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Abstract

The bremsstrahlung of low extergy br quanta in e-p soattering.is treated.
It is shown that the first two terms of the amplitude expansion in powers of
the photon energy are expressed In terms of the elootremagnetio form-fao-
tors of a proton. The differential oross section for the process has been obtai-

ned in this approximation.

Introduction

A study of elastic scattering of h.tgh energy electrons by protons and nuclel is at present the main -
source of the information about the electromagnetic structure of nucleons. The experimehts perforrhed
allowed to draw important conclusions about the behaviour of the electromagnetic form-factors of nucle-
ons F PG and F as functions of the square of the four-dimensional momentum transfer. It is also
{nteresting to study other processes what permits-to obtain additional information -about the form-factors

F, ad F . This paper treats the bremsstrahlung of low-energy y duamtain ¢-p scattering.
It will be shown that the first two terms in the series the expans1on of the differentlal cross section for
this process in powers of the photon energy are expressed in terms of the electromaqnetic for m-factors
of a proton and of thelr derivqtlves wrth} respect to momentum transfer.

To obtain the amplitude of the process we applied a general method for considering the bremsstrahlung
of low-energy quanta suggested by Low3/' -+ According to this method , that pert of the cxmplit'ude of the
process is first considered which has the pole at & equal/to zero ( K 1is the 'photon momentum). It is
sho wn that the product of the exact renormalized vertex operator corresponding to the emission of a real

Y quantum by cmexqet renonnaiized nucleon propagation functtort due to the Ward s identity 1s expres-
sed up to the terms of the order < and the constarit in terms of the charge, mass and the aomalous
magnetic moment. of the physical nucleon. Then, on the basis of the gauge invariance one can find the
part of the amplitude which does not contain a pole. In conclusion the expression is given for the,dif;
ferential cross section of the process.



'Amplitude of the Process

The bremsstrahlung in electron scattering by protons in the lowest approximation by € ", but
with.account of strong interactions, is described by the following diagrams )
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Here 1 and i’ are the 4-momenta of an electron before and after the colllsion, P and

la ‘ ‘ 1b
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are the momenta of a proton, whereas # is the momentum of a ' X '-quantum. Evidently, the nuc-
leon vertex part of the diagrams la ‘and lb is determined by the form-fcn:tors descnbing the elastic scatte-
ring of electren by protons with a respective momentum transfer. :

Let us write the element of the S —n‘l'at"rix as
, r m’- v y , ;
,S(/o i x/ag)—-(lf‘)t( )z/u(%d‘T)S{p?m. )’

2 kopefeds 7,

where M and At are the proton and electron n;gsses, /.‘ is the vector of photon polarization,
Po =~ l.'/o v o 90" <9, etc., 7}‘ and 7;“ are the contributions of the dia -
grams (lq,1b) and E, respectively.
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Here pe,, £, and /-;_ is an anomalou$ magnetic moment (in nuclear magnetons), and the

electromagnetic form-factor-s_ of the pro‘t_?n, o‘/“f = i 14 J'/“ Xf - J/’ Y /u_) . The spinors ¢« and
v~ arenormalizedby e =t ; =1 .

’

Let us turn now to the consideration of the diagrams of form II. Divide these di'agrams into two clas-
ses A and BS/ . All the diagrams in which the vertex with the emission of a real quantum is connected with
the remaining part of the diagrams by the nucleon line are attributed to thé class A. All the remaining
graphs of form II' are included into the class B. ' ’

“ :
~Write T, as follows:

Iu.
7
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where Ty and 7; describe the contribution of the diagrams of the classes A and 3, respectively.

For 7;A , we have the following expressions :

Tv/:= 1.7'(/:»’)[:.'& F/L(/?',/”’*K?5(f'*x’iefy{/’"‘K./"" .
+ le /',,(Ia’,,o-u.).S(/o-/‘)L'e f/'.‘(/a-m,/o)]v'_go)_ (4)

Here & and 7 e the exact renormalized propagation function and the electromagnetic vertex
operator of a proton.

We take interest in the emission of low-energy . 5/ -quanta. Therefore, we expand the operator s

entering ( 4 ) in powers /K and restrict ourselves to the first two terms of expansion. Consider at first

S( p- &) /"/‘. (/,_ “,p ) u-ga, The general expression for the propagation function may be put as

-‘l..
S(r= [ iyt G(E+ HF(E2) ] (s)



The values of the functions G(t®H md F ( ¢¥and their derivatives G"(f ¥nd F (3 z/cxtt z=-H’&re
known to be related by

F =G
(6)

2 L4 fy ‘ .
F+247(F'-6¢7') = L. (7)

By expanding S (, /:-K)in a power series of & , and by using (6) and ( 7 ) and by keeping the first
- two terms of expansion, we get

-S(f’-K)"_f“_F{(-taf,Dwa)F * L)'KF-l/’K(-LJIfG +HF )+
_1‘2/0-ch F(~LJ-/)*H)[-;& +F G-”-(» £’ r-G- ]} . (8)

The opetdtor £ (¢ : £5 pocesses the transformation properties of the 4-vector and. under the charge conju-
gation is transformed as a current vector ’

S ‘
C M (e 81 C = - [U(-4,¢%) : (9)

S/ 4/

Hence, the following expansion in power series is obtalned

' 2. (p, 2)
T (/n /’"F/‘*(/"/’" rKf :a—/f;—f—f- +(/DIL)/-—.£._ /“P/’f

2 (10)
*_1_5' f"f“'f'*'if_, *ffff**"'&‘i/“*f‘/"" “PIcls
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The first two'terms of this expansion are ‘expressed in terms of the functions # and G and of their
derivatives with the aid of the Ward’s identity

2 25 (pd
F/“-(f’lp)-'i -:a;;_lo (11)



The terms ‘in (10), containing C—l ad G, fail to give any contribution to § (Io ~x)l (l° Ip .
< vlp) as (~iyp+ M)a, ,M/o,\u'(/o} °.

. By using dlso the relation

(-‘.)"f . M )élu.AfS'f’A KPJ/FXSU‘(Ip)af-CJ-ID +m)(=1) 6'/"_"/{, 1/'9»)
' (12)

and throwing away, due to Lorentz condition, the terms proportiondl to "4 ., , we get the following
expréssion with an accuracy up to the terms of the order -‘—-l‘ and the constant

5(,0-44 ) F/‘* (f-x,/a) vip)
l F<l +6 -6
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If one consliders the proton scattering by an external constant magnetic field, it is possible to show.with\
the aid of ( 10 )5/, that the quantity F=1 + G- G-yis equal to @ <_momcxlous magnetic moment of the
proton /"f’ . Evidently, expression (13) may be wriften as

4 e
165(/> ~-x) T (ID /’)VOD)-W (e)’/u,*z‘;/"‘/o /“F )(T(I;!)

Thus, (e S (/1-/(. » (/0 K, /0 v (/0? * is expressed, if one restricts to the terms of
the order‘-‘cmd the constant, through the charge, magnetic moment and the mass of a physical proton. Note

- that the exact expression ( 14 ) we obtained coincides by its form with the corresponding expression ob -
tained in the lowest approximation of the perturbation theory for the point proton with the Paull anomalous
magnetic moment, It can'be shown/in an cmalogous way that in the approximation we are considering
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le(p i (p p'an ) S(pan) = U(p')(Cey, +Cr,2 o )
P r /UP /D /‘\7 //‘. foZ.H /"fo ‘:J-(/"*K-)-*H
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k Then it Is convenient to introduce the invariants
M z +* z/o-l-c

s - (pru)t= Mto2plk

M i= -(/D~1¢)2'

o
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With an accuracy up to the terms of the order =
-L.X-(/D-K)#'H _ -[a/.Ooqc.'—'f-H, . L
- 2p-x *2/»-& M
_Za/-(/o'-uc)*"‘f - -i.al-(/o'-uc)+H,_ . L (17)
l/o'~4c z/*"I“‘- M
Noting that de : :
3’-(/0'-&) [-i-a(-(/o—u.) + H,]-= (M, [—~L‘)/-{/o~x.) +* M, ],
’ . . (18)
[-iy-(prewy + Mg ] y-lp'snd = My [~ey-tp'ewd + Mg T
. . | |
we get the following express.ion for e
A — N L4 r ! )
T = U [ el ( &) - (ce + Le o
o= T L D PP Sytporen 91T 2 Py e )
I} .
te /"vo(/o'-u‘,lo )] vip) (19)
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where

o . ( L - a I : . . . . )
f'v(’-‘,"=a3"'*£°}p(f'“f“c°' H““f (20)

This operator is obtained from the general expression for the vertex part /' (¢, ti¢) by substituting

the operator Xt in the right-hand side by ¢/~ L, imd the operutor )rf in the left-hand side

by {Y-EX .Informula(20) c , &6 and <€  are the functions of ~ €%, = €%nd (€-¢ ,z.
« aud 8  donot change in ~ substituting € by &’ ,and - € changes 1ts sign. Note, that at
tE=¢'%=2 - Mm% the function a and ®€  are equdl to A ((f-t')zhxad F;-((f-:‘.')"‘)
respectively, and the function c . vanishes, : .

I.et us now proceed to the consideration of the contribution to the amplitude from the diagrams of the
class B. The contribution T of these diagrams a@s «=+o0 is tending to the constant, the limit is inde-
pendent of how & s tending to zero. The last two terms in formula (19) also possess the abovemen-

tioned properties. We denote the sum of these tetms and  7° s by >Hy“ .. By M «“ we shall
‘ . Vf" . fl. VIL 5
mean the sum of the first two terms
i
= f' ( -&) (’-"— K )
HVI“ 'V(f”[‘e /D"D ‘)’f/’ “K)+ M X/“- , /u"/” rr-r
. te l ’
+(Le + — Tp Kp ) r ( ‘K ]1/‘( ) : (21)
0 2w P Ore p iy peret PP r
Qwing to the gaucje invcn-_iun‘ce
T n :
ko (T, + T y=o0 ' N 22y
p T T | | - (22)

It can be easily seen from formula (2), that. . K a Tf‘ =0 - . Therefore, from (21) and (22) it follows
that ' ' ‘ B h

M M e & ". e °(p" p-u)-ie °( ‘K, ]zr()
Hop ==« H"/“v e F(prr [ce [5G po vk/" /0(23)/0



In virtue of the energy-momentum conservation law /o'- P o= 2 - tl_' ~ - the operators r v e

entering (21) and (23) may be written as
o
fv(f',/?""" a,(H,H-f-J.lomae.)rv-[.g(H H+2./DI¢.X’-) vp Rp
+C(H1’H;+1P-K,&L)G' (/p +/0 1‘) ;

I" (/ou‘lp)_o.(n -1/7& H,x. ’X +6’{M —2/p,< H , %) o, T =p

. F N 2 L’ 4 ) :
rC(MZ2p, M, X Yo, (p'+p+k
prer o vp (PIPTTS (2

where e = q- i'

. LR (2
The absence of the polein Hy as K- o allows to use (23) fora unique determination of M

. . (
up to the terms of the order of a constant. Indeed, by expanding A1 = powers of & aid /‘-

i v

restrictirig to the first term of expansion, we get

;0 - 2 (p —u.) Df' 25
H‘“:-e.zr(')[l.'c v (PP c (f'f&f ()

v 7 2

1~ . ,
(¢} : i .

Keeping in the expcmsionH in powers of & the correspondin(q terms w)e find by means of relation (24) that
the derivatiVes with respect to the masses in the sum H - + M v"_ cancel. Finally we get the fol-
lowing expression for T/_:‘ ’ - ' '

I, e F () qae,]r~
T/"‘ == e u.(7)Le.)q,u.(2i v-(f,)/[u:F(aa ’J’v H/"ff~:.§ o‘} f’]

4 .
s (SN Can by T )

- (26)
. ie !
* (“3’/“7‘ 20 P Tpep P)LJ(/HKHH[ Fl=byy -

ﬁ F<p I‘Px/’ R (=* )]; U‘(,o)
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Upon obtaining this formula we used the cxbove-mentloned properties of the functions e, € and c .
Thus, the amplitude of the bremsstrahlung of low-energy quanta in  e- p scattering with an accuracy up
to the terms of the order of & = and the constant is completely expressed in terms of the electromagnetic
form-factors of a proton.

Note, that formula (26) coincides with the expression obtcuned by the dispers'on relation method in the
one-nucleon approximation™

Conclusion

In conclusion we give the expression for the differential cross section of the bremsstrahlung of low-.
energy )/ ~ quanta obtained with the ald of the amplitude we have found /formulae (1),(2), and (26)/
As independent variables we choose the energy of an incident electron 90 , the énergy of a Y
quantum @ and three angles' the angle 6  between the directions of the momenta & and o

~the angle 9’ between K ad §° and the angle . ¢p' between the directions of the normals to
the plahes (& ’ ;i ) and («., 2 s (lab. system). All the rest variables must be expressed in
terms of the independent ones. Then it is necessary to expand the cross section in powers of w . -
Since the amplitude we obtained is correct only with an accuracy up to the terms of order ;’- and the

1

constant we must keep in this expansion only the first two terms.

We have
o =»do‘° + da 4 . (27)

For o o, we get the following expression

YR S N . M e
dO'° =da‘-w/ go_(ll'"-) (7 &'74'( ,olcfuc (2g)-.1c

Here cl.cr is the cross section for elastic scattering of electrons with the energy » 90 by protons,
while &= ._"._, ~L. . The factor standing in front of doy,  in formula (27) is the probability of the
photon radiation whgn the electron is scattering. For non-relativistic particles it tums into a usual expres-
slon for the probability of the digole emission:
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2
oL l —v [ d { — 7 - g dew

—_— - xn ~(p-prt=xn = oa
(2m3% [ m i #'FoF 13
. where A s a unit vector in the direction of the photon emission.

In the case of the ultra-relativistic electrons we are interested in we have well-known expression for

cta'“_
[F +(/‘:L.")ae’ +-— (F+/u/, )fj ]da‘° (29)
H-ere
2 L0
AT corT !
do'o = -
6,

q‘lf‘(’ + 712 s 29-') Jm.?z

0( is the angle between é’ and Zi, » whereas
’/70‘7‘50':.12'9’
SR
<0. : .
: ¢+ 290 50.%8
~M &

Expre‘séion (28) for do‘ is quite evident; it is determined by the polé term of the mnplituic_le. The method
. As a result of rather

we used ullows, in fact, to find the following term of the expansion - do‘

cumbersome culculations we get:
L AP A - 227~ —-A ae K. ap_
),_/A x&[f{ll‘-/ +2_an Zf’ 1 f

do, =
)nn.(f M- frat) + Filpg+r pq’)(ag-A )-[(7“ 7K),.

(2

- Z(Af,

-£.K )(?-k.frz'uc) - 9(/0-2”]
' | (30)

"(/a&+f:¢.)-(-£-_
-,z(A -Ap) f,[(/o.g)(x-i‘;+go<l’)(x<l)+—’(/o~m)aa’-]
= 2x.k((Ag-Ap)-Ag )[4 (25" +1( 2 ) A +(/“/’/= ) )mlffyh

xcooza' ff x"]+
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tlag -4, ) [ 4 (28 =%+ 2Ll ) F R +(t’;fp )Y x +)t)(/,2,,,

«(pq') ot + LV (L4 £) _‘?a_. ol g w .
f?- 53 f f’ ]E ] ? ‘k‘x’?‘,/"’(/-ﬁho_gm_ ,)

W=o

x CUI. d.wCL”_Zl -+

Wazk.) | 2. 29, .28 :L:

2 < f.nlu ' ”"___L -
* (/D—_'Tl()w./w=o dUCL’L&dfx:’ 1(1’5 )L [(I+ ?al(?'.l,cj cos 8 )( (7'-‘{.,2"
- (f!i" ) (/,'.9_)(2514) )+ mt'we:nﬁ ((77'; . llo,'i" _ 9"2’ )_
60,.:“’- ‘ (/,:,,_,:.(7.,() (g'«) ™9 (—"7.3_, (/,,_K,
Latgler gt ppitgikr w49 Ja- Y tusen, da,
(f’"").s ®- “’{f’ I3 (Io u_)(/wc)’- (9&)(,0 “K) l/uu(z:u clw 70
Here '
= (G )
A, = _i@': - 72- ) ’
/D v (/a.g /g.K_
7(- Fotppfy
fo= BT w(frl) =t
_w o
. 287
lg '/ 2se
‘jﬁo ._’.., - lz _ 'L(/-/- J“Jml?) ;
79 w=o H(l"" _905 9,’ o
’ d_F‘I
£



All the magnitudes in formula (30) are taken at wt=¢ . Thus, in the approximation we are considering

the ldifferential cross section for bremsstrahlung of quanta in e-p scattering is entirely deter -
mined By the electromaqhetic form~factors of a proton F: ad ~< 2 and by their derivative with respect to
the 4-momentum transfer, Thereby, the experimantal investigation of low-energy bremsstrahlung would allow
to obtain additional information on the behaviour of these important magnitudes.
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