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Abstract 

An exact solution bas been found f~r the equation describing the photoproducti;n 

of pions on pions at low energies. A requirement choosing a unique solution bas ~n 
formulated. The solution is determined by the high energy singularities of the amplitude. 

It has a resonance obaracter if there is a resonance in pion-pion scattering in the state 

with J : I ~ 1. 
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1. Introduction 

The photoproduction of pions on pions 

(1) 

should be considered in studying the photoproduction of pions on nucleons with the aid 

of the Mandelstam representation/l/ as well a,~ it is necessary to consider the pion-pion 

scattering for studying the pion-nucleon scattering. 

In treating the pion-pion scattering a new constant of pion-pion-interaction is in­

troduced into the theory/21. Must one more similar constant be taken into account in 

considering the photoproduction of pions on pions? The perturbation theory answers this 

question in the negative. Indeed, if the four-pion vertex with four internal nucleon lines 

is divergent, what makes us introduce into the Lagrangian the corresponding term and the 

pion-pion interaation constant (see, e.g.IJ/), then an analegous vertex with one photon 

and three pion external lines is convergent, so that there is no need in new terms and 

in a new constant. Moreover, such photon-three-pion terms cannot be simply introduced 

due to the covariance and renormalizability considerations. Thus, from the point of view 

of the perturbation theory the amplitude for··the photoproduction must be expressed in 

terms of the "old" constants (say, the constants of electromagnetic, pion-pion and pion­

nucleon interaction). Further, if after the electromagnetic interaction is taken into 

acceant once in switching on the photon, one considers only strong interactions and does 

not take into account pion-two- kaon (JrKK ) interaction (which cannot be stronger than 

the electromagnetic one/4/), then any graph of process (1) must contain the nucleon or 

nucleon-hyperon loop (Fig.l). Thus, process (1) is essentially associated with baryons 

_in intermediate states and must disappear if baryon masses tend to infinity. 

It will be shown below that these results of the perturbation theory also follow from 

the theory of dispersion relations. 

Process (1) has been treated in / 5/ by means of double dispersion relations, where 
a homogeneous equation has been obtained for it,and its solution has been found in the ap-

proximation of sharp pion resonance.This solution depends on the indefinite constant and 

has a resonance character when the width of the pion resonance(with its finite height) is .. 
zero. From the physical standpoint it is clear that if the pion scattering amplitude is 

everywhere zero except one point where it is finite, then process of scattering must dis­

play nowhere. 
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In the foregoing we shall start from the usual (one-dimensional) dispersion relation 

in the observable region, assuming that it is valid without subtractions. In §J a· physi­

cal consideration is given from which it follows that wh1le for soattering.the dispersion 

relations with one subtraction are valid (like in(2)), for the photoproduction, due to 

gauge invariance, dispersion relations are valid without subtractions. In order to obtain 

from the dispersion relation an inhomogeneous equation having a nonsero solution it is 

necessar7 to take into account fe~ singularities, first of all, the singularit7 corres­

ponding to the nucleon-antinuoleon pair in the intermed~te state in the un1tarit7 con­

dition* • 

For'the equation obtained from the dispersion relation a solution has been found in 

§4 in the explicit form. 

This solution is unique if the pion phase-shift is vanishing at the infinitT· If the 

phase-shift tends to ~ , then the solution is not unique. However, one of the solutions 

at the infinit7 tends to an inhomogeneous term most quioklf. This solution has such a 

propert7 that all the contribution from the pion scattering disappears from it if the 

width of the pion resonance (at the finite height)is tends to eero. It is this solution 

which choose as a physical one. 
"' 

The graphs of solutions have been constructed for two pion resonaDOe models different 

by the behaviour of the phase-shift at the infinit7. f'-

2. Kinematics 

Let lc and e1 be the momentum and polarization vector of, the photon, t« and A,J, fJ,( 

be the momenta and charge numbers of the initial and final pions respeotivelT• The mat­

rix element of process (1) is of the forwi'/ 

Qf:/1 /S(!f-q'). ""(Z'It}'tl'(k+l,-1~ -It) $r.,"f ~~ .. "~f & ¥(S. 'j t) ( 2) 
'l(f; 1.. ~ r .,1' . ' 

where ~ are completelT antis7mmetrioal tensors, whereas $ is the oompletelT sTmmet-

rical function of the invariants 

.J .. r£. + aJl , i - r;., -6Jl , t ~ 11,- 1~l 
(j) 

.J•l+-.f. 3~~-

*Analogous for singularities (for ~ksoattering with a charge exchange) were taken 
into account in the paper of Anselm and Shekhter which were reported at the Conference 
on Dispersion Relations held at Dubna (Ma7r 1960). 
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In the center-of-mass system 

(4) 

L 2 
S = (K -1- Cd~:.) = ~4)8-

J = 1ct''-2k~ -J.k/CDSO (5) 

-6 .... }'t.t -.ZKQI + J.K,..~IJ ~ 

where/"' is the pion mass, K-=/K/, j=fa, GJ~:.=(K:l.+f4.t.)12., U)5@:.(Kf)/IC6-, - / F(s, etl6i)- z.. {.,_,#-/ (S) f,,., (t~~~B) . (6) 
l•o 

It follows from the unitarity condition that at low energies 

(7) 

where S,
4
is the pion-pion scattering phase-shift corresponding to the state with an angu-

1~ momentum ~ and isotopic spin I. The differential cross section is equal to 

(8) 

J. Dispersion Relation 

Postalate now the behaviour of F at fixed t and j~oo. It follows from (8) 
that at fixed t and .S....,.. oo 

(9) 

If this equality had related to .. •lastic process, then it would have followed from it 

that at fixed t aDd j-+ooo 7F behaves as the total cross section for this process. 

There are theoretical considerations (Gribov), that the total cross secti9n must decreasE 

as 1kf:; at t~e infinity. Therefore, JM 'I" in (9) must have decreased in the same manner 

for elastic process. We assume that this holds also for the process under consideration. 

If we assume in general that the forward differential cross sections for the photo­

productioJt·and pion scattering at the ·infinify have equal d,egree of increasing, then the 
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invariant ampli~des for the photoproduction processes must decrease quicker than for 

scattering, since there must be an energy factor between the invariant amplitude and the 

matrix element of the photoproduction which is absent in the case of scattering. At the 

same time, if for scattering the dispersion relations· are valid with one subtraction, 

then for photop1oduction they are valid without any subtractions. Thus, we assume that 

one-dimensional dispersion relations strictly proved in 161 for the process we are consi­

dering are valid without subtractions: 

§rs, i) ... Jr. Joo J'"' fF(-s: t) d 1 / + ( $ ___.. ~) 
1'-5-ti 

(10) 

"r~ 

If in this relation we confine ourselves to the consideration of the nearest singula­

rities, i.e., we take into account only the two-pion intermediate state in the unitarity 

condition, then for the photoproductlon amplitude we obtain a homogeneous equation which 

must have a zero solution (the requirement of uniqueness is formulated below, 4). Thus, 

the process under consideration depends essentially upon the ~ar singularities. 

The following singularities correspond to 4,6 etc pions in the intermediate 

states and their account introduces the photoproduction amplitudes of many pions into 

(10) • At the present time we cannot write the system of equations for these amplitudes~ 

However, it is clear that since all these amplitudes have no "polar" singularities, such 

a system must be homogeneous·, and its solution must be a zero one. 

The following singularity corresponds to the koan-antikoan pair (KK ). If non­

strong interactions are not taken into account, then the amplitude for the process l1f'""/(l( 

has also no polar singularity. It is not difficult to write a dispersion relation for it 

(without subtractions, like (10)), which has a zero solution, if the amplitude for pion 

photoproduction is equal to zerG. 

The nearest singularity which introduces inhomogenuity into (10) corr~sponds to the 

nucleon-antinucleon pair in the intermediate state since the dispersion relations for the 

amplitude of the process '(fl''""J(ji have an inhomogeneous pola;.- term. 

After the inhomogenuity is introduced into the equations under consideration, the pho­

toproduction amplitudes for 4 etc pions may be neglected in the region of low energies 

we are considering. 

Thus, in 3•f in (10) we take into account two terms 

j 
.... 

j 

t 

t 

~~-

~ 

' 
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(11) 

where (.1111 Y:Jnn is expressed in terms of the amplitudes for the processes rr~;rrp and 

.fi!r..,. .trR' C.forml,l.la 7), whereas (Jm :J}JIJ - in terms of the amplitudes for the 

processes f"-'tJ~ and rrtr....,..Af~ • 
(J~~J~ in (10) contains the region of nonobservable angles at low energies. The 

nonobservable region is absent at 

(12) 

and relation (10) in this case has the form 

+ 

(1.3) 
--

+ {:$->r I=== Irz.-~ J , 
--;. 

here I'YL-
./.~fl. 

is the nucleon mass. Obviously, in the integrals with lower limit 7-v 

one- may put ~ fJ = i and neglect .S , .5 in comparison with .1' 

4. Integral Equation and its Solution 

At low energies in the observable region in expansion (6) it is sufficient to take 

into account the lowest partial waves, by neglecting F wave and the·waves having 

higher angular momenta 

(14) 

where f is the amplitude of the P wave-. By denoting ~"" '/~£., we obtain from (1.3) 

00 

(15) 

· Here 
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-1\ = ;. I ( ,,., F(f: J.))o~~.i" c/1 / 

tML .S' 

ft~J = /olf.>J/ ei1J(r1l 
I 

8-:::.~f 
( 

Equation (15) is crossing-symmetrical (in the substitution v ~ -~- 9J'g 

exact solution may be written for it (see/7/,/81). 
l)Let for ~ ~ oo 

• 
8-(~} ~ 0 (8'(~)----)> c v-ot.. , « >o J 

Let us denote -,_.!..jR-;(J(-1-+ f )rlv !J(~,-~~ ,) tJ-~ .J+J::.-+!1/8 
0 

(16) 

(17) 

) and an 

(18) 

(19) 

This crossing-symmetrical function is holomorph over all the plane with the cut from -oo 

up to - 9/8 and from 0 up to 00 • Its limiting values on the cut from upper ( +) and 

lower (-) half-planes are equal to 

4 ± (J} = J(~} :t iS"(~) ;J (20) 

where 
00 

f(v) = Jr. p J 3-(.x} c&- of u
1
.l .J. 9/o) d.x • 

0 

(21) 

When ~~co 

A{~)~ 0 (22) 

Consider the function -err~):; ;, Je1(t)$1',z,o(~J(~~iE. + -·~~ ~al .. )J.v (23) 

D 

It has the same symmetry, the same region of analyticity and the same cuts as ~(~) 

and its jump on the cut is equal to 

"f +- 1'- = 2ie1s,'rr.8' = (e 4 )+- (e 4 }-
(24) 

-{;,-

rherefore, the function 'ft~) must coincide with eAIV with an accuracy up to a polynomial. 

:j 

l 

l 
• 

..... 
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It follows from (23), (25) and (20) that 

fM + ili'(~J 
tr~J- A e 

9 

(25) 

(26) 

is the solution of equation (15). This solution is unique, as the general solution of the 

P e j'+iE" p corresponding homogeneous equation has the form , where is a poly-

nomial (c~ossing symmetrical); at the infinity it must tend too, i.e. f> =0 

2) Let now for ..J ..-. oo 

( i'(v} ~ .11- e-v-a<. , o<. >o) (27) 

Denote -
- 1:. + 9/16 J 8'(~) (_j_ - f ) d-J 

M~)- tr , v -t- g/16 l1 -i ~+~+o/1 (28) 

This function has the same properties as funotion (19), but for i! ~ oo 

A(~) ~ C4U.;S f - 2. 1/.c, ( 1:. + .1 /it. ) 

e M~l ~ c.D£(..6 f 
/~ + !1/tt.J"-

(29) 

(JO) 

Like in the previous case, it is easy to show that 

(Jl) 

where 

(J2) 

(J3) 

is the solution· of equation (15). However, this solution is not unique, since we can 

add the general solution of a homogeneous equation which in this case is equal to 

(34) 

where C is an arbitrary constant ( C cannot be a polynomial of the first degree 

aocording to the requirement of crossing- symmetry). 
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Thus, all the solutions of equation (15) in the case under consideration are of the 

form 

.P (tl T (~} + C ef+ia 
(J5) 

All of them tend to 1\ as f;/y J. at the infinity, since for v -+ oo 

f-l''r~J = 11 (t+ ~(1- ~~) + !-+ +···) .. 
e f+;J-

= ~ (f- .L) + .fJ 0 ~ ••• 
v:t. sv -J" 

(J6) 

And only the unique solution for which 

C ol. 0 = - J\. oG (J7) 

is tending to /\ as ~t at the infi~ity. We shall consider as phTsical that solution 

of equation (15) which at the infinity is tending to an inhomogeneous term more quickly 

than an7 solution of the corresponding homogeneous equation is tending to zero. 

From (Jl), (J5)-(J7) we obtain the expression for this solution 

fc~J = .11 ~ [ (.J + !/fi6)~.- A,] e f+t'D' 
(JS) 

where A is given by formula (JJ) and 

A,"" [ v~{ ~ (~+ !l/16te1+id" -i) ]11 =oo (J9) 

At high energies the contribution of the dispersion integral to this solution is vanishine 

quickly. Therefore,among all solutions (J5) it is least of all sensitive to the behaviour 

of the phase-shiftr at the infinity. Only this solution gives a physical correct result 

in the case of zero width of the pion resonance. Indeed, at 

b'-=i~ -Ji..vft 

~ > vtt 

,(-~, I (J,. + ,;,6 t e ... 
(J._ -v)(v,. +v+ !I!J} 

) 

while in (Ja) 

{(tJ) ==A . 

{f) (v + .9/t6} z.. 

~ f-•J ... A (v-vR-) (v+v-. + *) 

(40) 

(41) 

(42) 

We give the expression for the photoproduction amplitude for two models of the pion reso-

.. 

r 

}" 

t 

- --------~ ,.,. 
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nance 

1) o -v~.v .. - e , .; > vR... + t 
~g(J+€-vL} v-.-~ <J<v(l. 

Expression (26) yields 

2) 

{U>J = 1\ e ;!t <f(v) 

(v- -JR.) 7""r vll.. + c -v {I L ~i-~R.~ 
= (v+ g -.YR.)(a7R. +-& -v) v + c -vR-

0 .J < vlt - e 
L ( ~+C-vA.) 11 

Ji"' 

v,._- i < v -< v/t. + t 

Expression (.38) yields 

f (-d) = 11 e; ~ lf(~) 

(4.3) 

(44) 

(45) 

(46) 

<f(~J = r(J._ -i}(vlt +v +f)+ ~""JI [Jf e I,.J,_ +' -v I J :~-vfl} {J-? --;-: t) 
L L j fJ-. +g-v J._ -8--v J 

These phase-shifts and solutions are shown in Fig.2 and J for the values of the reso­

nance parameters taken from ( 9): Vfl.. =1,5; I =0,4, • In both cases 

the photoproduction.amplitude has a resonance character, and its resonance is somewhat 

displaced with res.pect to the pion resonance. In the first model (4.3) the photoproduction 

resonance is considerably sharper. In the second model (45) the photoproduction amplitude 

vanishes at the energy near the pion resonance • 

.. 
The author is very grateful to G.Bialkowski, A.Urewicz, P.S.Isaev and M.I.Shirokov 

for useful discussions. 
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