
6G'I 
-2__ 
T99 

H.Y.Tzu 

D 564 

TIIE INTEGRAL EQUATION FOR . THE IJOW ENERGY 

I'C N -SCATTE.RING 

"Ae..91Clj 19b I, rf{o 
1 

" l, e J,~':l- i ~/, . 

.!Jubna 1960 

r 



. 
.) 

D 564 

H.Y .Tzu · 

THE IN~EGRAL EQUATION FOR THE LOW ENERGY 

IC N. -SCATTERING 

t ..• 

~5t.CliHieiiHkl!i HHCTHTyY 

il.!l,ff;HMX llCCJleli,OllZlHRfi 

6f16Jl~OTEKA 



A b s t r a c t 

A set of coupled integral equations for the low energy pion-nucleon s- and 

P-·wave scattering amplitudes is derived by using the forward and the backward scatte

ring dispersion relations only together with the unitary condition. The contribution 

from the cut in the unphysical region is taken into account without using analytic 

continuation by the Legendre expansion. The N-N annihilation reaction amplitudes 

appear in the integral equations and represent explicitly the effect of the 7C' 7t' -

interaction. 

~ 
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1. Introduction 

(1-J) Recently, Chew and others ~ made new attempts to solve the problems of the 

strong-interaction at low ener5 y based on thu two dimensional dispersion relation.pro

posed by Mandelstai 4- 6). Thu integral equation originally given by !landelstam involves 

two continuous_independent vnria.bles, which iD difficult to handle mathematically. Man

delstam•s the<?ry is based on the assumption, that only two particles intermediate states 

make significant contributions to the unitary conditions, which can then only·be valid 

for the low energy.phenomena. It is therefore convenient to subject the integral equa

tion to a transformation, which transforms the two continuous independent variables de

noting the energy and the momentum transfer respectively, into one continuous and one 

discrete variablP., denoting such as the en~rgy and the ang~lar momentum. Since only sta

tes of small angular momentum are important in the low energy phenomena, ail amplitudes 

of large angular momentum can be neglected in consistent with the approximation already 

made with regard to the unitary condition. The Mandelstam•s integral equ~tion of two 

independent variables is thereby transformed into a finite system of coupled integral 

equations of one independent variable, which is easier to handle mathematically. 

In the works(l-J) mentioned above, the dispersion relations for the partial wave 

amplitudes are written down without difficulty. However, the unitary conditions in the 

unphysical region are obtained by analytic continuation with the help of Legendre expan

sion, which be-gins to break down at the boundary of the spectral functions. Even in the 

region before reaching the boundary of the spectral functions there is a substantial 

part, which ia as far from the physical region as it is from the boundary of the spec

tral functions. 'ilhether the higher partial wave amplitudes in the Legendre expansion 

can be neglected in this region is doubtful. The contr~bution to the integral equation 

from the cut in the unphysical region is therefore not .. as accurately represented as 

that from the cut in the physical region. 

•rhe circumstance is especially un:favourable in the prob;tem of '7\: N scattering, 

where the boundary of the spectral functions reaches down quite near the physical region. 

With the help of the two dimensional dispersion relation and the boundary of the spec

tral functions given by Mandelstam6) it can be shown, that the Legendre expansion begins 
.2. . 

to break down at k = -14.5. 'k represents here the momentum of the 7C -meson in 

the center of mass-system. The mass of the 7r -meson is taken as unity. The neglect of 
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the higher partial wave amplitudes can be justified only at a still narrower limit. 

On the other hand, a comparatively much higher cut off momentum is needed in the phy

sical region in order to obtain the correct location of the (J,J) resonance energy. 

\"lhile the behaviour ,of the (J,J) amplitude is governed mainly by the contribution from 

the cut in the physical region, the influence of the contribution from the cut in the 

unphysical region o·ri the other amplitudes is ·by no means inessential. It is therefore 

interesting to derive the integral equations in such a way, that the errors due to the 

approximations are reduced and are more evenly di~tributed between the physical and the 

unphysical region, and that the contribution from the cut in the unphysical region is 

more accurately taken into account. 

In this paper, the integral equations for the s- and P-wave amplitudes of the 

~ N -scattering are derived by using the forward and the backward scattering dis-

persion'·relations only together with the unitary condition. The forward and the back

ward scattering dispersion relations have the particular advantage, that the scatte -

ring amplitudes in.the unphysical region can be expressed directly in terms of the ampli
tudes of the crossing reactions with no need of analytic continuation.The problem of the 

break down of the Legendre expansion does not occur. The integral equations arc thus 

expected to take the contribution.frorn the cut in the unphysical region into account 

more adequately. The backward scattering dispersion relation introduces the amplitudes - ' of the annihilation reaction N + N ~ '7t" + 7t" into the integral equt:..tions and takes 

thereby the influence of the -rr:· '7t interaction into account. On the other hand, 

the integral equations thus obtained .have to be solved s-imultaneously with the integral 

"" equations for the N -N annihilation. The method c·an lJe easily e~tended to treat othen 

problems of the strong interaction. 
(\!1' 

Quite recently Efremov, Meshcherykov an~ Shirkov7) have obtainea dn interesting 

set of integral equations for the -n::N scattering under the assumption, that the 

N -N annihilation reaction is dominated by the S- and P- states. in the low energy 

region. They also exploited the advantage of the dispersion relation for the backward 

scattering8), Their set of integral equations has the interesting advantage, that ~t 
can be solved without the know-ledge .of the N-N annihilation amplitudes, once the 

"7"( '7t' scattering phase-s~ifts are given. The integral equation derived in this 

paper is suitable for the case,· where the real part of the higher angular momentum sta-

tes is not negligible in comparison with those of the s- and P-states of the 

annihilation. 

"" N-N 
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In the second section of this paper, the~ location of the singularities of ~he 

partial wave scattering amplitudes and the range of validity of the Legendre expansion 

are discussed. In the third section, the dispersion relations for the forward and the 

backward scattering are written down. The connection between the S- and P-wave scatte

ring amplitudes on the one hand and the forward and backward scattering amplitudes on 

the other are given. In the fourth section the integral equations for the s- a~d P

wave scattering amplitudes,are derived. The results obtained a~e compared with that 

of Chew, Goldberger, Low and Nambu9). 

II. The Region of Validity of the Legendre Bxpansion 

The location of the singularities ,a::nd cuts of the "t' -N partial wave scattering 

ampli~udes has been studied by MacTJowellio). For the investigation of the range of va

lidity of the Legendre expansion, it is more useful to give the location of the singu

larities a two dimensional representation, so that their relative positions with respec~ 

to the boundary of the spectral functions can be surveyed easily, The notations to be 

employed in this paper are those in the current use. However, for convenience's sake 

they are explained in the next paragraph. 

As is well known, the following three processes 

I. 

II. 

III. 

'7tl'P,,«) t N(n) __. ~l-f2_,j9J + Nl-/'-..) 

-n:ctz..IJ + N{~)- -n: c-P,,«J -1- N (-IJ..J 

N ( f)J + Nlf"') -. '?t"C-P,,•<J + '"1t" (~~.;) 

(1) < 

are described by one single Green function. "?'( represents the 7C: -meson, while N 

and N represent the nucleon and the antinucleon respectively. '.rhe p 1 s inside 

the brackets denote the corresponding m?mentum four vectors; o< and I are the 

isotopic spin indices. In the momentum representation, the Green function Jr is of tha 

following form: 

(2) 

where 

~ ~ 
S:-Cf,+~) =-(~1Ji> 
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.2. .2. 
s = - ( f', + p_,_ ) = - ( ~ + /}) 

.t. ~ t = -(f', + /i) = -(!j+f1..J (J) 

S + S + t :::. ~m. L + .2. 

Only tw.o of the three variables S s t are independent. m denotes 
. + 

here the mass ·of the nucleon. The invariant scattering funct1oas A- and B:t satisfy 

the following crossing relations. 

+ + 
A - c s. s, t. J :::. ± A -, s, .s, t J 

+ + 
/3 - ( s, s, t ) = :;: 1J- c S, .s, t) (4) 

Accord1"lg to Mand~lstam4), they also satisfy the following two dimensional dispersion 

relations: 

+ A -, s, s, t > 

+ s-c s, s, t > 

e>O od :. + ..., ·:. "" 

= ~2;jols'}«s' 
t 11'1 + ,.z. ( n!'., I) Z. 

a,;(s: .s) 
+ .,:LJ•iS']!it' 

(lfo+t)l. ~ 

'l:.cs'-t' 4,3 ' } 

cs:s)(s':..s> (s'-SH-t'-t) 

0..:1 Q() ± _, , 

j j ' 'l:t3 ( s' t. ) 
-1- .l... ~ s <tt' . , 

-n;L - c s'- s >ct. - t > 
(l>t+tJl. ~ 

t:>d - + 

!.z. J:L b,;_c s; s) 

= m:t.-s + btL- S 
.l..jJs·j .. s· + "7CL . ( s'-s>e.S'- s) · 

Dd Dd 

+ -/..j•IS'jcu'. +.fs:t'J 
<m+tJ:. J,. 

Cm+t1L (tn-ltJ 
.t. 

,.., -
(~..'!' i j ·' I , 
+ ~L ois ct.t' 

cm+''.t. .lf 

, t:cs'-t.' 
D.t3 • ) 

cs'- s>(t'- tJ 

(5) 

+ + 
a.- and b- are .the spectral functions. 9 is the renormalized and rational!-

zed "7{;.N coupling constant• For the convenience of the discussion, the following 
- ~ 

variables in the center of mass system are introduced: 

mentum and the scattering angle of the reaction (1) ~ 

-k and .p denote the mo-

and ¢ denote those of 

the reaction err); p' ~ and 8 denote the momentum of' the nucleon and antinucleon, 

the momentum of the ~ -meson and the reaction angle of the reaot1on(III) respecti

vely. The following relations exist then for the reaction (1): 

....... _ 
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$ : m .2. -t I + .2 /c. .z. + Z J ( m .t.+ Jc..ZJ( I + k.t. ) 

(6) 

The corresponding relations for the reaction (II) are: 

(7) 

-It 

t =- -zk ct- ~' 

Those for the reaction (III) arP 

(8) 

t = 4-(tn%+/'.z.) :4-(1~13.) 
Z a Cos6 

/ 

The physical region of the reaction( I) is 'represented by .the region: I in Fig. la. 

It is limited by the conditions S~.(n1+ 1 J.z. , -1~ ".:$' l:! It is therefore to t~e 

:right' of the straigh"t line S = (bt + I) 2 and lies between the boundaries. 

t :0. S S = ( m.z- 1 J.t (9) 

The physical region of the reaction (11) is denoted by II in Fig~la. It is limited by 

the conditions g ~ (m + ')~ -1 ~ ;c ~ 1 · • It also lies between the boundaries (9), 

but situates to the left of the straight line S = (.'"I. + ~)2. The. p~~i~al region 

of the reaction (111) is denoted by III in Fig. la. It is limited by the conditions 

t ~ 4- m. .t and - J ~ ~ ~ J • Its: lower boundary> is therefore that ~rt of the curve 

ss=cm..:._,>~ 
(10) 

. .z 
which lies above the straight line t = 4 m · • Thus .the straig~t line t=O connects the 

forward scattering of the reaction (1) with the forward· scattering of the reaction (11); 
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- :t 2. () the curve s S :: tm- •J besides connecting the backward scattering of the reaction 1 

with the backwarri.' sc~ttering of the reactior. (11), also connects the backward scatt~:ri:Rg 

of thtl reaction (1) with the forward and the backward scattering of the reaction (111). 

t 
.%. • .t. 2. ,· . 

For ~ 4- m and t ~ lt- the equatio!1 ss:: Cllt -• J describes the two brapches of 

one hyperbola s_hown in 1-'ig.la. l''or lf ~ t ~ 4- m-: 1 s and i become complex, the 

equation qescribes an ellipse touching the hyperbola at b'oth ends. This. ellipse is shown · 

in Fig.lc. 

The bounnary of the spectra~ functions is ~lso' schematically shown in Fig.la as 
j; . + • ,· 

dashed curves. The region, in which Q..1 .z. , h,; do n_ot vanis_h, is mark~d 12, those cor-
... .... . ... ... 

responding to a.;; , h13- and a.z;., b.t; are marked by lJ and 2J respectively. 

The singularities of the. partial wave scatterin~ amplitudes of the reaction (1) 

come from two sou:rces. The first. source is the functional.. dependence of $, t on·· S 
. ' 

X :: Cos 4> .• From (6) follows 

k,l. : l+~ { 5 _(tit+ I)~ f { S- cm-oJZ} 
(11) 

It gives· a singularity at S. = 0 1 which is one of the asymptotes of the hyper'lfola 

- l 2 S' S = (m - 1) ·• It is easily se9n !rom Fig.la, that one end of this asymptote approaches 

the backward scattering boundary of the reaction (11), while the other end approaches 

the forward reaction boundary of the reaction (111). 

The second source of singularities is the vanishing of the various denominators in 
. ( 

the dispersion relations (5). -~rhe vanishing of the ~enominator p:::s gives rise 

to the regi~n of singularities lying to the right of the line S = '( 1tt +1)2 • It _is denoted 

by a· in Fig.lb and is identical with the whole physical region of the reactions (1). 
. 92. 

The singularity coming from the first pole term~ ma-s is designated as-bin Figolb. 

It is a small segment from the line· S "' m. ..t • The region of singularities arising from 
·. I - 2 

the vanishing of the denominator s ,_ 5 situates to the left· of the line s =(m+l) • 

It c~nsists of two parts designated by c and d respectively in Fig.lb. C is a part of the 

physical region of the reaction (11), but cL lies entirely in the unphysical region. 

Its largest portion is ·covered by the area, where the spectral functions ± . b ~ 
a..l3 and '~J 

do not vanish and the Legendre expansion fails. The singularities coming from the second '.z pole term + m~- s also consist of two parts, designated as e and f in Fig.lb. 
I 

The region of singularities arising from the vanishing of the deBominator T-=-T is 

shown in Fig.lc. It consists of two parts ~ and ( 

surface 
-If .: .: 

SS =tm-ll 

3 is a part of the cylinder · 

(12) 
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one end of which is limited by i · = 4, while the other end is limited by the ellipse 

S 5 ("'" -1)2 mentioned above. There is a substantial part of the cylinder surface, 

where the Legendre expansion fails due,to the limitation from the spectral functions 
: 1: ./ 

£l.u and bt3 • The region n. is limited by the ooundary I; = 4, S=O and the upper 

branch of the hyperbola s s ( mz -1)2 • The largest part of the region { is covered 
1: :t 

by the area, where a.23 and b23 do not vanish and the Legendre expansion fails. 

The singularities and cuts of the partial wave scattering amplitudes of the reaction 

(1) in the complex S-plane can be obtained by projecting Fig.lb and lc on the complex 

S-plane. They are shown in Fig.2. ·:rhe correspondence between Fig.2 and Fig.lb,c is obvi

ous and needs no explanation. 

The most stringent limitation on the validity of the Legendre -expansion occurs on 
..;v 

the cut 1 in Fig.2, which corresponds-to the cylinder surface 9 in Fig.lc. The ima-

ginary:parts of the invariant scattering amplitudes on i are to be obtained by analytic 

continuation with the help of -Legendre expansion from the reaction amplitudes of the 

reaction (111). According to the theorem of Heinell), the region of validity of the 

expansion a,; a fixed value of t is the inside of an ellipse, which will be termed 

as the Lehmann ellipse in the following to avoid confusion with the ellipse described 

by s s = (m.t -1)2 • The Lehmann ellipse passes through the boundary of the spectral 

functions and possesses foci at .l :: Cos e = + 1, which lie on the curve s s =(.._:t -1)2,. 

as shown above. Brief calculations gives the equation of the Lehmann ellipse in the 

region 4 ~ t ~ 4m2 as: 
x.t ;t. 

1 (lJ) + ~ = ~.t ~t 
where 

:t. 
2 

I -
t -~e S x·= s :t = m -+ ~ (14) 

r.t= q.t- 'rP2.1-::.. ~ .=. stt> +l. -m2-/ 
0 ~ 

S0 Ct) is here the boundary of the spectral functions 
+ + 

a.. 2~ and b2; • The equation . . 
(lJ) for the cylinder surface can be rewritten as: 

t .t. ..t .t. 
X 2. + .C :J + i - h1. -I ) : {»a 2.._ I J (15) 

The limit of the region of validity of the Legendre expansion is determined by the 

inter-section of the Lehmann ellipse with the cylinder surface, which can be obtained by 
. . 

solving the e<;_uations (lJ).and (15), using the boundary of the spectral functions given 

by Mandelstam. The most stringent limit occurs at k.t= ~14,5 as_mentioned in the intro-
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duc.tion. The corresponding values of t and )( ;a Cos ~ are t "'12, t/> ~54Q respecti-

vely. 

Of course, the range o.f 'lalidity of the Legendre expansion for the .,.eal part of the 

invar:ant scattering' functions is very much narrower as pointed out by Lehmann12). It is . 
not determined by the boundary- of the spectral functions, but ·by the lower limit of the 

_, 2 
integration over cls in (5). It occurs at ~ =-2.J6,.which is very stringent indeed. 

I • 

III. The Forward and the Backward Dispersion Relations 

The dispersion relations for the pion-nucleon partial wave scattering amplitudes hav .. 

been written down by Ma~Doweu10). ~ogether with the unitary condition, they can be used 

as the integral equations for the ~N -scattering after suitable analytic continuation, 

The discussion of the previous section shows however, that the integral equations .thus 

obtained do not ·take the cont:r:t,,~~.tion from the unphysical region accurately due to the 

early rallur.e of the I,egendre expansion. On the other hand, it is expected, that partial 

waves other than that of the (J,J) state receive important influences from the contri

bution of the unphysical'region. It is therefore interesting to investigate the possi

bility of avoiding this difficulty. 

The previous discussion also shows, that the limit of the range of validity of the 

Legendre expansion varies for different scattering angles. For the forward scattering, 

the dispersion integral is taken along the path t=O; The scattering amplitudes of the 

reaction (1) in the unphysical region are directly connec.ted with those of the reaction 

(11) in the physical region with :X 5 Cos ;;, =1. No analytic continuation is thus 

needed. For the backward scattering the dispersion integral' is taken along the path - ....,.. 
s S = (m.t -1)2 • Besides being connected with t'he backward scattering of the reaction 

(11) in the physical region, the scattering amplitudes of the reaction (1) in the un

physical region are also directly connected with those of the reaction (111) with 

z: Cose= ±l• Once the unitary condition for the reaction (lll) is analyticaliY continued 

into the region 4 ~ t ~ 4m2 as shown by MandelstamlJ), no further analytic con

tinuation is needed in this case either. The. most unfavourable case occurs at ~=54° 
2 

as mentioned before, where the Legendre expansion breaks down at ~ = -14 ,5·. For the 

low .energy "7t' N scattering, it is know experimentally, that only a small number of 

angular momentum states are important, while all other states are negligible. To deter -

mine these small number of scattering amplitudes, only dispersion relations for a small 

number of angles are needed. These angles can be choosen such a way, that the Legendre 
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expansion fails only in distant region~. In fact, in the energy region, where waves 

other than those of the s- and P-states are negligible, only dispersion relations fnr 

. two different ar.gles are needed. The obvious cho.ice is then 4' =180° together with 

<17· =0°. The integral equations thus obtain_ed are expected to take the contribution 

from the unphysioal region into account more adequately. 

More waves can be taken into account by employing more dispersion relations at 

other angles. For the case of ~AI scattering, it is advantageous to choose angles 

near the backward direction, s1nce the angle· worst for the Legendre expansion is ~=54°, 

which is nearer to the forward d1.rection. Recently, Efremov, Meshcherykov and Shirkov7) 

have obtained.an interesting set of integral equations for the 1rN scattering, 

which take into account the effe.ct of 
4
,;;"1l: ~ interaction, but in which the amplitudes 

of the reaction (111) do not appear. Besides assuming, that the reaction (111) is do

minated by the s- and P-wave in the low energy region, they also exploited this advaB

tage of the dispersion ~elation for scattering angle n~ar'the backward d~rection8). 

The forward scattering dispersion relation is.well known. They are: .. 
-+ 

A - (5, CDS • = I ) :: I + I } ;t , ~ - S'- s AJ c s, l) 
+ 

j- t I - 1 } B :tcs· l) 
+ ~ "'s' s'- s + s·- ~ l ' 

(16) 

on+•J~ Ai• and B/ are defined in Mandelstam•s paper4),, which coincide with the imat;inary 

parts of A .t and B::!: in tne physical region of the reaction (1). S:+ is defined as 

(17 ) 

It is also straightforward to write down the dispersion relation for the backward 

scattering. The location of the singularities and cuts is given in Fit;.l and Fig.2. 

The pole terms are separated out first. The integration coBtour is ohoosen as sllown in 

Fig.J. The backward dispersion relation are then: 

+ 
A - ( s. c~s 4t = -1 ) = 

• + • 
AI~( s. -1 J 

s ·- s .. 
- ,;.{ j + j- /: /}u· 

'· ,_ -lt!.'+t -- . -.Lids' 'Jt· 

('hl~l}l.. 

:t • 
B (S: -1 J 

J. 

+ 
A-t -cs: -1 J. 

s·- s (18) 
+ 

, A1-{ s: -J.) 

s·.- s 

+ 
-~ -{s;-J J 

s ,_ $ 
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0 -IH"'+t B:t, 

J J J 
3 ( s. -t} 

~ { j + - + } ~s· 
" 4 _,,.., --.. .. . dt d-

- + + + 
'A 2 , B2 - and Aj , B.J are also glven in Ma.ndelstam•s paper. They coincide with the 

- + + . 
imaginary parts of A-, B- in the physical region ef the reaction (11) and (111) respect;. 

ively. The contour 9+ is the upper half circle pro.ceeding in the clockwise direction, 

while the contour fl_ is the lower half circle proceeding in the anti-clockwise direc-

tion as shown in Fig.J. s: is defined as 

s_ = I . - s (ms.-• >2. 
(19) 

+ + .. + 
The signs before A2- , n2- and A- BJ- eccuring in the integrals have to be determined 

' . J ' 
by examining the sit;ns of the small imaginary parts of, s and t occuring in the 

dispersion relations (5). !<'or the sake of illustration, the determination of the sign 
+ 

before Aj 
tering, 

in the integral along 3+ is shown in the following. For th~ backward scat

t =-4k2 • On the upper half circle S is of the form 

s = r e ... 'f 
os~~'7[:' (20) 

Using (11), we obtain immediately: 

1m. t = ; {em:'·-,,~_ r1 J ;,-_, 'f (21) 

Thus t has a negative imaginary part outside the upper.half circle, and a positive 
+ 

imaginary part inside the upper half circle. The sign iefore Aj in ~he integral along 3+ 

has to be negative, a result opposite to that of Mac-Dowell10). 

The dispersion relations (18) can be put into a form similar to (16). The inte,rals 
- : )2 in (20) are actually taken along the curve S S = ('"- -1 • It is advantaieeus te sui-

ject some of the integrals to the transformation: 

In particular, 
(/1f•l ,.z. 

- If .:;r .,u' 

(J 

() 

~ J "$' 

-ltls.+l 

s = J.. cm."'-llt. s . 

+ 
A

1
-cs:-tJ 
s ,_ s 

A :t , 
J (S, ·.lJ 

$'- s .,.. -

- s_ .A 
:t , 

1 cs.-1J 

= ..!..JJ -· '7t' S• ?'' s ,_ 5".. 
(/tJ+l)l. 

.;.m\t 

.J..j-- _, 'lt' ... s . 

- k> 

;-_ -· _ , 
s 

A 
.t , 

'.1 (S,-1) 

s'- r-_ 

(22) 

(2J) 

~ 
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Applying the crossing relations to (2J), we obtain 

IIH•I}L 

- ~ Jds' 
0 

(J 

_;; J DIS' 

•Itt a.+·, 

Simtlary, we·get . .( 

("'·•J 

-.:rjdt' 
0 

0 

~j~s· 
-IH~+I 

s ,_ .s 

+ 
AJ-cs:-1J 

= s'-.s 

r , · 
.B..t{S,-1) 

= s'-s 

$/' <S: -l' = S'- S 

:t I A, (S, -LJ -
s~- S: 

_,.,~+1 

:;; / J I 

s _ 
~ tJS. S' 

+ 
..4.1 -u; -J. J 

s '- s_ --
00 s,rcs; -o 

+ ~j ~l..s'· s: -· t.. $1 ~~-

(It!+/) 

.,..~+, .,. f. ·T 111-(S; -J) 
;t.!. liS'·......::. .r·- s_ . '7t' .• ~S' 

-P<> 

(24) 

(25) 

Furthermore, the integral .over ~.. is the complex _conj~;gate of the integral over 7_ 
for physical value of a. (20) can then be transformed into the following form: 

+ . 
A

3
- cs: -lJ 

s'-s 
+ 

A.~c sl -1' S' 

s.. 
S' - :rj~s'{ 

I 

s !..·s .:t 

.- ""' (26) 
g2. 1' 

:-::;:-,+ . ,.z._ $ haL- s:. 
,.. . 
J, {' I .,!.. ~s· S'..:s + 

{JH+IJ 

... 
.s _ __!__l -:J1:cs'-J) 
7' S'- T.. j J:JI ' . 

+ 
~-(s:-o 

s·- s 

If D- and higher waves can be neglected in comparison with the s-waves, F- and higher 

waves can be neglected in comparison with the 1' -waves, the s- and P- wave scatteriJI.g 
+ + + . 

amplitudes f CS) , J.:c s) 1 j,.- ts) can be easily expressed in terms of the forward 
IJ. rJ, . r'* 

and the backwfrd scattering amplitudes: 

(27) 
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t 
The expression J 1 and 

... f; are defined by Ckew, Gold.berger, Low and Namlu9)·as: 

.. f -(S, K ECt>.S~): 
t . 

E-t-M '{ -t- + J --r.;; A-cs,-"l + c~-Jtt.} 13-c.s;kl 
/-rr;,;S . . . 

j±(S,x): 
.t 

:~:rs {--A :t( s: k ) .+ c .;s +"" J .1! ± (s, ~ 1 J 

E is here the energy of the nucleon in the centr:r of mass systeni. 

IV. The Integral Equations 

(28) 

+ . ::1: . • . . 
The next step is to express Ai, B1 in terms of the imaginary parts of the ~N 

± + 
partial wav_e sca~tering amplitudes and AJ' B) in ter~s of the imaginary parts of the 

,.. .. . + ... . 
N·N annih1}ation amplitudes. T:tJ.e expressions for Ai and Bi can be obtaiaed 

directly fram (27) and (28). 

,. 1 A:tcs, IJ £:. ,fi.-+m Jm,{ ftcs) +3J~s~}· 
-w E+m · ~ ~ . ~ -~ 

P- m. ~ { f ±cs, - fp:cs 1 } 
~-m. .,.. ~ ,.. . l 

i-: ·.·. + . 
I ·± I{<> +nt -~>1· .. {. t . f·- t Ji'-m. [ ± f± J - A ( s, -1 ) ~ - ~ f (S) - 3 • cs J . - : - ··J..i f cs)- (.SJ 

Jt-71: ' - .... +*'" SJ.. ,..,L E -""" P. . r1 
J::. ~ ~ t :t 

I .,+ _,"J,-(S,I) ~- _L &{ f:tcsJ +.aJ/"csJ J + 'i- ~(f/cs,-f/cs,} 
E +'."t - . "f · - · · ~ ' · 111. _ ·; . , f; .. J. . +-n 

' t . } 
+ __!_ J.n._ { f (S J - :£. CS 1 .~ 

.e-m. . ~ r{. J 
. . ·: ·' ~ . . ', 

;;L- 13
1
±cs, -h ~ E +' ~ { f ~s 1 - 3 J.\s J J 

,.,..'71: 7J1.. • • ~ rt 
... ·.:·, . . ~ ~ 

(29) 

+ . + ~ 
To express Aj and Bj" in· terms ·of the r'eaction amplitudes of .the reaction (111), 

it is necaessary first of all .to obtain the relation betweea s, >c & Cos ., · of the 

re~ction (1) and t, 2 .~:Cos: 8. of .the reaction (111) • It ::f<lllows from (6) and (li), 
',:-

that for the backward scattering 

t - .t ' I. 4 - ~m +.Z. -s --cm.-•J .s 
(JO);· 

·. 
It can be shown, that on the contours of integrations oocuring in (2~) 

s-:S 
J{.ft' 1- = - :1 (Jl) l = -· 

The . N-N annihilation reaction has been studied by Fraser and Fulco
2
). It is straight-



forward to 

amplitudes 

express A~ and sj· 
1 

l,:r 
+ introduced by 

in terms of the N-N annihilation partial wave helicity 

them. I and J denote here the isotopic spin and the -. 
total angular momentum of .the N-i:f system respectively. "+" and "-" refer here to 

the two helicity states. Taking into account the unitary condition for the reaction (111), 

we obtain after simple calculation: 
:r 

1'1C' i;vt!r£ ( J4 'fJ 111. 0, T d T .,. { ~-~-i J 7{ AJcs.-!) = z ~ J-:r(J'+•) J,...j_ '-lJ- .;r....t,,.'ltJ} 
Vb iT 

T 

A; c s. - n OM ( f# 'P) 1ft ,.fii{i';i I, ;r I, T 

= 4-'TC ·~ (7+i> --,;;: {- z -;rcn±Jkf_tfJ.,.;;.,£ctJ} 
:r 

+ )f.'FI; E J"-1 ~:r 
J3

3
CJ,..:.1} :. - ~II. (;r+ f. ) ,[ ~("J'+I)' ( ft-J ~I_ {/: J 

.Jb :r .w 

O.lJ ;r-' ,; :r . 
'83 -(S, -.I. ) = .t"FF:' l: { j+ i) jj-(T+t) c;ty> lm..J_ a> 

if 

where on the contour 9_ 

. -i-f S =em-a._,, e 0 :S _'f ~ "'lC 

t : .t m 2. + .t - ..t ( M J..- I ) C..OI 'f 

2. For - oo < S ~ - m ..,. 1 

t = .t m 1..+ ~ - S - .1.. ( m1
- 1) J.. s 

fl}:: i { ..!.uns._, ,.~.._ S} 
s . 

(J2) 

(JJ) 

(J4). 

+ It is interesting to note, that on the pontour 3_ AJ and 
+ 

Bj are real, but AJ a:a.d BJ 

are pure imaginary. The first few terms of the expansion (J2) might be sufficient to 
± :!: 

represent AJ and B3 for values of t not far larger than 4 1 which ia the regien eiving 

important contribution to the dispersion relations .• However, this also. belongs to the 

unphysical region of the reaction 111 1 where.no experiment is·available to us. The actual 

number of terms to be kept has to be determined in the course of solvi~i the i:ategral 

equation. 

Using the definition 
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w =.)S-'h-1.. 

Kt<s:s>=. ls~s ± 
s:. 
s· s·~ s} (J5) 

we obtain from (16) 1 (26) 1 (27), (28) 1 (29) the following equations, which in combinatio* 

with the unitary condition give the integral equations for the ~N scattering. The 
. ' + 

following equations are for the amplitude Js;cs J •• ... 
... 

J -( 5) 
s~ 

.2. 

+ 

+ + 
= ~.L -, s' -t I.s}n .,. 

.a. .a. 

~ .t 
J[.rJ. CSJ f" 1D1.L (SJ .. ~ 

1,·cs > 
'i 

w ( E "''") j~ { .t _ ( _!,_ + -'-)} -.,.. .z.- 2.-= -- m.Z...s 111.- s.,. "' - s. 

+ 
I -{S) = 

J, 
'I 

:r 

]

"" 1 { E.,.111 1$•+/i :t E+ht. ..[i-/i'• jt 1 t } .!. tiS'-,- E-;--' --;:: ~1 CS') + r: ·-;-- l..( .,CS'J -J, Ct'J] 
'7t' s-s .. '"" ~ -vs s. ./l -vs. E - m. 'J. 'l. z ~ .. 
''""'',.t 

t>4 I •·• :t 

1T1, cs 1 = ± 
i 

.E+Jt-t f r;::;;:;f d s ' { 3/(-c s ,'s J 

('ltl+l)%. 

~ttl +"' - .... ~ f C S') 

E' ... - 1'~;. 

:1: m cs> 
s.L 

& 

· "'"' +k.t'-14.1 1 t w'+I4J t :t } 
+ K+ c s::n [ E'+"' J... '1.1.. cs'> - ~ ;.... ( J* cs''- f~ cs·,)] 

~ t z 
•Ill ~:,., 

= -,~,~';;. -4{ jclt' [ Ktcs:s> Afcs;-J.) + ""}(=F(s',sJ 13/cs:-n} --
+· .t ~e]"u·-t- [ A:c s;- J) + w 8/ cs:-1 '] t s s . .· J 

i "'~ 

.;7f 
v· 

(J6) 

().-/ 

-~ 
~/ 

•. - :1: :t . ' 
Of course 1 the expressions Aj and BJ in DI.s.~.cs > are to be substituted by the expressi-

.· + ... :t 
ons (J2). The corresponding equati.ons forf;cu-i,.cs)are: 

. ,..i i . 
± 

+ 1f (S) + 

~-l 

t :t t + 1 (S,- f (S) :. 'P ( s' + I - (S) 
J'~ ~'1.. 1L .! ~ - ! 

;o, ~ • t ' ' l. 

'I) :t ( P. +tit. )(E.-'"') { .t ( __!_ 
J, (J'' :c . -;:-- + .. -1'1.! /l~ .J'F "'-1 )!(- s. 
'.a. .t 

IT!.'I':.% JCS} 
t·! 

+ .....!.- l} m"'- S.. 

·oo :.,. . . 
I I J I ' { E-m . IS: .. rs , i t. E-m !i-Ii' t 1"" ( + 

I - cs > 
1j-! 
4 ' 

= - 41tt'-;-- - · __;.__ ~[j cs'J-f. CS'J] + -· -J.,d cs'> J7) ..,; s-s E'-'" ~.rs 1'. f. £'+~>~. 1.# ~ 
' t l "' ,,.,.,, .z . . ' - .. 

;· 



:t ± 
= 'P,., , , , ... r,.l c s ) + 

:z: .... 

I -· s'-s 

~m+w'-w .,£:tcs') _ tc~+w }M(.f.~s'J-J.~t'J)J} 
+ K C$. 's>[ """ • E'-JK 11 "'-! . , E' . ".L "- . - +1tt. ~ 

:t .t m,, cs, = - :f III1 cs J 
f 

I 

(JB) 

These equations are rather lengthy, but their structure is simple. Each of the ampli-
+ + + + + 

tudes is a superposition of four terms 1'- , 1-, 11-, 111-. P- is the poie contribution, 
+ + + 

while L-, 11-, 111- are the contributions from the regions of the_ reactions (!), (11), 

(111) respectivelr. 

Since the amplitudes of the reaction (111) appear in the above equations, the inte-

"' gral equations have to be solved simultaneously with the integral equations for the N-N 

annihilation. 
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It is interesting to co~pare _the equations.(J6) 1 (J7),(J8) with the corresponding 

result of Chew, Goldberger, Low and Nambu9). The main difference .is of course the 
+ + . ;t 

terms IIIs~ 1 m P= _ 1. 1 D1 I'.J appearing in our equations 1 which are, entirely absent in 
.2.. ~ ~ ~ . . 

their equations • These terms represent explicitly the effects- of the 7r ?& interaction, 
I, ;r 

since IM j .t vanish within the two mesons approximation of_ the unitary condition, if 

the. 7C '"7t interaction vanishes. 

To compare the pole contributions and the contributions from the regions of the 

reactions (1) and (11) 1 it is c·onvenient to neglect ·h fs: and J.... 1,: in comparison with 
:t ~ ~ ( ~).z. 

;;... };, and drop terms smaller than the main terms by a factor of ;;;; as they have 
~ . ± :t + 

done. The following approximate expressions for 'P,... 1 Ir.._ an(l II.; are then obtain-
~ ~ ~ 

ed. 

... 
~-(S} 

s, 
I: 

= -
91. 

-4.-?r 
2../i { ( I - :'m ) ;t ( I + ~: ) J 

+ 
I - (S) 

JJ. = 
" 
t 

!(1 (S) = 
:.t. .a. 

""' .Z.m.t. J .,tw' 
'7r: ...rs I{ ~ l 

I 

w' w .. + 
' + itn - iffl: J k frYs'J 

f 
C4 

:tm
1 j ~w' w' w J,r -+- - {I-- -- t k (S') - 'T(IJ Jla. ~ m . -t M J . "t . 

I 
+ + + 

The approximate expression for f._,.- J. , I,- .! and JI..- L 
- t-4: .t- -t. 't- ~ 

1 t . 
l'f>:t _ f k. { w w } ..., ) 
1/', _ 

1
C s ) ~ - c;J ( I - ,i; ) ;t ( 1 + ,i;;:; ) ( I - ..t-;;;: 

t. ~ : . . ·- . 
. . DO .Z. . + 

· k · I I f --
I ± cs) = - -.LjJw' - 1 { ~ + ;;:;;: } ~ "CS') · 

f, _1, - 7'C' " ,., 
X .z. t :r 

:t 
II" 1 ,-t- t: 

- k2. 
~ :t ;k. j ~w' k'2. {t.,·:w 

I 

- I } 'f};t ~ ~ 1'1. cs' > 
~ 

(J9) 

are: 

(40) 

f is here renormalized but unrationalized pseudo-vector coupling constant defined as: 

f\:: __.?:._ 

+ 
The approximl!tte expressions for 'P p~ 

~ 

+ 
'Pp;($) ~ ± 

2.('k1 

JW 
a: 

:t 
IfL 

2.. 

.t 
and 1I l'l 

i: 
are: 

(41) 

(42) 
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#II 

t 
~ 1 oiWJ , {,)_,., + ~ } :J,... 1,-.t:Cs') I p, (S) -• 

l ' l 
j-~· 

.r. 
.t. CW+-"'') 1 } ± Ht.J+~'J"' Ji. 1 .tW 

JIIi (S) '~ t ~ ;;;;;, { I ... 31(' r' -~- - -;;:- - 3 -k"l 
~ I 

... 
Thus the pole contributions and I-

, ... - 1. 
~ .z. 

are exactly the_same as those obtained by 

within the approximation 
. :t 1: 

ma.de. J.. ][. . . "f .. t and Ch~w, Goldberger, Low and Nambu 
+ 

only by te.rms smaller than the JI ,_-* _ J differ from their corresponding expreosions 
- "' + .... 

main terms by a factor """ • But I}; and IIi. look quite different. Actually, 
.... a :t 

our equations (.'38) are of the unsubtract:d form. If a subtraction is made at w = 1; I~ 

becomes similar to their result, but ll~ remains different. This would probably 
.:&. 

cause some changes in the. behaviour of the (J.J) resonance •. . ~v 

It is a pleasure to express here my thanks to :')r .Shirkov, Meshcherykov and 

Efremov for many fruitful discussions, as well as to participants of Prof.Bogolubov•s 

seminar for interesting discussions. 
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