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Abstract

It is shown that in the energy spectrum of the particle. alrem reaction
A +B »>q+C+D . "there may be some anomalies near
the threshold of the reactlon C+D = E+F,

As an oxample, the spectrum of K-meson obtained from the reaction

M-{-ﬁ/"’ A+NtK is analysed In the reglon where the
energy of the A~ N palirs {8 near to the threshold of the process
AN ST+, The well known formuia for final '

states {nteraction are derlved in a simple way. The, polarization vectora of
the baryons {n the final state are calculated when the Inoldent nucleons are
polarized,

The energy anomalles in the speotrum o! tinal state particle are also
discussed for some other cases,

In appendix the production of K-meson by n-—p collisions {s treated,
The case of scalar K-meson is also considered there,

I3
-

lntroductlon

It is well known that in the particle production processes interaction of two of the final particles
may change appreciably the energy spectrum and the angular distribution of the third particle. In some
cases the effect of the final state interaction may be isolated from the primary production mechanism. It
happens when the radius of the primary interaction is much smaller than the radius of interaction between
the pair of particles in the final state. Furthermore, if the interaction between this pair of particles with
other outgoing particles is weak, the final state lnteractlon between this pau' “can be characterized by
their two body scattering length. -

The theory of final state interaction has been applied to the production of X -meson in N-N -
collision by Mlgdal/l/ Bruckner and Watson”2/ and Parynzeva/3 . Recently Henley/4/, Feldman and
Matthews/5/ applied this theory to analyse the reaction

N+ N Y+ Nk,

They have shown that the interaction between Y-A/ pair may cause rather large change in the
energy spectrum of K-meson,

Karplus and Ilodberg/6/ have generalized the theory of final state interaction to those cases where
strong interaction  in final states may lead to inelastic processes.

In the present paper we shall show that near the production of threshold of the Z;  hyperon in
the reaction A+N —» S +N there will be some energy anomalies in the energy spectrum of
K-mesons which are produced together with A -particles. They are new examnles of those threshold
anomalies which are intensively studie‘d in recent years ' '

The form and the magnitude of the chreshold anomalies, besides the cross section of the new pro- 'jt“
duction process, depend on the spin and the parity of the particle. Analysis with sufficient accuracy of
these anomalies may help us to determine the properties of the produced particles.



It is assumed that in the final state of the reaction (1) the transition matrix element is described

only by triplet and singlet § -state of the Y-N system. In the next section the kinematics °

are analysed and the expression for the energy spectrum of the K-meson, the polanmtmn vector of the
A - particle and nucleon with polarized mcxdent particles are obtamed

In the section 3 the general formulatlon of the theor) of inelastic interaction in final states is
given with the help of the unitarity and analyt1c1ty propertles of the S-matnx. '

In the section 4 the local threshold anomalies in the energy spectrum of }\-mcson produced in the
reaction N+N 2 A4N+K ‘= is studied near the productlon threshold of the . " % -hyperon (in the
reaction A+N > Z +N ). : -

In conclusion some similar processes are indicated and posslble generallzatlon of the present me-
thod to these processes are discussed.

2. Kinematics_ Phenomenological ‘Analysis.”

lt is convenient to mtroduce the Jacobl coordmates for the three particles system in fmal states

> MNZN"'MZ*MZK e MyZyeMyZy o o
R = UnALALLL S —~—-—M"Z’* LY 2=24-2y (2)
{WM*MY -#MK M,(-OMY
where MN s M Y and Mg are the masses of nuc]eon hyperon and '(-meson respec-
tively; 2,4 s ZY and 7 are their coordmates. Momentums conjugate to R s 9 and
z will be denoted by ﬁ P\, and’ q respectively. Total energy E in the center
of mass ' system can be expressed in terms of these new variables in a‘simple form .
2
= __\[P 4 8 Mg+ My - My : : ’ :
2y %“ _— . : co (3)
where o o
MY = -LA-M—_‘_ o ,
My + My
‘ (4)
Mk (Mu +My)

fe=

MerMy s My



are the corresponding reduced mass respectively.

Phase volume in the final states has the form

dT=wm Py dQp g2 olgdQ, (5)
where dQp, and AQ,, are the differential solid angle for the momentum > and
g respectively. T :
Consider for concreteness the reaction
P+P—>/\+P-+.I<+ ' -. "(6.)~

v

below the threshold for the reaction S 4

prp = 27 +prk’. (1)

Since the available kinetic energy in final state of reaction ( 6) is less than' 80 MeV in center of
mass system, it is reasonable to assume that the final particles are produced in S-state.

Liet us express the element of S-matrix in the form

(Pact] S[ppd> =-2miS(Ei-Eg) <APK* Tpp> -
, _ 8

If X-meson is a pseudoscalar particle, (intrinsic parity of AK©® opposite to PP ) the spin structure
ofthe T ~matrix has the form ‘

(APl Tlpp> = A4 (afé,z) “ BASL(6'7- Ez,ﬁ) +i<[-6::61]-v\2)£ +
0§ (-6, - 1 (G &) (9)

where g - is the Pauli matrix;* W~ is an unit vector along the diréction of the incident

particle;  Aa ', B, and (4 are scalat functions of the total energy £~ and the
relative momentum PA of the A-N péir. Since in the initial state there are two identical
particles, the transition matrix element T . must be antisymmetrical with respect to the inter-
change of the two initial nucleons, which leads to the requirement Ba = O.

Cross section for the reaction { 6) with unpolarized incident beam has the form



d6 st g M TT T -T)]
dQp, dQqdT C”z(sz Mﬂ"*c $O LT Ceae =]

[ 1AnsCaf? + (A Gl =+ 2lcif?] (10)
“where T = qz/i_,“f

is the kinetic ener gy of the K-meson with respect to the center of
mass of the  A-N system.

-’
If thg proton in the initial state is polarized with polarization vector @

vector . A  of the A -particle in the final state is equal to

B [ Are Gt eliam Gt 2 QI = 2 [(Anrcal2 - [Caf*] (K®) R+

, then the polarization

+ [‘A/\" C./\‘z" { AA*C"‘ﬂ ? (11)

The expression for the polarization vector of nucleon in final state can be obtamed from (11) by
changing the sign before C,.

. » : ' 3. - Elastic Final State Interaction

Consider the unitarity condition

CAPK[ =TI pp> = 2 ;Q\PKITM) <’vitT*lPP> §<Ea-E (o

where \W> is a possible intermediate state lying on the same energy hypersurface as the ini- _
tial state. We shall adopt the assumption that the imaginary part of the - T -matrix is caused mainly
by the strong interaction between A-P pair. In this case we may neglect all other intermediate states

except the state . APK ~.and approximate the matrix element :
<APK\T|/\ Pk X AP(TIAP D Cklwd | R
This corresponds to the neglectlon of the interaction between K-mesons and the A-P pair.v'
Matrix element </\P iy '/\'P '> in the low energy region has the form
-1 - - . ~ -
APITING'D = (452 L) [‘; (3+61-69) Ay + & (1761 6;) ol | (13)



where

'(S, | ‘\5\
L2 @ “gius Lz @ Sinb,y ,
3 s ‘ (14)
while 6« and 5-3' are the phase shifts of the singlet and triplet states respectively.

Based on all these assumptions and with the help of the time re\;ersal invariance we get from ( 12)

Twy s RS pop, < B ke A -J«&&MAA_
| (15)
Twm a2 f%&, ReCn .
&
Near the threshold of production where ~ Pj is ver); small

"

(49 35) Re A, T (1410, Pa) Re A |
(1+ilg8) ReC. ¥ (4+iaAcP) ReCan | (15")

A
Ca

From (15 ) it is clear that function A, and" Ca are approximately real quantities at

S 0 , i.e. in the absence of final state interaction. In the energy region considered here the mat-

rix element are functions of the total energy £ and the total energyty of the A=-P system.

If all the singularities of the amplitude are determined by physical processes, then AL

and
Ca as an analytic function of E and (0  can be represented.in the form
B
e YC)
8809 g0 Face)
Pad (16)
where _@ (w) is a entire function, which may be put equal to a constant for small energy.
Therefore Aan and  Ca  will be approx1mated fmally by the expressions
T O
A= AL <! S«hga
PrQy
c - C (o] lS\ 51 hﬁt
Az Co & _Sindt ' ' .
B Ry )
where Ay and Q4 are the triplet and singlet scattering length of the A~ -N system in

S-state, while  An and CR= are approx1mately real functlons of total energy E only



Thus we see that the unitarity condition of the S-matrix and the analyticity properties of the reac-
tion amplitude lead directly to the basic formula of the theory of final state interaction (See e.g. /8/),

With the help of (16) the cross section and the polarization vector of the A\  -particle can be
written in the form L

- (' (429 @) [T (T ] ™

2(&1 e
[2, Sinlds [A [* L 4 Sin?8s | c’:\‘l | (17)
N 5 (PAat)"

51“"85, (A \‘2. 49 SO Siu? 51 ‘C_ "'1 =
CB\“&) CP"O“)

" 8- aDy 2
[Smﬁ; {A ‘z+2AA 0 &\\{«% fswﬁ(f g)‘.{(k?)h'
Contts)* PE 0 Gy (18)
. _simby s\u&m (6+-%3) ,'é
= QAA | PA a} aJ.

where Pl = 2AMma (T’*‘k‘ -T) . Changing the sign before in ( 18k) we get the
polarization vector of the recoiled proton. Expressions ( 17) and (18 ) may be regarded as a generali-

zation of the results given by Henley, in which the spin dependence of the matrix element is neglected.

o
r

.From (17)and (18) it is clear that the study of the energy spectrum of [{-meson and expecially
the polarization of the A  -particle and the recoiled nucleon near the threshold is very useful for the
determination of the scattering length of =~ A-P system.

4.' Inelastic Interaction Threshold Anomalies.

When the energy is sufficient for the production of a Y. -hyperon, the energy spectrum
of the X-meson and other characteristics in APK chanals ~  are expected to have
some changes. B

In this case it is necessary to consider the state V i  as one of the important intermediate

state. In the following we shall consider only interaction in S-state.



As in the previous section we shall make the assumption

CANK[T %) -%.<M/ITI n//)‘<zu<'>

and write \ " -
R p 2
CANITIE N> = [ 452 R Ry J [4 (+5.&) py +
. r — -
- 7 (- g (19
where the indices A and . denote quantities in corresponding chanals. e.g.
Py =[amg (e'-T)] %, B =E~Mg +m,. = (20)
Assuming that there are no bound state or resonance state in P-Z system in the low energy

region, then the energy dependence of PS , and ﬁ,. ~ have the form
= Yo ”2 ' ‘
f53-€3p£’- oy Pas 6. Pg | Tt

in the case when the parity of the A and the 5~ hy;;erdn are the same.

As aresult of the opening of ¥ -chanal there appears additional terms pfdportional to P::

in the matrix element for A-P  scattering
: i ° .
d}; d; 1(?3 P2 N dha = oy €, Pz | ‘ (22)
where
Q = &‘.
"y 4 * 13 .
- (23)
A | ) . - ,
GA_‘ is the total cross section for'the reaction Z+N > A~ N in the state j.
Taking into consideration both effects results from the opening of the X chanal, we get
from (8), (19)-( 23) v
Iw\ AA‘-CIMAA) "'AA Ps (24)

I\MC/\ = (:“‘CA)D - CA Pi

where

P
Av =t 5,8 2 65 g v D22
@5 3 (81'3#3‘5) ]

C,: = "-L“"gs Cx %r G'ti-’/‘ (pg=0) + c%___.: gl , (25)
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Relations ( 24) are valid when the kinetic energy of the K-meson T  is less thah E' . In the
case T>E' it is impossible to create a real oz -hyperon and we must put Pr i Ky

where

ky = Vamgcren ., T>E’

Therefore the term linearly depending on kz‘ will now appear in the real part of the reaction ampli:
tude. '

The existence of term, which is linearly dependent on Pi (T<E*)and Ke (trsey ,
-will lead to infinite energy derivative in the spectrum of 173 -meson and the energy dependence of
the polarization of the A particles (and nucleon ). ‘
The magnitude of these anomalies is given by ( 24 ) and (25). Their form is dependent on the
relative sign of A% , Aos_ y €3,4 -and 53.1 . All four kinds of anomalies that have been studied
in literature for a binary reaction can also take place in the present case.
All formula in section 2, 3 and 4 are given for the case of p-pP collision. It is not difficult to
. generalize it to the case of n-p collision. This is done in the appendix. The case of scalar
K-meson is also treated there.

The results obtained in the present section’is restricted to interaction in S-state. The relative great

mass difference between . L and A hyperon makes it difficult to give a complete analysis
_of the inelastic interaction in final state, but the basic results and the reason about the existence of ener-
gy anomalies in the spectrum of K-meson will not be changed in a more detailed analysis of the problem.

It has been shown before /9/ , that the direct an'alytic continuation Pg =i kg is impossible
when there are resonance near the threshold. In this case it is more convenient to use the method of dis-
persion relation. Since the analytic property of the reéqtion amplitude as a function of is not
. yet clear, we shall not try such'an analysis. However, ¢ven if a resonance exists near the threshold, it is
still reasonable to expect the appearance of the energy anomalies in the spectrum of K-meson.

If z and A hyperon have different parities, the first term in the expansion will

be proportional to P’? and only theé second energy derivative will turn out to infinity.

Thus, the study of the threshold anomalies in the energy spectrum of K-meson with sufficient ac-
curacy will be useful for the determination of the relative parity of 3, ‘and A

particles.
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5. Discussion

Therefore endothermic inelastic process € +@ e E+F in the final
state of the reaction A+*® Q-+ C+P will lead by means of the analiticity and unitarity
- conditions of the S-matrix to the appearance of the energy anomalies in the spectra of particle a.

Experimental search of these anomalies requires, of course, good accuracy and high energy resolving
power. However, the discovery of such anomalies will give very useful information about the interaction
between unstable particles, their spins and parities,

p P

It is interesting to note some other similar processes, w}uch may have such energy anomalies in the
spectra of final state partlcles. '

;
»4
a—

In the spectraof Tt % _meson from the reaction
Ko+p > A+ JTemT (26)

near the threshold of

FF4A2 +JT°
(27)

there may have energy anomalies, whose magnitude and form are connected through the amplltude of reac-
tion (27) withthe k™ —p scattering amplitude in low energy region.

In the spectra of proton from the process of production of J  meson by K-meson
Ki4p = ks ap L (28)
the energy anomalies may appear at the threshold of
k‘#.ﬁ"’ -S'E"_-»'J?' N o : - (29)
if such a reaction is allowed.

The Lagrangian for Jr-K interaction has the form
| {oi AL oA
Livt =9 (\9”-‘-?1,) (‘?e Yo )

in which terms with derivatives are not considered. This Lagrangian is invariant under the rotation of the
isotopic spin of each particle separately, which forbids the charge exchange reaction - ( 29°).

The above selection rule is dediced under rather restrictive conditions. Therefore discover of the
anomalie in proton spectra will be very interesting for our understanding of the symmetry properties of the
Jr-k  interaction.
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In reactions with two X® -mesons in final state
4D = D 4+5° +50° . ,
§4p = P +57s5e (30)

T+p = h+Ji0+5°

it is interesting to note that the energy spectra of nucleon may have similar anomalies near the threshold

of the reaction

J°o 0 >R+ xwT

~

(31)

where the relative energy of the K® -meson is greater than 9 MeV.
The threshold anomalies may lead to noticible effects in low energy Ji=Jr scattering,

Existence of the threshold for the reaction ( 31) may lead to energy anomalies in the spectra of

o~

the charged I -meson in the decay of T  meson.
TF »I* +R5o4 o

- Similarly in the spectra of nucleon from the reaction

“+P 2 pPp+k~kt

v (32)
» _ J}'+P-av1+‘('+\<+
near the threshold of the reaction
Kkt > Kowk® | (33)

there. may have anomalies, which are connected with K-K interaction. Furthermore in the final state
of (33) the Coulomb interaction is absent, which may smooth out the anomalies. (see 710/ ).

- :
In the spectra of proton in reaction P+p PP +J7° near the threshold

e P s h+ht

and in the spectra of ¥ -meson in reaction

p+p=nep +i¥

near the threshold
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it is also possible to notice the energy anomalies*.

APPENDIX

_A. Production of K-meson in n--p ‘éovllisions

In n-p collisions there are two channels for the production of A ' -particle
hap > Avpai® (A1)
+ .
h.,P.,A*V\-t-K ) (A2)
Let us denote the reaction amplitudes in triplet and singlet isotopic spin state by T, and Ty
respectively. Reaction (A1) is then described by amplitude -(T’_ +T,) .., while reaction (A2)-
by L (T4 T ) The spin dependence of the 1sotr1plet amplltude 11‘ is given by
(9) w1th B4 = , while at the same time
i ' 9 - ,._,.,>-.—’_ .
SANK| To )N N) = B, § (81-53;K ) RIC{CAONIS (s3)
Under the same assumptions we can calculate the final state interaction for “Ba
. P 3 = S
Bas B & “singy ) O (Ad)
Pios )
where B: is a function of the total energy &,
The cross section for the productiﬁbn and the polarization of the 4/\ - .pérticlt’a have the form
s 2 3/a
de = (' —=——g, L Gy (amy ) fT(Tmu -:)J T
2(€2-4 Md’)
(A5)
, = 1R
T [1a +Cat Byt + [Ar~Ca w82 + 2] Ca 7 B[
and 7 ' ‘ Cow '
* The soattering length for low energy Jl —P gcattering Is In general different from that obtained by
isotoplo invnrlant theory. This {s due to the existenoe of energy anomalles near the threshold of Jr -(-P sy
- e J' which destroy the isotoplo spin invariance,

An estimation of this effect with the help of d(spers(on relation leads to 8% correction
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E DAA*CA +B8,|% +(A,~Ca 7 8x]* + 2 [C4 B3]

~’

= ;[lAﬁcA *3,12-(Cu :BAI"] (25)_&

+[(A4" A:BA’“—‘A,-«-C,\' * Bﬂ‘z] ® . ’
. ' ; (A6)

The plus sign before ~ BA holds for the reaction ( Al), while minus sign for ( A2). From ( A5) and
(A6) it is easy to find the relations ’

dE (wp * APK®) =d § (npPARK?) (A7)
and ,.
- o - .
BL(op 2 apk) = B Cnp 2 AnKT) (As)
i RNl .

These relations are obtained under the assumption that only S-wave is important in final state. They may
be used as an experimental test for the stated assumption.

' B. Production of scalar X-meson in N-N collisions

o
b

In this case we have

- KANK] T wwd = A, , | | (B1)
ANK [T VD> = Bx (S5)

where

& L3N
AAa.A: Q sind. , B. =B: e' Sing,

Pa Qg XN (B2)
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If we introduce the quantity

LENN->ANK) 8 (E2-4Hi) "
(e A = T T Clieg T 7 Gem™ E Gt Cimafe) ™

then for the these reactions we have

and

25,
(Pp—% /\PK*) '“IA/\'z ‘E‘L’"
'g a)* (B3)
- -
» APKR) = ?
B Cee | (B4)
) + 1Bo 2 Siw S‘3
@Q\P-&ANK); ﬁ(ppﬁAPK) + 3180 (AG;)" (B5)

2 A
’Aﬂ‘l - anl ;§ .

-
psANK) = 2 . Q : ,
P Cnp ' [Aaf2+3 IBA!‘ (B6)

QAepHsX B Cae HORANHEA

DO memRHENNLI WHCTUTYT |
BUB IO TERA




16

Literature

1. A.B.Migdal. JETP, 28, 10, 1955.

2. K. Brueckner, K.M. Watson Phys. Rev., 83, 1, 1951. K.M. Watson,Phys. Rev., , 88, 1163, 1952.

3. R.Parynzeva. JETP, 22, 123, 1952.

4. EM . Henley. Phys. Rev., 106, 1083, 1957. . -

5. G. Feldman, P.T. Matthews. Phys. Rev. 109, 546, 1958.

6. R. Karplus, L.S. Rodberg. Phys. Rev. 115, 1058, 1959,

7. EP Wigner. Phys. Rev., 73, 1002, 1948. A.I Baz’ JETP 36, 709, 1957. R.G. Newton. Ann. of
Phys. 4, 29, 1958. R.K. Adair. Phys. Rev., 111, 638, 1958 L. Fonda. Nuovo Cimento, 13, 956,
1959,

8. V.N. Gribov. JETP, 33, 1431, 1957; _3_‘!-, 849, 1958, Nucl. Phys.,_5_, 653, 1958.

9. L.L Lapidus. Chou Kuang-chao, Preprint JINR, D-467, (1960).

10. R.G. Newton, L. Fonda. Ann. of Phys. 7 133i 1959,

Received by Publishing Department
on February 17, 1960.

»\3



