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I. EXPERIMENTAl. DATA 

Pion.scattering by protons is at present c;me of the most extensively studied processes invol -

ving strong interactions. The experimental data available in this field are so rich that they allow 

to make a complete joint analysis of all the information and to find some of the characteristics of 

this process with a considerably higher accuracy than by means of partial analyses. This paper is 

concerned, first of all, with the analysis of all the data on the total cross sections of the interac -

tion of pions with protons, since, on the one hand, the total cross sections include the major part 

of the information about the process under study and, on the other, they are investigated experimen
tally mo'st fully. 

A complete list of all whatever relHible experimental results on the total cross sections which 

have been available to the authors of this paper by March 1960 is given in Tables l and 2. Yet,some 

remarks should be made" concerning the layout of the material and on the nature of some of the . 
quantities included. 

In Column 1 are indicated the numbers, according to the list of references, to the papers in 

which the data analysed here are published, mentioned, or corrected. The references to expe-

rimental papers" l-
741 

are given strictly chronolC?gically. Therefore, to a certain extent, one can 

judge by the number of the reterence, when the paper was written. The limiting values of the cross sec

tions at zero kinetic energy of the pions have been cal~ulated according to the results of the analys;£751 
th th f h. h d f th /18, 20, 24 26, 28, 37, 43, 46, SO/ I e au or o w 1c rna e use o e papers of our list and of some 

other independent data. \Ve deliberately excluded, as well, some papers pertaining to the total cross 

sections only indirectly and, besides, giving insignificant information on them. Excluded are also all 

the data on scattering of negative pions from pape/611 since it is well-known that the energy of the 

incident particles has been determined there utterly incorrectly. The authors of the present paper hope 

that they missed nothing and did not repeat the results of the same measurements . We apologize be

forehand to the authors of the experimental papers for possible inaccuracy in treating the data that may 

be caused by an incomplete or, in our opinion, by an obscure description of experiments. 

Column 2 presents the estimates of the mean kinetic energy of a pion beam and /below/ 
the estimate of the standard deviation of this mean value. Most of the authors of the experimental 
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papers fail to give the data on the error in the estimation of this mean "energy, therefore, the data listed 

were obtained partially by an additional analysis of the conditions of some experiments. Not all the fi -

gures for the standard deviation of the mean energy are quite reliable, but the major part of them produ-~ 

ces no effect upon the results of the analysis (see discussion of Column 4 ). The values of half-

width of the energy distribution of the particle beam usually mentioned by the authors are not presen

ted in the Table since the corrections to the original data which are due to the curvature of the ivesti

gated cross section in the band of the beam width are almost everywhere negligibly small. In some cases 

necessary corrections· to the energy averaging were included into the Hgures given in Column 6. 

In Column 3 are listed the estimates of the total cross sections for pion interaction with ·protons 

which were reported by the authors of the experimental papers or obtained by combining the published data , 

Below are given the estimates of the standard deviations of these cross sections. 

Column 4 shows the standard deviations of the cross sections caused by the errors in the 

determination of the mean energy of the beams (confluent errors). These .standard errors were determined 

according to formulae of chapter 3 (confluent analysis) of paper 176{ it became possible to neglect 

everywhere th~ terms ~ue to the curvature. Then ~c(6')= SE/;,:1 where the derivative has beenfound 

on the basis of the results of a preliminary analysis of all the data; To take into ac:ccilfnt the conflu-

ent error, its square must be added to the square of the error given by the a'uthor. Therefore, the conflu-

. ent errors are indicated only in the cases when they yield not too small a contribution to the final error. 

For negative .mesons these errors are almost everywh~re small, they affect the final results but slightly, 

and at the pr~sent stage of the analysis it does not seem reasonable to take them into account. 

In Column 5 are indicated the corrections on the Coulomb pion-proton scattering and on the inter -

ference of this scattering with the nuclear one for the results of transition measurements. These cor-

rections were. calculated by using the formulae of paper 177 I and the preliminary data on the angular 

distributions of the pion - proton scattering. The corrections are not indicated for the cases when they 

had been already introduced by the authors of the experimental papers, when they turned out to be small 

or when the measurements were so inaccurate that they are ricit worth correcting. 

Column 6 present~ other corrections introduced into the initial cross sections, namely, the 

corrections on the small-angle nuclear scattering of particles not inducing any weakening of the beam 

due to the finite dimensions of the counters or which cannot be reliably ider;tified in nuclear emulsion 

plates. In the same Column are also given the correctio~s arising from a specification of the data on the 

angular distributions which were used in calculating the corrections just mentioned, as well as the correc: 
tions on the averaging over particle energies. 
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In the cases when ~he total cross sections were obtained as a result of the measurement of the angu

lar distributions of_ elastic pion scattering and charge-exchange scattering, a complete analysis .of the an-

. gular distributions has been made aneV.: with the introduction at each point of corrections on Coulomb ' 

scattering and interference, on the errors in the determination of the angles and on the averaging ci ver 

the scattering angles. There was no need .in repeating the· analysis only whsn all the ·necessary correc.: 

tions wer~ introduced by the authors of an experimental paper. In some cases the analysis could not 

be repeated since relevant papers did not contain the necessary information. The tables of the coeffi :. 

ciehts of the angular distributi.?ns .and the analysis of their energy.dependence will be given elsewhere. 

Also, we .are .going to take into account the results of all relative measurements of angular distributions 

·normalized to some values ,of the total cross sections. Such measurements, of course, could not be used 

in the present paper. 

In Column 7 are enumerated the final estimates of t!:te cross sections and (below) the estimates of 

the standard deviations of these cross sections!""A part of .the data is excluded from a further analysis 

since either the corresponding points fall out of the groups detemiined by the latest most accurate measu

rements,. or the data have a relatively g~eat error· and a very small w~ight In all. the ~nsemble of the data, 

.··or it became known that in obtaining these ex~~rimentairesults the assumptio~~. used turned out later 

to be incorrect; or; finally, as it isoftenthecase;therE:l is a combi~ationof th~·se unfcivo~able ci;cum

stances. It was considered reasonable to.exclude these data fro~ the analysis, rather than to correct 

them by means of a displacement or of an increase of their ~rrors, sin~e. the latter procedure is" quite ambi

guous. 

It is necessary to explain in more detail the reasons for which some points were excluded from the 

al hr 
. . ,.+ . /43/ 

an ysis. At low energies t ee points are excluded from the data for ot : the pomt from paper 
h 

. . . . ~w 
· as already been accounted for in the determination of the cross section at E : 0 ; the point from paper 

cannot be reliably corrected for Coulomb scattering and for small-angle scattering· the point from pa-
/57/ . - l . 

per falls out. At low energies 6 pomts are excluded from the data for G'{ . Out of these the point 

from paper 1201 is taken into .rcount in the determination of the cross section at E a o; two points 
. . - ~~ 

fall out, and three are very weak. The point for 6"'f at 333MeV from the paper is excluded from the 

analysis since it falls out of a .group of points found later on by the same authors and, besides, it is de -

termined from angular distributions, which do not agree well with dispersion relations (see/78/), All the 

Points from pape!471 are excluded from the data for 6; at high ·energies, as the major part of them is it 

in sharp contradiction withthe latest and more accurat~ measurements in this region; the data for ro; 
from the same paper do not disagree with other expedments and are included in the analysis. The points 

of the report 1681 were excluded from the final variant of the analysis as they seem to be preliminary re

sults of Paper 
1711

; The reasons for excluding other points neglected are indicated above and evident 
from the figures. . 
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As the electronic computer used at an early stage of the analysis had an insufficient extent of memo

;y, sorrie points at the same or at very close energies were combine'd . Such combinations of points are 

denoted by pa1·entheses. 

In Column 8 are presented the values of the momentum in the c~nter-of-mass~system (in the units of 

;-- e ) , because just this quantity enters the interpolating expressions as an argument. 

In Column 9 are given the values of A~:; ; this ratio enters into further formulae, and is conveni

ent for operating with scattering angular distributions . 

. Finally, in Column 10 are given the weights. with which the individual points enter the analysis. The 

weights were !=alculated by the formula "'~ ( :; r-. For all the points excluded from the analysis a zero 

weight is indicated. In the courseof the analysis the limiting cross sections at E =- 0 were assumed 

to be exact. 

In Fig. 1 are shown all the points included into the list for b: at the energies from zero up 

to 376 YeV, in Fig. 2, from 335 l.teV up to 3.86 Be V. In Fig. 3.are plotted all the points for 6£ 
from zero up to 373 MeV, in Fig. 4, from 363 MeV up to 6.~6 BeV. The experimental points inclu

ded into the analysis are indicated by full circles, the excluded ones, by empty ones. For each point the 

standard deviations s6 and (for Tat ) Se I and the reference number of the experimental pa-

per are shown. The standard deviations smaller than the radius of a circle are not plotted . ... 

,·.-:;;; 

----......-
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Table 1 

Experimental data on the total scattering cross sections of positive pions on protons 
- '" 

£ 6' sc. Coulomb Other 6' Ao w Reference ±Se :!: .s6' 
correction corrections :!:-\. ( Oriainal Final & -1 m% ("'fi~er) ffeV mg m8 m6 /11~ m!, . 'S{tlt' 

2 3 4 5 6 7. 8 9 . 10 

75 0 2,76 2,76 0 0,220 
o,5J - o,5J 

4J 2I,5 J,o J,o 0 
2 I,O I,o 

I6 JJ 6,4 6,4 0 
2,I 2,I 

!5 J7 II, a 0,75 I2,6 0,655 r,o roo e,>, 

0,5 I,D 0,75 I,2 
57 J7 6 5 , . angular 6,5 0 

o,; 0,5 
42 J8 a,a , angular 7,9 0,664 o,6J 8.3 

0,9 1,4 
II 40 !0,9 0,9 angular IJ,J 0,'68J ·r,o6 29 

J J 2,J 
16 44 9,8 I,5 ?,6 !2,4 0,7!8 . 0,99 2I 

4 I,5 I,7 2', 7 
!8 45 I2 0,9 angular IO 0,727 0,8 J4 

J J 2,2 
7 5J 20 angular I9,2 0,794 · I,5J I2 

IO 4 J,6 
4 56 20 20 

2,7 10 IO 
!6 56 I7,6 2,5 o,J4 I,J I9,2 

4 2,2 I,J J,6 o,aJo I,JI 54 
20 58 I5,8 I,9 angular I5,5 

J 1,5 2 
2 58 27,8 I 28,8 0 

2,5 2,5 
!6 70 I9,o 4,5 O,I4 2,26 2I,4 0,924 -I, 7I 5,2 

5 2,6 I,8 5,5 
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------------------------------------------------------~------------------· ~ 

i 2 J 4 5 6 7 8 . ·9 IO 

------------------------------------------------------~-----------------
8 . 75 41 4 45 0 

I,7 I5 I5 
9 78 JI J , I angUlar JI 0,98I 2,47 < 9,9 

J J 4 
5 79 48 o,2 o,r 48,J 01 988 J,84 !,6 

7,5 IO IO . 
4 82 5o 50 I,008 J,98 0,9 

I,J IJ IJ 
54 8J J4 5,6 angular J4,5 I,OI5 2,75 J,J 

5 4 6,9 
5J IOO 62,4 angular 59 I,I26 4,69 2,4 

5 8 8 
5 I09 80 2,8 o,4I 7,6 

88 n I,5 IO II,4 I,I87 6,J6 4 
6 IIO 74,? 5,7 angular 76,4 

J 5 7,7 
JO IIJ 79 . 5, 7 angular 80 I,207 6,J7 J,8 

J 5 6,5 
5 II5 95 I;7 21 I 99 I,2I9 7,88 0,7 

I !5 I5 
4 . II8 9I 9! I,2J7 . 7' 2. J., 7 

o,2J 6 6 
52 !20 96,6 II angular 97,5 !,249 7,75 I, I 

5 8,7 12 
5 I27 125 0,77 :tJ ~·' IJ8 I,290 1I,O o,5 

I,4 I5 !7,5 
29 128 122 -1,7 120,J I,295 9;61 2,7 

0 8 9,J 
5 IJJ IJ5 2J 157 0 

0,75 I5 .I9 
29 1J5 I26 -0,9 125,] .. 

4 ·!!; . 1,JJ6 6 1J5 12! angular 9,95 IO 

J 19 I9 
4 IJ6 !52 I 52 1,J42 12,1 o,6 

. 0,4J I6 I6 
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----------------------------------------------------------------------· I 2 J 4 5 6 7 8 ':) IO 
----------------------------------------~-----------------------------· 
)8 

29 

58 

)8 

25 

J6 

J9 

J9 

JI 

.29 

29 

)6 

58 

)8 

JJ 

JJ 

29 

29 

140 IJJ 
o,6 8 · 

142 

I4J 
2 

I44 
0,1 

I45 
J 

146 
J 

I 50 
2 

150 
2 

I 50 
8 

I40,5 
5 

. I5I 
'4 

I65 
2J 

I 50 
7 

164,!:> 
4,6 

166,6 
5,0 

I5I I5I 
I ,J 19 

I 52 
0 

I 56 
0 

157 
J 

175 
6 

170 
5 

I62 
7 

1,5 

5,8 

J,8 

J,8 

I62 
I 

1'10, 5 I, 4 
J,5 

164 169 
0,8 5 

165 
0 

165 

166 
0 

166 

188,2 
5,4 

199 
II 

194 
12 

I88. 
II 

1,2 

2 

2 

angular 

I,I 

angular 

angul'J.r 

-I 

-I,2 

0;9J 

angular 

0,6 

0,6 

IJ5 
8 

I,J64 10,75 

150 '} . 8 . . . 

I,J80 10,54 
I4u,5. · 

7,4 

I5J I,J86 
4,J 

I2,I8 

16.5 
2J 

150 I,J97 II,94 
9,1 

I65,6} 5,9 
I, 1~19 

I66,6 
6,J 

IJ,22 

16I 
19 

1,424 12,8 

174 I,4J 1) 185 
6 

168 1 8. I 1 45I 13,44 
5 

162 
8,6 

170,5 
J,8 

1,457. 12,9 

1,484 IJ,57 

170 1,4~5 13,55 
5,1 

188,2} 5,4 
.. 1,500 

196 
II,5 

194,6l 12 

188' 6 ·-
.II .\ 

15,08 

5 

8,7 

0 

1,9 

8 

0,4 

4,J 

6,2 

II 

6,1 

6,6 
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------------"";------:------- ----:---------------~--------------~------·-- -----,· 
I .. 2 J 4 5 6 7 8 9 IO .. ----·------:----------------~--..;.. ______ ,. ________ _;., ___________ , _____ ~..:..:. __________ 

29 ±56 187 -2 I85 ~-I, 5.05 .· 14, 58 12,5 0 7 7 
. .._. 

?.J 166 I82 2,1 182 
J,J 6 6,4 

J6 166 J76 2,1 
J,J 7 

58 I7U 198 L2 
2 J,5 

J9 170 194,9 1,2 
~ .... ..,.' -· )>-I 526 15,67 21 2 6,0 ;; T I 

J9 170 
2 

20!,6 
6,0 

1,2 angular 

29 171 2TO 9 219 
0 I2 12 

29 171 196 196 
0 6 6 

>1,5J1 I6,16 IJ,8 .29 171. 205 205 
0 6 6 

J6 171 204 2,1 264 
J,4 6 6,4 

)6 I7J 205 1,1 205 1,542 16,J2 4,2 J,4 6 6,I 

58 I7J,5 193,5 I9J,5 1,544 15,41 12 2 J75 J,5 

.)9 174 1~J O,J 
~~ 

19J,J 1,547 15,39 4,) 
I 6 6 

45 176 199,4 angular I97,7 1,557 15,74 J 2 4,9 7,J 

58 T77 I98 198 I,562 15,76 6 2 5 5. 

J6 181 1.87 187 I,58J H,89 J,I ),6 7 7 

29 IB2 I66 8 174 0 
0 20 20 

58 183,5 1~2 
192 } 2 J,5 J,5 

:1;597 I5,J5 17 ·)8 181+ J96 -0,28 19.5,7 
0,9 6 6 . 

" 
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---------------------------------------------------------------------
I 2 J 4 5 6 7 8 9 IO 

--------------------------------------------------------------·-------. . 

29 I85 !88 -I I87 I,60J I4,89 2,2 
0 8 3,5 

I7 I88 I 59 angule.r I 58 0 
I 34 34 

J4 I89 I94,I .I94,I 
0 5,2 5,2 

J4 !89 I98,J angular I9J,7 I~6?J I?,J8 II 
0 8,5 s,J 

)6 !89 I82 182. 
J,J 7 7 

J8 I94 200 -g,86 !96 1,648 15,85 4,2 
I 6 6 

58 I95 !74 !74 I,65J n,s5 IO 
2 4 4 

29 !96 . 202 202 1,658 I6,I o,s 
!4 14 

45 200 !77,9 2,5 a.neular 18J I,678 14,55 4,J 
2 J,7 6 

58 205 !78 2,8 178 I,702 I4,I7 6, 6. 
2 4 4·, 9 

J8 2o9 179 I,4 -1,64 177,4 1, 722 I4,I2 4,2 . I 6 6,2 
J6 2IO 148 9 !48 0 

6 20 22 
J6 2!4 I4I 6,J I4i !,746 II,?.J I,8 

4,J 7 9,4 
40 2!6·, 5 r5r,o angular !65 1,7.58 lJ.l 0,4. 

~ I8,2 19 
J8 2!9 !56 I,6 -I,9 I54,I I,770 !2,27 J,I 

I,I 7 7,2 
49 220 !40,9 J angular I40 

2 4,2 5,2 I,775 II,29 7,5 36 222 148 6,7 148 
4,4. 7 9,7 

IJ 225 I .50 angular 142 1,798 II,J 0,5 
!8 I8 
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'' ' ---------·------------------------------------------------------·----
I 2 J 4 5 6 7 8 . 9 10 __________________________ .. _____ . ________________________________ 

J8 229 IJ2 I,7 -2 IJO I,8I7 IO,J4 J 

I 7 7,2 
45 240 I25,6 I,J -?,2 m,'j 

0,8 ?.,5 ?,2 I,868 9,89 JO 

45 240 !27,2 angular I2.5,4 

0,8 J,6 J,8 ' 
J6 262 III 5,1 III ·I, 968 8,84 2,1 

5,2 7 8,7 
J6 26J Io7 5,J I07 !,972 8,52 2,0 

5,J 7 8,8 

45 270 85,2 0,75 , " SJ } -c..,c.. 

0,9 J,O J,I 2,00J 6,46 .32 
45 270 8I,J 0,75 angular 79,5 

o,9 J,I J,I 

J6 280 . 88 88 2, 047 . 7' 0 l,J 
9 11 11 

.36 298 75 J,a 75 2,124 5,97 4 
6 5 6,2 

45 .307 65,7 -1,9 6J,a} · 
1 2,2 2

t 
2 2' 162 5,2 5,1 

45 .307 69 angular 67,7 
1 2,6 2,5 

J6 JJ5 5J J,l 5J 2,278 .4,22 4,6 
6,7 '5 ,(£) 5,9 

12 J4o 48 48 . 2' 298 .3,82 2 
10 9 9 

7.3 J76 40,78 40,78 2,440 J,245 60 . 
4 1,62 1, 62 

J6 450 27,5 2 27,5} 14 6 6,J . 
'' 

. 2,718 2,0J 16 ,...-...,._, 
47 450 .· 24,8 2,7 24,8 

19 2,4 Y, 6 . 
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~~--:-,-----------~--------------------------:---,----

1 1! 3 4 5 6 7 8 9 10 ---------------------------------------------------------------------
73 469 23,67 < 23,67 2,786 1,884 135 5 1,08 1,08 
64 500 17,0 17,0 2,894 1,35 14 5 3,4 3,4 

47 550 16,1 o,6 16,1 2,064 1,28 24 ·23 2,5 2,5 

7J 567 17,37 17,37 3,120 1,382 235 6 0,82 0,82 

73 626 15,16 15,16 3,309 1,206 300 6 0,72 o, 72 
61 628 13,7 13,7 3,326 1,09 100 6 1,3 1,3 

73 664 14,77 14,77 3,426 1,175 3.50 7 0,67 0,67 

47 670 14,5 14,5" 3,445 1,15 39 27 2,0 2,0 
61 685 14,4 14,4 3,497 1,15 100 7 1,3 1,3 
36 700 17 17 3,536 1,35 17 21 3 J 
61 7J4 17,1 17,1 J,643 1,36 100 7 1,3 1,J 

7J 770 19,44 19,44 3,741 1;547 250 8 o,ao 0,80 
61 788 18,3 18,3 J,791 1,46 100 8 1,3 1,3 

47 790 19,5 19,5 . J,798 1,55 39 32 2,0 2,0 
61 798 •16,5 16,5 3,822 1,J1 100 8 1,J 1,3 

74 816 23,39 23,39 J,871 1,861 425 8 o,61 o,61 

7J 818 21,36 21,J6 J,876 1,700 240 8 0,81 0,81 

7J 838 22,42 22,42 3,932 1,784 2JO 8 o,83 o,83 

73 86J 21,85 21,85 4,000 1,7J9 210 9 0,86 0,86 

74 866 2J,34 23,34 4,008 1,857 J40 9 o,68 0,68 
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-------------- ------ ---- ---
1 2· J 4 5 6 7 . 8 9 10 --- ----------- ------ --
74 915 2J,1J 2J,1J 4,140 1,841 290 9 0,74 0,74 

61 947 21,J 21,J 4,219 1,70 100 10 1,J 1,J 
•) 

74 965 2J,8o 2J,80 4,270 1,894 260 10 0,78 0,78 

47 1,00BeV2J,5 0,6 2J,5 4,J60 1,87 65 o,o2 1,4 1,55 

74 1,014 25,80 25,80 4,J95 2,o5J 225 .0,01. 0,84 0,84 

74 1,064 26,78 26,78 4,519 
.. 

2,1J1 180 . o, 011 0,94 0,94 

47 1,07 27,J 0,6 27,J 4,5J4 2,17 11 0,021 J,7 J,7 

61 1,09) 27;4 27,4 4,586 2,18 100 o,o2 1,J 1,J 

72 1',10 Jo,o Jo,o 4,608 2,J87 110 o,oJJ 1,2 1,2 

74 1,114 27,51 27,51 4,642 2,189 140 o,o11 1,07 1,07 

72 1,14 J2,9 J2,9 4·, 704 2,618 110 o,oJ4 1,2 1,2 

47 1,15 J1,J 0,7 :n,J 4,728 2,49 46 o,o2J 1,7 1,85 

74 1,164 J0,7J "" J0,7J 4,761 2,445 110 0,012 1,19 1,19 

72 1,19 J4;·6 J4,6 4,82.2 2, 75J . 110 o,oJ6 1,2 1,2 

74 1,21J J5,J2 J5,J2 4,875 2,811 84 0,012 1,J7 1,J7 

72 1,2J J7,2 J7,2 4,915 2,960 110 o,oJ7 1,2. 1,2 ---.... 
47 1,25 J8,8 J8,8 4,961 :, J,09 25 0,025 2,5 2,5 

74 1,26). J6,51 J6,51 4,990 2,905 65 o,o1J 1,56 1,56 
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--------- --
1 2 J 4 5 6 7 8 9 10 ------------ -------- ------
74 1,288 .37 ,40. .37,40 5,046 2,976 75 o,o1J 1,45 1,45 
71 1,.30 .39,4 .39,4 5,07.3 .3,1.36 440 o,oJ9 0,6 o,6 
74 1,.31.3 .38,09 .38,09 5,102 .3,0.31 7.3 o,o1J 1,47 1,47 
72 1,.3.3 .38;4 .38,4 5,140 .3,056 110 0,04 1,2 ,1,2 
71 

., 

1,.3.3 .39,1 .39,1 5,140 .3,111 245 0,04 o,8 o,8 
74 1,.3.38 .37,66 .37,66 5,157 2,997 66 o,o1J 1,54 1,54 . 
68 1,.36 40,6 40,6 5,217 .3,2.3 780 O,OJ 0,45 0,45 
74 1,.36.3 .36,1.3 .36,1.3 5,212 2,875 65 0,014 1,56 _1,56 
47 1,.38 41,4 41,4 5,249 J,Jo 17 0,028 J,o J,o 
74 1,412 .36,49 .36,49 5,.319 2,904 62 0,014 1,60 1,60 
72 1,4.3 .38,2 .38,2 5,.357 .3,040 110 o,o4J 1 2 1 2 74 1,462 .34:10 J4!1o 5,425 2,714 62 0,014 ·1,59 1,59 
71 1,47 J5,A .35,8 5, 442' 2,849 195 0,044 .0,9 0,9 
47 1,50 .35,.3 .35,.3 5,505 2,81 25 o,oJ 2,5 2,5 
72 1,50 .35,9 .35,9· 5,505 2,857 110 o,o45 1,2 1,2 
68 1,51 .36,.3 .36,.3 5,5.37 2,89 6.30 o,oJ 0,5 0,5 
71 1,60 .30,1 .30 71 5,710 2,.395 6.30 0,048 0,5 0,5 
68 1,665 .31,2 .31,2 5,840 2,48 .320 o,oJ 0,7 0,7 
47 1,67 .32,6 .32,6 5,849 2,60 49 o,oJJ 1,8 1,8 
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---------------------------------- ----·-- ----
1 2 J 4 5 '6 7 8 9 10 --------------------------------------· 
71 1,76 28,4 28,4 6,024 2,260 440 

o,o5J 0,6 0,6 

47 1,77 Jl,7 Jl,7 6,04J 2,52 28 
o,oJ5 2,4 2,4 

68 1,81 29,4 29,4 6,128 2,J4 6JO 
o,o4 0,5 0,5 

71 1,91 27,8. 27,8 6,J07 2.212 440 .• 
0,057 0,6 0,6 ~ 

/ 

68 1,96 28~J 28,J 6,404 2,25 990 
o,o4 0,4 0,4 (-) 

.• · 
!!,JJ 29,0 29,0 7,04J 2,J08 

../.~~ 

71 440 ~-
0,07 0,6 0,6 __ ,.., 

·~ 

68 2,46 28,2 28,2 7,258 2,247 1290 (..::' 
0,05 o,J5 o,J5 

69 2,76 28 28 7,74 2,22 10 
o,o6 4 4 

71 2,83 29,2 29,2 7,8J7 2,J24 6JO 
0,085 0,5 0,5 

68 J,11 29,1 29,1 8,260 2,~16 690 
0,06 0,48 0,48 

71 J,44 29,2 29,2 8,706 2,J24 980 
0,10 0,4 ~ 0,4 

71 J,86 29,J 291J 9,251 2,JJ2 980 
0,12 0,4 0,4 

~. 

- ...::::---...=...- --coo::..- --- ·:;-c-=-:-z·-=-----.. .o_ 
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Fig. 1. Total cross sections for positive pion scattering on protons (in Figs. 1,2,3,4 the figures at 
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--- . - -------------------- -----------
I 2 3 4 5 6 7 8 9 IO 

--------- ----------------~------
5• I27 45 -0,73 44' . I,290 J,52 0 

10 10 
65 I30 . 42,6 42,6 } .. 

I,O I,O !,307 3,40 2JO 
65 !30 42,7 42,7. 

1,5 1,,5 
22 !33 46,9 -I,3 45,6 I,324 3,63 28 

2,4 2,4 

3 IJ5 52 -1 51 !,336 4,05 4,4 
6 6 

6 I35 56,8 56,8 '.. I,336 4,52 0 

J,2 J,2 
35 I40 44,3 -I,7 42,6 I,364 3,39 22 

2,7 2,7 

.9 I44 48,I angular 46,4 I,386 3,69 8 
4,5 4,5 

39 15.0 53,2 angular 54,2 l,4IY 4,32 23 
2,6 2;6 

29 I 52 60,7 -I,I 59,6 
3,0 3,0 

65 I 52 60,0 6o,o > 1,430 4,755 110 
2,3 2,3 

b!::> !52 59,6 59,b 
. I,6. 

~ 
I,6 

22 I 57 62,9 -I 6I,9 !,457 4,92 27 
2,4 2,4 

66 I5ti,2 ,b,4 5b,4 1,463 4,488 40 
2,0 2,0 

33 I65 6Y,8 angular 67,7) 
J,8 J,B 1,499 5,37 80 

JJ lb!::> b'/', b'l ,5 
. _..........____ 

r,5 . I,5 
IO I69 63 angular 6I I,:>2i 4,85 10 

4 4 

:39 1'/0. b2,7 angular 62,4 I,:>2b 4,96 80 

1,4 1,4 
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---- ----------. ' . ' 

' ·1 
.. 

2 ·J 4 5 6 7 .. 9. 10 8 ----- ---------------
66 17!,7 67,2 67,2 1,5J5 5,J4!::S 1J6 

1,1 I, I 
J 176 66 -2 64 1,557 5,10 4,4 

6 6 
66 !78,4 67,2 67,2 1,570 5,J48 1JO 

I,I . I, I 
22 !79 65,9 -0,4J . 65,5 I,57J '5,2! 25 

2,5 2,5 
J5 !84 65,7 -0,46 o,J6 65,6 I,598 5,22 27 

.2,4 2,4 
66 . !85, 2 67,7 ~ 67,7 I,604 5,J87 !60 

I,o ·r,o 
27 !87 64,0 angular 64,0 

) I,6IJ 
!,O 2,0 

27 !87 6J,5 6J,5 5,07 roo 
I,6 1,6 

66 !89,9 67,8 67,8 !,628 5,J95 250 
o,a · o,8 

22 !94. 64,6 -0,!5 64,45 1,648· 5,1J . 25 
2,5 2,5 

.;.IO 194 74 angular 72 ' :t, 648 5,72 6 
-~ 5 5 ·-''\ 

22 195 6J,I -1,J 61,8 I,65J 4,92 . 25 
2,5 2,!) 

66 !96,2 64,0 64,0 1,659 5,09J iJG 
1,1 1,1 

J5 197 7!,2 -O,IJ 0,4J 7!,5 1,66J 5,69 .·,, 
0 

2,5 2,5 
66 20!,0 6J,8 6J,8 1,68J 5,077 160 

1,0 1,0 
66 205,8 59,J 59,J 1,706 4,7!9 !60 

r,o r,o 
2J 209 57,2 57,2 1,722 4,55 !9 

2,9 2,9 
IO 2IO 64 angular 62 1,727 4,9J 6 

5 5 
), 66 2I0,6 58,7 58,7 I,7JO 4,67! IJO ~ 

I,I I,I 
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___ ... _________ 
---------------------------------------------------

I 2 J 4. ·5 6 7 8 9 IO 
----------------------------------------------------------------------------
22 2!5 55,5 o,r9 55,7 I,75I 4,4J5 JJ 

2,2 2,2 
66 2!5,4 55,6 55,6 I,75J 4,425 !60 

r,o r,o 
.35 216 57,.3 0,2J 0,.37 57,9 !,756 4,6! 25 

2,5 2,5 

.3 217 60 -2 58 !,76! 4,6 4,4 
6 6 

2.3 217 54,5 angular 57,7 1,76! 4,5! 4,4 
6 6 

2.3 22o 52,! 52, I 
2,.3 2,.3 

49 220 5.3,7 5.3,7 ) I, 775 4,24 !20 

!,5 1,5 

49 220 5.3,4 5.3,4 
2,8 2,8 

66. 220,2 52,2 52,2 1,776 4,!54 !60 

r,o 1,0 

66 225,0 .. 50,2 50,2 1,798 .3,995 200 

0,9 0,9 

.35 226 . 5.3,.3 o,Js o,J2 54 1,80.3 4,.30 .39 

2,0 2 
. 66 . 228,.3 .48,2 48,2 I,BI4 J,8.36 !oo 

0,9 0,9 
: 66 . ~· ~ 

2.31,6 . 49,0 49,0 1,829 .3,899 200 

0,9 
...., 

0,9 
66 2.34,9 . 44,5 44,9 1,845 .3,,41 200 

0,9 0,9 

22 2.36 46,1 0,4 46,5 1,850 .3,70 27 

2,4 2_,4 

66 2.38,2 44,9 44,9 1,860 .3,57.3 200 

0,9 0,9 

59 240 48,.3 angular 48,5 1,868 .3,86 14 . ., 
I 

J,J J,J 

22 240 4.3,5 0,4 4.3,9 1,868 .3,495 .31 

2,.3 2,.3 
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2.1 

------------------------------------
I 2 3 4 5 6 .7 8 9 IO ------ ---------------

66 241,5 42,7 ~2,7 1,875 J,J98 200 
0,9 0,9 

66 244,8 43,! 4J,I 1,890 J,4JO 200 
0,9 o,9 

66 248,1 41,0 41,0 1,905 J,26J 200 
o,9 0,9 

66 251,4 39,3 39,) 1,920 3,127 200 
0,9 0,9 

. 66 254,7 J9,8 J9,8 1,935 J,167 250 
o,8 o,8 

35 256 37,5 0,58""' 0,42 )8,5 I,941 J,06.t1 v. 
1,9 1,9 

29 258 38,2 0,5 )8,7 

} 1,950 J,4 J,4 J,087 260 
66 258,0 J8,8 J8,8 

0,8 o,8 
66 261,4 J6,8 J6,8. 1,965 2,928 250 

o,8 0,8 
)6 265 44 44 1,981 J,5 0 

6 6 
66 266,5 J5,6 J5,6 1;988 2,8JJ 250 

o,8 o,s-
59 270 J6,5 angular J6,1 2,00 2,79 27 

2,4 2,4 
66 271,6 JJ,4 JJ,4 2,0:to· 2,658 250 

o,8 o,8 
66 276,7 JI,I J1-,.I 2,o~2 2,475 250 

o,8 o,8 
66 281,8 J2,4 J2,4 2,055 2,578 250 

o,8 0,8 
66 286,9 JI,6 J1,6 2,077 2,515 250 

0,8 o,8 
J5 290 JJ,9 0,68 o,22 . )4,8 2,090 2, 770. 109 

I,1 0,6 1,2 
66 292,0 30,5 J0,5 2,099 2,427 250 

0,8 o,s 
66 297,2 29,J 29,J 2,J21 2,JJ2 250 

0,8 o,8 
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------------------------------------------------------------------------
L 2 J 4 5 6 7 8 9 IO 
------------------------------------------------------------------------
66 J02,5 28,9 28,9 2,I44 2,JOO !50 

o,s 0;8 
66 J07,7 28,! 28,I 2,I65 !,2J6 250 

o,s o,s. 
66 JIJ,O 28,7 28,7 2,!87 2,284 J22 

o,7 o,7 
61) JI8,2 27,0 27,0 2,209 2,!49 440 

o,6 0,6 
66 J2J,5 26,2 26,2 2,2JI 2,085 440 

0,6 0,6 
66 J28,2 26,4. 26,4 2,250 2,IOI 440 

0,6 0,6 
. 4I JJO 24 angular 24 0 

5 5 
56 J3J 28,8 28,8 

I,B I,B 0 

66 334,2 26 ,o 26,0 2,275 2,069 440 
0,6 0,6 

35 JJ5 25,7 0,67 0,2J 26,6 2,278 2,!!7 I!o 
I,O I,O 

J6 J40 2J 2J 0 

'II II 
66 345,0 24., 0 24,9 ?.,JIB I,98 . 160 

I,o I,O 
66 36I,O 25,2 .t.l 25,2 2,382 2,0I I60 

I,O I,O 

J5 J6J 26,5 0,2 26,7 2,J90 2,IJ 59 
I,6 I,6 

7J 37J 28,9 28,9 2,429 2,30 BI 

I,4 I,4 

J5 J9J 25',9 . o,J 26,2 2,506 2,08 22 

2,7 2,7 

7J 426 29,5 29,5 . 2,6JO 2,J5 8i 

I,4 I,4 
I2 .450 25 25 2, 718 1,99 18 

J J 

47 450 28,8 28,8 0 

2,7 2,7 
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------------------------------------------------------------------------· 
I 2 J 4 G 5 7 8 9 IO ------------------------------------------------------------------------· 

7J 468 Jo,o Jo,o !,782 2,39 IIO 
5 I,2 I,2 

!4 470 27 27 2,792 2,25 6 
5 5 

47 500 JI,J . JI,J 2,894 2,49 ' 0 
4,8 4,8 

J6 5!0 20 20 0 
7 7 

7J 5!8 J4,9 J4,9 2,956 2,78 9J 
5 I,J I,J 

47 550 J7,4 
& J7,4 J,064 2,98 ·0 

J,o J,o 
7J 567 44,6 44,6 J,l20 J,55 44 

6 I,9 1,9 
7J 59! 45,8 45,8 J,I98 J,64 55 

6 1,7 I, 7. 
J6 600 2J 2J 0 

II II 
7J 604 45,5 45,5 J,240 J,62 49 

6 I,8 I,8 
47 6Io J7 ,o . J7,0 J,259 2,94 0 

2,I 2,I 
7J 6!6 45,I 45,! J,278 J,59 55 

6 I,7 .I,7 
7J 64J 44,4 44,4 J,J62 J,5J JJ 

6 2,2 2,·2 
7J 665 J9,2 J9,2 J,4Jo J,I2 81 

7 1,4 1,4 
47 670 J9,5 J9,5 J,445 J,I4 0 

J,o J,O 
36 700 42 4·2 0 

IO IO 
7J 7!9 J5,! J5,I J ,592 2,79 70 

7 1,5 I,5 
7J 749 . 37,6 J7 ,6 .3,680 2,99 62 

7 !,6 I,6 
7J 769 J7,4 J7,4 J,7J8 2,98 40 

"7 2,o 2,0 
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--------------------·------------------------_;.----------------·----· 
I 2 J 4 G 5 7 8 9 TO 
-------------------------------------------------------·---~-----·---· 

.. ·. 47 790 46,! ' 46,! 0 
J,4 J~4 

74 797 40,00 4.(}' 00 J,BT8 :3' j_8J. !05 
8 !,22 I,22 

74 8!6 46,20 46,20 J,B7I J' 676. 70 
8 1,50 r,5o 

73 8!9 47,9 47;9 J,R7C) J,8I 44 
8 I,9 I,9 

74 8)6 48,00 rl-8,00 3,9?6 3,820 7o 
8 1,50 1,50 

7J 840 54,6 54,6 J,9J7 ·~, J4 
,,.. 
,I) 

8 2,1 2,! 
I4 840 47 47 J,'.JJ7 J,74 6 

5 5 
74 856 5J,22 51,22 J,9SI 4 .,.,r. 

,,~.J:J ~J 
9 1,72 !,72 

47 860 47,7 47,7 J,99? 2,80 0 
2,7 2,7 

74 866 54,01 54., or 4,008 4,290 49 
9 1,84 I,84 

73 868 58,6 ~8,6 4,0J4 4,66 ')7 ... ' 

9 ·. 2,4 2,4 
74 886 .:>6,64 56,64 4,062 1,507 46 

9 1,84 I,34 
7J 890 57,8 57,D 4,07) 4,60 )) 

9 2,2 "" 2,2 

47 900 44,4 44,4 4,!00 0 
2,J 2,J 

74 9!5 55,07 55,o7 4,140 4,Jn2 4:) 
9 !,79 I,79 

7J 918 54,5 54,5 4,148 4, J•t .~7 

9 2,4 2,4 
7J 94J 50,4 50,4 4,~~I4 4,0I 2J 

9 2,6 2,6 
74 945 48,7 48, 7. 4,219 J,B7' 59 

9 I,6J I 1 6J 
48 950 JB 38 0 

50 J J 
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.. -----.. -----------... -----------------------------------~-·--------· 
I 2 J 4 5 6 7 8 9 IO ----------------------------------------------------------------------· 74- 96:; 4~,58 4.5, 58 4,270 J,627 60 .... 

10 I,62 I,62 
47 970 45,1 45,! 4,28) J,~8 0 

2,7 2,7 
7J 97?. 44,7 •44, 7 4,288 3,.?6 )) 

IO ? ~) 
2,2 -' .. 

71~ 985 4I,J7 4I,J7 4,322 3,29?. 67 
10 I,5J I,5.3 

2! r,oo 48 48 4,360 3,82 0 
It 4 

47 r,oo 46,0 46,0 +,J60 J,66 0 
J,O J,o 

7) I,OI4 39,6 39,6 1-,3?5 J,I5 40 
0,010 2,0 2,0 

74 I,064 .36,62 J6,62 4,5I9 2,9I4 93 
0,010 r,Jo I,JO 

73 1,076 J" Q 35,9 4,549 2,36 40 "''~ 
0,011 ?,0 ~~' 0 

47 .!,08 J6,J 3o,J 4,559 2,89 0 
2,6 2,6 

63 !,08 47,2 47,?. 3,76 0 
O,OJ J,I 3,! 

7J I,I50 35,5 35,5 4,728 2,82 40 
0,012 2,0 2,0 

74 I,I64 34,27 34,27 4,761 2,727 90 
0,012 I,J2 1,32 

47 I,25 29,2 29,2 4,9JI 2,32 0 
3,7 3,7 

74 1,263 J5,28 35,28 4,990 ?.,807 86 
0,013 1,35' 1,35 

47 I,J5 30,I Jo,I 5,!84 2,39 0 
2,8 2,8 

74 I,J63 32,99 32,99 5,2!2 2,625 79 
0;014 I,4I I,4I 

I 
I 

i , I 
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~ :------------- . . ------------------------------------------------------· . . . . 

I 2 J 4 5 6 7 8 9 10 

-------------~-------------------------------------
J 

)2 I,J7 J4,6 J4,6 5,228 2,75 2J 

2,7 2,7 

47 1,J8 J0,8 J0,8 5,249 2,45 0 

. 2,8 2,8 

74 I,462 JI,40 J1,40 5,425 2,499 70 

0,015 I,50 I, 50 

47 I,47 JI,4 JI,4 5,442 2,50 0 

I,8 I,8 

I9" I,50 J4 J4 5,505 2,7I 18 

J J 

47 1,50 JO,O ,:Jo,o .0 

2,0 2,0 

47 1,67 JI,4 JI,4 5,849 2,50 0 

J,9' J,9 

4'7 I,90 JI,J JI,J 6,289 2,49 0 

I,6 1,6 

5I 4,16 28,.7 2,87 9,65 2,28 2J 

2,6 2,6 

44 4,5 2o,4 20,4 0 

J,5 J,5 

55 5 22,5 22,5 o· 

2,4 2,4 

70 6,66 JO JO I2,4 2,J8 6,4 

5 ..., 5 

-.__ 
..... 
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Fig. 3. Total cross sections for negative pion scattering on protons. 
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. 2. CHOICE OF THE INTERPOLATION FORMULA 

A choice of a definite interpolation formula is not an auxiliary or a purely formal procedure. The 

interpolation formula is a physical hypothesis which is suggested ori the basis of the facts already 

known and verified by a comparison with experimental data. In our case we are in need of a formula

hypothesis describing the behaviour of the scattering cross sections 6.,. and 6- in the energy · 

range fro:n 0 up to oo . For many reasons both of technical and principal nature, this formula must 

contain not many, at the most, 10-15 unknown parameters, by varying of which an agreement should be 

obtained with more than two hundred experimental points. 

First of all, let us rna ke a usual assumption gbout the behaviour of the cross sections 
G'- at low energies (E <50 MeV) : 

6'(£)~ 6'(0) +o<: £~ 

6-t- and 

( 2.1 i 

Further we assume that both cross sections f5 + and 6'- are tendi~g to the same constant at 
infinitely high energies, and nameJ.y, that 

( 2.2) 

at E > 3 BeV. 

:9esides , we accept the hypothesis asserting that the total interaction cross section may be pre -
sen ted as a sum of the two terms 

( 2.3) 

The first component bet possesses all the properties of elastic scattering in the absence.of inelas

tic one. The second term 6 is increasing monotonously with energy everywhere, with the only pos
sible exception of small regions near the thres~olds/79, 801. 

At the energies lower thor, the threshold for the production of one additional pion 6 = 0 , whereas 

at higher energies this component plays the mairi role for it includes both the inelastic and the dif
fraction scattering. 
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. Further we assume the hypothesis about the resonant character of elastic scattering. This means 

that each term in the expansion in partial waves 

00 .. Oo 

~ - L (ij + t) J; ._ t1-_!. + L (~j+-1) te ._ 1_', 
e=o ,J- :t e=1 ,}- 1. ( 2.4) 

is limited by the inequality 

0 ~ ,5' (£" J~ ,_ '1i -x2.· ( 2.5) 

and is described by the resonance formula 8 (E) of the Breit-Wigner type. The only exception is 

made for the S scattering which was treated as a nonresonant one. 

A list of resonance formulae derived on the basis of nonrelativistic models and the discussion of 

their structure may be found in the paper 1811. Relativistic resonance formulae with one and many le -

vels which were obtained on the basis of concepts of the analytical properties of the S matrix are given 
. . /82/ . 
in the paper by Ning Hu • The.same paper treats in detail the hypothesis about the resonant charac• 

ter of the scattering as a consequence .of the analicity and unitarity ofthe S matrix. 

e ... 1 . /82/ . For the angular mornP-ntum ~ we gav~ up the resonance formulae of paper and preferred 

the formulae of paper/81/, in which the momentum and the energy are replaced by relativistic ones 

because of two considerations . 

. . . /81/ 
First, the resonance formulae of paper behave at low energies as 

2.! 8(£)--E td E-o 
t 

( 2.6) 

~ 

what is an inevitable result of the short-acting character of nuclear forces. At the same time the simplest 

formulae of paper182/ give the finite limiting value of the cross section at E .... 0. for e > 0 I what 

contradicts the isotropy of the scattering at low energies. 
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Second, a parameter giving the asymmetry of the resonance curves which is necessary to be introduced 
. . .· I 81/ 

to reach an agreement with the experiment m the range (J - 300 MeV enters the formulae of paper 

Finally, the cross section is written as 

fi(£) = L(£) +LB. e(E) +ACE) 
j,t. ), ( 2. 7) 

where L ( EJ is a decreasing function describing, for the most part, the S scattering; ~B(EJ is the 

sum of the resonances. The number of these resonances in the energy range 0. 1.5 BeV, the corresponding 

values of l and j , the widths and the resonance energies should be determined from experimental , 
data. The function A( E J approximates the cross section 5 

It is natural that the form of ( 2. 7 ) is as»ianed to the scattering cross sections to states with a defi -
nite isotopic spin ; a 

312
ana a ~ , whereas a+ ~d a- are associated with a312 and a~ in a usual 

way:. 

( 2.8 ) 

In further formulae we shall make use of the natural system of units in which 

c = m .;. .== 1. 
Ti- ( 2.9) 

It is more convenient to use instead of Elab. the momentum in the c.m.s. 7J which is connected with 
the kinetic energy of the 11p system, entering B , by the equality 

-1-M 
' 

where M = ,6.~19 is the proton mass. The magnitude of ~dt.in millibarns is 

..\.1 1!/..S:'t b 
11fll = 7fm ( 2.11 ) 

The parameters being varied are denoted by a: , those not varied, by c 

The function L the role of which was to approximate the cross sections near zero was chosen in 
the form 



b(O) 

L = 1+/a/71 

For 6' ( 0 )· the values of /7S/ were used 
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)/:z. 
6 ( 0) = ~. 76 :!: 0. 5' 3 mr. 

) 

'f G" l.[o) = 1-.oS' ± l.o I.-.&. 

( 2.12 ) 

( 2.13) 

The resonance functions (coinciding up to notations with the function used in the pape/
831

)had the 

form 

. ·!. (;)~ 
B = (2Jd)·2.·d y CT 

' . (E/(.-Ct" + ~ 
( 2.14) 

where 

r :t ~ 1+a:Jc ' ~ )~ 
( 2 ) = a,_ (c) t I-' a3 ~· 

( 2.15 ) 

The constant Cis introduced into (2.15) in order to ensure that the parameter a3 giving the asym

metry would not affect the width of the resonance curve as well. 

Strictly speaking, the resonance formulae must have a different dependence of r on 7 .t. for dif

ferent values of t 
6 

One and the same formula corresponding to l = 1 was used since, on the one hand, the contribution 

from far resonances ( 1300 MeV for 6'1t and 900 MeV for 6 'l.t.) is very small at low energies, where 

appears the difference between these formulae, and, on the other hand, the values of e for these re -

sonances are not still determined finally. 

The choice of the, function A( E ) was somewhat more complicated since there is rather poor infor -

mation about this function. A number of variants of this function were tried. It became clear that the 

curve 6 (E) obtained and the goodness of the approximation are weakly dependent upon the va -

riant used. Finally the simplest formula was adopted: 

. ' 
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' 
( 2.16 ) 

As o'1
2.(oo) = r:f't.(co) the value was used 

6' ( 00 ) ; ~ 9 . !l. ..,g ( 2.17 ) 

which was found by averaging of the last three points for 6+ (pape/711) and the two points for 6-
(papers 1511.1701). At E 0:::. 3 BeV the curve 6' ("E) turned out to be insensitive to a 10% change 

of 6'(co). I'm attempt has been made to include O'(coJ into the number of the alternating parameters, 

but it was found that it cannot be reliably determined by the available data ·(there is a tendency of an 

infinite increase of this limiting value). For a reliable determination of 6' {DD) good experimental data 

are necessary up to the energies of 10-12 BeV, where the number of inelastic channels of the reaction 

becomes great. 

3. IDENTIFICATION OF RESONANT STATES 

The work on the approximation of the cross sections by means of the formula (2. 7) was started at the . 
. . .... '·· 

end of 1958, when the second maximum in the cross section 6 was hardly felt experimentally; and 

the cross section 6'- in the region 0.$·2 BeV was represented for the most part, by the measure -

ments of Cool, Piccioni and Clark1471. These measurements, however, were found to be incorrect and 

distorted entirely the situation in this region. 

We tried many versions of the curves with different number of resonances and with different e and f. 
Each time a complete statistical analysis described in ~4 was made. In particular, all the resonances 

were checked for asymmetry, which was found to be significant only for the main resonance ~~~ ; T= 3/2, 

and equal to zero for all the other ones. 

+ 
At first it was necessary to get the curve 6' (~). It became clear from the first variants of the calcu-

lation that, for the second resonance in the cross section of 6 + situated in the region of 1 3 00 M~V, 
the experiment does 11ot contradict either the angular momentum j = 5/2, or the angular momentum 

i= 3/2 as the curves a +(E) anproximating the cross section are not very different in these two cases. 
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It should be noted that if the variant j = 3/2 is correct, the second resonance may belong only to 

the D-wave, l = 2, since otherwise, when l =- 1, due to the restriction (2.5), the second and the third 

resonances would begin to interfere, and the cross section would become much less than the experimen

tal one. 

To give up the variant j = 5/2 it became possible only after the results of the measurements made 

at Sacla 1731•1741 and at Berkele/711 had been published. These resufts determined strictly the width 

of the second resonance. If this width is attributed to the Breit curve with j = 5/2, then we would get 

·a considerably more sharp and high maximum than is consi~tent with the experimental data. At the same 

time the resonance D312 is in good agreement with e~periment. 

After the first successful approximation of the cross section 6+ , the ''experimental" poit1ts for 

612. were calculated 

~'It _ ~ 6- · 
o • - !t e~tp ,.e;cp 

+ 
I 0 
"i ttf>/'1" ( 3.1 ) 

It was found impossible to draw either a curve of type (2. 7) with one resonance, or without resonances at 
. ., . /47/ 

all through the points among which the points from paper played an important part. 

Hundreds of times more probable, although contradicting the experimental data qualitatively, wcis found 

the curve with two resonances for the angular momenta i = · 3/2 cmd i = 5/2, respectively. It is inte

resting to note that both the resonance energie~ and the widths of these resonances were determined ra-

t her correctly and in accordance with the contemporary values from the incorrect data of Cool,- Piccioni 

and Cla~k!.47( This indicates that the cross sections found by these authors are, as a matter of fact, cross 

sections averaged over very large energy intervals. 

Just a week later, Phys.Rev.Letters 2, n.3 arrived at the Joint Institute for Nuclear Research were the 

measurement/611 were reported. The po~ts from this paper lay on a two-humped curve which looked like 

that we just had obtained. The more unexpected turned out the result that these points were in sharp dis
agreement with formula (2. 7). This contradiction could not be overcome even if we assume a strong inter

ference of a cmrl a 
el none!' 

One can easily.. become sure of .this if one sees the figure presented to the Kiev Conference (se/84.). 
In this figure the dashed line is obtained by approximating the datd611 by the resonance formulae with 

j ~ 3/2 and J= 5/2. 

. . . . . /66/ 
At the Kiev Conference of 1959 were presented the precise data of Pontecorvo · , as well as preli-

minary results of the groups working at Sacla and at Berkeley .. · Besides, it became clear that in some 

experiments on the cross sections 6- in the rangeO~so· MeV an incorrect value of Panofsky ratio was 
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made use of. Therefore, only the latest measurements should be taken into .account. An increased accuracy 

of the values of the cross section ~- made an individual approximation of the cross sections (;"_.. 

and 6- disadvantageous, since the procedure (3.1) began to lead to an appreciable loss of information. 

Therefore, a program has been made up for an electronic computer. This program consisted in a simulta

neous determination of all the parameters of the curves · 6'+ and ()- which then were looked for only 

jointly. 

The preliminary data of the group working at Sacle which Professor A.Berthelot sent us allowed to in

vestigate the region of 0.5- 1.5 BeV more seriously. Later on Professor Folk-Variant kindly sent us twiee 

precise and supplemented data prior to publication, a fact which accelerated our work and made it consi -

derably easier. We take the opportunity of thanking him personally and all the experimentators of this group. 

The French data supported the hypothesis made before that the r~sonm1ce in the cross section 5'1'-

in the range of 900 MeV corresponds to the angular momentum j = 5/2. Alongside with American 

measurements of 6+ at higher energies/711, the French data 1731• 741 allowed to establish finally the 

situation in the cross section 6 + in the region of 0 .7. · 4 BeV. 

Much more complicated than it was assumed earlier on the basis of more rough measurements, was 

found the reqion of 500-800 MeV in which we failed to approximate well either the cross section 6; 
~ or a . 

In this region in the cross section 6 + there is a deep minimum. At the same time the experimental 

points do not lie on a smooth curve, but have a distinct break, possibly, an incorrect one, and, perhaps, 
* of a threshold origin (see Fig. 9). In the latter case formula (2. 7) should , in principle, be made more 

complicated by adding threshold terms 

(3.2) 

where the threshold terms ni are different from zero only in small vicintities of the threshold energies Et' 

Fortunately, it is not necessary to vary simultaneously all the parameters of formula (3.2) as the parame -

ters of the threshold terms which have a local nature must not be correlated with the parameters of the 

functions L, 8, A ( see also ~ 4). Therefore the function S"(E) can be looked for in two stages : at first, 

to find L,B,A by putting 1: n = 0, and then to find n.t (E) by assuming L,B,A to be fixed fun~tions, 
what the authors hope to do further. 

'. 

* We mean the thresholds for the reactions n+ f" - K+l: + ; n- P ..:, lloK o, n-p-'> :f • k 17 r,-p-"> I:- t r 
lying at the energies 891.2; 767.5; 899.1 and·903.6 MeV; respectively. ' 



38 

The first maximum in the cross section 6' Y.tlies in the sa::-~e energy range. It ::1ay be due only to 

the resonance in the state ~t for the angular momenta j = 3/2 and higher are in sharp contradiction 

with experiment. However, the curve approximating s- lies at 6 0 0 MeV by 4-5 rnb below the 

experimental points. Since the nature of this divergence is still obscure, for obtaining the curve which 

would agree with experiment and valid for the calculation of the dispersion integrals, a systematic diver

gence in this region was eliminated artificially by a formal substituttion of the factor 2.8 for the fac -
tor 2H- 1 = 2. 

In identifying the resonance states only the data on the total cross sections were made use of, and no 

additional information was involved, such as the information contained in tpe angular distributions and in 

the data on pion photoproduction. Additional information may help to overcome the ambiguity, if any, in 
the determination of e:. j::!: ~~ • 

In spite of the fact that a good agreement between the interpolating curve and the experimental data 

is not yet obtained everywhere, it is worthwhile to note a complete success of identifying the resonant 

part of thP cross sections o+(e:)and s·-(.='}and an expediency of further research in this direction. In 

particular, one ·may hope to get information on inelastic processes in Ti-p scattering if the form of the 

function A (£) is more specified by applying resonance formulae for .the description of the generation of 

pions and of other particles. Especially interesting results may be found in the regions where a full descrip

tion of the energy dependence of the cross sections ()T' and 6'- is not yet available. 

4. METilOD OF ANAl-YSIS 

The best values of the parameters Ol and their errors were found by the method of least squares 
adapted to the solution of problems with many non-linear parameters. 

The ouad ratio form minimized was as follows 
11 ... 

M = 2:. [ s; - J + c ~.: , a.>] ~,· + 
i: I 

~ 

11++11- . 

T L [ s;~ - ~- ( ~: , C«.)-~. ]~ •. + (No -Ar)2.l-lp., 
' ~= fti"+ I ( 4.1 ) 

where s-+ £: 
; , ' 

r'--= -i 'JJ'f. + f 
are the experimental values of the cross sections (see Table 1,2). :J+ = 'J '3/1.. 

~ ¥2. are approximating curves, and ~· are the weights equal to the inverse 
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variances of the measurements (see Table 1,2). The normalization factors N, , N , N
0 

are introduced 
/66/ l - . into formula (4.1) to take into account the fact that the data of paper (39 points) have a general nor:na-

lizing factor (a systematic error) N0 = 1 :t. 0.016, which should be taken into consideration separately 

from the relatively small independent errors of these points. Therefore, in (4.1) N.= N for the points of 

pape/
661

, N = 1 for all the rest points, W... = -1
--)2. is the weight of t~e measurement N 

i tv<D (o.o 16 
0 

In other experiments the series of measurements are not so large, the relative accuracy is less, and, there

fore, their normalization was not introduced. In calculating the last version n++h- = 138 +126 = 264 
. - ~ ~ 

experimental values of the total cross sections were used. The expressions for y and y had the 
form 

( 4.2) 

( 4.3) 

Thus, along with the normalization factor m = 14 simultaneously variable parameters entered the formula 
for \1. 

The calculations were ;nade by means of an electronic computer. To minimize the form !,1, the linea

rization method 
1851 

was applied. The idea of this method consists in the following. The exact eql'ations 
* of the ~ninimu:r: of the form M: r ~.1 
i 

::1re replaced by a linear system of equations 

by solving of which one can find the step ll ae 
.............................................................. 

dlf_. 
.1 a .:....st..!.. = o te>cr 

( 

* The summation over involves further all the terms in expression-(4.1), 

including the last one ( N - N) 2W 
0 N, 

( 4.4) 

( 4.5) 
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In the equation (4.5) the number /. is the normalization of the step. It was chosen by the elec

tronic ·computer so that the step in either direction would n~t exceed some prescribed values. For suffi

ciently small )\ the iteration process a~'"''= <"'+A a" always con~erges to the minimum of M1851 
( in practice, only 5-10 iterations are needed). 

When solving the equations (4.5), one calculates.the matrix z.•
1
1 inverse to the matrix Z 

I<- kl • the latter one is equal to 

z =-=;- w. ~~,. ~~,. 
I<( L.. '--.. oct ... 'C>a t (4.6) 

The matrix z·l is an estimate of the error matrix of the parameters a. It contributes to the cal-

culation of the estimates of the error corridors of the curves ~ 

t11 . t11 

s '"c ) = z L. co ~c,J --a~t~> z _,e 
J t ~~:.::I t::l '/) O(IC. 0 Q{ " 

and of the estimate of the error corridor of the dispersion integrals y 

S~c~) :; ~ £ ~Yr..,> d Yr~> .z -• 
Y "'"' f=, C> a... d Ott ~:( 

The estimates of the coefficients of correlation f'(~c( of the parameters a 

_, 
z,., 

"l .f ::::: -::::== 
I< I z-' z-· ,.,. It' 

{ 4.7) 

{ 4.8) 

( 4.9) 
. ( 4.9 

can be found trivially from the non-diagonal terms of the error matrices z·l. These coefficients reflect 

the pair coupling of these parameters. Besides, the cogelation factors RIBS/ which reflect the connec -

tion between the given parameter ak with all the other ones were calculated. By definition , the corre -

latio n factor is equal to the ratio of the variance D k of the parameter ak to its variance Dk in case if 

all the remaining parameters would be fixed { be known exactly ) · 

Rl<. 
:!J,., - z-' 

- I<K zi<IC ( 4.10) .I> .. 
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Evidently, 

( 4.11 ) 

Besides, for large correlations 'l~t we have 

( 4.12 ) 

Large correlations may arise only in the case if the regions in which the derivatives of the approxi -
. . 

mating function by these parameters are different from zero, are strongly overlapped. On the other hand, 

if for some pair of parameters the intersection of these regions is small C0!11pared with the largest of 

them, these parameters will be weakly coupled. Therefore, the parameters cif the threshold additions, n k I 
• 1!'1> 

due to their local character, must be so weakly connected with the remaining parameters that one ca~ neg-

lect this coupling.and look for them separately. 
~ 

Large correlations of the parameters are extremely undesiarabl~ from all points of view. In some cases 

one succeeds in reducing them artificially without changing essentially the . interpolation formula, but 

changing only the way of the introduction the parameters. So, for In~tance, in the formul~ for {i )"' (2.15) 

the constant c was introduced which was chosen so that the parameter a
3 

would?ot aff~ct appre~iably the 

width of the resonance curve. This procedure diminished hundreds times the respective correlation fac -

·tors Rand R 
a
1 

a)· 

The quality of the approximation was checked both by a direct comparison of the curves) (7) with 

the experimental values r;;
1
• and by a calculatio~ of the magnitude · 

lF2. = M ... ; ... = M...-.. = M .... ·., 

( 4.13 ) 

(unity takes into account the normalization experiment of pape/661},which must be close to u~ity, if the 

spread of points with respect to the curves has th7 same nature as the errors of the points themselves. 

Due to the presence of the region 690-900 MEV where. the proper discription of the data on u +, u- was 

not yet found, the value of v2 was found impossible to make smaller than 2.4. 
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S. RESULTS 

The cross sections 6• ( E' ) and 6-( !: ) which are in best agreement with experiment are 

shown in Figs. 5-8 • The solid curve refers to the last variant, its width corresponding to the error corri

dor S( E). The error corridor has the same meaning as the standard errors of measurements usually in

dicated : for each fixed energy E the true cross section lies inside the corridor of errors with a probabi

lity of 68%. It is natural that the corridor of errors has this well-defined meaning only for those regions 

of energies where the .curves 6• (E) and 6 -( E) agree with experiment. The dashed lines show 

the curves obfained for other values of j for one of the resonances. 

Since the curves G+ (E), 6'- (E) for the most part may be used for the normalization of re

lative measurements, for which the accuracy of Figs. 5-8 is insufficient, the most probable values of the 

total cross -;ections are presented also in Table 3. In the first Column of this Table the laboratory ki -. 

netic energy of a pion E in MeV is written down, in the second one, the cross sections 5' ( E') 

... _______ _ 

with the corridor of errors S(E). In those regions where the agreet11ent with experiment is not reached , 

as well as energies greater than 3 B eV to which the cross section was extrapolated the corridor of 

errors is not given 1 and the 'values of the CrOSS SeCtiOnS are taken in brackets, 

Table 4 presents the data on the pararr:eters of the interpolating functionS"( E). The first Column 

of this Table shows the value for the orojection of the isotopic spin T . . The second Column indicates 

the form of the function, the indices +and-denote the belonging to the states T=3/2 and T=~ respectively 

The values of the constants entering the formula are shown in Column 3; E and E indicated 
max. res. . 

for the resonant curves are, ::espectively, the laboratory kinetic energies of pions for which' the resonant 

curves reach themaxim~m vaiu~ 6..,.xand the value 2 rrt? (2j 1- I ) • Column 4 contains the values of 

the parameters and their standard deviations. The correlation factors R are listed in Column 5; 

throughout numeration introduced in the sixth Column corresponds to the numeration of the parameters in 

the error matrix. 

In the last presented version A the value 0.9 having no physical meaning was attributed to the angu

lar momentum i of the first resonance in 6~. If the correct value j = ~is left for this angular 

momentum (version B), -.then the agreement with experiment becomes worse, but the corresponding a and 
, I 

a.~ gain a certain physical interest. The remaining parameters of the version B are close to those of 

the A and, thus, are not presented. 

Table 5 contains the error matrix and the correlations. Along the diagonal and above it one can see 

z.~ . ~ ~ 
the elements of the error matrix ,e . Below the diagonal, instead of the elements Z (" = Z "'( 
are written down the coefficients of correlation 7..,.t • Correlations less than 10% are omitted as they 

are of no practical import a nee • 
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Table 3. 

Interpolated values of the cross sections 

• . _s• :!: 5~· l • s• · :!: s&• 
-~=~---.:.~~------~~---- . ~=~------~~~---~~:..-

0 ·2.76 I I 2J.24 O.IB I 
20 4.65 I 1.05 25.50 0.24 I JO 6.9J I.IO . 28.58 O.JJ 
40 10.16 1.15 fJ2.49~ 50 14.41 ·1.19 J5.9J 
60 19.87 0.7J 1.25 40.07 
70 26.79 0.84 1.275 40.90 0.28 
85 40.58 0.97 1.JO . 41.1J 0.26 

160 . 59.29 1.08 1eJJ 40.68 0.26 
110 75.5 1.1 I.JJB . 40.47 0.26 
120 94.5 1;4, 1.J6 · J9.5I 0.27 
IJ5 127.5 1 .. 2 ·1.JB . JB.9I 0.27 
150 161.92 1.04 1.42 J7~I9 0.29 
157 174.56 0.92 1.46 · .. J5.54 o.Jo 
165 ·186.47 0.81 1.50 J4.I5 o.Jo 
170 191.J1 0.76 I . 1.55 J2.76 0.29 
174 19J.7I 0~74 

I 1.60 · J1.69 0'.27 
179 194.74 0.74 

·I 1~65 J0.89 0.25 . 181 194.56 0.74 Io70 •. J0:29 0.2J 
185 I9J.a9 0.75 I 1.76 29~76 ·0~21 
189 190~87 0.75 I 1~81 29.41 0.19 
195 185.J5 0.74 1.85 29.t2J o:.-ra 
200 179.J2 0.72 1o9I 29•00 0.17 
209 166.56 0.69 1.96 28.85 . o'. 16 
220 I49.J9 0.67 2.00 28.77 o.r5 
240 II9.9J 0•7J 2.l5 28.57 o.JJ 
255 IOioii o.7a 2.JJ. 28.51 0~12 
270 86.06 0.79 2.46 28.52 0.11 
290 70.2) 0.78 2.60 •28.60 oao 
J05 61.01 0.75 2..76 2.8.62 o.1o 
J20 5J.66 0.71 J.oo (28. 78) (0.09) 
JJ5 47.57 0.67 J.41t. (28.90~ (0.09) 
J40 45.84 0.66 .3.86 r9.06 (o.oa) 
J60 J9.84 0.61 .5.00 

. 29.42~ JBO J5.18 0.56 6.66 29.6:2 
400 J1.49 0.52. 10 . 29.;81 
450 25.26 0.4J !50 29.48 
470 2J.59 0.40 
500 21.66 o.J6 
550 19.58 e.Jo 
590 18.62 0.26 
6JO 18.09 
670 17.88 
700 17.88 
740 18.02 
770 18.JO 
BOO 18.62 
840 19.17 
880 19.88 
915 20.64 0.16 
965 22.01 0.16 
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E s- .:t ~().: I E s- . .:t Su-

-~=;~-~~;~62)--~-l- ;~: -c::.~----
10 5.5~ - I 750 J6.25 o.44 
20 5.8 770 J7.J8 0.40 
JO 6.4 11 790 J9.46 0.45 
40 7.J 8I5 4J~87 0.6I 
5o - a.5 - I aJ5 49.o9 o.69 
70 12.J7 - 0.29 I 850 5J.49 0.65 
85 I6. 76 o.J2 1 865 57. I4 o.52 

Ioo - 22.a2 o.J4 -~ a7J 58.77 o.46 
I10 28_.I2 O.J6 : ._ 880 59.47 0.4J 
I20 J4.J2. o.Ja 890 59.49 0.42 

• IJO . 4I.J6 0,40 1 · 900 . 58.44 . 0~46 
I4o · 48.95 o.41 1 9I5 55.51 o.55 
·150 _ 56.2J .0.40 I 940 49.6J o.67 

· 157 60.69 o.J9 __ 965 44-.a2 o.65 
I65 64.52 O.J9 I 985 41~94 0.59 

·_ 170 ., 66.I8 . 0 • .39 
I75 67~IO .O.J9 

. I79 67.J5 , O.J9 
185 66.92 -- o.J9 
I90 65.92 o.J9 
I95 _ .64.42 o.J9 
200 .• 62.52 . o.Ja. 

, !IO -_58~02 . O.J6 
· 220 - 5J.17 .O.JJ 

2JO ~8.48 O.J1 J 
240 '44.24 0.29 
250 40.48 0.27 
.265 J5.94 0.26 
285 . JJ.55 0.25 
290 J0.75 0.2~ 
JOO 29.J2 0.24 
JI5 27.67 0.25 
JJO 26.61 0.26 
J40 26.09 0.27 
J50 27•70 0.27 
J60 25.42 0.27 
J75 25.20 0.27 
J90 25.I6 0.27 
425 25.75 - 0.29 
450 ·26.85 o.J9 

·. 465 .. 27.89~ . 0.49-
485 29.80 . - 0.66 
5oo JI.61 o.aJ 
525 J6.56 I.07 
550 42.2J I.o5 

. 570 45.79 0.7I 
590 46.87 0.26 
600 !46.42 6o5 46.00 
6IO 45.24 
620 - 44.JI 
640 4I.67 
665 J8.85 
680 (J7.59) 

BeV 

1.00 
I. Cl!. 
1,08 
1.10 
I.I5 
I,20 
I~25 
I.29 
I.J2 
I,J5 
I.J7 
1.Ja 
1.4J 
I.46 
1.50 
I.60 
I. "70 

· r":ao 
1.90 
2.00 
2.50 

. J.oo 
'4.00 
.5.00 
6.00 
6.66 

10 
50 

40.J5 
J7 .64 -
J6.J8 
J6.05 
J6.I6 
J6.76 
J7.29 
J7.J1 
J7.10 
J6.57 
J6.2I 
J6.0J 
J5.10 
J4.59 
J4,01 
J2~95 
J2.J2 
J1.92 
JI.67 
JI.5I 
JI.21 

(JI.17) 

~
(3.i:~~~) 
JI.I6 
JI.I5 
J0.98 
29.84 

0.54 
0.42 
O,JJ 
0~29 
0.26 
0.2J 

- o.I9 
o.Ia 
o.Ia 
0.17 
O.I7 
o.I7 
o.I7 
O.I7 
o.11 
O.I6 
O.I4 
O.IJ 
0.12 
0.12 
o.Io 

(0.08) 
(0.06) 

• 
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Table 4 

Version A 
_li_I_li-2li ____________ J _______________ 1 _________ 4 __________ r--;--r-6l 

I I • I Add't' 1 I f t' 1 1 I I I T I F I 1 lOna norma Ion I parameters I R I N11 I 

-~---4---~----------------------------~-------------~------~-----L--~ I I I + I I I 1 
I I L I ~ (0)=2.76+0.5J mb 1

1 
a =0.17 +0.20 1

1 29 1
1 I 1 I I I 0 -' · - 1 

r---r---------~------------------~--------------------~-----~---1 .. I I j=J/2 I Emax=I79 MeV I ar=I. IJ42,tQ.0024 I '2 I 2 I 
I 1-----------l-----------··-------1---------- ---------:-.1.-----~---1 

· I B I l=I .. I Eres"'I95.4- MeV _I a2=0.0706,tO.OOI8 ! 6 1 i~ I 
· I r-..:..---~---1------------------i~--------~-----------r-----r---l 
1 1 c=I.249 1 smax=I92.7 mb 1 a3=0.947 ,t0.070 1 7 1 J 1 

J r---r---------~------------------~--------------------+-----~---1 
2 1 1 j=J/2 1 Emax=I.29 BeV I a 1=5.90I ,tO.OI8 I I.rl 5 1 

I t-----------l--------------------~-----~------------~~-----.1.---l I I B I 1•2 I E =I.JI BeV I a2 .. o.229 +0.019 I ) I 6 I 
I I ~------J---~!~------------1------------~-------l-----L---I I I I o=4.J6 I om x=I9.5 mb 1 aJ=O . . I 
I ~--t-------~-J_---~,------------·--~-----------------T-----+---! 
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at., fo6 

A 
--1 



6', 
tm~ 

5 

4 

3 

.. 2 

. 

) 

) 

0 

I) 

I 
f\J·i 

I I I 
I I 
J \ 

I 
I I 
I \ 
I I I I I ' I I I· 

I I 
I 
I 
I 
I 

' 

" 

05 LS 2 2.5 3 

Fig. 6.Interpolated total cross section for positive pion scattering on protons. The thickness of the 

curve corresponds to the corridor of errors. 

15 £ ~a6 
tBevl 

.*" 
();) 



6 

'"' 
10 

'I -

6 

4 0 

~I 1 

' 

0 

I 

' I 

! 

' 
i i 

-------·----

~0 

i 
i 

! 
1110 150 200 250 300 

Fig. 7. Interpo!atect totm cross section for negative pion scattering on protons. The thickness of the 

curve corresponds to the corridor of errors. 

-
_I 

350 [ ta6 
i~le·' 

.::. 
co 



>; 
!J 

10 ' 

0 

' 

0 

:o 

0 

cs.-l.)t 
(tn!) 

4 

,!: 

2 
; 

~··,' 

0 2 4 
r,J·t 

\ 
I I 
I \ 
I \ 
I I n 1 

' 

' // ',l'- j 1"-" ------,,._II" 

/ -
I 
I 

l 
: 

I 
0"" - J 0.5 0.75 125 

. 
tS 

Fig. 8. Interpolated total cross section for negative pion scattering on protons. The thickness of the 

curve corresponds to the corridor of errors. 

6 

1.75 

' 

<Be·l E 

~ -\Bf'\l 
t.& 

()1 
0 



51 

1 E (8ev) laB 

Fig. 9. The break in the total cross. section for positive pion scattering on protons in the range of 

600-900 MeV. The dashed lines show the corridor of errors of the interpolating curve. 
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6. DISPERSION INTEGRALS 

The analytic expressions for 6! (e) obtained above may be used· for checki~g the dispersion 

relations for the forward "fi - p scattering • 

Let us write them down as 

D: {w) = Tt± (~) + F; :!:{-..) + ~:!: (w) ( 7.1 ) 

where 

·(~) "'~ , E ~~r 7i.,.(w)=2:- ·-;;- (w-ri)D+(I)-t-(w-t)-0_(1) +~!'1. 
- ~e, ..,= I " - + w :; .L. T 

1M ' ( 7.2) 

't' 

F(w) = 
1 

.. 
I<~~ I (i'±( ..,.) cl..,· 
.Y7iz. r.:>'-"" ~, ., ; ';::(~) 

00 

= ~< ~~ jo ±(<.>').::!:::.:.. 
'f7fZ. WI+ I"" #( 1 

" . . ( 7.3) 

Here I< stands for the momentum of a pion in the laboratory system, """ .. J ~~:'+ t' 1 M is the mass of 

the nucleon in the units of m I the index "b" denotes thatthe value is considered in the centre-of -r . - -
mass system. 

The function Ti± ( ..._, ) depends upon the coupling constant /It and the subtraction parameters 

0.,. C ( 1) which are determined by the scattering lengths 

t D+ {t) = a3 C q I Q {t) = j"a, -r 3a3 
( 7.4) 
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Formula (7 .8) contains the principal value of the integral F, (ru) and the regular integral f: (ru) . The 

calculation of them was made numerically by the same method which can be elucidated on the compu

tation of F. (ru). The integrand for F{ru) contains the alternating function } with a pole at the point 
I & (<)-(<) 

ru'= ru. The integrals over the intervals ( 0, ru) and ( ru, .... ) entering 1'; ( ru) hav_e large magnitude and 

opposite [;fgns. Therefore the magnitude ~(ru) i~ determined by the difference of large numbers . To 

avoid the loss of accuracy during the computation, F
1 

(ru) is presented as 

where 

I<' 

The ffrst of these integrals is regular , the second one has an uncertainty of the type 0 
0 

( 7.5) 

at the 

point w=ru' • ln its computation the integration was performed uo to the point w-t,and the quantity 
f(rut &;) - f(ru- &;.) dependent upon the derivative of the function f (ru) at the point ru was added. It can 

be seen here that the principal value integral is sensitive to the form of the curv/861. 

Since the error matrix is known for the parameters e_ntering formula (7.1) the calculation of the root

mean-square error of the functions f 1 (c.)) and £
2 

(ru) is not difficult and may be caFried out by formulae 

(4.8). The derivatives entering (4.8) were calculated by analogy to F (ru) themselves. 

+ ::t( * + 
The values of the functions r(ru), F ru), D (ru) . are given in Tables 6,7 • The functions F

2
-· 

" l 2 ± + 
are changing monotonously with energy and weakly depend upon the details of the behaviour of a- (ru) • 

+ + 
The function F1- (ru) in contrast to F2 (ru) , undergoes sharp changes in the region of the maxima of the 

total cross sections what is most clearly seen on the example of p± (ru) in the region of the resonance 
c;) 'l . l b 
Tv~ 1 T:c i:" . The sharp decrease of FT(ru) completely determines the behaviour of D + (ru) in the 
region 2 ~""' ~ 2.5. 

In earlier investigations similar results were obtained for F,{ru) • However, the steepness in the 

region of the resonance changed conslderab ly. This is due to the fact that the cross section 6'-was 

········································ 
~ . * The latter four C9lumns of Table 7 exhibit the integrals of 6 %. and their errors (see (2.8),' 
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known insufficiently accurately, and therefore, the form of the maximum at..,200 MeV was chosen in a dif

ferent way. This arbitrariness strongly affected the final expression. The investigations performed by 

B.Pontecorvd s group filled up the gap in our knowledge about s'"'-

T 
Within the framework of the accepted hypothesis about the analytical form of a- (w) the best curve has 

been found, i.e. the arbitrariness in the choice of the form of 6' -r.., ) has been removed. 

+ The use of .new experimental data, as well as an accurate calculation of F:l1w) leads, as is seen 

from Figs. 10, 11, to an agreement between the calculated values of Db(w) and th~ experimental ones. 
. ± 

The difference between the experimental points for D (w) and the curve is of the same order as the cor-

rections to the dispersion relations 
187

-
91

} (for mesoatom& '~tc.} which should be accurately introduced 

before discussing the problem whether or not causality is kept to. A better agreement can be hardly expec

ted at the given stage of comparison. The assumption about the constancy and the magnitude of the cross 

sections at infinity affects slightly the behaviour of. D (w) at low energies what was established by di
rect calculation. 

The discussion of all the consequences which can be derived from the results set forth in this paper 
will be given in another paper. 

The authors take the opportunity of thanking I.M.Silin for participating in developing the method and 

the program of the analysis and forth~ calculations, as well as Professor J.A.Smorodinski and the Cor

responding Member ofthe USSR Academy of Sciences'B.M.Pontecorvo for constant interest in this re
search. 
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Table 6 

------------~--~--r----------------
& D_6

(w) 
I . c 8 . I 0_ (w) w D+ (c.J) I w D+ (w) I ',-.;.... ____________ 
I ----- -------

1 -0.105 0.07500 2._25 0.1373 0.1064 
1.05 -0.09155 2.30 -0.0092 0.06983 
1.10 -0.05211 0.07656 2. 35 . 
1.1-5 -0.02357 0.07943 2.40 -0.2411 .+0. 00097 
1.20 0.006420 0.08358 2.45 -0.3411 -0.02779 
1.25 0.03790 0•08893 2.50 0.4257 -0.05158 
1.30 0.07093 0.09548 2.55 0.4975 -0.07032 
1.35 . 0.1056 . 0.1031 2.60 0.5542 -0.08430 
1.40 0.1418 0.1119 2.65 0.5984 -0.09383 
1.45 0.1796 0.1216 2.70 0.6318 -0.09980 
1.50 0.2189 0.1324 2.75 . o. 6550 -0 •. 1025 
1.55 0.2596 0.1440 2.80 0.6728 -0.01023 . 
1.60 O.J012 0.1563 2.85 0.6834 -0.09957 
1.65 o.3429 0.1691 2.90 0.6899 -0.09807 
1. 70. 0.3840 -0.1821 2.95 o.6923 -0.09373 

- 1. 75 0.4231 0.1948 ,I 3.oo . a'. 6916 -0.08856 
1.80 0.4581 0.2064 3.20. 0.6710 -0.062)1 
1.85 o. 48'66 0.2162 3.40 o. 6365' -0.03286 
1.90 0.5051 0.2230 3.6o· 0.5993 -0.002780 
1.95 0.5099 0.2256 3.80 0.5602 +0 .• 02797 
2.00 0.4972 0.2226 4.00 o. 5235 . +0.060)6 
2.05 0.463J 0.2130 4.20 0.4887 +0.09571 
2.10 0.4o61 0.1959 
2.15 o.3259 0.1716 
2.20 0.2259 0.1412 
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~-----------------------------------------------------------------------------~------------------------------~------

F. + F:+ F + + F.- c-- - - ·. r-.'it F.'l.t. ,v-2- ~ 
GJ • 2. .1 .t. , A F; 1 .1 t 1 F; .1 F. .1'1. Ll 1 • r

1 
.1 F; 1 

----------------~--------------------------------------~------------------------------------------------------~------------· 
1.05 
1.10 
1.15 
1.20 
1.25 
l.JO 
1.35 
1.40 
1.45 
1.50 

o,ooo19 o,ooo2o o,oo2591 o,oooo14 o,oo4084 o,oooo94 o,oo1614 o,oooo26 -o,ooo12 o,ooo16 
0,009128 0,000059 0,02721 
0,01375 0,000089. 0,04404 
0,01841 
0,02310 
0,02783 
0,03258 
o,o3735 
0,04214 
0,04695 

1.55 0,05178 
l. 60 o, 05662 
1. 65 0, 06148 

. l. 70 o, 06635 
1.75 0,07123 
1.80 0,07612 
1.85 ' 0,08103 
1.90 0,08593 
1.95 0,09085 
2.00 0,09577 
2.05 0,1007 
2.10 
2.15 
2.20 
2.25 

·2.30 
2.35 
2.40 

2.45 
2.50 
2.55 
2.60 
2.65 

0,1056 
,0,1106 

0,1155 
0,1204 
0 1125J 
0,1JOJ 
O,lJ52 
0,1402 
0,1451 
0,1500 
0.1549 
0,1598 

2.70 0,1647 

2.75 0,1697 

0,00012 0,06293 
0,00015 0,08385 
0,00018 0,1068 
0,00021 0,1318 
0,00024 0,1587 
0,00027 0,1876 
0 1 00030 0,2182 
0,00032 
0,00036 
o,ooo38 
0,00041 
o,ooo44 
0,00047 
0,00050 
o,ooo5J 
o,ooo56 
o,ooo59 
o,ooo62 
0,00064 
o,ooo68 
o,ooon 
o,ooo7J 

0,2505 
0,2839 
o,3177 
o,3511 
0,3826 
0,410) 
0,4315 
0,4429 
0,4408 
0,4212 
0,3805 
·0,3167 
0 1 2JOO 
o,12J4 
0,0286 

o,ooo76 -0,1242 
o,ooo79 -0,2501 
0,00082 -0,3684 
o,ooo84 -0,4745 
o,ooo88 -0,5661 
o,ooo9o -0,6428 
o,ooo93 -0,7054 
o,ooo96 .-0,7554 
o,ooo99 ·-o,7945 

o,oo101 -0,8244 

0,00042 
0,00063 
0,00082 
0,00098 
o,oon 
0,0012 
o,oo13 
0,0015 
0,0017 
0,0019 
0,0022 
0,0026 
o,ooJo 
o,oo34 
0,0038 
0,004J 
0,0047 
o,oo51 
o,oo56 
0,0062 
o,oo67 
0,0070 
o,oo11 
0,0070 
0,0067 
010065 
o,oo63 
o,oo63 
0,0064 
o,oo65 
o,oo65 
o,oo63 
0,0062 

0,0059 

0,005213 
0,007866 
0,01055 
0,01326 

0,000029 0,00900 
0,000043· 0,01472 
o,oooo58' o,o2123 
o,oooo73 o,02852 
o,ooo087 o,o366o 
6,00010 0,04545 
o,ooo12 o,o5507 
o,ooo13 o,o6543 
0,00015 0,07652 

o,ooo17 
o,ooo24 
0,00029 
0,000)2 
0 1 00035 
0,00037 
o, 00040 
0,00044 
0,00049 

. o, 01599 
0,01875 
0,0215J 
0,02432 
0,02715 
0,02998 
0,03283 
0,03571 
0,03859 
0,04149 
0,04441 
0,04733 
0,05027 

0,00016 
0,00018 
o,ooo19 
o,ooo21 
0,00022 
o,ooo43 
o,ooo25 
0,00026 
o,ooo28 
o,ooo29 
o,ooo31 
0 1 00032 
0,00034 
o,ooo35 
0 1 00037 
O,OOOJ8 

o,o8823 · o,ooo57 

0 o,o5322 
0,05618 
0,05915 
0~06213 

. 0,06512 
0,06811 
0,07112 
0,07413 

o,o8016 
o,o8Jl9 
0,08623 
0,08927 
0,09231 
0,09535 

0,1004 
0,1129 
0,1254 
0,1374 

,0,1482 
0,1570 
0,1627 
o;l641 
0,1598 
0,1487 
o,1301 
0,1041 
0,0719 
o,o354 
o,oo3o 

0,00041 -0,0759 
o,ooo43 -0,1068 
o,ooo44. -0,1327 
o,ooo46 -0,1536 
0,00047 -0,1698 
o,ooo49 -0,1816 

o,09840 o,ooo5o ·-0,1899 

0,1014 0,00051 -0,1951 

0,00066 
o,ooo8o 
o,ooo93 
o,oo1o6 
o,oo12 
o,oo13 
o,_oo15 
0,0016 
o,oo18 
0,0020 
0,0021 
o,oo23 
0,0023 
o,oo23 
o,oo22. 

o,oo21 
o,oo21 
0,0021 
0,0022 
0,0022 
o,oo23. 
0,0024 

0,0024 

0,003256 
0,004924 
0,00662 
0,00833 

0,000052 
o,oooo78 
0,00010 
o,ooo13 

o~o1oo7 . o,ooo16 
0,01183 0,00016 
0,01362 0,00021 
o,o1542 o,obo23 
0,01724 p,00026 
0,01908 
0,02094 
0,02282 

.0,02471 
0,02662 
0,02855 
o,o3049 
0;03244 
o,OJ441 
o,o3639 
o,0383a 
o, 04038 
0,04240 
0,04442 
o, 04646 
0,04851 
0,05057' 
0,05264 
0,05472 
0,05680 
0,05890 
0,06100 
o,o6311 
0,06522 

o,o67J5 

0,00028 
O,OOOJ1 
01 00034 
O,OOOJ6 
0,00039 
0,00042 
o,ooo44 
0,00047. 
0,00050 
0,00053 
o,ooo55 
o,ooo58 
o,ooo61 
0,00063 
o,ooo66 
0,00068 
0,00071 
o, 00073 
0,00076 
o,ooo79 
o,ooos2· 
0,00084 
o,ooo87 
o,ooo89 

o,ooo92 

-0,00010 
+0,00006 

0 1 00038 
0,00086 
0,00149 
0,00228 
0 1 00323 
0,00435 
0,00563 

0,00028 
o,oooJ8 
0,00045 
0,00049 
0,00051 
0,00052 
0,00051 
0,00048 
o,oo045 

o,oo709 o,ooo41 
0 1 00873 0,00038 
o, 01055 
0,01255 
0,01476 
0,01717 
0,01980 
0,02266 
0,02577 
0,02915 
0,03279 
o,o3639 
0,0412 
0,0462 
0,0517 
0,0575 
0,06)8 
0,0704 
0,0771 
0,0840 
o, 0910 
0,0981 
0,1052 

0,00036 
o, 00037 < 

o,ooo42 
o,ooo45 
o,ooo58 
0,00070 
o,ooo84 
o,ooo98 
o,oo114 
o,oo131 
9,0015 
o,oo17 
o,oo19 
0,0022 
0,0024 
o,oo21 
0 1 0030 
01 0032 
o,oo35 
o,oo37 
o,oo39 

0,1124 o,oo41 
o,1196 o,oo43 

()J 
m 
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2.80 
2.85 
2,90 
2.95 
3.oo 
),20 
3.40 
).50 
),60 

3.70 
),80 
3.90 
4,00 
4.10 
4.20 
4.)0 
4.40 
4.50 
4.60 
4.70 
4.80 
4.90 
5.00 
5.10 
5.20 
5.)0 
5.40 

0,1746 
0,1795 
0,1844 
0,189) 
0,1941 
0,2136 
o,2J29 
0,2427 
0,2521 
0,2617 
0,2712 
0,2807 
0,2901 
0,2996 
o,Jo89 
o,J18J 
o,J275 
o,JJ68 
o,J46o 
o,J552 
o,J64J. 
o,37J4 
o,3S25 
o,Jn5 
0,4006 
o,4096 

5•50 0,4274 
5.60 
5.70 0,4451 
5.80 0,4539 
5.90 0,4626 
6,00 0,4713 
6.10 0,4799 
6.20 0,4886 
6.30 . 0 1 4971 

o,oo104 -0,8469 
o,oo1o7 -o,86J4 
o,oon 
o,oon 
OjOOll 
o,oo13 
o,oo14 
o,oo14 
o,ool5 
o,oo15 
o,oo16 
o,oo16 
o,oo17 
o,oo17 
o,oo18 
0,0018 
o,oo19 
o,oo19 
o,oo2o 
0,0020 
0,0021 
0,0021 
o,oo21 
o,oo22 
o,oo22 
o,oo23 

-0,8752 
-0,8831 
-0,8880 
-0,8889 
-0,8755 
-0,8669 
-0,8579 
-0,8488 
-0,8)99 
-0,8313 
-0,8230 
-o·,8151 

-0,8076 
-0,8005 
-0,79)8 

-0,7875 
-0,7815 
-0,7759 
-0,7705 
-0,7657 
-0,7609 
-0,7563 

. -0,7519 

-0,7477 
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