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A H H o T' a u n g 

Vlcxong na npencTaBneHng MaHnenhcTaMa, nonyqeHbi llHTerpanbHbie ypaBHeHng 

.llng Hll3Knx BonH KN- n K N - paccegHng Ha ocHoBe nncnepcnoHHbiX cooTHoUieHnii 

nnH paccegHng Bnepen n Hasan. VlcnonhayeTcg npn6nn:lKeHne, B KOTopoM cncTeMbi 

ypaBHeHnii gBngJOTcg HecBgaaHHbiMn • .D.ng oueHKn d..l - BOHHbi naeTcg Bbipa:lKeHne1 

aasncmuee TonhKO oT s- ll p - BOHH, 

J. Wolf, W. Zoellner 
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/1/ 1. B pa6oTe MaK-.O.ayanna 6hrn.II H3y'IeHbi aHamrTH'IeCKIIe csoiicTsa napuiianL-

HbiX aonH, Hcxon.H II3 npencTasneHII.H MaHnenbCTaMa nnH npoueccos KN -pacce.HHHH. 

B H8CTO.Hllleii pa6oTe ycTaHOBnP.Ebi IIHTerpanbHbie ypaBH9HII.H nn.H s- ' 

BOnH 9TIIX peaKU.IIH. 

p- II d.-

/1/ 
B oTnii'I.IIe oT nporpaMMhr, II3nmKeHHoii s pa6oTe , .II OT npouenyphr Y:y .II 

MaHnenbcTaMa nn.H 
/2/ 

1i tr -pacce.HH.II.H , npH nony'IeH.IIH ypasHeHIIii nn.H napuuanbHbiX 

aonH ncnonb3YIOTC.H nncnepcnoHHbre cooTHomeHH.H np.II qm:KciiposaHHOM yrne pacce.HHIIH. 
. /2/ 

TaK.IIM o6pa3oM ynaeTC.H II36eMaTb cepbe3Hbre Tpy nHocTrr, scTpeTnsmrrec.H s pa6oTe , 

6 
/3/,14/ 

KOTOpbre 6brnii rrccnenosaHbr B pa oTax , • 

~·· 
B qacTHOCTH, s HaCTO.Hllleii pa6oTe ypasHeHn.H nn.H napuuanbHbiX aonH 6ynyT 

rronyqeHb~ncxon.H H3 niicrrepcnoHHhlX cooTHomeHrrii nnH pacce.HHII.H srrepen rr HaGan. 

KrrHeMaTII'IeCKIIii pa3pe3, B03HrrKaromrrii rr3-3a KsanpaTHoro KopH.H s 38BIICHMOCTrr 

( 1.) -( 1,) /5/ S I< 1 S K ) MOMHO ycTp8HHTb rryTeM CIIMMeTpii38UIIII OTHOCIITenbHO 9TOrO KOpH.H 1 CM. • 

O:tuaKo, scnencTmre. oco6eHIIOCTeii KrrHeMaTIIKII K N -rrpoueccos, MOMHO yqecTb 6mr-

:a-caiimiie CIIHrynHpH ocTH ua OTprruaTenbHOM pa3pe3e 6e3 crrMMeTpiiGaurrrr, ssonn o6pe3a-

1. t 
rrprr - h1k :a:-Hr· 
B cooTseTCTBHII c u6meti rrneeii MaHnenbcTaMa paccMoTpiiM cnenyromiie peaKUIIII: 

I. l<-t-N-+ K'-t-N' 

- R + N' It. l<'+N ... 

~. -Til . !(;.\(.-. N1-N'. 

.O.syx<JacTrr'IHoe ycnosiie yHuTapHocTrr nn.H peaKUIIH I I ITtJIIBonrrT nanee K aMrrniiTyne 

npouecca ~ 

K+N.-. Y-+ij 
y A- IInii 2:- runepoH) 

II nnH TpeTbero rrpouecca ( HaiiHII3miie no Macce cocTo.HHII.H) K aMnnuTy naM 
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/6/ 17/ ' 
KOT0pb19 6hinH Ii3Y'i9Hbl B pa60T8X 1 

·• Bee 9TH npoueCCbl H8.ll0 C'iHT8Tb Ii3B9CTHhi-

MH; oT peaKurrrr K N-+ yn MOMHo 6hmo 6hi yqecTh, HanprrMep, BKna.n nomoca rrnu rrc-
/8/ 

nonh30B8Th 9KcnepHMeHTanhHbie .naHHhie 1 npoaHannsrrpoBaHHbie B 

I I. MaTpH'iHbie 9neMeHTbl npoueccoB, r. II. I II. npe.ncTaBnSI!OTCSI B BH.ll9 

M . 
cf J ' J(, ..... ,- p.-,.) v •••• ~ti : ~i-t l1J\'I. \ I 4- P1 p, 1• ls. z:TM., 

r.ne ¢yHKUHSI lpHH8 o6na.naeT CTpyKTypofi 

T .. ~ -\-I y(,1 -t,,) B l r, 2 r.,.~ til , 
nprr'ieM .nnSI ¢ynKUHfi A,B 

~(41 .. .,. rt'•' A ~ n + t" t., n . 
(+) (+) ' 

3.nech A - , B - · CBSisanhi c aMnnHTY .naMH nsoTonuqecKoro cnnHa cne.nyiOIUHM 

o6p·asoM: 

r. ( ~·) ' ( ~ -: ) ( ~:) 
11. ( r 

1
) = (1 3 \ ( A.'t' ) 

~ 1 · .. 1 } A'"' 
I 

tit. \·~.)' (: :)(~~) 
MaTpH'iHbl9 9neMeHTbl npoueccoB r I 1 I HM9IOT BH.ll 

M..T~= 'ttrW 
M 

v• [ + + l;;.;.Hoj~l } }· t 
1\. !(' .. }1 l(t. 1. . N ) 

·, . 
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-- , 
r.ne W - ITOJIH8H ::meprHH, K - KB8.llp8T HMITyJibC8 B ClfCTeMe U8HTpa M8CC K8)K,llQ-

ro 

r.ne 

.nauuoro npouecca; CBH3b Me:tK.ny f I. j1o H A,B .naeTCH COOTHOWeHHeM 

[. 
t=~A-0B 

~·-y~-J'B 

Cr· t M)(W- M) 
~ = 8wW 

J: (p.-h)(~tt1) 
SnW 

( f• - aueprrrH HyKnoua). 

¢yHKU!HI !1 ,1. CBH38Hbl C napUH8JibHblMH 8MITJIHTy .ll8MH COOTHOW8HHHMH 

},(<',>) ·L{f .. ((r)- t<- p;_,{zl\ , 

\, ("~'),!. [ t,-- L 1 P;{z) . 

( 2.1 ) 

( 2.2) 

( 2.3) 

Y'HiTbiBaH napuHaJibHbJe BOJIHbJ .no tt-. , nonyqHM cne.nyiO.WHe Bbrpa:tKeHHH npH 

1 '• I. ( ±) :: t. t ( I{~ l : :!: 1 ) : 

t· ~ 1l ~J~l t {J-ll t t( f,(tl- f,(-li 
1-=t{t1 l+l- f1 H!+1{f~(+J +i,HJ, (2,4) 

,,.·t{t.ltl-t.t-1\ 1·-·~(t,\tl-}Jl\. 
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Ycnosue yHuTapHOCTM npouecca I MMeeT sun 

J~ 1h :: \( \ tJL j ( 2.5) 

nnR BTOpOH peaKUMM nonyqnM 

Jm 1u" K \te1ll.+ ky\Fet\t, ( 2.6) 

rne ~i - napuuanbHbre sonHhi npouecca K N ~ yn 
i<; = ~s \s -('l1\trl~H 5- tmr-rf"\ , 

M Ky onpenenReTCR ¢opMynofi 

a ~1.= Lt\ ts- \tttmf' H 5- (M-tw)L~ 

3necb my If o603HaqaiDT MBCChl I'MUepOHOB M i!'-M930HOB COOTB9TCTB9HH0 1 

a M 1..1 t"ttl- - MaCChi HyKnoHoB M K-Me30HOB. 

AnR napunanbHhiX sonH npouecca I II, TBK )Ke KBK u nnR il'll' "* ~ N MM99M 

1 .t +.e 
"'JH "pp: ~ l t +!) (p~) l: Pe, (x) I (2.7) 

/ {;.1 )t-1 f.\'+ (l) 

"J •. ::92.\f-ltP:11'lP, 1- Pe(xL 

rne J-rt 'u J •. 
171 

cnupanbHbre cocTORHUR nnR aTMX npoueccos, eM. AnR npouecca 
y. 

rn :l+-r . J ... _ CBSI38Hbl C BMIWMTYllBMU A.B COOTHOU19HU9M 

J'tt =- -p~ "'"<i Mx -g1 1 { . 
81i p., . ) 

( 2.8) 

J : ...:1.:-- II~ B 
+- ~ tt ~ • 
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JJ.mr napUII8JibHblX BOJIH peaKUIIH Il r YCJIOBHe YHIIT8pHOCTII .ll88T 

.e 
rne 1T II 

J te m t 

napUII8JihHbre aMnJIIITy .llbi npoueccoB 

COOTB8TCTB8HH0 0 II 

-
1T 1l'--' K K 

( 2.9) 

-
II trtr .... NN 

i. _1. 1, 

3necb K K II "' - KB8.llp8Tbi IIMilYJihCOB .ll8HHoro npouecca B HX CHCTeMe U,.M. 
19! 

YluBapH8HTHbie nepeMeHHbre, BBeneHHbre MaHnenbcTaMoM 
1 

B cncTeMax npouec-
...;~'" 

COB J - J Jl HMeiOT BH.ll 

S:o M'"+n,"'-t-11(1.+ l~(K .. Tl1,/(K .. t1Mt.) I 

I. s = t11.·htt,-LI<1.1. -l~(l\1.ttl'"I{K"fnt1.1 I 

s = M1.+rn1._?. i(1.i -l~(k,+h,)(K1t~1 1 

1I.. s = M1.-t ""'
1 

+ L "K1. + 1 f(i<\M1.1(~"-+rn"f , 

} 

s,.f11.-m1.-141.-+lxp1, 

rr - M1. 1. 1 1. 1 s = ~ rl1 - , - X PI 

t "lt(m1.-t,1.) = 4-(f11.tp1
) ()\=COS~ J. 

( 2.10) 

( 2.11) 

( 2.12) 
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> · ~ B''1:'( ... t} ttl. nsoi%Hoe rrpeac'rasnem!e MaHaenbCT8M8 ami cpyHKUllH s,s, IJMeeT 

cneayiOlUIJH sua 

(il ) B (s,s.t :: fl + (!1) }i -t ~~JJ..s' (Li' ~: (~·.s·) 
J V-s-)(i'-s) 

en ... ,.. C'llt..ttrl~ 

t 

( 3.1) 

J J 

(!) 

+ ~ J..;· H' bu(S',l') 

(~ .. (;•-s)lt•, t) 
"':A. .. rl '+,... .. 

+ ;. rJf' rJ.· . 
't,_:'" (~~HI" 

rae anH rroniOCHhlx.qneHos 

'1. 1. 

~.A. IJ 'J"s: OIIpeaenHIOTCH K8K BhrqeTbi PeHopMuposaHHhie KOHCTaHThi cBH3IJ 

s rron10cax cpyHKuuu B (s.s,t} anH IJ30TOIIIJqecKOI"O CIIIJH8 0 u 1 BToporo 

rrpouecca. 
~ 

" 
llnH ~t1(s,i 1 t) IJMeiOT MeCTO aHanoruqHhre rrpeacTasneHuH, rae rroniOCHhie 

qneHhi yMHO:>KaiOTCH Ha { M i: 'Uly) ; Gaecb 3H8K ( +) 

3H8K (-) - K rrcesaocKanHpHhiM K-Me3oHaM. 

OTHOCIJTCH K CK8nHpHbiM, 8 

rpaHIJUhl o6naCTIJ, B KOTOpOH .CIIeKTp8nbHbie cpyHKUIJIJ He paBHhi HyniO, BhiqiJcniJM, 
. /10/ . ; 

CCHOBh!B8HCb H8 paccy:>KaeHIJHX pa60Thi • 0K83hiB8eTCH, qTO 6niJ:>K8HllliJe rpaHIJUhl 

OIIpeaenHIOTCH auarpaMM8MII/ TIJII8 f!OK838HHOH H8 prrc. 1. 

B rrnocKoCTIJ IJHsapuaHTHhiX rrepeMeHHhiX aTo aacT Kpushre puc. 2, rae ToqKa A 
"' - 2 1. t"' 1S t. IJMeeT KOopaiJH8Thl !f =:. -tO~ I S ;:: '\1.1 f' I - f'- • 

KpusaH r HBnHeTCH CIJMMeTpiJqHofi rrpu 38MeHe s IJ s r. r·· • Kpushre , cooT-

BeTCTBYIOT apyriJM auarp8MM8Mo 
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.UBoiiHoe npe;ncTaBnemre ( 3.1 ) .naeT B cnyqae npouecca 1 .nnSI cpyHKuuii A { K~ 'Z.) 
B(l{~z.J paspeshr, noKasaHHbre Ha puc. 3. KpuBaSI P cooTBeTCTByeT .llBYM nomocaM 

npu K 1. .. {.('; • r .ne ,llnSI z. a ·d Kl .. -11 f<-1..' K~ = ~ 1t,Hr-'. 

Pasp .. eshr OT npouecca 11 ,ll8Hbl Ha puc. 4, 3.necb P o6o8HaqaeT noniDca 
-1 ·~ ~ 1, _,_ 'l \ 

- ;L ·- s.'+f"" .... npu \< o.- I t"' rr ~<s: .. - .tr ; OT HaqrrHaeTCSI pas pes 
.A. ... 

oT npouecca KN~ ~tr ; STOT paspes SIBnSieTCSI cne,llCTBHeM' HepaBeHCTB8 

(1Yt;.r-l""< l\1-r~l'l.. 
noCKOnbKy B npe,llCTaBneHITU ( 3.1) . IiHTerpupOB8Hiie no t 

qae oTpesoK Ha oTpuuaTenbHOii ocrr tc. 1.. 
-~ 1.. 1, 

rrnrr K oT - m .no - t" OCTaeTCSI CB06o.n-

HbiM OT KUHeMaTrrqecKoro paspesa. nosTOMy B .nanbHeiimeM nprr HHTerprrpoBaHrrrr no 

._.'I. 
oTpuuaTenbHhiM " 

-1. 
rrmr K Mhl orpaHrrqrrMCSI 0Tpe3KOM [ .. w.~-r--'1 

t ~(K'-] 
B STOM 0Tpe3Ke BerueCTBeHHhiMU H He .D.8IDT HOBhiX oco6eHHOCTefi. 

Ii T • .ll OCT8IDTCSI 

Ha ocHoBe aHanuTrrqecKrrx cBoiic TB ( crvi.piC. 3 U 4) MO)KHO H8llHC.9Tb TeopeMy 

11.'11 ( B(1t ( .. I 
Koum .anSI cpyHKurrii n 1< '". !.• t1) 1 I< 1 Z. " t 1 ~'t'( ,__ ) B'i'( ".. ) rrl\ ~,'l.•:t1 

1 
K1 7.=±1. 

B<..·u( 1. ) k ,+1 : 8 KaqeCTBe nprrMepa H8IJHlUeM ,llHCnepCHOHHOe COOTHOlffiHiie .llnSI 

"i)(tl( 11, ') Jhl l} \( ,t1 + 

B('t,ll... ) 
Jm t< ,+1 • 

(3.2) 

3.necb 
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(:t) 

3aMeT.IIM, 'ITO B B (1<",-1} HeT noniOCHbiX qneHoB
1 .II B cnyqae BToporo npouecca 

.IIHTerp.1IpOB8H.IIe DO npaBOMy pa3pe3y Ha'I.IIHaeTCH OT -1 

Bso.uH coKpameH.IIH \1: \<'1. 1 ';.c
1

,. ..clv1
) 1 ..c..

1
:: ..c.(VyJ l .•• 

1 
4..t. 

2: ~,t, = L (M± 'rrt ) Bw -
r l r r Y 

( B .uanbHeilmeM Mbr onyCTHM ~ ), nony'I.IIM c UOMOW:biO ( 3.2 ) , ( 2.4) .II ( 2. I) ypasHe-

H.IIH .unH nepBbiX napu.IIanbHbiX aMnn.IIAY.ll · npouecca I : 

-"0 

fi\v)=tl3~r-r7l ~'t7, t 4(~0r~£1 )B':' t1. J ~"' Jhl f'11 lv'}+ 
. c , ir v-v Jo 

I. D 

-~ 

J 
) I t ·3 1 1 ("t, )( {!>I J' ("11 

+ d. GL \> . .-< .. r J h1 ~ v
1
, *1} t 3 b .Jc ] t\1 B ( V1

, t 1 J + 
ti Y1-17 El ' . 
.. "' ... 

3o( . .' t I (tl( I ~ W-J' B(:tl ( l J + l" ~m A v,-1) + r Jm v,-1) 
1 

('3.~) 

(1\ oC\::1 

f ( ) oC, ~(i.l . a. (.i.l r I I J -tt \\I = - ;. _P_r B 1 . a.v b l b r t ;r -
. i <lt'\ 

l1l 

lm J1 ~ {v') i" 

0 ' 

.. 
-~ 

t 1. j J..v1 

tr ,,, 
Y .. V 

-~"' 
l

l I 
01(. (1\ \ (~l I 

TJhlA (v,t1)+t1t\IIB lv,·t-1)-

..1.' ] 1\ (!1 (. ' ) fl' 1 B't' ( I 1 -6 rnn v,-1 -lf"J~ v,-1)] {3.1tJ 
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11 

0 

(3.') 

orrpe.nem:~eTGH ¢opMynofi ( 2.5). 4 T06hi Bbipa3HTb nn·:erpanhi no 

oTpnuaTeJibHhiM Kt. qepe3 npouecchi 1 I H 1 I I, naM uona.no6HTC.H CBSI3b nepeMeHHhiX 

nepBoro npouecca c rrepeMeHHhiMH BToporo H TpeTbero: 

i\",7.):.1- ~ ~1-7.) J 

M'"-\- ~ '\, "\- v l-t T '7-) ;. l·d t" + M" )(" t 1\1 '\I' 
V l \)I 1.} : \) -:---__;_-:-:;:::=~====::=t

h '\. "\- t\1 '\.- 1 \) 'Z. -1. ~\1? -t h 1.1(" + 11-1 '\.) I 

(3. 7) 
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X lv,1.) = _ 1{-\t"Z.)u;. 4-h~~: tt'l("t~tt'l 
~ 4- t\'1.; l"(-\ -1-f · ~\ l\1,_t lv (1- z.J' (3,8) 

,~(\),1..):: - tl\1.- ~ t'\-1..) . 

no9TOMY 

Jm'B(",'Z.=t-1): 1m Bt~(IJ,-\1) 1 i:.t1~, ( 3,&1) 

rne jhl Bl~ 1~) flbipa)KaeTcsr c rroMOW:biO (2.1), (2,4) 11 (2,6) qepe3 rrapuMaJibllbie 

8MIIJIHTy.Ubl j tt 

TaKHM )Ke o6pa3oM 

Jm B(v,l.:-1) =Jm B{i\\1,·1} ,x=-1\ ( 3,SJ) 

Bbip~)KaeT~fl. cpopMyrraMn ( 2, 7), ( 2.8) u ( 2,9) qepe3 rrapuuaJibllbie aMrrnnTy nhi 

TpeTbero rrpouecca, 

BTopoii: rrpouecc naeT aHarrornqHbie ypaaHeHIHI nJm f,. , rrpuqeM BKrran rrorr10ca 
-(~l -,~, ... 

B ypaBI!eHHHX DJIH ~ 
0 

II t 6y .r:{;l'lT J 1-- J. 

~'~' _a. Bctl 
ot.y 1 l"'r r 

( 3,10) 

M 

(.i) --r ~ -- r B(:H 
l r d l r 

( 3.1 I ) 

cooTBeTcTBeHHO, a nnsr npyrnx rrapuuanbHbiX BOJIH BKnan rromoca paneH nymo, 

-



13 

CBSI3h Me)K.uy npoueccaM.II .uaeT .unH oTp.IIuaTenhHOii: o6nacTII: 

(3,12 a) 

( 3.12 6) 

npJiqeM .)~1(v,+1) C nOMOLUh!O (2,1) 

BOnHbi f(t 1 a J tn't(it.
1
-1} onSITh qepe3 

• ( 2.4) • (2,5) BbrparKaeTcSI qepea napuiianhHhre 

t~ 
\~~ 

IY. nocKOnhKY paanO)KeHHe no napuiianhHbiM BOnHaM MH.IIMOH qacT.II aMnn.IITY.llbi 

paccesiH.IISI nyqwe CXO,ll.IITCSI qeM paano)KeH.IIe BeLUeCTBeHHOH qaCT.II 1 B Bbipa)KeH.IISIX ( 3,9) 1 

(3,12) Mbi MO)KeM npeHe6peqb BKna.uoM ci- BOnHx), Tor.ua COOTHOWeH.IISI (3,3)-

( 3,5) He CO,llep)K8T SIBHOH 3aB.IICHMOCT.II OT 

( 3,6) .uaeT ,llnSI 1t~ ~bipa)KeH.IIe, KOTCipOe 3aBHCHT TO;lhKO OT S- .II p-BonH .II 1 no-

B.II.ll.IIMOMY 1 SIBnSieTCSI .llOCTaToqHbiM 1 qT06bi Haii:T.II nopSI.llOK 8TOH aMnniiTY .llbl, 

.... 
3aMeTIIM,.qTo nonyqeHHbre HaM.II .IIHTerpanhHhre ypaBHeH.IISI .unSI KN- .II \(~-pac-

ceSIH.IISI SIBnSIIOTCSI B HaWeM npH6nH)KeH.II.II He CBSI3aHHbiM.II, B cne,llyiOLUefi pa6oTe 6y.llyT 

YCT8HOBneHbi yp8BHeH.IIS1 1 B KOTOpbiX He B03H.IIKaeT He06XO.ll.IIMOCT:H 06pe3aHHSI 1 TaM 

TaK)Ke paCCMaTp.IIB8eTCSI BOnpOC 0 Bblq.IIT8HHSIX, 

ABTOpbi Bbipa)KaJOT CBOIO 6naro.uapHOCTh n. B.lllrpKo~y •. 1\ B.EcppeMOBY .II 

Y:)Ky XyH-IOaHIO aa ueHHbre .ll.IICKycc.II.II, 

PyKon.IICh nocTyniina B .II3.llaTenhCK.IIH oT.uen 

21 .IIIOHSI 1960 rona. 

x) /4/ 
TaKaSI npoue.uypa o6cy)K.uaeTcSI B pa6oTe .unSI cnyqag 1f 1t -pacceSIH.IISI, 
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