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Bse.neHHe 

/I/ 
Vfccne.aosaHHe 8H8.11HTUqecK!1X CBOHCTB sepWHHHOH qaCTII H 8MITJil1TY .a pacceg-

/2 3/ 
HHH ' HYK•10Ha Ha HyKnoHe, K-Me3oHa Ha HyKnoHe H .ap. noKaaano, qTo .anH 3TH X 

npoueCCOB HeB03MO)!{H0 nonyqHTb .QMCnepCHOUHbie COOTHOWeHHH 1 HCXO.QH 11!1Wb !13 rrpMH

UliliiOB KOB8pH8HTHOCTH 1 rrpHqHUHOCTH H CITeKTp811bHOCTM, B CBH3H C TeM, qTQ pH.a 

TeOpMM B03MyJ.UeHHA OTp8)!{8eT 6onee .aeT811bHOe npe.acTaaneHHe 0 B38HMO.QeHCTBifH 

qacTMu, a rrocne.anee speMH o6pameHo 6onhwoe BHHMaHHe ua HayqeuHe aHanHTHqecKHx 

/4-12/ 
caoAcTB q,1eHoa :3Toro pH.aa. Ha :3TOM nyTH 6&rnH .aocTHrHyT&I HeKoTop&re ycnexH 

H A 6 HaM6y
141 

.. C"M8H3"-aqano HCCne.aOB8HH B 9TOM HanpaaneHHH IT0110)!{H11H pa OTbl n n n 

/5/ 
K8 • JlnSI yCT8HOBn9HHSI .QHCnepCHOHHbiX COOTHOW9HHA B 9THX pa60T8X Obin Bbi.QBHHYT 

HHTepeCHbiA MeTon MB*OPHPOBSHHSI .aHarpaMM. 3ToT M9TOJ:J noaaonHn CHM8H3HKY noKa

aaTh1 qTo HHcPOpM8UHH 1 Co.aep)K8J.U8SICSI B qneH8X pH.aa TeopMM B03MyJ.UeHHH .anH Bep

WHHHOH '18CTH H p8CC9SIHHSI HyKnOH8 Ha HYKnoHe, .QOCT8TO'IH8 .ahH nonyqeHHSI COOTBeT

CTByJOI.UHX J:lHCrrepCHOHHbiX COOTHOW9HHR , 

x) 
HacTOSIJ.UaSI pa6oTa rroCBSIJ.Uena paaBHTHJO MeTo.aa M8)!{0pHpoaaHHSI .aHarpaMM. 

B ueA paapa6oTaH cnoco6 uaxo>K.neHHSI TAK uaahrsaeMbrx npMMHTHBHhrx .aHarpaMM, Ta.,. 

KHX, 'ITO nJ068Sl .llH8I'p8MM8 M8>KOpHpyeTCSI O.QHOA H3 rrpMMHTHBHb!X .QH8I'p8MM0 C no-

MOJ.UbiO Bblp8>K9HHR KB8ll.P8TH'IHOA cPOpMbl .aHarpaMMbl qepea MaTpMUY HHUH.Q9HTHO-

CTH .aaao o6o6meHH9 TeopeMbl CHM8H3HK8. 3To noasonHno ycTaHOBHTh1 'ITO HeKOTOphre 

npHMHTHBHbie .aHarpaMMbi MA*OPHPYJOT ocTanhHhte. PaaBHTbrll. a.necb MeTo.a rrpHMeHeH 

K B9pWHHHOil '14CTH H IIpOU9CC8M paCC9SIHHSI HYKllOHOB CK811SipHbiX M930HOB. 

n PH110>K9HH9 ll011Y'I9HHblX peaynbT8TOB K TeopHH ll.MCrrepCMOHHblX COOTHOW9HHA 

6y.aeT paccMoTpeao B nocne.ayiOweA pa6oTe. 

t.facTb 1. JJP11Ml1TkfBHbJE .Ol1ACPAMMbl 

8 119pBOI '18CTK fSy!i.eT BBEi.lleHO llOHSITH9 rrpMMHTHBHbiX .QHarp8MM, npMMHTHBHb!9 

.aKarpaMMbl K4Koro-na6o npouecca a6na.aaJOT TeM csoAcTBoM, qTo mo6aSI .aHarpaMMa 

9TOI'O npouecca MA>KOpKpyeTCH O.QHOII: H3 npHMHTHBHbiX .QH8I'p8MM. 3.aecb 6y.aeT paapa-

x) /17/ 
t.faCTb pe~ynhT8TOB .aaunaA pa6aTbi ony6nHKOBaHa • 
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60TSH M9TO,D. nony'leHHSI npHMHTHBHblX ,D.H8f'p8MM 1 KOTOpbli!: 6y,aeT npOHilniOCTpHpOB8H HS 

npHMepax aepwHHHOA 'laCTH H HeKoTopbiX npoueccoa pacceSIHHSI • .LlnSJ npocTO'l'bi npe.ano

naraeTCSI, 'ITO B K8)K,D.OM y3ne ,D.H8f'p8MMbl CXO,D.SITCSI TpH H TOilhKO TpH llHHHH. 4Hcno 

npHMHTHBHblX ,D.H8f'p8MM K8)K,D.Of'O H3 paCCMOTpeHHbiX npoueCCOB KOHe'IHO. flo-B!l.llHMO

MY • aToT ¢aKT SIBJlSieTcSI o6IUHM • 

.. 
§ 1. PerynS!pH30BSHHOe npe,acTaaneHHe aneMeHTa S - MaTpHUbi 

B TeopHH B031!!YIUeHHA 

1. KaK H3BeCTH0 1 BKJia.a B MSTpHuy pacceSJHHSI oT .o.HarpaMMbi ct>e'li:HMaHa :/) 

MO)KeT 6biTb 38UHC8H B d.. - npe.D.CTSBneHHH CJl9.llYIOlllHM 06pa3 OM! 

""'" 

T-t = ;;~ ( ~ Pi ) 'J t 
L =1. 

:J~(P, ... P.)~~ r;:cl, .. 
2.-+0 () 0 

' -- (' p p ) d c4 e J 1.. . .,_, ; d.-1 .. . rie . 
( 1.1 ) 

lf.-1 

ex p [i L A a g (d.) IL li - L 
ll-, g cJ. 

1;:"--t ~y], 
J)..t 

e 

2: dvr »v~ -l 
}) .. J. 

r,ae p.. - BHeWHH'li: HMUYJlhC 1 BXO.D.SilllHA B y39Jl • 0C. 1 l\.r - 'IHCilO Y31l0B .D.HarpaMMbl, 

t - 'IHCJlO BHyTpeHHHX. JlHHHA; 4JyHKUHSI 1(pt,, ... , p,._ j o(~, ·. · 1 tf..t,) SIBJJSleTCSI UOJJHHO-

MOM no pt, pa., ... , Pn- H pauHoHan&Hol cpyaKuHel oTo(.,, ••• 1 o<.. 1 c nomocaMH 

a TO'IKax o(i, z O. MaTpHua .A._,. (o(.) nono*HTen&Ho onpe.aeneHHaSJ• ecnH ace o(~ 
6on&we HynSJ. 

Bbipa)KeiiHe ( 1.1) npe.acTasnsreT co6oA, aool5me rosopH 1 pacxo.aRwHAClt HHTerpan 

'I . 
H3-3a oco6eHHocTeA ¢yHKliHH J ( p ; o() npH oL <. =0 ( ynbTpaqmoneToDaSI KaTacTpo¢a). 

' /13/ 
Boromo60BblM H napaCIOKOM HaA.aeHO perynSJpH3088HKOe BhlpameHH~ JIHTerpana 

( 1.1) 1 paBHOe 

' 



' 
HpoBSH HS 

bl npe.ano

• tfHcno 

BH.llHMO-

bf 

( 1.1 ) 

HHTerpan 

8T8CTpocpa). 

erpana 

5 

... d o(..e • 

( 1.2) 

. IJ,.-J. e 

f ~ ( P; "-; T) e or p {iJ..:Cr1 .. . , 1:, JJ},.d "') P._FJ.- i f;"'y+4A 
. . 

r.ae 

} 

c (~~<f)- nonHHOMHSnbHO OI'pSHH'IeHHOe Bbipa:>KeHHe OTHOCHTenbHO nepeMeHHbiX p 
1 

o(,
1 

'[. 

2. <l>opMa 

( 1.3) 

r.ae 

axo.asuuasr a ( 1.1) MO)KeT 6biTb nony'leHa cneayiOIUHM o6paaoM. 
•• 

nycTb 4-HMnynbCbi K t Ha BHyTpeHHHX nHHHSIX .llHarpaMMbi ~ 
38.ll8Hbi TSKHM 

06p830M 1 'ITO B KA:>K.llOM ee y3ne BbifiOnHHeTCSI 38KOH COXpaHeHHSI HMnynbCa. 3To 03Ha-

qaeT1 'ITO HMnynbCbi K 11 yaoaneTBOpHIOT CHCTeMe YV - 1 HeoaHopO.llHbiX nHHeAH biX 

yp8BHe~tHAo .Llnsr CBH3HOA .llH8J'p8MMbi 'IHCno HeaaBHCHMbiX "'BHyTpeHHHX' .HMnynbCOB 

tt ' ... I if P8BHO 1=- e-h--tl. MMnynbCbi JC,~ HBnHIOTCSI nHHeAHbiMH 
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KOM6HH8UHSIMH "BHeWHHX"' HMIIynbCOB p H HMIIynbCOB /; • CocTaBHM cPYHKUHJO 

l f f 

K~ ("-.p.t). f.t .{, {t->m.~} ~=~if t, t1 -t ~ e, -t, +c. ( 1.4) 

t:PopMa Q'll (o<,,p) rronyqaeTCSI HS (1.4), ecnH BllltleCTO t IIOllCT8BHTb peweHHe 

CHCTeMbl nHHeitHblX ypaBHeHHA 

f 

~ ~~~ = 2.. a-,jtrgi·o, 
" d -=1 a 

EcnH MaTpHua ( ().,~. ) He oco6eHHaSI1 TO 

j , 
Q'f) (~,P )== c- 4 Cv'J. Ci gi -

L,J =1 
-1 

sneMeHTbl M8TpHUhl (a,~. ) • rae 

I 

aii-

~.:: i> ·····f. 

I a!/ B,· j 
&. c 
(J 

I a,~.; 

( 1.5) 

( 1.6) 

~ 

3 • .LlHarpaMM8 H83blB8eTCSI CBS13HOA 1 ecnH nJ06hle llBe ee TO'IKH MO>KHO coeilHHHTb 

HerrpepbiBHbiM rryTeM, rrpoxOllSilllHM no ee nHHHHM H ysnaM. B npoTHBHOM cnyqae aHarpaM-

Ma H83biB8eTCSI HeCBSI8HOAo nycTb HeCBSI3H8SI llH8rpaMM8 ~ COCT8BneH8 H3 p 
CBHSHbiX aHarpaMM ~1 , ... , ~~ HHSWHX npoueccos. Toraa 

r~ = rl>, . ~~ ... r '%1, . ( •. 7) 

CnellOB8TenbH0
0 

HSy'leHHe HeCBH3HhiX llHarp8MM TpHBH&nbHbiM o6pa30M CBOllHTCH K 

HSy'leHHIO CBS13HbiX llH8rp8MM. 

4. CsSisHaSI aHarpaMMa HaShiBaeTCSI cna6o CBSISHoA:, ecnH cywecTsyeT TaKaH 

BHyTpeHHHSI nHHHH
1 

nocne pa3phiB8 KOTOpOA: llH8rp8MMB pacnaaaeTCH H8 llBe 'I&CTHo 

8 npoTHBHOM cnyqae CBSI3H8SI llHarpaMM6 H83hiBaeTCSI CHnbHO CBH3HOA. 

no" onpeaeneHHIO, B cna6o CBS13HOit llHarpaMMe ~ HMeeTCSI BHyTpeHHSIH 

nHHHSI L , nocne pasphiBa Ko-ropoA aHarpaMMa pacnaaaeTCSI Ha ase 'I&CTH ~! H -;:o~. 
ViMnynbC K t. • C<OOTBeTCTByJOLUHA sToA nHHHH, uaHosHa'IHO onpeaenSieTCSI sHeWHHMH 

HMrrynbCaMH. ViHTerpan T1;1 TaKoA aHarpaMMhi paseH 

t 



t 

<iJyHKUHIO 

( 1.4) 

peweHHe 

( 1.5) 

( 1.6) 

C09llHHHTb 

(I. 7) 

TCH X 

8K8H 

'i8CTHo 

HHHll 

7 

( 1.8) . 

rne P ( /Ct;,)- H3BeCTH&IA non&HOM OTHOCHTen&uo K t, • TaxHM o6paaoM, n&HH.H L 
naeT oco6euuocT& Tnna nomoca. OcTan&H&Ie oco6eHHOCTH · llHarpaMM&I "X> onpeaen.HIOT

cs oco6aHHOCTHMH auarpaMM ~t H ~~. CneaoaaTen&Ho, an.sr. Haxo:>KlleHHH oco6eHuo

CTal THD8 B9T8119HHH llOCT.TO'IHO p8CCM8TpHB8Th CH11hHO CIUI3H&Ia llH8rp8MM&I ll8HHoro 

npouecca, 8 T8K:>Ke CH11hHO CB.SI3Hbl9 llHarpaMM&I COOTB9TCTBYIOlllRX HH3lllHX npouec-

COB0 

5. PewHM cneayiOlllyiO 38ll8'1y. nycT& B llH8rp8MMe 't HMeiOTCH llBe T8KRa 

nHHHH L t H La, 1 'ITO llHarpaMMa He pacnaaaeTcH ua aee '18CTR nocne paap&Iea ni0-

6oa OllHOA R3 STHX nHHHI H pacnaaaeTCH Ha ll89 '18CTH nocne p83pb188 llBYX STHX 

nHHRI (pHc. 1). Tpe6yaTCR HaiTH Qf) (rlv1 P} npH ycnoBHH, 'ITO ace o(, , aa 

HCJUIIO'ieHHaM o(,1 H ~t, cooTaeTcTayiOWHX nHHHHM L 1 H Lot, paBH&I uyn10. 

Pac. 1. 

I B STOM cnyqae I Hano>Keuo ycnoBH':! 

H4 HMDyllhC&I H K~, cooTaeTCTByiOWHe nHHHHM D1. H i.J~, 
1 

~ 

B ll11Arp4MM8 ~ 
0 1/0 

nycTb K 1 • "l • 

( 1.9) 

CyWaCTB,eT 38MKHyT&IA KOHTyp, DpOXOll.HlUHI 'lepea 11HHHH ~t H "1.• 
••• , K ( - coaoxynHoCT& 'aHyTpeHHHX' HMnyn&eoB llHarpaMM&I 'X) , 
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y.a.o8neT80plinowast aaxoay coxpAHeHHst aMnyn~:>ea 8 xa~.a.oM ee yane. Dpa sToM l(i a K~ 
y.a.o8neT80pstiOT ypaaaeHHIO ( 1.9). OpaesTapyeM yKaaallabiA KOHTYP a K xa:>K.a.oMy aM

nynbCY 
1 

COOT88TCT8YIOWeMy nHHBB H3 9TOrO KOHTypa, .a.o6A8HM DpOH380nbHbiA HMnynbC 

e . OcTanbHble aMnynbCbl .a.aarpaMMbl ocTa8HM 6ea aaMeHeHHst. Dpa aTOM aaKoH 

coxpaaeHHst aMnyn~:>ea ae aapywaeTCst HH a o.a.soM aa yanoa .a.aarpaMMblo TaltHM o6pa-

30M t stBnsteTCSI He3a&HCHMbiM HMDynbCOMo 

<Popwa J<"Q paaBa 

K., (tk, p; f)= W1 ( K; .:.,_~) + -..: ( K:- "":) = 

2. 

- ( .... + &,~) /;. ~+ .t t ( J,i ~e; + "'~ If):)+ '[, J-1 
L"1 

( 
oJ. :It) 

ICL. - m,,; 

J.1a ycnoeast 

i d JC,tl 

~·at 
= ( o<,1 + ~1.) t + J,1 IC: + c,{,.t IC: = 0 

cne.a.yeT 
D o 

t = _ J.,J. k!.1 -t- rk,_ IC .t. 

"'-L T ~"' 

Do.D.CTABRB ( 1.12) 8 ( 1.10) 1 nony'IHM 

) , d., o(. .(, ~ 
(pi+ ... ..,. p"'t 1 h - ~1 m-1-o(,l. ""~ 

Q11 ( J.,, p) = ~J. + J,,_ 

(1.10) 

(1.11) 

,:;:;...-

( 1.12) 

( 1.13) 

6. EcJJH awnynbCbl TAK08bl
1 

qTo ax cxanstp&ble npoaa8e.a.e&Hiil aewecT8&BRbl a 

a MeeT wecTO aepaae&cTBO 11~1 t. t 

Q'l> ( J-, P) = 2: ll.c (.L) P ... P,- L d., Ht. <-I.. L "f, 
a.,t=i ;=1. l'~ei (1.14) 

l 

1 

I 

.. 



10 0 

'i H K~ 
IY HM-

nynbC 

tOH 

o6pa-

( 1.10) 

(1.11) 

(1.12) 

(1.13) 

H 

' (1.14) 

9 

TO ( 1.~2) MO:»<HO IIpHB8CTH K BHJly: 

1 1 
'lft) 

p~ )~ J J J~ ~ ( ~ clcr ... ci~ i 
0 0 

... Jj3e " 

(1.15) 

. ~-r e 

, ~ F, ( ~- i~) ex p [}~ (r) ~ }•t (r;} P.A- ~/'' ~>r-~ J. 
I 

COBOKYIIHOCTH BH8lllHHX HMIIY11hCOB C seme-

cTseHHbiMH cKanRpHbiMH rrpoHaBeAeHH~MH, oJipeJJ.eneHHYlO ycnosHeM ( 1.14). CyMMY 

o6nacTelil: U (}"'- ( 'JJ) gQQ~JHl'lKM G {%:J). YlHTerpan ( 1.15) He HMeeT oco6eHHoc-

~o ·· - G(~l 
Teil:, 8C11H COBOKYfiHOCTb 8fl8UIHHX HMIIYJll:>COB llpHHHM88T 3H8'leHHR H3 o6naCTH ~ • 

7 • .LlnR AHarpaMMb~ 1J 1 p&CCMoTp~tmoll 8 5, B o6nacTH G (tV BbiiiOJIHReTCil: 

ftepaBeHCTJ30 

( 1.16) 

.llelil:cTBHTenhHO, !3 p6,Jl&P'fll G ( 'iQ) npH mo6hiX HeoTpHI!aTenhHbiX aHa'ieHHRX ~ 
T8KHX

1 
'i'fQ L: ·v~r ) 0 cpopMa. Q~ < 0 o il.Q9TOMY B 9TOA: 06118CTH Jl011:1KHO 6biTb 

MeHbllle Hym1 H Bbipa~H~e ( 1,13), .Umr Toro, 'IT06bi Bbipa:»<eHHe ( 1-.13) 6hlliO MeHbllie 

Hynll: npu BC8JIC H801'PH&8'1'81lbHhiX d,j H o(,l, 1 Heo6XOJlHMO BhiiiOJlHeHHe HepaBeHCTB8 

( 1, 16). 
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§ 2. M_a)KoprrpOB8HHe .nHarpaMM <PeitHMaHa 

8. ilnSI yCT8HOBneHHSI .llHCilepCHOHHb!X COOTHOW8HHH .llnSI 8MllnHTY.llhl paCC8SIHHSI 

Hy)KHC 3HaTb o6naCTb G- ( ~) • a TOnbKO nepeceqeHHe o6nacTeit G It= n. G ( ~) 
.llHarpaMM 0 o6paayiOIUHX HeKOTOpoe MH0)!(8CTBO 

~ ~~~ 
• 3TO o6CTOSITenbCTBO CBSI38HO C 

T8M
1 

qTO ITO TeO pHil B03MYIU8HHH a Mil nwry .ll8 ni060f'O rrpouecca rrpe.ncTaBnSI8TCSI cyM-

MOil: HHTerpanOB
1 

COOTB8TCTByiOIUHX BC8B03MO)!(Hb!M .llH8rpaMM8M 9TOrO npouecca. _,,.. 

BH.n .llHBrpaMM, BXO.llSIIUHX B 9TY cyMMY 1 aaBHCHT •. OT THil8 B3aHMO.ll8HCTBHSio 

HeKoTopoe MHO)KeCTBO CBS13HhiX .nHarpaMM orrpe.neneHHoro npouecca. rlycTb R, 
EcnH oTHOCHTenbHO .nayx .nHarpaMM 1J E ~ · H ~ 1 ~ f<v H3~ecTHo, qTo G ('t:Jjc G {7J) 
TO npH OTbiCK8HHH rrepeceqeHHSI o6nacTeA G- ~ -: n G ( :"0) H3 .nayx .llH8f'p8MM , 

~ 
' ~&R.. .d.. 

H 1:) .llOCT8TOqHo yqHTbiBaTb TOnbKO .llHarpaMMY 1.) •. B aToM cnyqae Mbi 6y.neM 

rOBOpHTb
0 
q~o .llH8rp8MMa i) M8)!(0pHpyeT .llHarpaMMY 

Ma)KopHpyeTcR .nHarpaMMol!: ~ 1 

~I 
HnH qTo .llH8rpaMM8 

l-1a ( 1,14) cne.nyeT, qTo ecnH 

fl~ (c~v,p) 1/'ll' (.<,: p) (2..0) 
ma~ ? f'YVOX 

·c~) ' dv M"' (oG) !>(,' M~, -~ 

TO G l~) c 
.:tJf • ~ 

G (~') 
1 T.e • .llHarpBMMa ~ M(l)!(OpHpyeT .llHBrpaMMy 

9, PaccMoTpHM cHnbHO ca:SaHbre .nHarpaMMbi c (..,::: ,:{. J · aHeWHHMH HyKnOHHbiMH 

H lrn BH8WHHMH 1( • -M830HHbiMH nHHHSIMH 0 B K8)K.ll0M yane KOTOpb!X CXO.llSITCSI TpH 

H TOnbKO TpH nHHHH: qeTHOe qHcno (2 HnH O) 6apHoHHbiX H He-.:ieTHoe qHcno ( 1 HnH 3) 

MeaoHHbix nHHHl!:. MHo)KeCTBo scex ~aKHx .nHarpaMM o6oaHaqHM. Jl., 

B K8)K.llOl!: .nHarpaMMe ~ € :J(, HMeeTc&. j\_- HeaaMKHYTbiX noMaHbiX 

( rronHrOHOB), o6paaoaaHHbiX nHHHSIMH 1 HecyiUHMH 6apH~HHbiH aapH.n. TaK KBK :!/ -MeaoH-

H8SI ]'v!8CCa H8HM8Hblll8SI B -;lJ a HyKnOHHaSI M8CCa H8HM8HbWaSI Cpe.llH M8CC 6apHo-

HOB, TO rrpH 38M8H8 BC8X miHHH VKa38HHb!X nonHf'OHOB HyKnOHHb!MH 1 8 OC:T8nbHb!X nHHHA 

.lllf8f'paMMbl 
_:J/ -Me30HHb!MH 0 M~ yMeHbwaeTcSI, a cne.nosaTenbHO, Q'7.) ysemrqH-

B88TCSI, 

t 
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<11* TaKHM o6paaoM, rrony'IeHHaSI B peaynbTaTe aaMeHbi Mace rw arpaM Ma 1,1 l'vta;-;,o-

pi!:pyeT HCXO.llHYIO .llHarpaMMY ";{) • Oo3TOMy G :Jt "" (; :l0 * 
1 

rae J(, ~~c - IIO.llMHO:the-

CTBo .llHar.paMM n *c JJ.., , B KOTOpb!X HMeeTCSI ·J_ 
:J/ 

HYKJIOHHbiX IIOJIHPOHOB
0 

a Bee 

OCTaJibHbie JIHHHH Me30HHbie. 

10. B aanbHeA:weM Mbi He 6y a eM paccMaTpHBaTb o6uuHi cny'Iaii: sewecrseHHhrx 

CKaJISipHblX IIpOH3Be.lleHHA: BHeWHHX HMrrynbCOB p 0.,. 1 a orpaHH'IHMCSI 'IaCTHhiM cnyqa
x) 

eM 1 KOP.lla 

( 2.1 ) 

rrpH ni05biX aewecraeHHbiX 

p 
A a-. n pocTpaHCTBO acex BeKTOpOB BH.lla 

o503Ha'iHM 

/9/ 
0 8. cnyqae ( 2.1 ) H3 (-I .4) 

1 
( 1.5) H ( 2.1 ) 

HerrocpeacraeHHo cneay-
eT 

neMMa 1. <PopMa Q ':Q pasHa HaHMeHbWeMy 3Ha'IeHHIO cpopMbl K :0 
rrpH ycno-

a HH 1 'iTO BeKTOphi K y 
y .llOBJ19TBOpSI!OT 3aKOHy COXpaH9HHSI HMIIYJibCa B KaX<.llOM yane 

p llHarpaMMhl H iipHHHM810T 3Ha'ieHHSI H3 

0TM8THM 1 'ITO 1!3 STOA: JI9MMhl Henocpe.llCTBeHHO cneayeT YTBepX<.lleHHe OCHOBHOH 
17/ 

TeopeMhi pa6oTbi • 

11. PaccMoTpHM anst npHMepa cnenyiOWHe aHarpaMMbi (eM. pHc. 2). 

I 3 I 2 L 
... 

PHc. 2. 

x) /4 b 7-11/ ) 
B pa6oTax ' 

1 
aeKTOpbl, y aoaneTaopSIIOI.UHe ycnoaHIO ( 2.1 • H83hiBaroT-

CR 3BKJIHtl0BblMH, 3aMSTHM 1 'ITO STO onpeaeneHHe 9BKJIHLIOBOCTH COBII8.ll8eT C o6tue-

11pHHSIThlM1 9CJIH JIHWb HyneaoA: B9KTOp HMeeT .llJIHHy HyJib. npocTpaHCTBO BeKTOpoB, 

yaoaneraopRIOUllfX JIHWb ycnoaHIO (2.1)
1 

o5hi'IHO HaabiBaeTcR rronyaBKJIHLIOBhiM, 

l 

f 

I 
! 
! 
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06o3HalJHM P,; BHeWHHi!: HMIIynbC
1 

BbiXOllRWHi!: H3 y3na L I (cyMMa BCeX 

BHeWHHX HMIIynbCOB pasHa Hymo ). nono:>KHM HMIIynbCbi Ha BHyTpeHHHX nHHHRX 1 IIOLlXO-

J.. 
LlRWHX K y3ny L 1 paBHbiMH - p. • Torna Z, L 

4 J<~1 = ( dvt + ~1) ( f"'- 4 m')+ ( ~JJ+ ~~) ( !{':_ 't m~)+ (~-t~:J ( ~: 'f mY(2.2al 

'" 

anR rrepaoA nn:arpaMMbi H 

4~J.~ (~t-~-~~)(qJJ_4m~t(o<t.t-t-c;(~){fl-:_ 4H}~)+ 

+ ( cfv
3 
+ Jv:) ( P3~- 'f m t)+ ( Jvy t J.~) { P,/'-lf n/) + 

+ ( J.5 + J.~ ) [{ P, + P,.)':. 4 mj 
anR BTOpOA nn:arpaMMbio 

EcnH 

~ 

p < 4 
L 

.t, 

m, & =- i ~ 3 
I r ' 

(2.26) 

~~ 

( 2.3a) 

TO Bb!pa:>KeHHe (2.2a) MeHbWe HynR 1 a 1 cnenoaaTenbH0 1 Ha OCHOB8HHH naMMbi H COOT

BeTCTBYlOWee Q '1Jf MeHbWe HynR. 

AHanorHlJH0 1 ecnn: 

R~< Lf m\ 
i = 1.,,.,3, If 

( P
1 

t P~) .t< 4~m .t-, (2.36) 

TO Bbipa:>KeHHe (2.26) MeHbWe HynR 1 8 1 cneLlOBaTenbR0 1 Hll QCHOB8HHH neMMbi H 

COOTBeTCTBYlOWee Q-1)2. MeHbWe HynR. B 7 6binO LlOK838H0 1 lJTO !3 Qf5naCTll G- ( 'tJ 1.) 
BbiiiOnHRlOTCR ycnOBHSI ( 2.3a) 

1 
a B 06naCTH & ( :e1) BbiiiOnHglOTCSI ycnoBHSI ( ~.36) o 

TaKHM o6pa30M npn: ycnoan:n: ( 2.1) o6naCTb G ( 1J t} orrpenenHaTCst HepaaeHCTBaMn: 

(2.3a), a o6nacTb G (~.t)orrpenenSJeTCSI HepaaeHCTBBMH (2.36). 

• 
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12, 3Ta JJeMMa II03BOJISieT L{OK838Tb CJle.QyiOlllHe L{Be Tte0p81\!bl
1 

HrpaJOLilV!P <)l'-

HOBHYIO pOJJb IIpH M8.lKOp8UHH L{H8rpaMM, 

Lho6bi ccjJopMynuposaTb rrepsy10 TeopeMy, orrpe.aennM IIOHSITHe rro.a.aHarpaMc.lbi. 

EcnH s pe3yJJhTaTe y.aaneHHSI H3 LtHarpaMMb! 'lJ t Pv HeKoTop~oJx BHyTpPHHHX .1HHJH1 

X ) }) It flv Cf"' I 
11 BHyTpeHHHX Y3JJOB rronyq~eTCSI LtlfarpaMMa , To LtHarpaMMy c<J 6y.aeM 

ll83b1BaTb 
rro.a.rmarpaMMoa LtlfarpaMMhi 

( OTHOClfTeJJbHO Pv ). 3To OIJpC'.QE:·:JelJJW 

Ecn!f s HeKoTopoM y3ne 

lll!lf BC8X ecv LtlfarpaMMb! CXOL{5!TC5! 

lllfHlfM cne.ayeT y .QaJJSITb If C8M y3eJJ Cv 
• Y3en 

lllfHHM, TO llpH y.Qa;Ie

(1_- M01KeT 6JoiTL 
y naneH If B TOM CJJyqae, KOrDa y L{aJJSI8TCSI 

llliHHM 1 a OCT8BllllfeC5! L{Be JJH-

Hlflf lfM('JOT 0LllfH8KOBbJe M8CCb!; IIplf y L{8JieHlflf Y3JJa 3TH L{Be lllfHI!H 06be.QlfHSIIOTC5! B 

He y .aanSieTcH. 

13. n PlfBeLleM rrpHMepb! IJOL{L{ff&rpaMMbl, PacCMOTpHM MHO)KeCTBO LtHarpaMM 

,, ~* 
a) BLI6epeM s LtlfarpaMMe ';{) t lHIKHe-Hu6y.ab nse JIHHHlf c.); 

(eM, pMc, 3a). col 

a e 

c d 
~--------------------~ d c. 

a ) ;/ 

Puc, 3. 
6 ) 

H a 3Tlfx lllfHJHix .ao6¥HM y3.flhi e J.l 
H COeL{HHHM 3Tlf Y3.11bl Me30HHOH 

JJHHHeii (eM. pHc, 36 ), B peaynhTaTe rronyqHM HoByiO LtlfarpaMMy CJ;; E X,.. 
q\ f 

HaSI Dl!arpaMMa AJ 
• i 1cxon-

5!BJI5!eTc5! no.a.aHarpaMMoii .auarpaMMbi 

x) 

Y 3en H83hiBaeTcSI BH8I11HlfM 1 ecJ!H li3 Hero BbiXOLtlfT BHewHSI5! mrHJr SJ. B rrpo
TlfBHOM CJiyqae OH H83l,IBaeTCH P·H,YTpeHHHM, 
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6) T!ycT.., B .nHarpaMMe i) f JZ, -f; Me)K.ny y3naMH a- H 
g HMeeTCst C06CTBeH-

Ho-aHepreTHqecKast qacTb - HYKJIOHHast HnH Me3oHHast (pHc, 4), B CHny T~ro, qTo s 

K8)1{,00M y311e ,OHarpaMMbl ~ CXO.OKTCst qeTHOe qHcnolO KIDI: 2)HyKJIOHHblX JIHHKA(coxpa

HeHHe HYKJIOHHoro 38pst.na), S HYKJIOHHOH C06CTBeHHO-aHepreTHqecKOH qacTH Cy!lleCTayeT 

Henpepb!BHbiit nyTb ~ , coe.nHHSUOlllHA Y311bl a H c H npoxo.nstlllHH TOJlhKO no 

HYKJIOHHbiM JIHHHstM, B Me30HHOH co6cTaeHHo-aHepreTHqecKoA qacTH cyLUecTByeT Henpe

pbiBHbiA nyTb ~ 1 coe,nHHSIIOlliHA Y311bl cY H g. , H npOXO.OSilliHA TOJlbKO no Me3oH-

HbiM JIHHHSIM, Y.nanHM ace nHHHH co6cTBeHHo-aHepreTHqecKoA qacTH, no KOTOpbiM He 

npoxo.nHT nyTb oJ; , H see ee Y311hi 3a HcKnroqeHHeM Y3JIOB Cir H e , npH 

9TOM nyTb aJ, npespau.raeTcSI B o.nHy JIHHHIO ~ - HYKJIOHHYIO HJIH Me30HHyro, S 

38BHCHMOCTH OT THna co6cTSeHHO-aHepreTHqecKOH qacTH, 

a JJ 

... -

PHc, 4. 

11 HarpaMMa Cf:J 
1 

, nonyqaromaSicst H3 .nHarpaMMbi ~ npH 3aMeHe co6cTaeHHo-aHepreTK-

qecKOH qacTH COOTSeTCTSYIOUlei!: JIHHHeA, CHJlbHO CSst3Ha H SlBJISieTcst no,n.nHarpaMMOi!: 

.nHarpaMMhi ~ 

B) BcstKYIO cBSI3HYIO ,nHarpaMMY 1 COCT8BJieHHYIO TOJibKO H3 Me3oHHbiX JIHHHi!: H 

yanoa , 6y.neM q83biBaTb aaea.noi!:, a ee BHemHHe JIHHHH - nyqaMH, 

nyCTh B .nHarpaMMe ~ € J<., '* HMeeTcSI HeKOTOpast 3Sea,na 

lU8Sicst BCeMH CBOHMH nyqaMH Ha K8KOA-HH6y,nb llOJIHrOH S TOqKaX s J. 
Sl(-i 0 sl( 0 npHqeM ToqKH J2. 1 ••• t 5 ~-i ne)KST Me)l{,ny ToqK8MH S i 

~ 1 onHparo-

SJ, • ••• • 
H SIC.. 

BsH.ny cBH3HOcTH a 3aea.ne 't cymecTayeT HenpephiBHbii!: nyTb L , coe.nHHstiO

IUHA TOqKH 5 i H s 1C., Y .QaJIHM see JIHHHH 3Be3,nbi 0 38 HCKJIIOqeHHeM Tex, no KOTOpblM 

L 5~ 1 ••• 1 s ~-L , npH 3TOM 

nyTb L npesparuaeTCH a Me30HHYIO JIHHHIO, coe,nHHstromyro ToqKH 51 H S I( , H Mbl 

nonyqaeM HOBYIO .nHarpaMMY :/;)IE '}{>'I • nHarpaMMa ~ 
1 

SlBJisteTCSI no.n.nHarpaMMOi!: 

.nHarpaMMbi :t 

H ace ee y3Jibi, a T8K)I{e y3Jibi npOXO!lHT nyTb 

' 
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4\ 'L) 71 
npHM9HHB K KB:>KLlOA TBKOit 3B93Ll9 LlHBI"'paii!!Mbi N f J1, 0IIHC8HHhlit Bh!We 

npouecc aaMeHbi 3B93Llhi Meaouuoa nHHHeA, Mhl n9ny'!HM aoay10 IIOLlLlHarpaM!I.fY LlHilrpaM

Mbi 'tJ o 

r) PaccMoTpHM LlHarpaMMy 

B KOTOpoA IIHHHH ),1 t A,t I ... , )_ ol,Y+i H e.1 t e,' ... ' e V+i 

M930HHbie. YLlBJIHB JIHHHH .A_J, J A y J • •• I .A. A,J) BM9CTe CO CTSII"'HB89MbiMH HMH 

Y3JIBMH, Mbl IIOJiy'IHM II0LlllH81"'p8MMY (eM. pHc.6). 

l 

PHc. 6. 

n) PacCMOTpHM 

P~~:c. 7. 
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•'~ v I A.2,V-t-i 11 ei . e2., •...• e V+J.. M930HHbi9. 
B KOTOpOii J111HHI1 ,.\.,i t )..~ • 
Y nanHB JJHHHH A 2- , A., , ,... 1 

). ~v BMecTe co CTSirnBaeMbiMH HMH y3naMn, Mbi 

nony'!HM nonnnarpaMMY (eM. p nc :!3 ) 

L 

1\ 
.. 

Pnc. 8. 

14. TeopeMa 1~ 

BcSIKaSI nnarpaMMa Ma)KopnpyeTCSI Jii06oi!: cBoei!: nonnHarpaMMoi!:. 

,[loK838T9JlbcTBO, 

nycTb ueCKOJlbKO JlHHHi!: L 'l-& 

o6bennHSIIOTCSI B onHY nHHHIO L ; · 
=l, ••• 1 _1 + )ll,'t- • nycTb J\.-y -

S = 1, ••• 
1 

1 + Ylr,_ , 11-z_ ~ 0 nnarpaMMbi 

no,n,nHarpaMMbl, ripH 3TOM fn,'I.-S =. fn z. 1 ~~== 
H~nynbCbl H8 BHyTpeHHHX JlHHHHX nonnnarpaMMbl 1 

ynoBneTBOpS!IOIJ..J;He 38KOHY coxpaHeHHSI B K8)!(Ll"OM ee y3ne. EcnH Ha KBrKnoii BHyTpeH

HeH JIHHHH ,nl!arpaMMbi, nonne)Ka_mei!:· ynaneHHIO, nono~<HTb J1MnynbC paBHbiM HyniO, a 

Ha Ka*noi!: nHHHH L'f.S HMnynbC ~tf.S nonO)KifTb paBRbiM HMnynbCy l;;'lr , cooT

BeTCTBYIOllleMy nHHHH L"" , TO 3aKoH coxpaHeHJHJ lfMnynbCa 6yAeT BbrnonHSJTbCH H 

B KamnoM y3ne nnarpaMMbi, · 

06o3Ha'IHM ,Jv'l.S ¢ei!:HM8HOBCKHi!: napaMeTp mum» L 't 5 , 1\ napaMeTp!>I y,nanS~e-
Mb!X JlHHHi!: ;~v . Tor.na 

K ; - L f m-J. . L v\,. ( ~:- m~), (2.4) 

~ )I )l + .,_ 
}I "1-

rne l t h-.,. 

r1 c=: 
7. 2: J.v'J..S 

s~L 

t. 



• 

1 Mbl 

Mbl 

5 ::: 
arpaMMht, 

aymo, a 

(2.4) 

II 

rlocKOllhKY 

K~r = L dv~ ( K:- m~ ), ( 2.S) 
"t 

TO K:t~ f. 1<-::J' 1 a, cne.aoaaTenhHO • B CHny neMMbi
1

u Q~ ~ Qljt• TaKHM •>fira::_,,y,~, 
G ( ';0 ) 2 & ( 1:J J H TeopeMa .aoKa3aHa. 

15. TeopeMa 2. 

nycTh .aHarpaMM8 'X) co.aep>KHT 38MKHYThll ( J1, +1) - yronbHl!K, Jt, crcpo _, 

HaM KOToporo COOTBaTCTByeT Macca M , a o.aaoA cTopoHe - Macca :n- :S /Vf • :Vb-

MatiHM MBCCbl H8 rtTHX CTOpOH8X cne.ayiOWHM o6pa30M: M -- m ' rJ1,. -- M . 
8 pe~yJlbT8T9 nony'IHM HOBYIO .QHarpaMMY ~I 1 KOTOpaS! M8)!(0pHpyeT .QHarpaMMY ~ • 

llycTb K i , . , . I( 11. 1 I< ~HI t P - HMnynbC.bl Ha CTopoHax ( rz, + 1) -

yronhHHKa, onpe.aeneaKl>!M o6pa30M opKeHTHpoEUlHHOro. EcnH K Ka.>K.aoMy H3 aTHX 

HMOynbCOB .ao6aBHTb OpOH3ft0Jli!IM!>IJt HMnylli.O -e 1 8 OCT8nbHbl9 HMIIYJlbCbl .aHarpaMMbl 

OCTBBHTI> 6e3 H3M9H9HH'l1 TQ ~H;\KflH COXJ)ftHQHHH HMnynbCa B K8>K.UOM y3ne .QHarpaMMbl 

ae aapywHTCSI. <PopMA K t~' AHIIf'PAMMW ~ 1 
paeaa 

)1, 

K'", "dv
1

," [( l(..,;t f)':. M•] + f ~ [{t, +f./m)+ I;f>, (q,> m~ )p.sl 
I 

r.ae Jv i - !fleiHM8HOBCIUH~ napaMeTpbl CTOpOH ( 11., + 1) -yrOJlhHHKa1 (J11 
phi ocTanbHhiX nHHHil nHarpaMM!>I, HaHMeHhll!ee 8HIPHmHe ¢opMhl J<.'tlt no 

paBHO 

~ ~>1, ~~ ( IC; -Kit 

c{; t ~~ ;·I:·:· + lv 1
J}tf 

·-·I' 

- nap<JMeT-

f:_ 6 i) 
I 

( 2. 7) 
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EcnH nono:lKHTh 

I ~~i 

dvi = m- a. 
L..:: 1, J. I ••• , IV, 

TO 

(M~m.t} 

I 

tNIH/ = 

18 

Xo(...,.H 

M.t 

M 2. (""1. + ... + G{..,._ )+m~~~~-~ 
X = 2.s> 

Jv1. + o(,.t. + ... + rlv h-+1 

·'" 
..... ~-! 

EL: cL i cii ( 1\, { -f<:;j) JJ 

K~, 
i=.t j "'i 

' (2.9) ~+ m.-A- ~i + + o(,,.U1 

OTKY.ll8 

K~ b ,.J(1J, 

a, cne.o.oaaTenhH0 1 B cHny neMMbl 1 

Q~ ~ Q~t 
...: 

T aKHM o6paaoM, 

G (~') c G C~). 
R, 

1 
TO 

3aMeTHM
1 

'ITO ecnH .o.HarpaMMo!l 'i.J npHHo!l.O.ne:lKHT HeKOTOpOMY MHO:lKeCTBY 

.o.HarpaMMtl ftJ 1 
1 

aoo6we roaopSI, He npHHa.o.ne:lKHT ~ , O.O.H8K0 1 ee nO.ll.ll.H8rpaMM4 

Mo:lKeT npHHanne:lKaTb Pv • 
B aToM cnyqae TaKaSI no.o..o.HarpaMM4 MS:lKOpHpyeT .o.HarpaM-

MY 1J 
16. PaccMoTpHM npHMeHeHHe TeopeMbl 2 K .o.HarpaMM8M cne.O.)'IOWHX .o.eyx 

BH.ll.OBe 

* a) n ycTb .o.HarpaMM8 'i;) f ~ HMeeT BH.ll ( CM. pH C. 5) I npH'leM nHHHH A,t ..... A.t.ll+r 

HyKnOHHbie
1 

a nHHHH e i 1 ••• 1 e)l+/ - Me39HHbieo 

npHM9HSISI onepaUHIO TeopeMbl 2 K TpeyronbHHK)' CO CTOpoH8MH ei 1 .A1, ).~ Jl 

y .o.anSISI aaTeM nHHHIO A~ aMecTe c coe.o.HHSleMhiMH e10 yanaMH, nonyqaeM .o.HarpaMMY 

Toro )Ke aH.o.a, npH'leM Y Ha e.o.HHHUY MeHhwe. nocne Y TaKHX onepauHI Mbl 

Ha 

MY 

PHC 
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nony"'HM LIHarpaMMY ( CM,pHc,6), B KoTopoA nHHHsr L -Me30HHasr, a nHHHSI 1\ 
HaSI, 3Ta LIHarpaMMa Ma)KOpHpyeT HCXOLIHYIO LIHarpaMMy ~ 

iJ f llv 11:- HMeeT BHLI ( CM, pHC, 7) 
0 

ei . \, .... eJ)+i -

6) nycT.b LIHarpaMMa 
npH"'9M JIHHHH 

11• A,_ • ••• , A.tJI+I - HYKJIOHHhre, a nHHHH 
M930HHbi9, 

HyKnOH-

npHM9HSISI onepauHIO TeopeMbi 2 K "19TbipexyronbHHKy co CTOpOHaMH. ea. • .A~ • A3 • 
AqH yaam1S1 aaTeM nHHHH Jl ~ H A If BMecTe c coeaHHSieMbiMH HMH yanaM11

1 
nonyqaeM 

LIHarpBMMy TOT'O )1{9 BHLia, -npH"'eM V Ha LIBe 9LIHHHUbi M9HbW9, ECJIH Y.: ~ - i 
H9"19TH091 TO nocne __)v TaKHx onepauHA Mbl nony"'HM .aHarpaMMy 

0 
H306pa)KeHHyiO 

Ha pHC. 8, B KOTOpoA JIHHHSI ~ -Me30HHaSI1 a JIHHHSI 1\ - HYKJIOHH8SI, 

EcnH Y-:.. ~ - qeTHoe, TO nocne ~ 
MY, Hao6pa)KeHayiO Ha pHc, 9, 

PHc, 9, 

raKHX onepanHA Mbl nony"'HM LIHarpaM-

B 38DHOHMOCTH OT 'IGTHOCTH y 
Moll pHc, 8 HJIH p11c, 9, 

HCXOLIH8SI LlH&rp&MMa Ma)KOpHpyeTCSI LIHarpaM-

171 CHcTeMy llHHKI .,{ i ,· J. .a, , ... 
1 

..{.tlfl H 

5yLieM H306p&)K8Tb 3Htl'JKOM r . ... . e Y+l pHc,5 

pHC, lOa, a TaK)Ke 0603HB"'9HHYIO CHCTeMy JIHHHA n pHc, 106, EcnH JIHHHH 

a 

a) 

PHc, 10. 
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A H e - Me30HHhie, TO 6yKBbi r H n 6y.aeM CHa6>KaTb HH.aeKCOM h1.-' , ecnH 

>Ke JIHHHH e -Me3oHHhie 1 a nHHHH A - HYKJIOHHbie 1 TO 3TH 6yKBbi 6y.aeM CH86>K8Tb 

HH.ll9KCOM 11--. B COOTBeTCTBHH C .1lOK838HHbiM Bb!W91 eCJIH .llHarpaMMa 
'7J 'G R,; l" 

I 

HM99T qacTb r 
-1) 

HJlH n 1 TO ORa Ma:lKOpHpyeTCSI .llHarpaMMOA '1:J 1 KOTOpSSI 

nonyqaeTcH H3 cne.ayJOIUeA 3aMeHoA (cM,pHC. 11 ), 

CCX <.~_.-

)3(-_ "'"I 
PHC, 11, 

0* m+ 
18. Ha3oBeM .aHarpaMMY H3 A npHMHTHBHO.lt B .J1.- , ecnH c noMOWbJO 

TeopeM 1 H 2 HeB03MO:lKHO HaATH B ~ * Ma)KOpHpyJOWYIO ee .aHarpaMMy, HanpnMep, 

npHMHTHBHOA .llHarpSMMO.lt SIBJ1SI9TCSI MHOroyrollbHHK C tt,,+ e II/ CTOpOH8MH 1 H3 Bepw;~ 
KOToporo BhiXO.llHT e lf1. BH9WHHX M930HHhiX H e I'( BH9WHHX HYKIIOHHbiX JlHHHA, -..·. 

E.aHHCTB9HHhiM HCKJIIO'l9HH9M HBIIH9TCH MHOroyrOllbHHK C .llBYMH BH9WHHMH H em + i 
BHyTpeaHHMH HyKnOHHhiMH nHHHHMH npH lh'l > 0, 

06oaHa'IHM ~ o coaoKynHoCTb ecex npHMHTHBHbiX P :R, If' .tUlArp4MM, B~H.lly 
TOro, 'ITO Ka:lK.aaH .1lHarpSMM8 H3 :Rv 4t" HM99T KOH8'lHOa 'IHCIIO y3l!O& If liHHKA 1 OHa 

Ma:lKOpHpyeTcH xoTH 6hi o.aaoA nHarpaMMoA H3 J?- o, Cne.aoaaTOJlhHo, 

G-'Rt ; (;.~ * = G .fl.., • 

B cne.ayJOlllHX naparpac!Jax 6y neT Halt.aeHa COBOKyfiHOCTb ~0 l'lpH e tJl +e.,., ~ 't · 

§ 3. Co6cTBeHHo-saepreTu'lecxaH 'l&CTb 

av. &l.;n.Jtvn.nc:us. j.vvvJ.c~nnv -'3U.'II;it:&'C'.Ln,.g""'.n.wn ··n"""'&Q ,..,..cz;z-·'"' 1 ¥« ·~· /lJ06ftR 

CKOJlbKHX 

HHe y3Jihl 

HyKJIOHHOA go6CTB9HH0-3HepreTH'l8CKOA 'lACTN D QQOTB9TCTBHH 

1 H H~ HMeeT no.a.aHarpaMMYt KOTOp4fl OOGT!m'F H§ JJfK/J9JI~Oro JlOIJHI"OHa 

np!iC09.z:iHH9HHbiX K HeMy M830HHbiX llHHHfto 00l1Hf'Clll p Qp9fHfflff9T BHem

Q, H g .llHarpaMMhl ~ 

• 
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nycTb Me30HH8SI JIHHHSI 1 BbiXO.llSI!ll8SI H3 Y3JI8 (1.. 1 IIO.llXO.llHT K llOJIHroHy p 
' r a 

B TOY.Ke Q; • Ecm-1 CV He COBrra.naeT C t:7 1 TO Cpe.nH Me30HHb!X JlHHHH
1 

KOTOpble 
I 

Bb!XOLlSI'i' H3 Y3JIOB 1 Jie)K8lUHX H8 Y'"I8CTKe a. a IIOJIHrOH8 ~ Bb!6epeM Ty, KOTopaSI 

lipHXO.llHT Ha IIOJIHrOH t]J B H8H6onee y .ll8JieHHyJO OT Q,_ TO'"IKY IIOJIHrOH8
0 

06o3Ha-

/1/ /l ( 
'iHM 3Ty TO'iKy W".[ 1 .npyroA KOHeu 3TOH JIHHHH 0603H8'-IHM ~ • EcnH 01 He COBrra-

.naeT C ~ 1 TO cpe.nH Me30HHblX JIHHHA, KOTOpbie BbiXO.llSIT 113 Y3JIOB, Jie)K8lUHX 
I I (j) 

H8 Y'i8CTKe Q.- ~ 1 Bhi6epeM Ty t KOTOp8SI IIpHXO.llHT H8 IIOJIHrOH './ 

yLianeHHyJO OT Q,. TO'"IKY rronHroHa. KoHuhi sToii JIHHHH o6o3H8'-IHM 

B HaH6onee 
/)I 

a.~ """~ 
I 

noBTOpSIS! STOT rrpouecc .llO Tex rrop
1 

IIOK8 TO'"IK8 a,.y 
He COBIIB.lleT C ~ 1 Mbl Bbi-

LleJIHM CHCTeMy JIHHHlt 1 H306pa)KeHHYIO H8 pHC. 12. 

OcT&JibHbie MEl.o\OJtHhl9 JUfHKK Yl!.AilflM BMSCTe c coe.nHHSieMbiMH HMH y3JI8MH. 

B pe3yntaTaTe llPliY!(JIM llO/JAKilf'pAMMy .C.H&rpaMMhi "lJ , H3o6pa*eHHYJO Ha 

pHc. 1~41 

a) 6J 

Gor,ruu::qo 17 ~Tft !lOltAIHirpaMMa M8>KOpHpyeTcSI .aHarpaMMoA pHc. 136. TaKHM 

o6p830M, .IHOQEHI AJHlf'p&MMO 1::; 6- R. *" M8)KOpHpyeTCSI rrpHMHTHBHOA .LIH8rp 8MMOA 

PlfC. 136. 
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20. Jv\e30HH8Sl C06CTBeHH0-3HepreTH'IeCK8Sl '18CTb ( t,. =2, lJ/1' =0 ). nocKO~bKY 

l/V = 0, TO BCe JlHHHH mo6oA .nHarpaMMhi 'f) € 1<, ,It' Me30HHOit C06CTBeHH0-8HepreTH-

·•wcKoA qacTH Me3oHHbie. B CHJIY cBH3HOCTH B .nHarpaMMe 

pbiBHhiH rryTh L , coe.nHHR!OlllHil BHewHHe Y3Jlhi a. H {5 
9J CylllCCTByeT Henpe-

• Bee 3Be3.ilhi 1 orrHpa10ume· 

CSl BCeMH CBOHMH Jly'I8MH H8 IIYTb L 1 38MeHHM Me30HHhiMH J1HHHSIMH 1 COe,ilHHRIOUlW 

MH HX Kp8HHHe Y3Jlhl (eM. rryHKT 13s). nosTOpSIH ,nanee pacCy)!{,ileHHSI IIYHKT8 }9 1 Mhl 

npH,neM K no.n.nHarpaMMe pHc. 14a • 
, .. 

0 
....,_ _____ h 

a) 6) 

PHc. 14. 

Cor nacHo t 7 aT a no.n.nHarptiMMa MS)!{OpHpyeTCSI rrpHMHTHBHOA .nHarpaMMoA 

pHc. 146. TaKHM o6pa3oM, n106aR .nHaroaMMa 1;) f R, it MS)!{OpHpyeTCH .nHarpOMMO~ 
pHC. 146. 

§ 4. Me30HHO-HYKJ10HH8SI sepWHHHSSI '18CTb ( em "' I, e"' .. 2). 

21. n1068H .ilH8rpaMM8 9J 6 ~ * Me30HHO-HYKJ10HHOI eepwHH!IOit 'lACTiC 

HMeeT O.ilHH sHeWHHA Me30HHhiA y3eJ1 c H O.ilHH HyKJ10HHbiA fiOlUirOH 1 CQB.,!lKHRIOl-1-UIH 

BHeWHHe Y3Jlhl a H g 

a) nycTb y3eJ1 c Jle)!{HT H8 HYKJlOHHOM IIOJ1HrOHe aC . 
3Be3,ny 1 OIIHpaiOlllYIOCSI aceM H CBOHMH ny'IAMH H8 HYKJlOHHOI 

Ka>K,ayiO 

noiJHroa 

MEI30HHYIO 

Qf, 1 ~AM~;t-
HHM Me30HHoA nHHHeit, coe.nHHH!Ollleit ee KpaitHHe Y3J1bl Ha aTOM nol!HroHe, B pl!t::lfJ1q

TaTe IIOJ1Y'IHM ;-":).'l.ilHarpaMMY 1 B KOTOpoA Me30HHbie IIHHKH OfiHp810TCR Ot'SOHMH I(OHU8Mj( 

Ha HyKnO!iribiH rronHroH. AHanorH'IHO rrpe.nhr.nyllleMy MO)!{HO noK838Tb1 'ITO B TAKOA 

.naarpar-.fMe HMeeTCSI xoTH 6br o.nHa H3 cne.nyJOlllHX .nsyx no.a.aHarpaMM (cM,pHc,l5). 
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a 

CornacHo 17 STH no.a.aHarpaMMhi Ma.>KopHpyeTcg .aHarpaMMaMH pHc. 16. 

c 

Q 

npHMeHSI$1 te .aMarp&MMaM pHc. 16 onepamuo TeopeMhi 2, Mhi nony'IHM cne.ayJO

I.l\He npHMHTH1Uthle .aHarpaMMhl (eM. pHc. 17). 

c 

a 

6) 
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TaKHM o6pa30M, ec.'lH B nHarpaMMe CfJ 6- fl., .If; y3en c. ne:lKHT H3 HyKnosaoM 

nonHroHe, To nHarpa::viMa ~ M8MOpHpyeTCSI OllHOA H3 npHMHTHBHh!X llH8rpaMM 

pHC. 17 0 

.lloKa:>KeM, 'ITO H mo6aH nHarpaMMa 9J f. Rv *" M8:lKOpHpyeTCSI OllHOft H3 nHarpaMM 

pHc.17. 

-jt 

6) nycTb B nHarpaMMe 1:1 f. ~ Y381l c ne:lKHT BHe HYKilOHHoro nonHroHa c.); • 
B CHilY CBSI3HOCTH XOTSI 6bi H3 OllHOit TO'iKH HYKilO~HOro llOilHrOHa a£ CylUeCTByeT 

M830HHbiA nyTb B TO'IKY e • CpenH BCex TaKHX TO'ieK 6nH>KaAwyiO K Q.. Ha3oBeM 
...... 

xapaKTepHCTH'leCKOA TO'IKOA ~ • BcnenCTBHe CHilbHOA CBSI3HOCTH ~ He COBnanaeT 

c -{; • Ka:>KnyiO 3Be3ny, onHpaiOlUYIOCH Ha HYKilOHHhiA nonHroa aceMH csoHMH ny'laMH, 

38M8HHM M830HHOA llHHHeA, co en HHSI IOI.UeH ee Kpai!:HHe Y31lbl Ha HyKilOHHOM nOilHF:OHe. 
(1 , 

TaKHM o6pa3oM, Mhi BhinenHeM B nHarpaMMe 1) HeKoTopyiO no.anHarpaMMy '{) 

B cHny cHnbaoA cBR3HOCTH .aHarpaMMhi 
1) f . 

cpenH acex Me30HHhiX llHHHA 1 8biXO.llH-

mHx c yqacTKa zr,g HyKno~oro nonHroaa
1 

HaA.aeTCH no KpaAaeA Mepe o.aaa, 

paH npHxotlHT aa yqacToK a-a sToro nonHroaa. Cpe.aH ·TaKHx nHHHA Bhi6epeM 

KOTO-

Ty, 

KOTOpaSI npHXO.llHT B 61lH:lK8i!:WyiO K Q... TO'IKY HyKnoaaoro nonHroaa. 06o3Ha'IHM sTy 

llHHHIO ei 1 a ee KOHUbl a-i H a.: 1 npH'ieM ~6 a.,;i 1 a{ fa~ • nycTb ~'lJta Q,i. 

coana.aaeT c TO'iKoA Q,.. (eM. pHc. 18a). 

a 

e{ 
a) 

B 

lt 
6) 

PHc. 18, 

& 

e, 
a) 

3aMeHHB HyKilOHHhie 

, 
llHHHH y'laCTKa CVOvi Me30HHbiMH 1 a Me30HHYIO nllHHIO et, -

~e,a-~ c HyKilOHHOit1 Mbl nony'iHM· .llHarpaMMy C HOBbiM HYKilOHHbiM nOilHrOHOM 

Ha KOTOpOM TO'lKa a.. 6y.aeT xapaKTepHCTH'leCKOA~ no TeopeMe 2 STa LliHU'piMM6 

Ma>KOpHpyeT HCxonayio .llHarpaMMy, nycTb TO'IKH a., H (l. He Coi.Hl6AAIOT0 B TllKO~ .... 

cnyqae B CHilY CHilbHOA CBSI3HOCTH cpe.aH Me30HHhiX ntiHHA 1 BhiXO.IlHUUU c y'I&CTIH\ Q..~ ~ 

t 
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IlOJIMrona 0.,~ 1 Cy!lleCTByeT ITO Kpaifneit Mepe O.UH8 1 KOTOp8H llpHXOLllfT Ha yqacTOK lkQ..i 

3TOro llOJIMrOHa, Cpe.nH TaKHX JIHHMH Bbi6epeM Ty, KOTopaH ll.Jl!XO.UHT B 6JIH:>KaH:lllyiO K a_ 
I -

{,2. 1 a ee KOHUbl Q..-~ If Q_,2. 1 llpH'IeM a.2. f a,_Q..i TO'IKY, 06o3Ha'IHM aTy JIHHHIO 

I -
Q,~ f Q,j a, U2. COBlla.naeT C TO'IKOH ~ (cM,pHc,J86), 3aMeHHB 

I 

HYKJIOHHhie JIHHMH yqacTKa a..-1 Q;i Me30HHblMH I a Me30HHYIO JIHHHIO e1 HYKJIOH-

HOl-1 1 Mbl IlOJIY'IMM .UHarpaMMY C HOBbiM HYKJIOHHbiM llOJIHrOHOM aa..i ei a,~ iY , Ha 

KOTOpOM TO'IKa 6y.neT xapaKTepHCTH'IeCKOH, 

EcnH TO'IKa 

110p1 llOKa TO'IK8 

ct-2. He cosrra.naeT c fl-. 1 TO npo.non:>KHM aToT npouecc .no Tex 

a.~ He COBna.n eT c a,. • Bee Me30HHbie JIHHHH KpOMe ei ' ... ' e..,' 
I 

OllHp810!llHeCH 060HMH KOHUaMH Ha yqaCTOK Q,(V.! HyKJIOHHOl"O IIOJIHrOH8 1 y .U8JIHM 

BM9CTe C coe.nHHSI9Mb!Mif HMH Y3JI8MH, B peaynbT8Te IIOJIY'IHM IIO.U.UH8rpaMMy1 H306pa

)1(9HHYIO Ha pRe. 18s, CornacHo 17 oHa Ma:>KopHpyeTcSI .nHarpaMMoA pHc, 18 6, Cneno

saTenbH01 eCJlH B Ltlf8rp8MMe ;JJ e- '1?t it TO'IK8 c He Jle:>KHT Ha HyKJIOHHOM ll0JIH-

10H91 TO OH8 Ma:>KOpHpyeT.;:H .U!fllrpaMMOH 1 B KOTOpOH CyiUeCTByeT Me30HHhiH IIYTb H3 

TO'IKH a. B TO'IKY C. • TaKHM o6p830M OCT8eTCSI paCCMOTpeTb .UH8rpaMMhi 1 B KOTO

pb!X HMeeTCSI nerrpepbiBHbiJ!' IIYTb C Qg ( IIOJIHrOH) 1 Y'I8CTOK C a,_ KOToporo - Me30HHbiH1 

a yqacToK wC- HYKJIOHHhil!', Ka:>K.LlYIO aaea.ny TaKoA .LlHarpaMMhi 1 orrHpaiOIUYIOCH aa 

IlOJIHrOH C Q ~ BC9MH CBOHMH ny'laMH 1 3aMeHHM Me30HHOH JIHHHeA, C09.LlHHSIIOIUeH ee 

Kp8$\HH9 Y3Jihl Ha aTOM I!OJ!Hl"OH9, 8 peayJibTSTe Mbl IIOJIY'IHM IlO.Ll.UHarpaMMy 1 B KOTO

pol!' Ha rryTb c a & onupaeTCSl H9CKOJibKO M930HHbiX JIHHHH, Tenepb y:>Ke HeTpy .UHO .no

K838Tb, 'ITO B T8KOro po.na .UH8l"p8MM9 Cylll9CTBY9T XOTSI 6hi O.LlHa H3 IIO.U.UH8l"p8MM 1 

H306pa)l(9f!HhiX Ha pHC, 19, 

Cornacno 17 3TH .nHarpaMMbi Ma:>KopHpy!OTCH rrpHMHTHBHhiMH .nHarpaMM8MH 1 

H306pa)l(eHHhiMH na pHc, 17, B HTore ycTaHoaneno, 'ITO n106aSI .LlHarpaMMa '1Jf //.; "* 
M930HHO-HyKJ!OHHOJ!' sepWifHHOH 'I.!WTif M8:>KOpHpyeTCSI XOTSI 6hi O.UHOH H3 .UBYX rrpHMH
THBHbiX .UHarp8MM pHC, 17, 
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22. AHanoraqHbiMH paccy:IKueHH51MH MO:IKHO uoKa3aTb, qTO B .mo6oit 'unarpaMMe 

i) G Jv * Me30HHOH sepWHHHOH qaeTH ( eM =3.· eN= 0) HM88TC51 XOT51 6bi OllH8 H3 llBYX 

UOllllH8f'p8MM (eM. pHC. 20). 06e 9TH UOllllH8f'p8MMbl 51BJ15110TC51 npHMHTHBHb!MH 

llHarpaMM8MH 4 

,. 

a) 
6) 

Pac. 20. 

§ 5. PacceHHHe HyKJIOHa H8 HYKJlOHe (em= 0' e.!(= 1() 
~"":'--

23. llJ06aSJ uaarpaMMa H3 
~tl; pacce.HHH51 HYKJ10H8 H8 HyKnOHe M8)KOpHpyeTCH 

XOT51 6bi OllHOA H3 cnelly!OlllHX npHMHTHBHb!X llH8f'p8MM (CM4 pHC. 21 ). 

DCDCD 
a) 

6) s) r) 

~ 
u) e) )K) 

Pac. 21. 

• 



H3 LlBYX 

Hb!MH 

flOK838TeJibCTBO, 

nyCTb BHeWHHe Y3Jibl a. M B LllfarpaMMb! CjJ B ~ *" pacnono)KeHbl Ha HyK-~ 
nOHHOM llOJIHrOHe 

, a B LlBa .apyrux BHeWHHX y3na .C 
If d - Ha HYKJIOHHOM 

nOnHrOHe cd • flOCT8TOqHO p8CCMOTpeTb LlH8rp8MMbl
0 

B KOTOpb!X H3 TOqKH (;1._. cy

WeCTByeT Me30HHb!H llYTh Ha llOJIHrOH Col • .LlOK838Te.'IhCTBO 9TOro YTBep)K.[leHJHI 

8H8nOr!fqHo 216, 3TOT Me30HHh!H nyTh MO)KeT npMXOLlHTh K8K BO BHeWHHH y3e.'1
1 

CKa

llOJIMrOHa cd 
c e 

(cM,pHC, 22) • 

0 d c Q 

a) 6) 

a) PaccMoTpHM nepBhiH cnyqait. Ka)KLlYJO 3Be3ny, onMpaJOwyJOcH Ha nomtrof.! 

6 f)., C. ol. BC9MH CBOHMH JiyqliMH 1 38M9HHM Me30HHOli JIHHHeif, COeLlHHSIJOWeA ee Kp8HHMe 

y3nb! Ha STOM nonHrone. B pe3yJihTaTe Mhi nonyqHM nonnMarpaMMy, a KoTopoli 

K8'Kll8H M930HH4R JIHHKR 0 He BXOllS!W8S! B COCT8B nyTM aC 
1 

OllHpaeTCSI Ha llOJIMrOH 

6 Q, Col 060HMH KOHU8MH, n OBTOpS!H nanee paccy)K.[leHHS! nyHKT8 19, HeTpy LlHO Ll0K83i1Th
1 

'ITO llH8rpaMM4 ~ HM9eT XOTH 6bl OllHy H3 ll0llLlH8rpaMM
1 

H306pa:rKeHHblX Ha p11c,2J, 

CornacHo 17 .aHarpaMMbi .4 M f M8)KOPHPVJOTCSI .auarpaMMoif pHc. 2la, B u F 
- .aHarpaMMoA puc, 2Ja, CJJ H G - nMarpaMM<)if pMc, 2lr, HaKoneu, LlMarpaMMa C 
M8'KOpHpveTCH AHarp8MMO&i pHC, 216, 

·~-~~.~-~d 
fl .,8 C D 

G 
PHc, 23. 
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6) YcnoBHMCSI .aanee non~:~roH 1 THna H306pa)KeJJHoro Ha pHc. 22a1 Ha.3bmaTb noJm

roHOM N M N . OcTaeTCSI paccMoTpeTb TaKHe .a~:~arpaMMhi H3 J?,. .- 1 B KOTOpbiX He 

cywecTayeT nonHroHa N M JV 
1 

HO cywecTsyeT cPHrypa pHc. 226, KOTopyiO .aanee 

6y.OCM 0603H8'i8Tb y • 
* nycTb B .aHarpaMMe 1J 6 J<, cywecTsyeT T8K8SI cPHrypa y . BBH.O:f ClillbHOH 

CBSI3HOCTH H8 DOJIHI'OHe iJ a.. e CyWeCTByeT· no KpaiiHei!: Mepe O.OH8 TO'iK8 0 1:13 KOTOpOH 

cyu~eCTByeT nyTb H8 DOJIHI'OH C e.ol 1 He HM9JO~H C cPHrypoA: y . 06WHX JlHHeHHbiX 

yqacT~OB. Cpe.aH TaKHX TO'ieK 6nH)I(aitwyJO K {) HaaoseM xapaKTepHCTH'ieCKoii TO'r

KOii nonHrOH8 g eve H o603H8'iHM l . CooTB9TCTBYJOWHii nyTh H3 i H8 nomfrOH 

g a,c 
ced o603H8'iHM L • Ka)l(.ayJO asea.ny 1 on~:~paiOWYJOCSI Ha no.rniroH BCeMH 

CBOHMH ny'i8MH
1 

38M9HHM M930HHOH JlHHH9H 1 C09.0HHSIJOW9H ee Kp8HHH9 Y3Jlbl H8 3TOM 

non~:~roHe. noeTopHB .aanee paccy)l(.aeHHSI, aHanorH'iHbie 216, Mbi .aoKa)l(eM, 'iTO npH 

Bt- ~o.r .aHarpaMMa 1J M8)1(0pHpyeTCSI O.OHOH H3 .OH8I'p8MM pHCo 241 

~--

:1 a e f. ~ 

P~:~c.24 6) 
cJ 

a npH ~@ae - O;JHOH H3 .OH8I'p8MM pHC. 25. 



• 

pb!X He 

a a nee 

KOTOpOH 

HeiiHhiX 

KOK TO'!-

BCei-.!Jf 

Ha 3TOM 

'ITO IIplf 

E 

29 

e e 

a) 6) 

e e 

a) r) 

Cornacuo 17 .nHarpaM~H\ pHc, 25 B} Ma>KopHpyeTcsr .nHarpaMMoA pHc.25 ~, 
a aHarpaMMa pHc. 25r) - .o;HarpAMMOI pHo. 25 5) • B cooTBeTCTBHH c TeM >Ke rryux

TOM 17 B .llHarpaMM8~ a; H fJ) pHCo 24 H 25 B9pWHHHyiO 'laCTb r 3aMeHHM 

Y31IOM g • nocne aToro B AHarpaMMe 24 a) Bee HYK1IOHHb!e 1IHHHH Y'IBCTKa c f 
38MeHJ{M Me>'!Oiffll>lMif1 8 MCI:!lOHifyiO IIHHHJO .Sf - HYK1IOHHOA. Cornacuo TeopeMe 2, 

rronyqeuuasr TaKHM liY1'QM IIODaR J:lHBrpaMMa M&>KopHpyeT .nHarpaMMy pHc. 24 a) • B 

3TOJi HOBOJi' .llH8I'p8MM9 TO'IJ(8 g fi81IReTCSI X8p8KT9pHCTH'IeCKOA TO'IKOA II01IHI'OH8 Cfa~ 
B p~=!3Yni:!T14Te 1 ecnx ~ lUUU"PilMMEt &1:J € J?, *HMeeTcsr <PHrypa Y , To oua 

M8)KOpHpyeTCSI ./lHAl"P8MM,Cift1 D KOTOpOJ Oyi.UeCTByeT XOTSI 6b! O.UHa H3 '19Tbipex 

tPHryp pnc. ~6. 

a.· ., I 
a) 

a) (I $ 9-

' e 
15) e 

r) 
PHc. 26. 

I 
l 
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Ha 9TOM pHcyHKe TO<~Ka 9 - KoHe'IHBSI TO'IKB nyTH L . 3Ta TO"ltta MO:lKeT 

6b1Tb K8K BHyTpeHHeA TO'IKOA HyttnOHHOI"O nonHI"OH8 c.d t T8K H ero rpaHH'IHOA TO'I

KOAo B nocne.nHeM cny'lae .nocTaTO'IHO paccMOTpeTb nHWb cPHI"YPY pHc •. 266, TaK KaK 

ecnH 6hi a ,nHarpaMMe HMenacb ¢Hrypa a), a) HnH r) pHc. 26, TO a HeA cywecTaoaan 

6bi H nonHI"OH N M N • ct>Hrypa pHc. 266 BMeCTe c HyKnOHHblM nonHI"OHOM col B 

9TOM cny'lae cocTaansreT cne.nyiOlllYIO 'laCTb .nHarpaMMhi ( cM.pHc.27) • 

7 •• 

1 6 

.5 
PHc. 27. 

EcnH 3 - BHyTpeHHSISI TO'IK8 HyKnOHHOI"O nonHI"OH8 cd . cPHrypbi ~· 26 

BM9CT9 C HyKnOHHbiM nonHI"OHOM cd COCT8BJ1SliOT cne,nyiOlllH9 ,nae cPHI"ypbl 

(cM.pHc.28). 

2 1. 
--

6 2 

I 
1 

5\ r ' 
8 3 " -s J., 

PHc. 28 

6) . a) 

o6pa3oM, ycTaHoaneHo, 'ITO ecnH a ,nHarpaMMe CfJ € Jt. -It" cywecTayeT 
TaKHM 

cPHrypa Y , HO He cywecTayeT nonHroHa N M N, TO oHa MB:lKOpHpyeTCSI .nHarpe.M-

MOA, B KOTOpOA HMeeTCSI XOTSI 6hi O.z:lH8 H3 TpeX cPHI"YP pHC. 27 H 28. V1M9HHO T8KH9 

,nHarpaMMbi HaM H ocTanocb paccMoTpeTb. AHanoi"H'IHO 216 MO:lKHO ,noKa3aTb1 'ITO 

,nOCT8TO'IHO pacCMOTpeTb T8KH9 ,nHarpaMMhl 1 co,nep:lK8lllH9 cPHI"ypy pHC. 27 t pKc.28a 

• 
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HJIH pHc. 286, B KOTOphiX HMeeTcSI Me3oHHhiA nyTb L H3 TO'iKH 1 Ha 'i8CTb aToA: cj:JH

ryphi,.oononHHTeJibHyiO K 0Tpe3Ky ( 1,2), 

B) nyCTb B llH8I"p8MMe He cywecTsyeT nonHroHa N M N , Ho 

cywecTsyeT ¢Hrypa pHc, 27. B .oaJibHeA:weM aTy ¢Hrypy 6y.oeM o6o3Ha'iaTb I. B Ta

KOA llHarpaMMe nyTb L BMecTe c ¢HrypoA: I cocTaBnSieT OllHY H3 cne.oyiOwux Tpex 

qJHryp ( CM.pHC. 29), 

2 ? 

1 61 6' 

t; -i 5 p, .!S 
a) 61 sJ 

PH c. 29. 

Cne.oosaTellbHO, s .llHarpaMMe HM99TCSI XOTSI 6bi O.llH8 H3 Tpex ITO.ll.llH8I"p8MM
1 

H306pa>KeHHbiX Ha pH c. 29, B .llHarpaMMe 29 a y nanHM llHHHIO ( 2,7) BMecTe c Y3ll8MH 

2 H 7, B pe3ynbT&Te nony"'HM nonnHarpaMMy, H3o6pa)KeHHyiO Ha pHc. 30, B aTo.A non

llH&rpaMMe 38.M9HHM HYKJIOHHble llHHHH (4,5), (5,j ) H ( i 
1 

6) Me30HHhiMH
0 

a 

M930HHYIO JIHHHIO ( 4,6) - HYKJIOHHOA:, nocne 9TOf'O y .ll8JIHM JIHHHIO ( 5, I ) BMeCTe c 

ysnaMH 5 H 9 • B pe3ynbTaTe nony"'HM rrpHMHTHBHyiO .llHarpaMMY pHc. 21a. B .llHa

rpaMMe pHC, 296 38M9HHM HYKJIOHHble JIHHHH ( 1,2) If (2,g ) M930HHhiMH
1 

a Me30HHyiO 

/UIHHIO (1,3 ) - HYKJIOHHOA, nocne 9T0f'O y .ll&JIHM JIHHHIO ( 2, .j ) BM9CTe c Y3JI8MH 

2 H 9 , B peaynbTaTe nony"'HM npHMHTHBHyiO LXHarpaMMY pHc. 21a. 

llH8f'p8MM8 pHCo 29a - npHMHTHBH8Sio 0Ha H306pa;>KeHa T8K)K8 H8 pHc.21' • 

5 •• 
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T aKHM o6paaoM
1 

a paccMaTpHaaeMOM cnyqae nRarpaMMa 7/J 
O.LlHOil R3 DpRMHTRBHbiX LlRarpaMM a), a), Ll ) pRCo 21. 

Ma:>KOpHpyeTCSI 

I') 0yCTb B LIHarpaMMe 1J €- ~ * He cywecTayeT rronKroHa N M N , HO 

cywecTayeT ¢Hrypa pH c. 28a. B nanbHeilweM aTy ¢Rrypy 6y neM o6oaHa'laTb II 
EcnH nyTb L H3 yana 1 rrpHBOLIHT a yaen 4, TO nHarpaMMa RMeeT rronnRarpaMMY 

pRC. 30
1 

a, cnenoaaTeJlbH0
1 

OHa Ma:>KOpHpyeTCSI npRMRTRBHOA: LlHarpaMMOil pHc.21a. 

Ha yqacTKH (2,5) H (3,8) rryTb L rrpRBOLllil4'b He MO:>KeT, TaK K8K HHa'le cywecTso· 

aan 6hi rronHroH N M N. EcnH nyTh L npRBOLIHT Ha yqacToK (5,8), (2,3) RnH (3,4), 

TO ¢Hrypa I] aMecTe c nyTeM L o6paayeT1 cooTseTCTBeHH0 1 onHY R3 cnenyromHx 

Tpex !f:>Hryp (cM.pRCo 31 ). 

'J 

" ., " 
a 
a) 

2 

9 
6) 

I " 

PRe. 31. 

II 6, 1I a 

cymeCTByeT IIOJlRI'OHa 

.3 

,a 
a) 

NMN. HO 

3TH ¢Hrypbi 6y neM o6oaHa'laTh I I a, 

n) OycTb a nRarpaMMe 9J G ']{ * He 

cymecTayeT ¢Hrypa pHC. 286. 3Ty ¢Hrypy 6yne~ o603H8'18Tb rn. OyTb L H3 

TO'IKH 1 Ha y'laCTKH (3,8)
1 

(5,8) R1IH (7,8) IlpRBOLlHTb He MO:>KeT1 T8K KAK HHA'Ie 

cymecTaoaan 6bl nonHrOH N M N. EcnR aToT nyTb npHBOLIHT Ha )''laCTOK (2,8), 

( 8,. 7) IiJlH ( 5
9
8) 

1 
TO LIH arpaMMa '7J Ma:>KOpt(pyeTCSI XOTSI 6bi OLIHOI H3 rrpHMHTHB-

Hb!X LlR arpaMM a) 1 B) .1 
Ll ) pHC. 2}

1 
TaK KaK B 3THX cny'laSIX B Hel KMeeTCSI tPHrypa 

IlpHBO.LlHT B yaen 4, TO LIH8rpaMM8 ~ HMeeT IIOLlLIHarpaMMY1 
EcnR rryTb U 
H306pa:>KeHHYIO Ha pHCo 32. 0pHMeHHM orrepaUHIO TeopeMbl 2 K 'leTbipexyrOJlbHKKY 1284 

aToll rronnHarpaMMhi H ynanHM aaTeM nHHHIO (2,3) BMecTe c yanaMK 2 H 3. B pesyn&

TaTe IIOJlY'IHM IlpHMHTHBHYIO LlHarpaMMY pHCo 21B1 Ma:>KOpHpyrowyro P 9TOM cnyqae 

LIHarpaMMY CJJ. 

t 



' 03 

EciiH rryTb L IIPHBO,ll.HT Ha yqacTOK ( 2,3) HnH ( 3,4). TO rrmrypa I I I BMecre 

C 9THM IIyTeM o6pa3yeT, COOTBeTCTBeHH0 1 O,n.Hy H3 Clle,n.ylOUlHX ABYX qJHryp (cM,pHC,33), 

3TH cpHryphi 6y neM o6o3HaqaTb 111 a H II J 6 • 

5 

PHc, 32, 

5 .s 

a) 6) 

Y1TaK 1 H8M ocTanocb paccMoTpeTb ,n.HarpaMMhi 1 He conep*BlllHe rronHroHa N 1'1 N, 
HO CO.llep:>KamHe XOTSI 6w o.nHy H3 rrHTH tPHryp IT a, IT 15, I I B , 1/1 8 , II! 6 .KaK H 

paHee, MO:>KflO .QOIUlSftTb1 wro AOCTBTO'iHO orpaHH'IHTbCSI AHBI'p8MM8MH 
1 

B KOTOpb!X 

cymeCTByeT Me30HHW~ IIYTb K3 TO'IKH 4 HB tPHrypy, ,ll.OIIOllHHTenbHy!O K OTpeaKy (4,3) 

.::1\ ~ ~it 
e) nycTb a AHBI'p&MMe -IV He CYlU9CTByeT IIOllHI'OHa NI'1N 

1 HO 

cymecTsyeT tPHrypa th. nyTb L 4 H8 yqaCTKH (3,8) H (2
1
5) IIpHBo

.llHTb He MO>!<eT, TaK KAJ<..MHa'le cymecTaosan 5bl nonHroH N M N . EcnH aToT 

IJyTb 11PiiBOAJIT H& Y'~8CTOK ( 1 11 ), TO .a.HarpaMMa ';D HMeeT rronnHarpaMMY 

puc, 301 1'1 1 cnenoaaTenbH0 1 OHft M8)K0pHpyeTCSI IIpHMHTHBHOA AH8I'p8MMOA pHc,21a, 

EcnH nyn, ~ rrpHB()Ll.H1' Hft y'HlCTOK ( 1,2) HnK ( 2,3), TO s nHarpaMMe HMeeTCH 

liO,!l,!lHarpaMMa PHC. 34a Hlllf PlfC, 346, COOTB9TCTB9HHO. npHMeHHB orrepal{H!O Teope-

Mbl 2 K qe'fblpexyronbHI(Ky 434fAJtArpaMMbi pHC, 34a H K TpeyrOllbHHKy 43 f AHarpaM

Mhl pHc, 1H6 1 Mhl IlO./l)'l(HM t:UI8l'paMMbl 1 B K8)K,n.OA H3 KOTOpbiX HMeeTCH IIpHMHTHBH8H 
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IIO.U.UH8.rpaMM8. pHC. 216. nocne.QHSISI B .U8.HHOM cnyqae M8.:lKOpHpyeT .LlH8.rpaMMY ~ 
EcnH nyTb L., npHXO.UHT Ha yqaCTOK (a, j ) HnH ( 5, J ) ' TO B .aHarpaMMe ;;{) 

HMeeTCSI
1 

COOTBeTCTBeHH01 npHMHTHBH8.Sl IIO.U.UH8.rpaMM8. e) HnH :lK) pHC. 21. 

g. 

,. 

" 5 

3 ./ 2 
6) 

a) 
PHc. 34. 

*" 
)K) nycTb B .aHarpa\1Me PO G R, He cymecTsyeT nonHrOH8. N M N ' HO 

cymecTsyeT cpHrypa ]j 6 • nyTb L H3 TOqKH 4 Ha yqacTKH (3,6) H (2,5) npHso

.UHTb He MO:lKeT, TaK KSK HHaqe cymecTsosan 6bi nonHroH N M N. EcnH nyTb L aa 

TOqKH 4 npHBO.UHT H8. yqaCTOK (5,6), (3,,), (2,~) HnH (1,2), TO .UHarpaMM8. CJ).- HMeeT 

IIO.U.UH8.rpaMMY 
1 

B KOTOpOi KOHTyp ( 1,2 1 ~~ ) y .UOBneTBOpSleT ycnOBHIO TeOpeMbi 2. nocn~t 

npHMeHeHHSI K sToMy KOHTYPY onepauHH TeopeMbi 2 no.a.aHarpaMMa npespaTHTCH B .aHa

rpaMMy, co.aep:lKaiUyiO nonHroH N M N. TaKHM o6paaoM 1 B sToM cnyqae .aHarpaMMa 

1J Ma:lKopapyeTcH .aHarpaMMoi, pa.ccMoTpeHHOA B 23a. EcnH nyTb l..t H3 ToqKR 4 

npHBO.UHT Ha yqaCTOK ( 1, ~ ), TO .UH8.rpaMM8. ~ HMeeT IIO.U.UH8.rp8.MMf pHCo 30, 8.1 

cne.UOB8.TenbH0
1 

M8.:lKOpHpyeTCSI IIpHMHTHBHOi .UHarpBMMOi pHC. 21ao 

3) nycTb B .aHarpaMMe 1J €- J{, '!t He cymecTsyeT IIOnHrOHa N M N • HO cy-

mecTsyeT cpHrypa. 11 B EcnH nyTb L H3 TOqKH 4 npHBO.UHT Ha niOtSol yqacTOX 

3TOi cpHrypb1
1 

KpOMe ( 1,' ) 1 TO .UH8.rpaMM8 ~ HMeeT IIO.U.r:tH8.rp8MMf 1 B XOTOpOI 

KOHTYP ( 123 ~ 1) y.aosneTBOpSleT ycnOBHIO TeopeMbl 2. nocne npHM9H9HHR X STOMY 

KOHTYPY onepaUHH TeopeMbi 2 no.a.aHarpaMMa npespaTHTCSI B .r:tHarpaMMy1 co.aep>KamyiO 

. nomilrOH N M N. TaKHM o6paaoM1 B sTOM cnyqae .r:tHarpaMM8 ~ M8>KOpHpyeTCSI 

.aHarpaMMoi, pa.ccMoTpeHHOi B 23a. EcnH nyTb L H3 ToqXH 4 IIpHBO.r:tHT HA Y'IACTOK 

(1. ~ ), TO .aHarpaMMa HMeeT no.a.aHarpaMMy pHc. 3Q H M8>KOpHpyeTCB IIPJIMHTHII• 

Hoi .aHarpaMMOA pHc. 21a. 

• 



• 

HO 

IIpHBO

i.J H3 

35 

H) flycTb B .oHarpaMMe ~ 6 ]?, -It" He cymecTsyeT nom1:roHa N M ~ Ho cymecTsy

eT <PHrypa II/ a • EcJIH: nyTb L Ha TO'IKH 4 npHBO.OHT Ha mo6oA yqacTox aToA ¢Hryphl, 

KpOMe Y'I8CTKa ( 1) s ) t TO TaKaH .OHarpaMMa HMeeT IIO.O.OHarpa~My t B KOTOpoii KOHTyp 

( 1 ,2, g 'I) y .llOBileTBOp.SieT YCilOBHIO Teope¥bi 2. nocne IIPHMeHeHHSI K <ITO My KOHTypy orre-

P8UHH TeopeMbi 2 <~Ta rro.o.oHarpaMMa nepexo.oHT B .OHarpaMMy,co.oep)KamyiO cpHr.l. TaKHM 

o6p&30M, B <!TOM CJly1ae .OHarpaMMa ~ Ma)KOpHpyeTCSI .OHarpaMMoA, paCCMOTpeH-

H01t B 23s, EcnH rryTb [., H3 TO'IKH 4 rrpHBO)lHT Ha yqacTox ( 1, SJ ) , To .OHarpaMMa %J 
HMeeT IIO.ll.OHarpaMMy PHC, ·35, npHM9HHM K KOHTypy ( 12341) :i!TOA IIOll.OHarpaMMbi. 

onepauHIO TeopeMbi 2 H y.oanHM aaTeM JlHHHIO ·(2,3)· s~eci-e c yaliaMH 2 H 3. B peaynb

TaTe IIOllY'IHM IIpHMHTHBHyiO .OHarpaMMy pHC, 2Js, KOTOpa~ S .OaHHOM Cllyqae MB)KOpH
pyeT .OHarpaMMy ~ • 

x) nyCTb1 H8KOH9Il1 B .OHarpaMMe ~ & Jl1t-
He cymecTsyeT nonHroHa N M N, 

HO cymec.TayeT cPHrypa 1116. EcnH nyTb lJ Ha TO'IKH 4 npxs<,>.oHT Ha n106oA yqacTox 

~T01t <iJHrypbr, KPOMe Y'I8CTK8 ( 1, ~ ), TO .OHarpaMMa HMeeT IIO.O.OHarpaMMy, B KOTo

poJt KOHTyp ( 123 J 1) y .llBSJl9TBOpHeT JCilOBHIO TeopeMbi 2. · 

flocne rrpHMeHeHHSI x <~TOMy KOHTypy onepauHH TeopeMbi 2 no.o.oHarpaMMa npespa

THTCsr a .OHarpaMMy, B xoTopoA cymecTsyeT rroJIH:roH N M N • T8KHM o6paaoM, s 

9TOM Cllyqae .llHarpaMMa ~ Ma)i{opHpyeTCH .OHarpaMMOfi, paCCMOTp9HHO:lf B 23a, 

EcnH >Ke rryTb lJ H3 TO'IKH 4 IipHBO.OHT Ha y'laCTOK (I, Q ), To s .OHarpaMMe ctJ •• d 

HM9eTCSI IIO.O.llHarpaMMa, H300p8)K9HHBSI Ha pHC, 35, a , cne.oosaTenbH0
1 

OHa Ma)KOpH-

pyeTCSI IIPHMHTHBHOI .llHarp8MMOit pHc. 2Is • 
.,... 

.llHarpaMMa Ha :fl., pacceHHHH 
HYKilOHa Ha HyKilOHe 

VfTax, ll0K838HO, "'ITO 111008SI 

MU<OpHpyeTCSl XOTSI 6bi O.OHOit H3 IIpHMHTHBHbiX .OHarpaMM pHc, 21, 
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§ 6. PacceSIHMe Me30H8 Ha HYKJIOHe (em.-=-~' e,.,::: ~) 

24. fli06aSI ,llM8rpaMM8 M3 
1lv-!(- pacceSIHMSI Me30H8 H8 HyKJIOHe M8:>KOpupyeTCSI 

XOTSI 6bi O,llHOA H3 CJie.llyiOIUMX npMMMTMBHb!X ,UHarpaMM ( CM. pH C. 36) • 

0 CD CD 
a) 6) 

B) r) 

0 CD CD -
.u) e ) )K) 3) 

i CD 4 

) 
-:i 
=::! 
:~ 

n) K) 
H) -\ 

.:; 

.;; 

CD 
~~ 

j 
~ 

--') 
:0·.~ 
~~ 

.;;"! 

o) H) 
M) 

_-,; 
- .. 
--~ 

=1'1 
""' 

PHC 36. 
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a)KOp!!pyeTeSI 
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AoKaaaTenbeTao 

paeeeSIHHSI M830Ha Ha HyKnOHe HyKnOHHb!8 nHHHII eOCTBB

nSIIOT 8Lli!HCTB8HHbiA: HYKl10HHhiA R011Hf'OH 0 nyeTb a,_ II g - BH8WHHe Y311bi
1 

paerro-no-

ffi8HHb!8 B KOHU8X STOf'O R011Hf'OH81 a c H ol - .llB8 LlpyrHX BH8WHHX yana. 

a) 'PaCCMOTpHM CH8'18118 LlHarpaMMy 
1 B KOTOpoA Y311bi C H o{ 

paerronomeHbi Ha HYKllOHHOM IIOllllf'OHe. KamLlyiO 3B83LlY B TaKoA LlHarpaMMe
1 

OIIHpaiO

LUYIOCSI Ha HYKllOHHhiA IIOllllf'OH BC811411 eBOHMH ny'18MH
1 

38MeHHM Me30HHOH l111HHeA
1 

eoe

LlHHSI!OLUeA ee KpaAHHe Y3llbJ Ha STOM IIOllllf'OHe. B peaynbTaTe Mbl rrony'IHM IIOLlLlHa

rpaMMy, B KOTOpoA: K8:li<Ll8SI Me30HH8SI llHHHSI OIIHpaeTCSI H8 HYKllOHHbiA II911Hf'OH 060HMH 

KOHU8MH 0 noBTOpSISI Llanee paceymLleHHSI IIYHKTa 19, H9TPYLlHO LlOK838Tb
1 

'ITO LlHar

p8MM8 CfJ HMeeT XOTSI 6b! OLlHy R3 ll0P,Ll.H8f'p&MM TRII8 T9X
1 

KOTOpb!e 11306pameHbl 

Ha p11e. 23. 0TeiOLla s e11ny 17 cme.ayeT1 qTo s paccMaTpHsaeMoM eny<~ae LlHarpaM

Ma 1J MamopHpy~'fCSI ~OT~ OM OLJ.HOI H3 .llHarpaMM, Hao6pameHHhiX Ha p11e. 37. 

DCDCD 
CD 

PMC, 37, 
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f lpHMeHHB K 9THM .UH8rpaMM8M onepaUHIO TeopeMbl 2, a 38TeM 1 ecnH llOTpe6yeT

CSI0 li onepaUHIO TeopeMbl 1, Mbl nonyqHM npHMHTHBH?Ie .UH8I'paMMbl a), 6), s), .u) 1 

e), a), n) pHC. 38. 

Bo scex 9THX npHMHTHBHbiX .uHarpaMM8X cywecTsyeT O.UHH H3 .uayx nonHroHoB, 

H306pa)!(eHHbiX H8 pHC. 38 ( UHcppaMH OTMeqeHbl BH9WHH9 yanbda JloKa)!(eM 1 qTO BCSI

K8SI .Ul18I'p8MM8 H3 n-It" Ma)!(OpHpyeTCSI ,UHarp8MMOitJ B KOTOpOJt cyweCTByeT O.UHH H3 

raKHX nonHroaoa. f1epBbiA nonHI'OH 6y .ueM aaabrBaTb ·•N N M , a BTopolt N M . 

1 2 3 '-1 f 2 3 

PHc. 38. 

6) JlnSI .UHarpaMM
1 

B KOTOpblX BCe BHeWHHe yanbl ne)!(aT Ha HyKnOHHOM UOnHI'O-
-<." 

ae, 9TO Y*e .uoKaaaao. 

PaccMOTPHM cnyqalt, Kor.ua TPH saewHHX yana, cKa)!(eM a. , C H C ne)!(a'l 

Ha HyKnOHHOM nonHroae, a qeTaepTbilt yaen d - aae 9Tor o nonHroaa. BBH.IlY CBSia

aocTH B JlHarpaMMe cywecTayeT MeaoHHbilt nyTb Ha yana d Ha HyKnoHHbiR nonHrOH1 

HanpHMep
1 

Ha ero yqaCTOK Q,C • f1oBTOpSISI Jlanee paccy:>KJleHHSI nyHKTa 216, MO>KHO 

y6eJlHTbCSI
1 

qTO B JlaHHOM cnyqaeM JlHarpaMMa HMeeT XOTSI 6bi OJlHY H3 nOJl.llHSrpaMM 1 

H306pa)!(eHHbiX Ha pHC. 39. 

o ~/rd 
~ 00d ' 

a~O~d 
n 

6) " 

a?) a~ } 
6 

& 6 

a) r-) 

PHc. 39. 
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lto-rpe6yeT

a), .o), 

R011Hf'OHOB 1 

I. 'ITO BCSI-

O,llHH H3 

rM. 
i 

l 
nonHro-

115, MO>KHO 

.a.axarpaMM, 

39 

B no.o.oHarpaMMSX 6) H r) sepWHHHYIO '18CTb r B COOTBeTCTBHH c 17 38Me

HHM Y3JIOM Q,. • npHMeHHH .llSJiee onep8UHIO TeOpeMbl 2, Mbl YCT8HOBHM, 'ITO IIOLUlH8-

f'p8MMbl a) H 6) Ma:>KopHpy!OTCH .oHarpaMMoA, s KOTopoa cywecTsyeT rronHroH IV IV M 
I 

a no.o.oHarpaMMbl s) H r) - .oHarpaMMoA, s KoTopoA cywecTsyeT nonHroH N M 

B) nyCTb Tenepb .OBS BHeWHHX yana ne:>KaT BHe HyKnOHHOf'O D011Hf'OH8
0 

8 CHJiy 

CBSI3HOCTH DO MeHbWeA Mepe H3 O.OHOA TO'IKH HYKI10HH0f'O D011Hf'OH8 cymeCTByeT Me30H

Hbllt nyTb B O.OHH H3 BHeWHHX yanoB c HnH d, 1 He DpOXO.OHlllHA 'l:epea .OpyroA H3 

STHX yanos. BnH:>KaAWyiO K (1. TO'IKY HyKnOHHOf'O D011Hf'OH8
1 

H3 KOTOpoA cymecTsyeT 

T8KOit nyTb1 H830BeM xapaKTepHCTH'IeCKOA. noBTOpHB .aanee paccy:>K.QeHHH nyHKT8 216, 

Mbl .OOKS:>KeM, 'ITO B p8CCM8TpHB8eMOM cny<Jae .OHarpaMMS M8:>KOpHpyeTCH .OH8f'p8MMOA
1 

co.aep:>~<aweA nonHroH N M 

r) nycTb B .OH8f'paMMe '1J e ·~ * cymecTsyeT nonHf'OH NNM. nosTOpHSI pac-

Cy:>K,aeHHH nyHKT8 23a, MO:>KHO .OOK838TI>t 'ITO B STOM cny-qae .QHarpaMMa ";{) Ma:>Ko-

pHpyeTCSI XOTSI 6bl Q.OHOI H3 .OHarpaMM pHC. 400 npHM9HSIH onepaUHIO TeopeMbl 2
1 

HeTpy.OHO y6e.OHTbCHe ~TO SITH .OHarpaMMbl M8:>KOpHpy!OTCH npHMHTHBHbiMH .OHarpSMMa

MH a) 1 (5), .0), e) 1 3), n) PKCo S6. 

CDCD 
... CDD 
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-tf 
n) nycTb B .[lKarpaMMe '7J €- 1t cymecTsyeT llOl!KrOH N M .. B CHl!Y 

CB513HOCTH Ha nomt:roHe N M HaAneTC51 xoT51 6bi onHa TO'IK8 0 K3 KOTopoA cymecTsyeT 

MeaoHHbiA nyTb s TO'IKY J • He KM910lllHll: o6lllKX TO'leK c nonKrOHOM IV fY/ , Cpe

.LlK TBKKX TO'l9K 6liH :>K8ll:llly10 K Q, H830B9M xapaKTepKCTH'l9CKOll: TO'IKOll: H 0603H8'1HM 

(1 • EcnK TO'IK8 a, pacnol!O:>KeHa H8 Y'l8CTJte ae I TO llKarpaMMa ';{) KMeeT 

XOTSI 6bi O.LlHY K3 qeTbipex llO.[l.QHarpaMM pHC, 41 0 9Cl!H :>Ke OHa H8XO.QHTCSI H8 yqacT

Ke !Jc 1 TO XOT.SI 6bl OllHY K3 '19Tb!pex ll0.[1.[1Karp8MM pKC, 42, ... 

d 

tl . • c 

2{;;,.c-· 

a u 1 c Y' , •e 

_ PKc. 41. 

Ha OCHOBBHHH nyHKT8 17 K. TeopeMbl 2 Tenepb HEtTP)'llRO y6e,OJ(TJ:I()H' J{TO l!1068SI 

nKarpa~Ma, s KOTopoA HMeeTCSI nonKroH N M 1 Ma~opKp)'O'fCJI lllfArpaM'4QA1 1'1 KOTO"" 

poll: HMeeTcSI Hl!H nonKroH _N N M 1 Hl!H ¢Hrypa 1 (cM,pHc, 43) • 

t 
~ 

'• 



• B CHJIY 

cymecTByeT 

fVM . Cpe-

0603H8'iHM 

'IJ HMeeT 

: 

! 
! r 

, 'JTO mo6aSI 

M@ll 1 D KOTO"' 

f . 

f 3 

c ll 

I 

3 
I 
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e) nycTb a ,nHarpaMMe H3 
(/)~ 
JV cywecTayeT noJIHrOH M IV M • noaTOp5151 

paccy:>K,neHHSI nyHKTa 23a
1 

MO:>KHO .noK83aTb0 qTO a 9TOM Cnyqae .nHarpaMMa ~ M8:>Ko

pHpyeTCSI XOTSI 6bi O,nHOlt H3 npHMHTHaHbiX ,nHarpaMM a) 1 6), :>K) 1 3), H), K) 0 n) 

pHC. 36. 

)K) nycTb Terrepb a ,nHarpaMMe He cywecTayeT noJIHroHa M N M 0 HO cy-

wecTayeT ¢«rypa I. AHanorHqHo 216 MO:>KHO .noKa3aTb1 qTo .nocTaToqHo paccMOTpeTh 

TaKHe .nHarpaMMhi
1 

co.nep:>KamHe cjJHrypy 1, a Ko'!'epbiX HMeeTCSI Me30HHbilt nyTb L 
L 

H3 TO'IKH 1 Ha qaCTb aTOll cPHrypbl 1 .nononHHTenbHYIO K 0Tpe3KY ( 1,5) • nyTb H3 TO'IKH 

1 Ha y'laCTKH (2,6) H (3,6) npHBO,nHTb He MO:>KeT1 TaK K8K HHa'le cymeCTaoaan 6bi 

nonHroH M N M • EcnH aToT nyTb npHao.nHT a TO'IKY 4, TO .nHarpaMMa HMeeT npHMH

~HBHYIO nonnHarpaMMY pHc. 36a. EcnH :>Ke nyTb L npHxo.nHT Ha y'laCTOK (2,5), 

(3,5) HnH ( 4,6) 
1 

TO OH BMeCTe C cPHrypolt 1 o6pa3yeT o.nHy H3 cne.nyiOillHX 

.nayx cPHryp ( CM.pHC. 44) 

""-

4 

4 
5 

16 
Ia. 

PHc. 44. 
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~oTpeTh 

' L !b 
I ra TO'IKH 

fBaJi 6bi 
I 

X 

4 'J 

" 

3TH cPHrypbl 6y Lt8M 0603H8'18Tb 1 a, 16. 

IloBTOpHB pacCy)KLt8HHSI rryHKT8 216, HeTpyLtHO y6eLtHTbCSI 1 'ITO LtOCT8TO'IHO 

TaKHe LtHarpaMMhi 1 coaep*aiUHe qJHrypbi Ia H1IH 16, B KOTOpbiX 

HMeeTCH MeaoHHbill: rryTb L Lt01101IHHT81IbHYIO 

1 COOTB8TCTB8HH0 0 

,
17) .. 

a) IlycTh aHarpaMMa H3 .IV coaep)KHT qJHrypy 1.q_, EcnH nyTh L npHBOLtHT 

yqaCTOK (}' ~ ) 1 ( 2,6 r, ( 2, ~ ) H1IH ( 5, ~ ) 1 TO B LtH8rpaMM8 1 COOTB8TCTB8HHO 

HM88TCSI 11pHMHTHBH8SI 110LlLtH8rpaMM8 B) 1 M) 1 H) 1 0) pHC, 36, 

H) IlycTh Terrepb LtHarpaMMa H3 

npHBOUHT H8 yqacTOK ( 2,6) 1 ( 1 ,~ ) 

J't it coaep)KHT ¢Hrypy 16. EcnH nyTh 

H1IH ( 1,5) 1 TO B LtHarpaMMe COOTB8TCTB8HHO 

HMeeTCH 11pHMHTHBH8SI 110Ll,Z:IHarpaMM8 6) 1 B) 1 r) pH C. 36. 

EcnH rryTh iJ 11pHBOLtHT Ha Y'I8CTOK ( 2,5) 1 TO LtHarpaMM8 HM88T 110LtLtH8rpaM-

pHC, 45 1 KOTOpag C ITOMOillh!O orrepaUHH TeopeMbl 2 11pHBOLtHTCSI K 11pHMHTHBHOll: 

nHarpaMMe pHc. 36a. 

•• 
PHC. 45. 

0cTa1IbHbl8 yqaCTKH Mbl He paCCM8TpHB88M BBHLty CHMMeTpHH tPHrypble 

i1TaK1 UOK838H0 1 'ITO 111068S1 LtHarp8MM8 H3 :fl.~ pacCeSIHHSI Me30H8 H8 HYK1IOHe 

M8»WpHpyeTCSI XOTSI 6bi OLlHOit H3 11pHMHTHBHbiX LtHarpaMM pHCe 36. 
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25. AHanonPiHbiMH paccy:tK.neHHHMH MO:tKHO .noKa3aTh0 "'TO s mo6oii .nHarpaMMe 

CfJf Pv-* pacceHHHH M830H8 Ha M830H8 ( e'"- =4, ell/ =0) HM88TCH XOTH 6bi .O.LlH8 H3 rrpHMH-

THBHbiX .LlHarpaMM pHC. 46. 

.. 

a) 6) e) 

PHc. 46. 

B .naHHOM cnyqae .noKa3aTenhCTBO oco6eHHO rrpocTo, BBH.LlY Toro, "'To, KaK 

HeTpy.LlHO IIOKa3aTb
0 

B mo6oil. .L1HarpaMM8 H3 '1<t -It pacceHHHH M830Ha Ha M~:oHe cy

lU8CTByeT rronHroH, rrpoxo.nHlllHH qepe3 see sHeWHHe y3nhi. KpoMe Toro, aTH rrpHMH

THDHbie .nHarpaMMbi MoryT 6hiTh rrony"leHhi KaK rro.nnaarpaMMhi .nHarpaMM pac.36, s 

KOT Jpbl)\. HyK.'10HHbl8' J111HI1H 38M8HGHbl M8~~0HHb!MH 0 

CooepllleHHO oqesrr.nHo, "'TO no!ly"leHHbie rrpHM!iTHBHbre .nnarpaMMhi pnc.36 H 46 

MoryT 6b!Tb !iCIIOJlb30Be.abi TaK:tK8 rrprr H3Y"l8HHH aMIIJlHTY .Ll rrpoueCCOB C yqaCTHeM 

~ /14/ 
~ - KBaHTOB 0 

Y:acTb II. MA)KOPMPOBAHME nPVIMMTMBHblX AMArPAMM 

1. AnH orrpe.neneHHH o6nacTH G~ Terrepb HaM .LlOCTaTO"lHO orpaHH"lHTbCH KOHe'l-

HbiM MHO:>KeCTBOM rrpliMHTHBHhiX .nHarpaMM. HeKoTopbre H3 rrpHMHTHBHbiX .nHarpaMM 

Ma:>KopHpyiOT .npyrHe. HarrpHMep
1 

nprrMHT!iBHaH .nHarpaMMa pHc. 206 Ma:>KopHpyeTCSI 

rrpHMHTHBHOil. .LlHarpaMMOH pHC. 20a, a UpHMHTHBHaH .LlHarpaMMa pHc.46s - rrpHMHTHBHOH 

.nHarpaMMOil. prrc. 46a. 3To cne.nyeT H3 pe3ynbTaToB, rrony"leHHhiX s rryHKTe 11. Anst 

cpasHeHHSI rrpHMHTHBHbiX .LlHarpaMM Tpe6yiOTCH 6onee .neTaJlbHbl8 cse.neHHSI 0 KB8.Llpa-

• 



• 

nHarpaMMe 

Ha H3 npliMH-

0 1 KaK 

aoae cy-

TH npHMH

HC,36, B 

,36 H 46 

CTHeM 

PAMM 

bCSI KOHe'l-

rpaMM 

HpyeTCH 

pHMHTHBHOii 

ll. JlnH 

KBS.Ilpa-

45 

TH'!Hb!X cPOpMaX. 3cpcpeKTHBHblM cpenCTBOM llp!i CpaBHeHHH llp!iMHTHBHblX LlH8I"p8MM OK8-

3blB8eTCH TeopeMa CHM8H3HK8 H HexoTopoe ee o6o6UleHHe • 

§ l, Bbrpa>KeHHe KBanpaTH'IHOH ¢opMbi LlHarpaMMbi qepea ee 

M8TPHUY HHUHLleHTHOCTH 

2, llyCTb 38Ll8H8 npOH3BOilbH8.H LlH8I"p8MM8 C fl, Y3Jll'lMH H e BHyTpeHHHMH 

naHHSIMH H nycTb Ha Ka.>Knoit TaKoA: nHHHH aanaHo HarrpaeneHHe, Ey neM C'IHT8Th1 'ITO 

Bee BHeWHHe llHHHH BXOLlHT B COOTBeTCTBYIOlllHe Y31lble 3aHyMepyeM K8KHM-HH6ynh 

o6pa30M Y31lbl H nHHHH B OTLlellbHOCTH. MaTpHua HHUHLleHTHOCT:> E =: ( e,.;)' i :J, .• ,n.. 
v "' l, •••• e TaKoA nHarpaMMbi orrpenen.s~eTc.H cnenyiOUlHM o6paaoM: 

1
1 1 ecnH llHHHH y 

et/' - 01 ' ecnH llHHH.H I).) 

, ecnH yaen .. 

BbiXOLlHT H3 yana 

BXOLlHT B yaen L- • 

He npHHa.ane.>K:HT ll.HHHH 
( 1.1 ) 

3aJi:oH COXp8HeHH.H HMllYilbC8 B K8.>K:Ll0M yane LlH8I"p8MMbl 38llHCbiB8eTCH B BHLle: 

e 

L e,)JKJ)=Pe,, i "" 1.' ..... 1 ft., 
( 1.2) 

rne K.i ••• , Ke - HMrrynbCbl Ha BHyTpeHHHX llHHH.HX, 

HMllYilbCbie 

I ••• t 
pn..- - BHeUJHHe 

3aMeTHM 1 'ITO B K8>KLlOM CTOil6Ue M8TpHUbi E LlB8 H TOilbKO LlB8 aneMeHT8 OTilH'I

OT Hymr, OLlHH H3 HHX paBeH 11 .OpyroA paBeH - 1. 0TCI0.08 Cne.nyeT 1 'ITO ,.. 

( 1.3} 

TaKHM o6paaoM, .nnsr coBM9CTHOC1'H ypasHeHHit ( 1.2} Heo6xo.aHMo BhmonHeHBe ycnosHH 

x) MaTpHU8 HHUH.09HTHOCTH XOpOlllO H3BeCTH8 B KOM6HH8TOpHOA TOllOilOI"HH 

(eM. ,HanpHMep, /15/). 
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L P. = 0. 
1.. ( 1.4) 

i=! 

3. EcnH .uaarpaMMa CBSI3Ha, TO qacno He3aBHCHMhiX ypaaHeHHA cpe.aa ypaaHe

HHA ( 1.2) paBHO n - 1, a, cne.uoaaTenbHO, f = e- n- + i HMIIynbCOB IC, MO>KHO 

38.U8Tb rrpoH3BOnbHO, Y1MrrynbChi IC )I MO>KHO 38.U8Tb rrpoH3BOnbHO Ha TaKHx H TOnbKO ... 
H8 T8KHX nHHHSIX

1 
rrepepe38HHe KOTOphiX He HapywaeT CBSI3HOCTH .LlR8I'p8MMhl, Y13MeH5151 1 

ecnH Hy)KH0
1 

HyMepaiiHIO nHHHA 1 MQ)KHO .U06HTbCSI TOI'01 'IT06hl rrepBble f nHHHA 

o6na.aanH STHM CBOACTBOMo PaCCMOTpHM CH8'lana cnyqaJi, KOI'.Ll8 ace y3nhi .UHSrpaMMhl 

aHeWHHe. K cacTeMe ypaaHeHHA ( 1.2) rrpH £, = 1, ••• 1 /If, - 1 .uo6aaHM cne.ayiO-

ume ypaaHeHHSI: 

k;.i = ti I "'I li,.J. = f f ' (1,5) 

B pe3ynbTaTe nonyqHM CHCTeMy ypaaHeHHA: 

L~e=S, ..... ( 1.6) 

r.ae 

51 = f.i' ... 1 sf = /;f , 

SJ. 1 = P. Se ::: P" -i + 1 J"' J •r J 

1 0 ... 0 0 ... ·0 "\ ( 1.7) 

0 1 ... 0 0 ... 0 

L = ( ~- . . ·. ::; o.· .. o 
e11 e,J. ••• etf eJ.ftL ... et.e 

\ e~-·1 .L .. ·.·. ·. ~ .... · en--! 
' 



( 1.4) 

H ypaBHe-

/(,)1 . MO)!(HO 

X H TOJlbKO 

JlHHHA 

.aHarpaMMbi 

M cne.ay10-

( 1.5) 

( 1.6) 

( 1. 7) 

47 

PeUPHHe 3TOA CHCT9Mbi O.L{H03H8'1HO H M0)!(9T 6biTb 38IIHCaHo B BH.LJ:e: 

( 1.8) 

4. Orrpe.n:enHM B 4 e - MepHOM ·rrpocTpaHCTBe B9KTOpOB K CKBJ151pHoe IIpOH3Be-

{!_ 

L Kry 1" 
Y= 1 ( 1.9) 

~AY =d.-A &:J)' cty) D • Tor.n:a 

(1.10) 

no.aCTBBJlSISI ( 1.8) B ( 1.10) , IIOJlY'IHM 

MaTpHua, o6paTHa51 K MaTpHue 

t H p COIIOCTBBHTb rrepeMeHHbie 

H851 ( 1.11), IIpHM9T Clie.ayiOLUHA BH.a: 

f 

I i -

(1.11) 

1 TO KB8,n:paTH'IH851 cpop:.fa
1 

o6paT-
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5. Ksa.upaTHqHaSI cpopMa /J 'Q (d.,; P) • nonyqaeMaSI noene HHTerpHposaHHSI 

no BHyTpeHHHM HMnynbCaM 1 pasHa (eM. n. 2 qaeTb 1) 

//:o (ti,p) =ext fl~ (o(,; f, P). 
t 

( 1.13) 

Cne.uyiOIUaSI n=.,MMa (eM., 

HYIO cpopMy .4~ ( cfv, ~) 

/5/ u HanpHMep
1 

) IT03BOnSieT seebMa npoeTO H8HTH KB8,Llp8THq-

1 o6paTHYIO tpopMe ll"t) ( o(, 1 p} • 
-~ 

neMM8 2, 

nyeTb KB8,LlpaTHqHaSI cpopMa F ( J(, 1{) HMeeT BH.Ll_: 
~ d~ ~ ~ 

F (X,~)== ~ atJ'' Xi xi+ 2 ~ 2.: gie XL· ~e + z cu. ~e 'ljK -
L

1
j = i L*i eci e, IC~i 

(X, 0., ~) +2( X, ~ 1j) -j- ( J' C J). 

06paTHYIO eil KB8,Llp8THqHyiO cpopMy 0603H8qHM F' ( ~' z ) 
H8SI cpopMa F (x)=extzF{~.y)HMeeT o6paTHYIO Ksa.upaTHqHyiO cpopMy 

3HaqeHHIO cpopMbi F ( 3, l) npH l "' O. CornaeHo aTOH neMMe 

.e. n.-1 

~J= L 
S=i ~s fJ~ (a(., 1) = ti 1J ( ci J 0 3 

i ( {;, e,, 

eT qTQ 

I~; I 
0TeiO.ua ene.uy • 

A1j (<L,p) =- ' 1 d I 

.e. eis eis r.ue 

di· = L 
cJ.,s d 5=1 

• Ksa.upaTHq-

F (J) • p~BHYIO 

,_,y 
(1.14) 

( 1,15) 

\ 

li· 
r 



' 

( 1,13) 

1 
Kaa.apaTH'l-

{ J) , paaHyJO 

( 1.14) 

( 1.15) 
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flyCTb Tenepb H9KOTOpbl9 H3 Y3JlOB .QH8I'p8MMbl BHyTp9HHH9
0 

oy.aeM C'iHT8Tb
1 

'iTO 

y3en J1, - BH9WHHil:, Tor.aa fl1J ( o(,, p) OKa3biBaeTCSI KB8.0p8TH'lHOil: cflOpMOil: OT" 

HMnynbCoa, aa.aaHHhiX JlHWb B~BHeWHHX yanax .aHarpaMMhi. CornacHo ( 1,14) H neM-

Me 2 KBa.opaTH'lHaH cflOpMa //1;) ( ~~ :t) 1 o6paTHaSJ f/7<) ( r/v, p) 
1 

pasHa: 

r.ae 

e.. 

(ci,% )= exf-z L 
t.in.-t S=i 

i 

- nepeMeHHhie1 COOTB9TCTBYIOlUH9 

~i )~ , 

BHyTpeHHHM Y3llaM LlHSI'paMMbl, 

( 1.16) 

0TM9THM 1 'iTO llpH Bb!BO.Qe :9THX cflOpMyn Mbl He HCllOJlb30BaJ1H npe.QUQJl0)!(9HHH 

06 8BKnif.QOBOCT.II HMllYllbCOB, 

8 '18CTHOM cnyqae, KOI'.Qa B9KTOpbl "/:;i 3BKllH.QOBbi
1 

3KCTpeMyM B ( 1.16) npe-

Bp8l.U89TCH B MHHHMyM. 

§ 2. TeopeMa CHMaH3HKa .11 ee o6o6meHHe 

.LlnH cpopMynHpoaKH .11 .ooKaaaTenbcTsa TeopeMbi CHMaHaHKa noneaHo npHBeCTH 

x) 
H9KOTOpbl9 3J19M9HT8pHhl9 CB9.Q9HHSI 0 HOpM8X 

CTBO 

6, nycTb ~ B9LU9CTB9i!HOe .K -MepHoe 

tjl llHHeil:HhlX cflYHKUHil: ( p, %), 38.0aHHhiX B 

3BKJ1H.QOBO npOCTpaHCTBO, rl pOCTpaH-

H83hlBa9TCH npOCTp8HCTBOM
1 

conpH)!(9HHhiM C , 9CJ1H CK8llHpHhiil: KBa.apaT B onpe.oenSJeTcH cpopMynoA 

p~ ( P, p) = 

npoCTp8HCTB8 ~ H 1, H30MOPLPHhl H B38HMHO conpSJ)!(9Hhl, 

7, BeLUeCTBeHHYIO .clJYHKUHIO f { l} ~ ·€ 1; 6y .oeM H83hiBaTb HOpMoA, 

OH8 o6na.oaeT CJ19LlYIOlUHMH CBOfiCTB8MH: 

( 2.1) 

x) 
B .oanhHeiiuteM Mhl onycKBeM HeKOTOpi,Ie 3neMeHT8pHhie .QOK83aTellbCTBa 

6 KOTOpLie MO)l<HO H8il:TH B Kypcax no rfJYIIKUHOH8JlhHOMY aHallH3y (CM
01 

HanpHMep, '/1 ~ 
rn.XI). 
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a) .LJ.ng Ka>K.aoro 1 € % H mo6oro aemecTBeHHoro 'lHCJia ~ 

f (..\1)= /.A/ f ('t). 
6) HepaseHCTBO TpeyroJibHHKa 

f (xt~) ~= f (x) -t f (1J), 
r.ae X 11r J (; 'Ji • 

s) Ecna f (1)• 0, TO % 
... 

= o. 

~3 CBOICTB a) H 6) cne.ayeT f {'1--)~ o. 

8. nycTb A - OOJ10>KHT9JlbHO onpe.aeneHHaSI CHMM9Tplt:'llt4B MaTpHua. Tor.aa 

<i:JyHKUHSI 

j (1) = -((%,/T1.)' (2.2) 

y.aosneTBOpSieT ycnoBHSIM a), 6) H s) M npe.acTaBJISieT npHMep HopM~. B qacTHOCTH 1 

/ ~ j'"' -/('1:. 
1 
t) 

1 
SIBJISieTCSI HopMoA. 

CymecTByiOT HOpMhi
1 

Henpe.acTBBHM&Ie B BH.ae (2.2). HanpHMttp, ecna ct;' > 0, 

TO <i:JyHKUHH "" 
1i:'-· 

f{%i····~.v)=~ ~s /1;s/, 
Sc:f. 

f ( '*-1' ' .. ~ N) = 

I 1:,, I 
;n,a x. 
s .. !, ... 1'/ ds 

SIBJISIIOTCSI HOpMaMHo 

9, OycTb f (l) HBJ1SI9TCH HOpMOI B ~ ; Tor.aa cPYHKWIR 

-f {P) 1-c~~PJJ = m-ax 
/(1:}!:1 

SIBJ1SI9TCSI HOpMOI B p . 3Ta HOpMa Haa~saeTCSI COOpSI>K9HHOI c j (l_). 

(2.3) 

HopMa conpSI>KeHH&SI c f ( P) pasHa } ( l) . 
n pHBe.aeM HeKOTOp~e CBOICTBa B38HMHO conps>KeHHbiX HOPMo 

a) HopMa CODpSI>K9HH8SI K HOpMe (2,2) HM99T BH.Il r (PJ :=: l/(P,!l-ip)'. 
(2,4) 



• 

uxa. Tor .a a 

(2.2) 

'18CTHOCTH, 

I 

(2.3) 
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.lJ.oK&38T9JI.bCTBO. 

TaK KaK IJ 
flOJIO:>KHTeJI.bHO onpe.aeneHH8Sl CHMMeTpH'IHBSI M8TpHU8

1 
TO Ha OCHO-

BaHHH HepaaeacTaa Koum-BvHSIKOBCKoro HMeeM; 

(t;,p)"'= (/1 1~~, /1-ij~P)J.L (:t,, fl~)(PJ fi- 1P). 
.LIJISI mo6oro P cyruecTayeT aeayneaoa BeKTop, 

TaK KaK a o6nacTH ( :¢, If ~) ~ I 
-J. 

napannen.bHbiA 1/ P 1 To , 

J ( P) = Max / { 'k , p ) / = ,/( P} 11 - i p ) • 
_ (1-,ll'tJ ~t r r· J r 

6) nycT.b 11 ( P) H J,_ ( p) - .llBe HOpMbi B 'j' • a :li. z. H Ji ( ~)-conpS1-
)1{9HHbie C HHMH HOpMbi B "/:; o JlnSl TOI'0 1 'IT06br HM9JIO M9CTO HepaBeHCTBO 

H906XO.llHMO H .llOCT&TO'IHO BbinOJIH9HHe HepaBeHCTBa 

lJOK838T9JI.bCTBO 

riycT.b G i H 

H fJ, (l ) = 1 
~ - MHO:>KeCTB8 TO'IeK 

• B CHJiy (2.6) G, <;; 

j(l,p)j~ 

~ 1 l'.lle 1 COOTBeTCTBeHH0
1 

G£ , a, cne.aoaaTen.bHo, 

j(l,JP)/. 

(2.5) 

(2.6) 

a) EcJIH f (~) H f ( P)-a:;_aHM!!_O conp.R.>KeHHbre aopMbi H l. ) O, To aopMa 

).. j ( l.) conpa:>Keaa c HOpMol T f { P) • 

10. neMM8 31 

nycTb HM89TCR C8M8la."BO HOpM f ~ ( p) 
1 

KQr.aa dv npo6eraeT npoHaaonOHoe MHO>KecTao 

COIIpfi)K8HH!>IX K HHM HOpM, 

Tor.aa ljlyKKWUI 

Ol'p8HH'IeHHbiX DpH K8:>K.LIOM p 
1 

j 1 H nyCT.b £. ( ~) CeMeA:CTBO 

J (.P)= ( P) 
(2.7) 
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TAJt>Ke SIBnHeTCSl HOpMOI
1 

npH'IeM conpH>KeHHASl K Hel HOpMa f (1:.) HBnHeTCSI MAKCH

MAnJoHOI HOpMOI1 yJlOBneTBOpSIIOWel HepaseHCTBY 

f ( 1;) ~::. mt·/1, J ~ ( 1 ) • 
~f:l 

(2.8) 

0TCI01lA cn!flyeT, 'ITO ecnH 

>KeHHOI c } ( p), T.e. 

min- f"" 
d,f: 'j 

(~) HBnHeTCH HOpMol, TO osa 6yJleT conpa-

f ( ~ ) .. = wu·n- f-- (l ). 
d,(: 'j 

(2.9) 

pou3aTenbCT82 

nerKO y6eJlHTbCH, 'ITO cpyHKUHSI (2.7) Y1lOBneTBOp51eT csoiCTBaM a), 6) H s) 

nyHKTA 7. HanpHMep, csolcTBY 6): 

J ( P-t4 )~ ~n_:x J,. ( pHJ-) '- '":}~ L (P) -t !nfJ( U~J.J~ f (P) + J ( ~). 
ViTAK 

1 
~ ( p) HBnHeTCSI HOpMOI. 

06naCTb 3H~'IeHHI p , y JlOB~TsopSIIOWHX ycnoaHSIM 

j- ( P)!::. i, f.~.,_ ( P) '-_i 
o603HA'IHM

1 
COOTB9TCTBeHH0

1 
qepe3 (} H b,;., • 1-13 (2.7) cneAyeT, 'ITO 

G~ ::::» G. (~.tO) 

TaK KAK 

ma~ / (~ 1) ;· 
pe G-.c. , fJ, (~) -

TO B CBJIY (2.10) 

!(t )~ ln(.l~ I ( P, 1. )/ ~ lf1-(l!( I ( P, ~) J ~f .. (1.), 
p&G ptG.c. · 

( 2.11 ) T.e. 

j (1) '= ftJ. {e) .QnR motSoro t/.. E1, 

B cHny 1lOKA3AHHoro sblwe cywecTsyeT M4KCHM4n&Ha:R HOpMa </ (1.}, y,t~osnerrsop5no• 
waa ·HepeeHCTBY ( 2.11 ) J (1,) £::. f {'J;) f f.,(, ('~) .QnR n10tSOI"O r/, e 1. (3,12) 

HoT 

OTKY 

npHM 

Cpaa 

HOI H 
I 
I 

li 

~ • 
/ I HOpM8 

S!BnHe' 

ITOLIDP 

CODpSI: 

1~ 

rae 

Corn. 

' 
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Ho TaK KaK lf ( l} £:. f~ ('~} , TO ua ocuosau:a:a rryHKTa 9 6 HMeeM 

OTKY.ll8 

<f ( P) ~ Jd. (q .llmi mo6oro olvf j 

<f ( P ) ~ h-vJ X fu., ( P) = J ( p). 
np:aMeHSISI OIISITb CBOtiCTBO 9 6 0 IIOny'IHM 

Cpasu:asaSI (2.12) H (2.13) , rrony'IHM 

f {l) = f (~). 

( 2.13) 

( 2.14) 

TaKHM o6paaoM, Ha (2.11) H (2.14) cne,llyeT, 'ITO j (~) SIBnSieTcSI MaKCHManb-

HOA HOpMOA 1 y .llOBneTBOpSIIOLUeA HepaBeHCTBy 

j (l)L- ~n, jtA, (~). 
11. nycTb IIpOCTp8HCTBO 1:: SIBnSieTCSI IlpSIMOA CYMMOA IIO,lliipOCTp8HCTB )( 

1=-(x,~)flj J(f X~ ~e ~ . Tor.lla, ecnH j ('l) =.j (x,~)-
~ 

._,., HOpMa B lv 
0 

TO 

H 

j (X) ~ fni fi, f ( X1 y) 
I ( 2.15) 

SIBnSieTCSI HOpMoA B X 

CorrpSJ)KeHHoe c 

IIO.lliipOCTp8HCTB Q 
~ IIpOCTp8HCTBO 9 

H s 
paanaraeTCSI COOTBeTCTBeHHO Ha CYMMy 

I1MeeT MecTo cne.llyiOIUHA auanor neMMbi 2: HOpMa
1 

COIIpSJ)KeHH8SI C f ( J( ) 1p8BH8 

f ( t )= J ( !f3 s) npH S=O j ~€Q., Scf. 

12. Ha ocHOBBHHH nyH\'fa 8 <i:>yHKUHSI 

(tip): ~, 
I -y Mft) ( 2.16) 

r.lle Ac.o 
~ 

:a Mt> aa,llaHbl <PopMynaMH ( 1.15) H ( 1.3 '1.1 ), SIBnSieTcSI uopMoA s ~ • 

Cornacuo 9a), B l <PyHKUHSI 

t . 
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f~ ( ~. ~) ~ -1 M'll" ( ~) ~ ( <~vJ 1v)' , ( 2,17) 

r.lle fl..o 38.ll8H8 cPOpMynoA ( 1,16) 1 SIBnReTCSJ conpSI)I(eHHOA C ~ ( r/.,1 p) HOpMoA. 

13. Bbi'IHCnHM MHHHMYM no olv OT cPYHKllHH 

t. e. n.-t 

:J~ ( ci.., '!) = L dvs m: · L f ( & e.. ~1 ( 2.18) 

dv 
S"'i Y=J. 

TaK K&K 

eUn. 1f) (v<,l tJ = e£·Jn, 1'%> {<t.l) ~ oo, 
o(,, - o ol- 5 ......,. oo 

TO MHHHMYM .llOCTKraeTCSJ 80 BHyTpeHHeA TO'IKe o6nacTK H3MeHeHKSI 
J.. , B KOTOpoA 

( ~ )t z c{. Yn .t ~ (J) 'l, i - J/•1 II II 

tcJ. d ~ 5 

(f ei,l,):a 
L•1 

l 

d J:> _ mJ, L 
- s Y:1 J ds 

i 
clvt 

0TCIO.ll8 H8XO.llHM .( 

/ f e,s li J ·{ z """ ~-" } 5f ( 2,19) t,:L 

~ _L ( Ze ~Y · ~ = s ms 
t{JI (J) L 

Y=1 i::f 

no.llCTSBnsiSI ( 2.19) 8 ( 2.18) 1 nony'IHM 

I~·,. j~ (<t, l )- ·= t ~y J ~ e...~,;. 
Y<: J. L •1 

(2,20) 

nerKO y6e.llHTbCSJ1 'ITO ( 2.20) SIBnSieTCSI HOpMOA, 

14, Tenepb HeTpy.llHO HaiTH MHHHMyM no o( OT cpyHKUHK }1:) ( c(,J rt) o Jloft

CTBHTenbH01 nonb3ySICb (2.20) 1 nony'IHM 
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B CH.ny nyHxToa 13 a: 11 A ( l) SIB.nSieTcSI HOpMo.A. 

CornacHo neMMe 3, HopMa ~ (l) conpH2KeHa c HOpMo.A 

£ (P)-
• (2.22) 

15. VIa nyHKTOB 9 5) H 14 aenocpeLtcTaeHHo cne.ctyeT TeopeMa CHMB.HaHxa , 

nyCTh HM9lOTCR .ctBe .clH8.I'paMMJof 'iC H ~I O.clHOJ'O H TOJ'O 2Ke npouecca. 

fi.o, r~: P) 
(2.23) 

M... (o(,'' -;o' .J 

HM9JIO M9C1'0 llpH lilCftX p f:. c;[> t HeoexoaHMO H .clOCT8.TO'lH0
1 

'IT06bl DpH BCeX l f-l 
awnonHR~oca HepaaeHoTao 

3Aaet. eiJ} N e : ..... MATPJfliW IIHUR.I:I8HTHOOTH .aaarp&MM 1:j 
H ~ 

1 

1 CQOTBOTCT•f10WH8 DH8WHIIM f311AM,cosnaaaiOTo 

I 

H ~ 0 n·epeMeHHbi9 ~ 

10, B DfHXTe e (t~acu 1) CSwno .I:IAHO onpe.cteneHHe o6nacTH G- (~) LlH8.I'p8.MMbl 

'{) e 3fUlAIIIIOft HfM8pAUR81 BH8WHKX ysnoa. 

Ecllff TAJuaa .aHtarpAMMA npxxa.ane:M<HT MH02KecTay Jl 
IJ.'f C ltTOI .QIIAI"PAMMOI, MHOlK8CTao $}_, 

CcM,9· 'laCTh 1), To uapg-

CO.c19p2KHT Bee LlH8.I'p8.MMbl1 DOJiy'l8lOIUH9CSI 

Nt:l AIIIHOit 113MOHOHII8M H'fM8pAQHH BH8WHHX HyXllOHHbiX B M930HHbiX yanoa B OTaen&
HQC1lH1 
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Ka*.OYJO TaKyJO ,oHarpaMMY 6y ,oeM o6o3Ha'laTh 
4:/' z , r.oe 

(1.~ ... eM) ( 1.1- .... e") 11- . . w ae::. 
- !..1. · · · · · L,.. Ji 1 /"- •••• /e.N 

IIpOH3BOJlbHbl9 IIO.QCT8HOBKH • 

Onpe,oeJIHM o6nacTb Jv/ ( "jJ) KaK nepeceqeHHe o6nacTelt 

u (1) J ~ n G ( l)lt-Jr) 
"II!/' 

IIO BC9B03MO)KHbiM ~ H 1f • 

06naCTb J-.1 ( '{)) xap8KT9pH3yeT .QHarpaMMY 1J 6e30THOCHT9JlbHO K HyMepa-

UHH ee BHelliHHX y3JIOB. 06nacTh G Pv coBna.oaeT c nepeceqeHHeM Bcex o6nacTei%. /-1 (~. 

17, vf3 IIyHKTOB 9 6) H 14 Herrocpe.QCTB9H-HO CJie,oyeT T8K)K9 o6o6lll 9HH9 Teope-

Mbl I...-HM8H3HK8. nycTb 38.Q8Hbl K + 1 .QHarpaMMa ;OS" ( (j" =: OJ i . . . K 

o,oHoro H Toro *e rrpouecca c onpe.oeneHHbiMH HyMepauHSIMH BH9lliHHX y3nOB, OyCTb 

L ( P) HOpMbi, cooTBeTCTByJOwHe ,oHarpaMMSM ";()<i" \2.22) • .llnSI Toro, 'IT06hl 

ur (j') 
IIpH BC9X p f J" HM9J10 M9CTO HepaBeHCTBO 

-
1 ( p) ~ max }1j~ 
~o v-'=1 , ... K 

( P)= j (P), 
1, ... 1<.. 

( 2.25) 

l (; 1:, COIIpSI)K9HHbl9 HOpMbl y .QOBlleT-
H906XO.QHMO H .QOCT8TOqH0 1 qT06bi IIpH BC9X 

BOpS111H HepaBeHCTBY 

fi, ... K 
(1) L jt)o (~) • ( 2,26) 

Cor nacHo neMMe 3 f ( 1) SIBJISieTCSI MaKCHMSJibHOit HOpMolt, y ,ooBneTBOpSIIOWeit 
1, ... 1(. 

ycnoBHJO 

fi, ... t< 
flJ ... (l). ( 2.27) (~) L mt'n--

(j" ... i, ... II. 
Y CT8HOBJ19HH8SI TeopeMa ,oaeT He06XO.QHM00 K l!.OC'J'ft'l'O'lH09 YCfiOB!f9 0 qT06bi 

o6naCTb C,.t>o co.oep*ana rrepeceqeHHe o6nacTeA (;1:>,;- , T.e. qTo6bi 

" 
G't>., ;;J(} 

11"=1. 
Gfjg-

/ 

' 

CTBH 

:t€ 

MHo 

SIBJISI 

.llHSrj 

C IIOI 

.aHarl 

He pall 
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B .aanbHeAweM Mbi ·6y.aeM nonb30B8TbCSI 9TOH TeopeMoii nHwb B qacTHOM cnyqae, 

Kor.aa Cf) tJV ( (jV= 1 > •• • K ) - npe.acTaBHTenH o.aaoii H Toil :>Ke .aHarpaMMbi CA) , c 

paaHbiMH HyMepaUHHMH BHeWHHX MeaoHHbiX K HyKnoHHbiX yanos, B aTOM cnyqae TeopeMe 

.aaeT KpKTepKA BKmoqeHHSI o6naCTH 1-/;o (cM.nyHKT 16) s o6naCTb G~o 

B aacToSiweA pa6oTe Mbi 6yneM nonbaosaTbCH nKWb cnenyiOlllHM npocTbiM cnen

CTBHeM H3 (2,27): 

Cne.acTsHe. .D.nSJ BbmonHeHKH HepaseHcTsa (2.25) nocTaTo'IHo, 'IT06bi npH scex 

HUJt, 
O"=i, ... K. 

( 2.28) 

3aMe'l8HHe. nycTb G (~ ... ) eCTb MHO:>KeCTBO TO'I6K 1.- • B KOTOpOM k,,.,t~)£::.1. 
Mao:>KeCTBO TO'leK '£ , y nosneTsopHIOLUHX HepaseHCTBY 

f (l) ~i, 
i, ... I( [.> (tJ ) u 

SlBmleTCSI BbiiTyKnoA o6onO'lKOA CYMMbl MHO:>KeCTB _l:T 6" , (jV ~ i .J .. • "- • 

§ 3, Ma:>KopHpo!)8HHe npKMHTHBHbix nHarpaMM 

18. BepwHHHaSI qacTb. Cornacao § 4 qacTH 1, Knacc R,o npHMHTHBHbiX 

nHarpaMM M630HHO-HyKnOHUOA sepWHHHOH '18CTH COCTOHT H3 llBYX .llHB!'paMM pHC. 17. 

C ITOMOUlbiO TeopeMbl CHM4H3MKa noKa:>KeM, 'ITO .aHarpaMM8 pHc. 17 a) Ma:>KopKpyeT 

nHarpaMMY pHC, }76) • .D.eACTBHT6nbH01 HOpM8 j([) ( 1;) .llH8I'p8MMbi pKC. 47 B CKny 

HepaBeHCTBA TpeyronbRHK8 

Z, 

)( 
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6onbwe HOpMbi :£ (~) nHarpaMMbi pHc, 17 a): 

f., (l )-~; { M [/l,-xj+ fx/]+ ""{/l,-~1+/y -l,fr/l, -x /t /,!]} = 

=nun, {(M-m. )[!~~.-xft-/x1t ': f(/l1-x/+fx-i2,0-r (/x/+ll~-xO+ 
X,~ . 

t (!~,- x/r / x/ )+ (/<,-y/ t/y-t,f)t-{l'l..-y fr !y/) + { /'ld / f fr /)]} ~ 

>- M I '1,! I+ f1l, [! ~J.- ~J-1 +I l~/ J == /A ( l). 

J1TaK 1 mo6aSI LlHarpaMMB Me30HHO-HyKnOHHOA BepWHHHOA 'IBCTH H3 

(nyHKT 9 'laCTb 1) MB}I{OpHpyeTCSI LlHBrpBMMOA pHC, 48 a), 

a) 15) 

PHc, 48. 

:J?., 

M 

·•t;F 

I 
1 

• t! 
j 

t-i 
• 

• 
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0TCIO.ll8 )Ke cne.ayeT, "iTO Jl106ag LlHarp8MMa Me30HHO-Me30HHOil: BepWHHHOil: "i8CTH H3 

~ Ma*OPHpyeTcs .aHarpaMMoil: pHc. 486 ). 3ToT peaynbTaT 6&m Y*e nonyqeH paHee 

(cM.DyHKT 1 "i8CTb JI). 

14. PaccesHHe MeaoHa Ha MeaoHe. 

CornacHo nyHKTy 25 "iSCTH 1 xnacc {{.o npHMHTHBHbiX LlHarpaMM paccesHHS 

Me30H8 H8 Me30He COCTOHT H3 Tpex LlHSrpaMM pHc. 46. npHMHTHBHag LlHarpaMMa 

pH c. 46a) MS)KOpHpyeTca: LlHarpaMw·.,A pH c. 46 a) ( CM.nyHKT 1 "iaCTb II). 3ToT *a 

peayJlbTaT cne.ayeT H H3 TeopeM&r CHMaHauxa. B caMoM .aene, /;.I (l} HOpMa sToA 

LlHarpaMM&I ( CM.pHc.49a) 

f.,, (%) ~ Ill-· min. {1 ~,-x,j+ I x,-<,_lt I x,- '• I+ I l,-y,f + f"J,- ~~I-t 
X, 1 

-t / y,- Y• / t I '• -'1.,/t- h, -y~f t I x~ I+ ly. /}-

= In· min. { ~ [1~,-xd+ !x,- 't./ }+f {!'l;_-x1 ft- jx,-x,f+ Jx.- l,J t x,y 
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Z,z 'I "' ~.2 

2, 2, 2& 

z, ·;z~ 
a) 

X 
6) 

x, )(2 

PHc. 49 • 

B CH11Y HepaseHCTBa TpeyrollbHHKa 601lbWe HOpMbl ha. (~! 1 1:.LJ ~&) 
pHCo 49a),paBHOA 

s) 

.oHarpaMMhi 

~a, c~i• ~.tJt;J)= m [/'ti-1:,1./+ j'l;J.-"lj/+ /1:..1-/r 1~51]. (3.1) 

noKa:>KeM Tenepb1 'ITO Ha OCHOBaHHH o6o6weHHOJt TeopeMbi CHMaH3HKa (nyHKT 12)t 

.llHarpaMMa pHCo 49 6) M8:>KOpHpyeTCS1 napoA ,ZlHarpaMM pHCo 46 a) C .llJ!YMSI pa311H'l-

HbiMH HyMepaUHSIMH BHeWHHX Y31IOB 1 T.e. 'ITO 

.LleACTBHTe1lbH01 

G (i'Ja) :2 H (tJl¥) . 

~ ('l) = m. Mi~-t r;li- X/t I:<- 'l.L/-1- /xf t-/1:~- 'ls /+I ~!-y I+ ~J X,~ l I 

t I y- zci I+ I~ I} = 

= nt / %J.-1;3/+ i m · Wt-ut, {(l"lv -xjt fxl) r (/lry /-t fy 1) + 
:t.y 

<ef;;;.:'-

I 

,., 

M 

81 

Q 

t 
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;;,. ~>t- /'t.. -l, I+-"" {r-Jr ~>t-- ,..,__ {I -c,-1,) r !<:, /, 1 l, -r" It h ... !} = 

= hU"n- { ( ( ~., ~.' ~.) > f'ij.,_ (~ •• ~., ~ ... )}) 

r.ae 
onpe.aenSieTCSI <PopMynoA ( 3.1). 

VfTax, mo6&ft LlH&I'po!lMM8 p&CC9ftHHSJ M930H& H& M930He H3 J(, M&)KOpHpyeTCSl 

.axarp&MMot CJ pl!c, 50, 

.. GIL • 11 ( 0) . 
.. 0 

3aMeTHM 1 'ITO fl& OCHOJUtHRH TeopeMbl CHM&H3HK& MO)KHO noxaa&Tb, 'ITO .aHarpaM· 

Ma ~0 HEI M8*0PMPYC!ITCSI lfH 0/.lHOI LIHarp&MMOA ~~ C onpe.aeneHlfOA HyMepauxeA 

saewHHX yano•, T.e. 'ITO ot5mlCTb G ('7Jo} He co.aep)KHT HH o.auoA Ha o6nacTeA 

(5 (tJ4) 
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20. Paccesuue uyKnoua ua uyKnoue. 

Cornacuo § 5 'I&CTu 1 Knacc R,o DpUMUTUBHblX .llU8rpaMM pacCeHHUH RyKnoua 

ua uyKnoue cocTOUT ua ceMu .nuarpaMM puc. 21. Ha ocuoaauuu TeopeMbi CuMauauKa H 

ee o6061U9HHH MO}KHO DOK838Tb1 'ITO DpUMUTUBHbie .nuarpaMMbl B) 1 r) 1 .ll) 1 e) 1 

*) sToro pucyuKa Ma}KopupyiOTCH .nuarpaMMOA a). Cne.noaaTenbuo, n106as .nuarpaMMa 

paccesuus HyKnoua ua uyKnoue ua :R.,o Ma*opupyeTCH xoTs 6bl o.nuoa ua .nsyx .nua-.. 
rpaMM puc. 51, 

I 2 

Puc. 51. 

T.e. GA.= G-t. = J.l (1.>i) n u ('X):~.). 
nepexo.nuM K .llOK838TenbCT&y STOro yTB9p}K.neuus. PaccMOTpUM CHa-ral!a 

.nuarpaMMbi r), .n), e) puc. 21. 

z, 

,UuarpaMMa r) (cM.puc.52) uMeeT uopMy j~ , paaayiO 
I 

XJ 't.~t 

z, 

X, Xz 
r) 

.llJ 

Puc. 52. 

XJ )(. 

X, 
e) 

.. -

I 
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t- 11t- D x, -x,j+ 1~.-x.J+ 1~, -'l._j t I K3 - x, J r 1 x.j r 1 x,- 'l,;j}? 

~ 1-Ju'n. ( H- Jn) [! 1;1 -~It I X 1 -1:.~./ + I cc.., - X.t, I-t I X~ I 1 .,.. 
JCt,X;z. J 

t §'! .. -x .. / t,l Xcx4}t I ~;J t {1~-1(1/t I x,-x ... j-t I x.- ~. J} ? 

? ( . ( ~~ ' '!t' i6,)' . 

JlHarpaMMa ,a) (cM.pllc. 5~) HAIBeT Hopuy ,4
1
, pasHyro 

:4, (1). ":'"' { N [1! .. -ll,ft lx,- "'•/t-11.,-x, J+ I x,Jj + 

+ ~n.. {I x,-x~ft I x.~.r +I ~1- t,f t 1 xr l,./ t I x,-l, It- !x, -x, 1]} ~ 

~ mt:,. ( M-Itt J r, ~- x,J t 1 x, - '1;. 1 + , l, - x. 1 r 1 x. ; ] + ... ,.. e 
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r 

t m·lt1tf!Hr [ r,l,L-Xi/t/1.1-'t.t./}-t [fx~fr/Xt-l3 J]+ 
x1 , -".t. L1 s) 

+ [ / l
1

- x1 j t J ><1 - xJ- J t / x.t. j} + 

t [n.- x,f-t Jx,- •~!.,. 1 ~. -1:, 1)} ~ ~ .. ('1:.,, <':, 1,), 

ra.e j'bw ( 1
1

, 1..2,, 13 ) onpea.enSieTCSI ¢opMynoA (3.2) • .nHarpaMMB e) 

(cM.pHCo 52) HM99T HOpMy f'Qt. paBHYIO 

jf!t (~) .... h+f-.4- { M fll1-XL/+- fxt-xJ-jtfx~J+I~~-x~J-r/x!l-x.,j7 /x.,-l.!>jt-
.l( 

t m- D 1:., -x, / t I Xc l._jr I x~- "-3 I r 1 x, i)}= 
· _ in£"' { ( M- m) [/'t,- x, I r/ x,-x,f dx.}+ 1<..-x.lt jx,-x,f t I x,- ~.t]+ 

t wr, [/'I-1- x 1 I+ J x1 -1~ jt- J 'lj - x.2. J + I x .t, J + I 1.1 - xJ. 1} + 

t k-1- Ult-xt.}+j X6 -"J;.t./+-ll~-x., J +I x.,j + I iJ- x., t}} ~ 

~ ~ ( M -m) O'*i- xtf t I ;.1-x,j t I x, I-t I '!<l- X.3j + fxr~.,J t /t.,-1.;3/j-t 

t Ill-· """' {1 1., -K,j+} Xr1,/rl '1.,-x.Jr/ x.Jr I lr x,lr/lr x.J +/hi t 
x1,.-.., 

+ 

+ [1.,- x,Jr Jx.-x,ft Jx.-~J} >. {. {t4 , 1..,, ~.), + 

• 
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rne J.,.,tv (l1 , :t.t, ~3 ) onpenen.ReTc.R cpopMynoA (3.2). 

nepeAneM Tenepb K paCCMOTpeHHIO JlHBrpaMM a) H >K) pHC
0 

21 • .UHarpaMMa 

B) ( CM.pHc.53) HMeeT HOP MY f1:1, paaHyiO 

fe (zJ. m.;, { 1'1 [!~.-xI+ /x- -e .. ;+ I 1:,lj + ' ~.~ 

tm{ hI+ I~ - '*'• I+ /l>.-~ I+ I X- "~ I J} ). 
;,. t.t ( M-"') {!'*'<- (I+ /li -l, I+ I '-•I} t-

t: ~·, .{f'*-,-(f+/X-!,.f]+[f!.t.-1/+f%-~1/]-r x,1 . 
•• 

+ [I tc xI+ I x- t. I J + [ ll,- J( 1 + /li - !~ J J + 
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> M [I :CL -1::, I+ J l?> I 1 + T [I 11- ~3 J t (l.z,- ~3 I-f I "t,! J -t I lJ.j). 

? M [ /<, -"t. / + / l, I]+ »~- miw {1 ~,- I,j r /I,/, I l,/+ 1<~-z,lj ~ 
.. 

= illiw [ ( ( 'f~. 'ft. 'f,) , h,.,.J*-,' '-• • ! • ) ], 

oTKylla, B cHny o6o6meuuol TeopeMbi CHM8H3HKa, llHarpaMMa ~ ~ 
. .UH8rp8MMOI 1:;lV • 

.LlHarpaMM8 >K) (cM.pHc.53) HMeeT HOpMy f (2) t p8BHYIO 
. ~* 

M8>KOpHpyeTCSI 

foe,. (t_l ~ Jt~n. { M [! ~.-x,f+ I x,- t..! +I ·k ~,.J+h,- x,} r /x,->, I+ I x,il r 

t 111- u~cX,jt /X1 /+I X,-~,jt ll.-x,f]} = 

~ l>lj"' { (M-~n) [!e,-x,ft fx,-x,jr/x.-~f+/~,-x,f+/Xr!(,ft/J(,lj + 

t ~ [(rlcX11+1 x,-i~f+l x._ -~.~)t {l"t,.- x, f+ /!(_,-x, /t- /x,- '41) + 

"' 

Ha 

H 

a) 

T 

• 



• 

= 

+ 
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t (! t,- •,l t I x,!) + (/<, -•, I+ I •·1) + (! t,- ~.H x,- <., .') + 

+ (/1.1-XJ/t.'xj-~j.~))~? M [/7;1 --.i:,.f+- /t
3
J}-r 

t 

OTKy.lla,e CHny 0606lUeHHOI TeopeMbl CHM8H3HK81 .llHarpa~Ma -h"c- M8.)K0pHpyeTCSI 

lHarpaMMOI #,._, 

21. PacceHHH e Meaoua Ha HyKnoue. 

Cornacuo D 6 'l8.CTH I Knacc flo npHMHTHBHbiX .llHarpaMM pacceHHHSI Meaoua 

Ha HyKnOH9 COCTOHT H3 14 .llH8.rp8.MM pHC, 36, Ha OCHOB8.HHH TeopeMbl CHM8.H3HK8. 

H ee Of50fSlU9HHSI 8 nyHKT9 16a 6y .ll9T fi0Klt38.H0 1 'ITO npHMHTHBHbie .Z:lHarpaMMbl 

a), r), >K), 3), K), n) H o) SToro pHCyHKa M8.)KOpHpyiOTCSI .llHarpaMMOI a), 

1 
a) 

2 
tS) 

PHc, 54, 

3 
a) r) 
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B nyHKTax 216 H 2ls 6y.z:xeT ycTaHosneuo, 'ITO .z:xHarpaMMhl M) H H) MB>KOpH-

pylOTCSI .Z:XHarpaMMOA ll) 1 a .Z:XHarpaMMB H) MB>KOpHpyeTCSI .Z:XHarpaMMOA e)~ 

TaKHM o6pa30M, nrooaSJ .z:xHarpaMMa pacceHHHSI M930H8 Ha HyKnoHe H3 :1{, . 
M8)!{0pHpyeTCSI XOTSI Obi O.llHOA H3 cne.z:xylOlUHX '19Tbipex .Z:XHarpaMM ( CM.pHCo 54), 

2la. PaccMOTpHM cuattana .z:xHarpaMMbi r), 3), K), n) pHc. 36 • .llHarpaMMa r) 

(eM. pHC. 55) HMeeT HOpMy f"'iJa • p8BHYlO 

,. 
~ Xc, X.s ~ 

:1 (]) @ cj 

;j l; 2 l3 z, ll 

X )(l X t X X f Xz. 

s) rJ >K) 3) 
Xc, 
hi. 

Xt Xz x3 

I I' 
•i \ I 1"-3 I ... ,\ llz.. 
i .,'Q I I I J ~Xt'~ ~ 

x, o x3 
X2. X~ X&, Xs x6 l J 

xJ nJ o) 
PHC. 55. 

~. (~)~ Jnf.,. { 1'1 {!t,->,ft/>,f}t "'-[lt1-X../+f•,lr /x,-•,ft 

+ /x1-x,)t- /x,_-"i.a.f+ /l~-xv!+ /1.3-x,_f+- {X.y- ~-iO} = 

= »:'11- { (."1-Ift.-) D~.-;C.jt I ;C,.J ]-~-"'n ( /l,- •dt! x,lt I<.,-x, If I J(' 1) + 

+ i ~~t-xLjt/:<1.-x~ft I x,.,-'l.z.}+- I 1.~.-x3/-t I x.3-x.,J-rl ~.,-"i~~J+ 

• 
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t ! (! t,- x, I r I x, -x,lr I x, I+ I x, -x.1 +I Xcx,jr I x, 1) J} ;o 

~ ~Cv ( ~1 ) :t.L J l3 ) ' 
r.oe 

( 3.3) 

OTCIO.lla cne.oyeT, 'iTO JlHarpaMMil ~~ M&>KOpHpyeTC.Sl .llHarpaMMOA ~IV • .LlHarpaMM8 

3 ) (cM.pHc. 55) JlM~~T HOpMy i 
1 

Pa&HYIO 
~ 

+ 111- [! '61- x, /t / x,- '~.-/+- /l,; It/+/~- ••fr I 'l,- x, /r I x,-x, I r / x,f] }~ 
~ hu'n- ( M·M) {1 1, ·x, J + /x,- x.J + fx.J} + 

)(.s,h 

t m. min- [ {h -xJ r I x,-Jl.,j + !x,;) t- (I~, -•, f+ I x,- ~I)+ 
x1 ,x~ . 

+ ( / 't~- ~~ / t / X1 .. x,l.,. I x,.- 1, I) r ( h,. ~~ J f f x~ 1 J} ? 

~ J, ( t~d ~.to ~A), 



I 

~ ( 'l. ''l'~ '"l) -w.;f -< 

<: { {(t'¥/+/'x-'1./ +{'xf-1/'x-'11) ~ -f 

+ [I •• , -/-I •x-"X I.,_ /"X-'xl-ifl~-7. a ( 101-w)} '11/'111 ~ 

<: { [ f'x I + / '1.,.~ •x I +{'x-'1.1-1/ •x-'•! +{"X-'""£/ f/"1. -''~-/] 101 -f 

+ [ l<x I +{ •x-•x f+f'•x -'xf+('x _ilf] W} ..,_n., -{l) ~t 

OIAH&ed 
1 

"ll(l.f ..(t'(dos .I.aaNH (99 •oHd "WO) f" VWNVd.IeHtt 

OL 

...,~ 

•(g•g) IOU.Awdo<fl BO.I.eJSuattaduo (t) jett.I 
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OTCIOna cnenyeT, 'ITO nHarpaMMa 'fd ~ M8:>KOpHpyeTCSI nHarpaMMOA c;¢4- • D.HarpaM-

M8 n) (CM.pHCe 55) HMeeT HOpMy f'O I lJ8BHYIO .. 

t h> Ql, -I(, I+ /x,-tL/t /x,- 'l,)t I ~CXL/t f"s-x, J+ I .r,-~./t 

t I x,-1, I_,. I x.l}} ~ ( M -Jn) m~·"" {h,-1(, I+ I x,- x,l -t 

· /t.,-x._lt jx._-~,/t fx,J J tIn·~ {1 [r~,-X,It 1x,-x~1r 

t fx,.- x._J + f ~ .. -x,f+ I x, /+ 1'1.,-Xd+ lx, -t~l+ 1 x. -x, f + 

+/l.r- x, I+ I x,f J..,.. 

t + [/ c,- ~./ + I x, ~ t..(t 11, -x, 1 + 1 x, -lL/]+ 

+ f [ f "'"- x • / + / t' - Xs/ + I Xs -x, It 1 x. - 1, 1 + 

+ /'ft.~-x, / + I X1 - x, It I x .. - x, 1 + 1 x.- 'l, 1 J + 

+ i; [I '4. • {,/+I r. I + I~. - x,f t I x,;)} ~ 

~ J,, ( ,,, ~ .... ~. ); 
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OTCIO.lla cne.llyeT, 'ITO .llHarpaMMa C/J,. Ma;.KopHpyeTC51 .llHarpaMMOA seA. • PacCMOTpHM 

Tenepb .llHarpaMMbi a), ;.K) H o) • .llHarpaMMa a) (cM.pHc.55) HMeeT HOPMY i ~g' 
paaHyiO 

~' ( l) ~ -::; { M 0 "~>, -x /+I x 1] T '* [! lv,- xf + / z,-Z,/+ (<,-ff/t/3-~,Jt !J~}_ 

~ (M-m-) .,..,., [r•,-xfr/•1]+"' ,..,. { ~ [1<,-</+~l•l+/lrJ/+ tyljt 
.( X,} 

t+ [/1.,-t{+/1.,-x/+/<,-,fr/3-z,J]+ 

t + [! l~- )(I+ I)( I + I ~3- 'I+ I d lj} t m, fl~- l J I ~ 

~ M j1.1jt i {!1:.1-1~/-rl~1 -l3 j+fl~/-rl~$!] + ~Jt;'--~.;~ ~--

~ nu·n- ( 4f4, { *-1, l.t. 1;3), J1J4, ( l,, ~a. l.t.) ); 

t 
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OTCIO.llS cne.ayeT 1 B CHJ'IY o6o6meHHOi!: TeopeMhi CHMSH3HK8. 0 'ITO ,llHarpaM>,fa -f:J {, 
MS}I<OpHpyeTCSI .llHSrpaMMOi!: Lj)IA/ • 

.[!HarpaMM8. :m:) (cM.pHC, 35) HMeeT HOpMy 411(. J p8.BHYIO 

j (e)= nu·~ {M fltt tm {!'l1 -J</t/,(-~~/+fx-l!./+ 
<;0 ttC. l(' 1 

+ I 1.~ -11 + I y I + I y - l3 I } ;J 

?. M l'i,f r i" · "'/,"" [(ix-'l.f+/X-<,l)+{fz,-xJ+/x-l,))r 

(/ l,- X It I X - ~. I) + (h.-~ I r/] f) t (I y- l, I+ I J I) +-

t (r ... -~I+ I~ -•.!)) ~ ""'~> [ .4..(t.,.< •. <), (.{ <,. 'l.,. <.)}, 

OTKy.aa cne.ayeT, 'ITO .aHarpaMMa ')Jffe. Ma:mopHpyeTCH .aHarpa.MMOA Na... • 

~. ( 'l). ~+v { M [/1,-x,[r/x,-x,f;-1!(.-X, 1 + 1 x,!j 1 

t ,. [/t,- x,ft I x,-'k,jt I ~.-x, I+ 1<.- x.f t 1 <,- x, 1 r 1 x, 1}} ;.. 
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~ min-
I( 

(M-m} [1'1;1 -X1 }t /X.1-X,..f-t fx!l.-x~J t /x.,J) + 

-f- m "':"' [ ~ [!~,-!.,ft/x,-f.,lt/x.-x,frfx,'+l "£,-x•lt Jx,f}t 
A 

1- + [ /l,- x,f r I x,- X, It I Xc l, I + I 'l,- x.t•-1 x.- X ,f t I x, - < ./] t 

i 
+2, cr~t-Xv/+/Xr-1:~/]+ + [fl:z.-X,j-t- /XY.]t 

+_! 
J. [I x,f t I<, -x,!] + -{- [h,- x, / + I x • -~. I}} ~ 

~ M I li It 111, I tJ. -1:0 If ~ [I 1-.J.- ~LIt I 1,1- "iJ j t- I lJ.. I ;- .: :tj.] >-

I r 
) nun- L f'i)a-. ( lf I 1:~, ~j) 

I ) 

' . . J 
}1:; ( 1.1., t3 , 'i..t '), 

.{.. , I J 
-' 

OTKY!l8 cne!lyeT
1 

qTO !1H8rpaMM8 10 0 M8>KOpHpyeTCR .llHllrpaMMOI ~4- o 

216. PaccMoTpHM Tenepb .aHarpaMMbi M) H H) pHc:se. 3aMeTHM 1 'ITO a 9THX 

,llH8rp!iMM8X HMeeTCSI qaCTb1 H306pa>KeHH8SI Hll pH Co 56a) o .UOK8>K9M cne,ayiOUlYIO 

neMMY 

"'<;;. 

I 
I 

;i 

I 
~ 

~ 
l\ 

~ 
~ 

l 
:j 

I 

~ 
~ ,, 

I 

·~ 
l 
j 

1 

~ 
I 
I 
! 

' 
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0 

q,2. 9, cz 92 • • 
a) 

6) 

neMMa 4. EcnH B }:1HarpaMM9 ~I HM99TCSI 'l8CTb1 H306pa>K9HH8SI HB. pHC, 56a.) 1 

STOA J;lHB.I'pB.MMbl CO.ll9p>KHT nepeC9'19HH9 o6na.cTeA p :t< If fn. ~ ·ro o6na.cTb G (~') 
u (;. (t) 1 r.ae p - BH9WHHA HMDynbC B yane a.. 
IOny'lB.IOWB.SICR H3 1:) { 

>KeHHol Ha. pHc. 566). 

38M9HOA 'l8CTH 1 H306pB.>K9HHOA Ha pHC, 56a), 'lB.CTbl0 1 H306pa-

Aoxa.aa.Tenb9TBO. <l>opMa. J(,t:>, (eM. 'laCTb I ( 1.4) ) MO>KeT 6biTb aa.nHca.Ha 

B BHJ;l8 

K;~' =-o<t: (q:- M~')t dv~ (4:- M~)r~ [(t+CJ,L/'- M~]-r 

+ f', {f."- mf]+ />. [ ( f -p): w/) + "f_,
1 

r;- ( IC:- ""~). ( 3.4) 

l p .2. f 1 L 
nonarasr t; • T 1 npH p < ""1 /nl HMeeM 

K,'IJ' 'o(,: (+:- M~)+~~ ( ~~- M)+ ~ [(q,j + :)~ Mjt Lfv 
Tax xaK 

( 
P )t ! / ).t. i .t L .t. t 1 + ~ . .. r ~ 'i--t+ P + r if 1 - T P , 

TO 

~ 
¥' 

J' 
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( ~' +-::- t ~ i 
( ~ + 't~) -.l. 

U 

I 

~~ ~ d-1 (I}~- MJ.) 4- oi,.t ( 1:- Mz.) + Z J'; ( IC:- m~) = ,t,~; 

r.ae 

I 

o\-1 = ati + .!!::
~ 

.. 
( cJ.,. 

o(, =o(, -r- . .t .;!, .2, 

( 3.5) 

2. /. .t. 
0TciO.aa B cHny neMMbi 1 ) (eM. qaCTb I, nyHKT tO) cne.ayeT, 'ITO npu p < 'i Jw 

Q#fJ, ~ a~, 
(3.6) 

'ITO H Tpe6osanocb .aoKaaaTb. 

npHMeHSISI .llOKaaaHHYIO neMMY K .llHarpaMMaM M) H H) pRC. 36 HaXO.IlHM 1 'ITO 

.aHarpaMMa M) Ma)l{OpRpyeTCSI .aHarpaMMOll .a) 1 a .aHarpaMMa H )-.auarpaMMOA: e) 1 

a UMeHH0 1 

G (~M) ;;J 1-/ ('~g), G (1J11) 2, ~ {~e). (3.7) 

~ ,, .t 
YcnosHe p < 7 In- asToMaTu'leCKH y'IHTblBaeTCSI 1 B cuny nyHKTa 7 '18CTU 1, 

npH H3MeHeHUH HyMepaUHH Me30HHblX yanoB B .auarpaMMaX .a) U e). 

2ls. PaccMoTpRM, H&KoHeu, .auarpaMMY u) puc. 36. B sTol .auarpaMMe HMeeT-

CSI 'laCTb
1 

uao6pa)l{eHHaSI Ha puc. 57 a) 

P,J l~ 
t 

.:1 'P. 
a 

~ • ll(':a. 

a) 1a 'if 6) ~2 PI s) Pe 'h 
PHC. 57 

-E;.,>· 

• . ~ 

·I 

t _J 

~ l 
-'--l _, 
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I -
JleMMa 6. EcnH B LmarpaMMe ';;() HMeeTCSl '!aCTb1 H3o6pa)KeHH8Sl Ha pMc. 57a)

1 

TO oonaCTb G- (9:1J 9TOH .UHarpaMMbl co.nep)KMT rrepeCe'!eune OOJI8CTH G ('tl) .UMarpaMMbl 

-i) 1 rrony'feHHOH M3 -tJ' 3aMeHoi1 qacTH a) qacTbiO 6) pH c. 57
1 

H o6nacnr {) (4} Tpey

ronbHoA .UH8I'p8MMbi 1 H300p8)KeHUOH Ha pHC, 57 B) • 

JloKa3aTeJibCTBO. ctJopMa A;,t .nHarpaM:vibi ITOCne B3HTHH MHHHMyMa OTHO-

CHTeJibHO H93aBf!CHMOI'O BHyTpeHHero HMrrynbCa Ha KOHType 'IaCTH a) pHC. 57 paSHa 

IC~, = 
( 

).t o-2- .z_ 
~ f 'h / 1- J..,-1 ol.-'f '1 -!-d-ol. o{,j 'tJ. + d-..z. o{,y 

ii. t-d-.t:'-d-.;-tc:J.,v 

f 

- (c/.,1 +-riJ-) m J,- ( dv3 tdv) ,"1 J,t 1 ~ 1 
( ~:- frt~) 1-pL' ( ~-:- M} + L t: (I<:- m;). 

' ~~~~ 
flt"'-/>it----

~1 + d-,t + ({,~ t ,-{,., 

3811HW9M /CfJ ( B BH.Ue 

r.ae ~ - q-!OpMa .UHarpaMMbi Jj , rronytieHHOH H3 ,j. 3aMeHOH tiaCTH a) 'l8CTbiO 6) 

pHc. 57: 
I 

~1J =A ( ~t- m)+f [~ t~): r1j +f>~ ( q;~~- M ~)-r Z fy {x,:- m~); 
Q.A - KI38.UpaTH'iH&Sl cpopMa .UH&I'paMMb! 1 H300p8)KeHHOH Ha pHC. 57 s); 

rtJ. ~J. ?~J.+ rJ,i rh( f/'+ d,~ ~., ( P, + ?.~,) )v 

QA -.----------- -(cki+ci-A) In .L_ -i_,y 
rNJ. + ~4, +~., 
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VIa neMMhl 1 H ¢opMynhl (3.8) cnenyeT 1 'ITO npH Q.A < 0 
(Qfl I L (}f) ~ 

'ITO H Tpe6oaanoc b .llOKaaaTb. 

npHMeHSUI ,llOKaaaHHYIO neMMY K ,llHarpaMMe H) pHC. 36, HaX~.llHM 1 'ITO OHa 

Ma>KOpHpyeTCSI .llHarpaMMOI .ll) 9TOr~ pHCyHKa 1 a HMeHHO 

G (~.,) ;;J H (~9). (3.9) .. 
B caMoM nene, a .lliiHHOM cnyqae nocne aaMeHhl a .llHarpaMMe ~"' 'laCTH a) 

'laCTbiO 6). pHC. 57. Mhl .nonyqaeM ,llHarpaMMY 1J-9 (cM.pHC. 58 a)). VfaMeHeHHe ayMepa

UHH Me30.HHhiX HMiiynbCOB 

ol2 

d. c., P, 

a) 6) 

PHc. 58. 

B .llHArpaMMe pHC, 58 a) npHBO.llHT K ,llHarpaMMe pHC, 586}. f1onaraH c(,-o B <!JopMe Q 
nHarpaMMhl pRe. 586), Mhl nony'laeM ¢opMy TpeyronbHOI .llHarpa~Mhl pH c. 57 a), 

'" ) TaKHM o6paaoM, o6nacTb 0" (A sTol TpeyronbHOI .nHarpaMMhl co.nep>KHT 

o6nacTb (7 nHarpaMMbi pHc. 58 6), a, cnenosaTenbH0 1 cnpaaennHBO (3.9). 

B aaxmoqeHHe Bbipa>KaeM rny6oxy10 6naronapuocTb H.H.Eoron106oay aa HHTepec 

K pa6oTe H ueHHhle aaMe'I&HHH. Mbi rny6oxo 6naronapHhl A.H. TasxenHnae, a coTpy .llHH

qecTse C KOTOpbiM nony'leH pH.ll peaynbTaTOB pa60Tblo 

I 
1--
I 

J 

l 
~~ 

:\ 
;j 

!\ 
;I 

I 

., 

j 
I 
j ., 

•j 
_! 
~ i 

;j 
i! 
1! 
'l 

l 
l 
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