbifi t:IJJeH, B CMJJY /21/1 6y.lleT paBeH 

sL 5~ is .,. 
8 Lf{Y) ~CjJ(X) $ Llml 

X:6Y H 

g s + lrt -r 
SlfJ(X} $ . 8tR(y)~ LlJHi y ;b X 

8~ s+ ss ~+ 
a BTOpOfi - B CHJJY yHHTapHOCTM - BCef'Ll8 Ll8CT - ~ • (l,,.r.) ~ • J.1TaK 1 Mbl TIOJJY'"" 

olf(Y) o Vl.x 

t:IHJJM 1 'ITO npH BbiTIOJJHeHHH 

t ( 85 sr) 
8~p(x) l~ ) 

TeM caMbiM Mbi LlOKasann 

/21/ 
rJ5 .,. 
=~$, 

0 

85 -8tt(V} 
,5' r] ; X~Y 

. /22/ 

K:6Y 

ReMMY 8: .[lm1 BbmonHeHHst LlMcp¢epeHunanhHOro ycnoBHst npHt:IHHHOCTH LlOCTa-

TOt:IHo, t:IT06bi BbiTIOJJHSIJJOCh HHTerpallhHOe ycJJOBHe-·npHt:IHHHOCTH B 

¢opMe 

(J} (~} r! (:t) 
$ {xJ., XL ) = S (X:i~, ) ~ (.%JL) ecnH Xi1. ~ ·xd·.t. /23/ 

n Ot:IeMy me ycnoBHSI /23/ OK83biBaeTcSI· LlOCT8TOt:IH·o UJJH BbiBOLl8 I 18/' B TO npeMSI 

K8K B TeOpHM B03MyrueHHit LllH'I TIOJJyt:IeHHSI ;llltcp¢epeHUM8JlhHOf'O yCJIOBHSI npHt:I HHHOCTH 

H8Ll0 6biJJO Tpe6QB8Th 7 BbiTIOJJHeHHSI HHTerpallbHOf'O yCJJOBIHJ LlllSI BCeX f1 ? npH-
' - ~~ 

t:IHH8 9TOI'O JJe)!{HT B TOM'I 'ITO Tenepb H8WH pa.llH8UHOHHbie onepaTOpbl ~ 38BHCSIT 

He TOJJhKO· OT SIBHO BbiTIHC8HHbiX apryMeHTOB r~ ... -jx,. t HO erue H cpyHKUIIOH8llhHO OT 
)M 

lf(X} 
1 

npHt:IeM STa TIOCJJeLlHSISI 38BIICIIMOCTh CBSI3biBaeT .llPYf' C .npyrOM ~ 

C pa3HbiMII HOMepaMH. 

PesyJJbT8Tbl npoBeLl eHHOf'O IICCJJe.llOB8HIISI yCJJOBIISI npHt:IIIHHOCTM MO)!{HO C~OpMy

nHpOB8Th B BIILl e 
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TeopeMbi 1: YcnoBHH npHq H!JHOCTH B <f>opMe /18/ H B cpopMe /23/ aKBHBaneHT

Hhr. l:1s mo6oro H3 HHX cne.nyroT cHcTeMbi CBHsefi Me:m:.ny onepa

rJft<.J 
TOpaMH ;> t Bbip8){{8IOlllH9CH cpOpMynaMH /19/, /20/ H /21/ 0 

3, CHcTeMbi ypaBHeHHfi .nnH KoacbdmuHeHTHhrx 

cpyHKUHH 

MHoroo6pa3Hbie cpopMbi YCJIOBHH llpH'f HHHOCTH, llOJiyqeHHhie B npe.Ubi.llYlll9M 

pas.nene, npe.ncTaBlrHJIH co6ofi onepaTOpHbie ypaBHeHHHo Bo MHOI"HX OTHOW9HHHX co-

6na3HHT9JihHee HM9Th .neno He C onepaTOp8MH 1 a C KJI8CCH'f9CKHMH cpyHKUHSIMH - KOscp

cpHUHeHTHbiMH cpyHKUHHMH HJIH MaTpH'fHbiMH 9JieMeHT8MHo ,llOK838HHbie Bblllle COOTHO

weHHSI ll03BOJIHIOT Bb!BeCTH pH.U CHCTeM ypaBH9HHil: .ll~H T8KHX cpyHKilHH 8 

3aMeTHM .UJIH :;noro1 'fTO ycJIOBHe npHq HHHOCTH B ¢opMe /21/ MO:lKHO 38llHC8Th 

/npeHe6pet'aSI B03MO:lKHbiMH COBll8.ll9HHHMH apryMeHTOB1 Cpo HH:lKe/ B BH,ne paBeHCTBa 

en$ = p (i!.t.,•••Jr:1 ) 8 (i!.4,•··~-2,j; l.s • ..:r-.-cn). 
8~p('l.t.) .•. JCI(~") ~4•i·····~" 

/24/ 

panaa 11 ecnH nee e:, ... , ~: 6onhwe ncex 

H panaa aynro B npoTHBonono:lKHOM cnyqae. EcnH B3HTh oT aToro panea-

CTBa BaKyyMaoe cpe.naee, TO cnena B03HHKHeT, cornacao neMMe, cpyHKilHSI 

(·iJ"cF(i.,~., ... ,i.,). qTO :lKe KacaeTCSI npaBOH 'f8CTH 0 TO ee H8AO 6y.neT 1 llOlrh3YSICh /4/ 1 

pa3JIO:lKHTh ITO ITOJIHOH CHCTeMe COCTOSIHHH, npH 9TOM Mbl CTOJIKHeMCSI C .UBYMH 

B 03MO){{ HOCTSIMH, 

ECJiH .B nepByiO rpynny B /24/ BXO.UHT TOJihKO o.nHH apryMeHT 1 

MO){{HO 6y.neT1 llOJih3YSICh YHHTapHOCThiO 

T9Jih npaBOH 'f8CTH B BH.ll6 

:1 = 1, TO 
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+ 
li-$+;:_sE-

8v(lL) ~ 

nocne. "i9I"O OH Bbip83HTCSI C nOMOIUb!O CIT9.llCTBHSI rreMMbi 3 ."iepea cPYHKURH cf:> (z1,••·,i!,) • 

BTopo~ :>Ke MHO:lKHTenb 6y.aeT K8K paa HM9Tb cpopMy, CBO.llHIUy!OC:sJ K 

. ..J.. II 
K09cPcPHUR9HTHbiM cPyHKURHM• 'f' C noMOIUb!O neMMbi 31 R Mbl· nony"iHM 

cf Ci
1

,. .. ,i!.,)::: P ( l.t ) 8 {~.; l!.tr·'' 2,.) £ ,;,jdxL•·· dl(,., c(y:t.··· dy,.. • 
i!., ... ,rn ,~o 

. (- cl!ft. .•• d!:!,., 

)/.t1rl"' iK; ... 2K:, 

-iFK(y.x) -11-,.,~J. . m .. n-:f e cp (c.t, Y.t.r"J y ... J cp {x;L, ... _,.x'.;,, ?;Lr"f ¢,) 

3aMe"iaH Tenepb, 'iTO B CHny npHHHTOtf HOpMHpOBKH /6/, /8/ RHTerpanbi no K8:lK.llOMy 

R3 f! 

1. j dtti 
(J.d iK/ 

-cK·(y.-X·) 
(/ J~ ~ e . -i 

(-) 

!J. rrr~1J· J 

(•) 
caepT&IB.aJOTCH a cPYHKURR D (y-") t npHXO.llHM K 6eCKOH9"iHQJi ·CHCTeMe ypaB-

H9HHft .lll'IH cPyHKURii cp v 

A-." (: l.t. . [00 (-i)mf . . 
..,.., (i!i, .... ~,):::: p Z! i! ) e {i!.t; r,t, ... , 'Cn) - dx.~, ... tlx,., ely-'"' ely,., . 

z, ... , n m~ 
tn•O 

/25/ 

,..l...;r .L,m . D (-) (-} 
' 'f" {~,t.; Y" , ... , y,.} (y"- X"-),.. D (y,.- Xm) 

,.l.~om } cp (x~; ... , x~' i!.t, ...... ~.. • 

norry"ieHHaSI CHCTeMa ypaBH9HRii aHanOI"H"iHa "cHCTeMe A "o KOTOpy!O BbiB9nH 1 HCXO.llSI H3 
4 

.apyrRX OCHOBHbiX nono:>KeHHft, neMaH , illHM8H"iRK H UnMMepMaH • 

llpyraSI B03MO>icHOCTb HnR, TO"iHee, .apyraH cepHSI B03MO:lKHOCTefi 1 peannayeTCSI 1 

ecnH B&t6paTb B /24/ .1. < ::l < n-J. • Tor.aa yc.noane yHRTapHOOTH y:>Ke He 

noaaorrHT HaM npeo6paaoaaTb nepB&Ifi MHO:lKHTeiTb a npaaofi q acTn /24/ K ¢opMe, paa-. 

peUia!OIUefi npHM9H9HH9 cne.acTBHSI neMMbl 31 R "iT06bi CB9CTH npaay!O "i8CTb K cPYHK-
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" UHSIM cp .1 HaM OCT6H9TCSI T01IbKO npH6erHyTb K pa36HeHHlO Ha TpH MHO)KHT91ISI1 TO 

ecTb .oaam.obi socno1Ib30BaTbCSJ paanomeaHeM no nonHoA cHcTeMe cocTOSIHHA• M hi 

j cli di du du jclu' du.' dv.. dv.jcle~ ... clz~ of~' ... clv). • 
' "-· I ~ •••. V :1: •• • 1-' ~ ••• ;;.-< 

/26/ 

* ' ,.I.. V+.f" D(-.J (-) 
'-r' (u~, ... ~u~,v.t,····').) ('{-"v;.'J ... D rv;.-v).J· 

/TO'IHee. K Ha6opy CHOTeM 1 COOTBeTOTB9HHO Bbi6opy 3H6'19HHSJ j I. CTpyKTypy no-

1IY'I9HHOi!: CHCT9Mbi ypaBH9HHi!: no1Ie3HO nOSICHHTb rpa<!JH'I9CKOA CXeMoA: 

"ooi'e,lRHellHWil IIHCTI.llyT 5 
nnepuax ncc:se.u.ouannfi \ 

SM&lWIOTEKA . 
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EecKOH9'1HaH cHcTeMa a au emtHIOWHXCH ypaBHeHHii 125 I owyTHMO npowe cHc

TeMbi /26/. O.uHaKo orpaHH'IHTbCH .unst Haxo>K.ueHHH ¢yHKUHfi TOJibKO ero OJlHOii 

H9Jlb3Sl • npH'IHH8 STOI"O ne>KHT B cne.uyroweM 1 BeCbM8 CYW9CTBeHHOM 1 o6cTOSIT9Jib

CTB90 Kor.ua Mbi BblliHCbiBanH B npe.ubi.llyi.UeM paa.uene paanH'IHhie ¢opMbi 1181 -

1231 ycnOBHSI lipH'IHHHOCTH t TO BCIOJlY B HHX_ y'I8CTBOB8JIH CTpOI"He HepaBeHCTBa 

Me>K.uy KOOp.llHHaTaMH - HarrpHMep, paBeHCTBO 1231 ClipaBe.UJIHBO TOJibKO · JlJISI X1 f6 X1 

HJIH Jln51 Xt -;6 X.t. ' HO He JlJISI X~ "X.e • noaToMy Bblpa:>KeHHSI 121 I HJIH 123/ .. 
onpe.uenHIOT ¢yHKUHH cp (K., ... , X,.) He JlJISI BCeX 3H8'1 eHHH apl"yMeHTOB: ecnH .. 

K8KHe-JIHOO .UBe TO'IKH 1 BXOJlSIWHe B pa3Hb!e I"pylilibl B yCJIOBHH 121 a/ IHJIH .llBe 

TO'IKH B ycJIOBHH 1231/ COBl18Jl YTt TO COOTBeTCTByrowee 3H8'1eHH9 cp )I OCTaHeTCSI 

HeOnpe.ueneHHblM e noaTOMy B l1p8Bb!e '18CTH 125/ HJIH /26/ H8Jl0 BBeCTH ewe 
. x/ 

.u ononHHTenbHhie I "KoHTp<JneHbi "I, OTBe'larowHe TaKHM coBna.ueHHHM apryMeHTOB 

n OCJie.UODaTeJibHblfi y'leT STHX KOHTpqneHOD npHDen Obi, no-DH.llHMO~y, K O'leHb 6onb

WHM KOMOHH8TOpHb!M Tpy.UHOCTHM. EcnK, O.llH8KO, Mbl paapewHM ceoe HCliOJib30B8Tb 

CHCTeMbl 128/ JlJISI Bcex 3Ha'leHHfi ~ t TO _Jiel"KO 38MeTHTb, 'ITO COBOKyliHOCTb 

TO'I eK l(J. t • • • t Kn He .llOli;)rCTHT HH O.llHOI"O paaoHeHHSI /21a/, ecnH TOJibKO 

BCe OHH COBl18.llYT0 J.1Hb!MH CJ10B8MH, JlJISI K8>K.ll0ll ¢yHKUHH cp 11 

H8Jl0 6y.ueT BBO-

JlHTb TOJibKO O.UHH KOHTp'IJieH - OCT8JibHble Y'ITyTCSI 8BTOM8TH'IeCKH OJlHOii H3 ¢op

MYJI ·/26/• O.uHaKo npn aToM npH.ueTcH npHoeraTb K cBoeoopaaHoii "aKBHJIHopHCTHKe"-... ,· 
· HCliOJib30B8Tb JlJISI H8XO>K.lleHHSI O.llHOfi ¢yHKUHH p83JIH'IHb!e ypaBHeHHSI B 38BHCHMOCT!i 

OT 3Ha'leHHSI ee apryMeHTOBo 

Ewe O.llHY CHCTeMy ypaBHeHHfi M O>KHO liOJiyq HTb H3 Jl0CT8TO'IH01"0 1 liO JlOKa-

38HHOMy, .unst BbmonHeHHH npH'IHHHOCTH ycnoBHSI/23/, KpynHbiM npeHMywecTBOM aToll 

CHCTeMbl 6y.ueT TO, 'ITO B Hefi· Y'I8CTByeT TOJibKO O.llH8 {T -¢yHKUHH; l109TOMf MO:>KHO 

Ha.ueHTbCSI, 'ITO KOMOHHaTOJ:lHhie Tpy.uaocTH oTna.uyT. O.uHaKo a.uecb .unst nony'leHHH 

38MKHYTOlt CHCT9Mbl y>Ke HeJib3-H oy.ueT Ol"p8HH'IHTbCSI BaKyyMHb!M cpe.UHHM OT one

paTopHOJ"O YCJIOBHSit 8. H8Jl0 oy.ueT paccMaTpHB8Tb M8TpH'IHb!9 aneMeHTbl Me:>K.uy 

BC9MH COCTOSIHHSIMHo TaKaH CHCTeMa H3Y'I8JI8Cb M.K.nor.HB8HOBb!M H aBTOpOM D 

.upyroM M9CTe 1 l109TOMy Mb! He 6y.ueM ee 3JleOb BhlliHCb!B8Tbo 

x) 
¢opM8JibH09 o6paweHHe C CHCT9M8MH /25/,. /26/ 6ea y'leTa 9TOI"O o6CTOSITenb-

CTB8 lipHBe.UeT K H3BeCTHb!M p8CXO.llHMOCTSIM, 0HH B03HHK8IOT Ha-aa YMHO>KeHHSI 8 -
¢yHKUHii Ha IPYHKUHH, He.uocTaTO'IHO perynsrpHbie B Hyne, 'ITo KaK noKaaaHo B BT .LlC 
§§ 4,5, aKBHBaneHTHo HeaaKOHHOMY npHMeHeHHro HHTerpanbHoii ¢opMyn~ KowH K ¢ypbe

o6paaaM, He y6b!B8IOWHM H8 6eCKOHe'IHOCTH, 
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4, cPyHKUHOHBJlbHOe pa3JIO)l{8Hll8 llllH MaTpHUbl pacceSIHHSJ, 

B npenhrnymeM pasnene Mhi ycTaHOBHJIH HecKOJibKO 6ecKOH8'-!HhiX cncTeM sa

uenJISJJOIUoiiXCSJ ypaBH8HllH n JIH HaXO)Kll 8HHH K09cPcfli;Ull8HTHbiX cPYHKUHH cp v cPYHKUHO

HailbHOrO pa3JI0)1{8HIUI 1101 MaTp'llUbl pacceHHHH no HOpMaJibHbiM npOH3B8ll8HHHM 

acnMnToTH'-!eCKHX nonefi. PeweHne aTHX cncTeM /na}Ke npn6mf)KeHHoel npencTaB

nHeT aHa'-!nTeJihHbie TpynHOCTH, 0Ka3LIBaeTcH, '-!To· pHn cBeneHnfi o cPYHKUHOHallhHOM 

pa3JlO)KeHHH /10/ MO)KHO UOJiy'-!HTh s 8CJ1ll no.'MTH npyrHM rryTeM, J1M8HH0 1 Mhl nOKa

)KeM, tJ;TO BC8 KO~cPcPHUH8HTHbl8 cPYHKUHH MO)KHO Bbipa3HTh '-!E!p83 BaKyyMHbl8 cpen

HH8 T-npOH3BeneHHil: H9KOTOpdro Ha6opa onepaTopoB. npn. aTOM 3aMe'-!aTellbHb!M 

o6pa30M OKa)KeTcSJ, '-!TO CTpyKTypa cPYHKUHOHaJlbHOrO pa3JlO)l{9HHSJ 110/ 6n:n:3Ko Hano-

1 2 
MHHaeT CTpyKTypy pa3BHTOrO B t cPYHKUHOHallbHOro pa3JlO)K9HHSJ no CTeneHSIM 

"cPYHKUHH BKJlJO'-!eHnSJ ssanMoneltcTBHSJ" n:nn, rpy6o rosopH, o6bi'-!Horo pa3JlO)KeHH.fl 

TeOpHH B03MYIU8HHH, 

cJ(n) 
Q6paTHMCH OUHTb K pann:aUHOHHbiM OnepaTopaM ~ 

HOCT'll Bblpa)Ka8TCSJ '-! epea HHX c!JopMyJiofi 121 I • C npyroil: CTOpOHhi, 8CJIH BbinOJlHHTh 

n sapn:auiiOHHbiX nn¢¢epeHUHp0saHn:it ycnosn:H" YHHTapHOCTH BTUC I (5), To 

c' (n) 
Ha onepaTOpbi ,.J H8Jl0){(8TCII TpeOOBBHHH 

~ + 

[ P (;_XJ.,:....-"'-' x_,.,_) c' (n-m) cl (mJ X ) .= 
. ,:J (x._, ... ,x •. ,.) ,..J (x •. ,...:~.., ... , " 

X,.,,,.t , ... , Kn 
t' .. o 127 I 

tn,O 

Mbi MO)KeM saohiTh Teneph o cnoco6e o6pasosaHHH 111/ pannaunoHHbiX one-

paTopoB 
r'f"') 

,.) n nocTaBHTh nepen co6oii '-lHCTo am::e6pan:'-!ecKyJO sanat.Iy: Hail:Tn: o6-

mnfi Bnn onepaTopoB, y n oBneTBOpHJOIUn:x ycnoBHSJM 121 I n 127 I. H o ycnoBHII 12 1 I n: 

1271 - 3TO B TO'-!HOCT!l Te ycJIOBllSJ, KOTOpbiM llOJI)l{Hbl YllOBJ19TBOpSITh orrepaTOpHbie 

K09cPcPHUH8HTHbi8 cPyHKllHH pa3JIO)K9HHSJ ,S -MaTpHUbl B PH.ll no CTeneHSIM "'%lyHKUHH 

BKJlJO'-!eHHSJ saanMonefiCTBHSJ ~ {x) . (CM, 2 , ¢opMyna I 18.1 I ; 7 , cpopMyna I 1!) : 

ycJIOBH9 1211 anreopaH'-!8CKH COBnanaeT C "HHTerpaJlhHhlM yCJ10BH8M npH'-lllHHOCTH" 

7 2 17/ na , a ycnoBHe 127 I - c ycnoBneM ynnTapHOCTH I 18,9/ ns. 
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TaKHM o6pa3oM OK83biBaeTcH, qTo 3aaaqa ·OT.biCKaHHH o6mero BH.zia pa.a.Ha -

rln) 
llHOHHbiX onepaTOpoB ,:J T02KAeCTB9HH8 C 38Aaqefi H8X02KLI.eHHSI o6mero BHA8 

KOliUpcpHUH9HTH.biX cpyHKUHA MaTpHllbi pacce.RHHSI B TeOpHH B03MyUleHHH 0 nocneAHHH 

. 2 
3aaaqa 6brna pa3pemeHa B H, cneuHanhHO c aHanorHqH.biM /21/ BHAOM ycnosHH npH-

. 7 - ~ . 
qHHHOOTH , - B • MMeHHO, 6brno noKaaaHo, qTo ace ycnoBHH /21 I H /27/ coaMecT-

rl (11) 

Hbi apyr C apyroM H qTo' K82KA8SI H3 onepaTOpH.biX cpyHKUHH ,J (XL,•··•X,.) Bbipa -

:maeTCSI qepe3 onepaTOpHbi.e cpyHKUHH HH3lliHX HOMepOB C TOqHOCTblO AO 8HTH9pMH -

TOBOH qacTH ee 3HaqeHHH · npH acex cosnaaalOUlHX apryMeHTax. 3TH nocneAHHe 3Ha

qeHHH MoryT 6bi'rh 38A8H.bl npOH3BOnhHOo ' . 

no.TOMY H B H8lll9M cnyqae o6u.iee Bbipa:meHHe anH J (n) 6yaeT HMeTh cpop.:. 

M1! r {ft) · [ · ·,1 
f) (XL, ... , i,) .;. 'c~·o n T 11.1 (xd ... 1\.1 (X,~ t 

(-i.Jm I. { ) + [ --;;;! P lX.t, ... ,x,, Xv.,:tr .. ,XJ{ .. ~ f ... Jx~· ... •v....~,•.t , ... , Xn 

( t.~"'o·i) 
~ ....... +V,..•It 

~>.( 

· T [ /1,, (K, ... ,ll,, ) ... 1\v. (x~ •... •>/.., •<r··• Xng 
/28/ 

, 

rae· 

P (x:t" .. ' X~ ·1 ~ .. / ... , x,) 
n! 

2 BBeAeHHI!:oiA B onepaTop cyMMHpOB8HHH no BCeM B03M02KHbiM )1,! V.&f ••• V'"! 

pa36H9HRHM COBOKynHOCTH t1 ToqeK H8 m rpynn no ~ t ~ , ... _. V,., 

TQqeK · B K82KAOHo 

OnepaTOpbi 11, ( x~ , ... ,XII) - 9TO npOH3BOnhH.bi9 onepaTOpbi CO CBOHCTB8M~: 

/1/ noKanbHOCTH! 

/l,(t~, ... ,x.,)~ 0 HCKmoqaH cnyqait X1 = X1.:::: ... =X, /29/ 

/2 I apMHTOBOCTH: 

' /\: (K,t, ... J Xv) :: /\, (K,t, ... , )(,.,) ' /30/ 
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/31/ CRMMeTpiUI: 

.1311 

R<./4/ KOMMyTBTR6HOCTR 6 npOCTpaHCT6eHHO-nOnOOHbiX T O'JKBX , 

eCJIR 

/32/ 

0HR OTpa:>KaiOT OTMetJeHHYIO C~OOon·y 6 6biOOpe 3Haq eHRH panRaUROHHbiX onepaTop06 
(:1 (v) . 

,:l npR co6nanarowHx apPyMeHTax. nep6biH H3 HHx co6nanaeT 'c onepaTopoM 

TOKa: 

'
. cl (~J(x) 11-t (x) = j (x)::: ,:> /33/ 

nonqepKH9M1 'ITO 6 cpOpMyne /.28/ RMeeTCSI 6 6HllY 1 'ITO Mbi KaK-TO cfJHKCHpyeM 

HM9IOUlHftCSI llJlSI KB:>KllOJ:'O ).) npoHa6on 6 onpeneneHHH T-npoHa6eneHRSI nnst 

C06ll8llBIOUlRX apt'yMeST06 /npa6HJ18 HHTerpRp068HRSI 60JlH3H Hynst /, npHTOM TBKRM 

oopaaoM, tiTOObi npn: aToM He Hapywanacb yHn:TapHOCTb, H nocne ::'lToro nooa6nsteM 

onepaTop 1\.V. • noaTOMY MO:>KHO CKB38Tb 1 'ITO 6 onepaTOpbi f\y 6bineneHbi He-

OllH03HBtJHOCTH T-npOH3BeneHHil; OHH HJ:'pBIOT pOJlb KOHTpqneHOB 1 0 KOTOpbiX J:'OBOpHJIOCb 

6biWe B cBSI3H c 6ecKoHetJHbiMR CHcTeMaMH ypa6HeHHi!:. BcnH Obi Mbi He xoTenH 6bi-

" 
nenstTb KOHTpqneHbi, TO. B. cpopMyne ·- /28/ 6brno Obi n ocTaTotiHo orpaHHtJHTbcst T-npo-

x/ 
H3BeneHH9M TOK06 1 HO npH JliOOOM C06naneHHH apryM9HT06 603HHK8Jl Obi npOH360Jl , 

x/ . o . 
3aMeTHM, 'ITO e HaweM nonxon.e KOHTptJneHbi RrparoT onee aaMeTHyro ponb 1 tJeM 

6 T90pHH B03MyllleHHi!:,E CJlH TBM OHH ObiJlH cywecTBeHHbi npaKTH'leCKH TOJlbKO llJlSI 

60llpOCOB 1C6SI38HHbiX C 09CKOHetJHOCTSIMH H nepeHOpMHp06KBMH 1 TO anecb1 KBK JleJ:'KO 

y6enHTbCSI 1 BOCllOJlb30BaBWHCb llJlSI TOKB 6bipa:>KeHHeM H3 TeopHH 603MyUleHRi!:, one

paTOpbi Av c v>i 6ynyT na6aTb 6Knan n: 6 npoueccbi,He ,conep:>KaWRe pacxonH -

MOCTeit - HanpHMep,. B KoJ\.mToH-acpcpeKT 6 HH3lll9M nopstnKe, npH'IHHa COCTOHT 6 

TOM,tJTO "OCHOBHOit" tJJleH 5 /28/ HJlH /34/-aTO T-npOH36eneHHe TOK06 1 a He nar

paH:>KHBHOB, 
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n 0CKOJ1:0KY In eMMa 1 I K09cPcPllU!leHTHble cPYHKUllll c:p n pasnmKeH!lR /10/ no-

"(It} 
ny'l aiOTCR y()pe.n.neHHeM ·pa,ZJ.ll8UHOHHb!X OIIepaTOpOB ,.;) IIO BaKyyMy 1 TO C no-

MOlllblO /28/ OHH Tome. Bb!pasRTCR 'lepes IIOCJ1e,ZJ.OBaTeJ1bHOCTb OIIepaTOpOB 

A.1 , ... , llv,··~ 

cpn(x~, ... ,x,) ~ (0/T[J·cx~) ... j (x,J]Jo> + 
. . . . ., ) /M/ 

. i"''" . . . 0 + + .[ -;r P (xj., ... ,xv,_ 1 ... 1 ... , x,.){o}T[II~ (x~.,. .. ,KJ?. ) ••• 1\v ... { ... ,x,~ 
(

l.:{rn(n·1) 
$JJ=n + ._,.1.<0{1\ {.x X )/0) ~ . n £, ... , " • 

5. L1 ncKyccun 

n ony'leHHbie Bblpa 1K eH!lR /28/ H /34 I .n.nn pa.n.nauHOHHbiX orrepaTopoB ll K09cP-

cP HU!leHTHbiX cPYHKUllfi $-MaTpllUhl 3Ha'l!lTeJ1bHO IIpORCHRIOT CTpyKTypy cPYHKUHO-

nanbnoro pasnomenn~ /10/ MaTpllUbi pacceHnnn. B 'laCTHOCTll OH!l MoryT OKa -

38TbCSI ueHHbiM Opy.n.ueM IIpll IIOIIbiTKaX IIpllOJIH)i{eHHOI"O pellleHHSI oeCKOHe'IHblX CHC

TeM ypaBHeHHfi .ZJ.JIR cPYHKUllfi 4> n • 0.ZJ.H8KO 0Hll 1 KOHe'IH0 1 Hll B KOefi Mepe He Mo:

I"YT rrpeTen.n.oBaTb na ponb pelll en !lSI ocnoBnofi sa.n.a'lll naxom.n.ennn MaTpllUbi pac

ceRHllR 6es TeOpHll BOSMyllleHHfio 

B caMoM .n.ene, rrpem.n.e Bcero 11 B Teoplln BOSMymemrfi cj:JopMyna, BHelllne 

TO)K,ZJ.eCTBeHH8R c!JopMyne /28/1 pelll aeT BOIIpOC TOJ1bKO 0 cPOPM8J1bHOM IIOCTpOeH!lll 

MaTpllUbi pacceRHHH. ¢opManbHOM rtoToMy, 'ITO nerrocpe.n.cTBennoe ee IIpllMenenne 

rrpHBO.ZJ.llT rrpll · coBrra.n.ennn apryMeHTOB T-rrponsBe.n.enllfi K pacxo.n.m.IillMCH Bbipamenn

RM. KaK H3BeCTH0 1 .lJ.8JlbHefiriiHfi lll8I" COCTOHT B TOM 1 'ITO Ha BCIO cyMMy1 anano -

I"ll.'IHyiO cyMMe /28/, HanaraeTCH yCJIOB!le OTCyTCTBHR pacXO,lJ.llMOCTeii 1 IIpll'l eM y.n.aeT-
. 2 

cR noKasaTb /eM. , § 26 I, 'ITO TaKoMy ycnoBHIO Bcer.n.a Mom no y.n.oBneTBopnTb 

sa C'leT Bbi6opa rrpollSBOJ1bHhiX orrepaTopoB llv • B HallleM cny'lae TaKyiO pa6oTy 

rrpe.n.CTOllT eme rrpoBeCTllo . .A 

rnaBUOe OTJ1ll'llle HalllllX cPOpMyn OT pasnomeUHR TeOpllll B03MyUlellllH COCTOHT1 

o.n.naKo, B .n.pyroM. B Teopllll BOSMymennfi KBasnnoKaJ1bHbie orrepaTopbi II,.. samr-

CRT TOJ1bKO OT KOOp.ZJ.HHaT X.!, • • • , Xv /TO'I nee, OT orrepaTopoB cBo6o.D.HbiX 
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noneii B a Tux, coana.uaiOmux, TO'!Kaxl. B Haw eM cnyqae onepaTOpbr llv 3aBRCHT 

He ,TOJ!bKO OT K00p.UUH8T ICt , ••• ,Xy t HO U cpyHKUUOH8JibHO OT If (y) 

1351 

cl (n) 
To *e cnpaae.unuao, KoHe'!HO , H .unH onepaTopoB ,.) • npo 9Ty 38BUCHMOCTlf 

HaM llOKa HU'lei'O He U3BeCTHO B .[leT8JISIXj SICHO TOJibKO, 'ITO OHa 6y.ueT CBSI3hiB8Tb 

onepaTOpbi p83HbiX HOMepOB 0 

('i (n} 
C yqeTOM 9TOI'O 06CTOSITeJibCTBa ·cpopMyna 1281 Bblp8)KaeT onepaTOpbi ,..) . 

npH HeKOTOpOM "cpHKCUpOBaHHOM n lf(r) qepe3 OTHOCSIIUHecS1 K TOMY )Ke. 0 3Ha'leHUIO n 

tp(y) llpOU3Be.[l eHHSI onepaTOpOB /ly - cne.u OB8TeJibHO, qepe3 /IJI (. · .f cp(yJ) 

C JII06biMH t.p(y} I cyMMa no llOJIHOH CUCTeMe! I. noaTOMy, 'lT06bi cpopMyllbi 

128/, 1341 CMOt'JIH 6bi llOCJ!y)KUTb OCHOBOH .UJISI peweHUSI BOnpoca 0 H8XO)K.[leHn:H . 
M8Tp!iUbi pacceSIHUSI 6e3 Teopn:n: B03MyiUeHHHt H8.UO eme BbiSICHiiTb xapaKTep cpyHK-

un:oHaJibHOH 3aBn:cn:MocTn: onepaTopoB A~ OT ~(y) • 8Ta 38.08'!8 COCT8BJISieT 

npe.uMeT CaMOCTOSITeJibHOI'O liCCJie.[lOB8HUSI, KOTOpOe 6y.u eT BblllOJ!HeHO B .upyr'OM 

MecTe. 

B 38KJIIO'leHn:e SI xoqy no6naro.uapHTh H .H .Eoron106oBa n: M .K .n onn:aaHoBa 

38 llOCTOSIHHbiH HHTepec K pa6oTe 1i ueHHy!O .UHCKyCCUI00 

PyKonucb nocTymma B R3.UaTeJibCKHH oT.uen 

22 8BI'yCTa 1960r. 

• 
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