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ABSTRACT 

Dispersion relations are applied to the analysis of the energy dependence of the 
scattering (and reaction) amplitude near the threshold for a· new reaction. 

A general expression which characterizes the nonmonotonic energy dependence 
for the forward scattering amplitude is olltained. 

T lie energy dependence of one of the 'i - cf- elastic scattering am~litude nettr 
the threshGld for ~hGtodisintegration of deuteron is discussed. 

I 

The stue.y of the scattering of photon by nucleen near the thresheld fer the phetoproduction of pion 

shews that disperaioa relatiens automatically lead to the appearance of the infinite ener&r derivative at the 

threshold in the real amplitude if the eJlergy depeBclence <tf the reactiea is takea iate acceuat*. 

In th~ framework of dispersion relation the appearance of infinite energy derivative ia the forward 

scattering amplitude is related to the study of the integral 

( l) 

where usual notations are adopted. The total cross section contains both the elastic scattering cross sec· 

tion G'5 (w) and the inelastic one G"c. ~). 
The enefgy dependence of Oe (w) near the threshold for a binary reaction 

where the particles_ have masses .f' ( incident particle), M (target), m and 

expression 

~ (w) = B 

( 2) 

M, is given by the 

( 3) 

~ ~ where q~ and Kc are the relative momenta before·and after the collision in the center-of-mass 

~ system respectively; B is a constant. 
r-

It is easy to show that 

(w-w-t) (W.,.tcJt -b) 
(AJ1- f'" ( 4) 

* The nonmonotonlo dependence near the threshold for pion production has been studied phenomenologl­
ca.lly by G. Ustlnova. and In 2. 



$_-:. 

where w~ (.1('1- .. f1) 'ft 
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is the total energy of the incident particle in the laboratory system; 

w~- f:: (Y¥' ""ki):a.- ()A +r}t 
2M 

is the threshold energy for reaction ( 2 ); and 

~::: ~ ~ W\2. + M:t._ J<-"-MJ. 

Kinematic parameters ~-~ and S ... 
for a series of processes are given in Table 1. 

TABLE l 

Process 
04-J~-C- 'b ~lw~ 
in .l,leV in MeV % 

'(N -'> N fl ISO W,i 1 

.]to p _., Ji + n 6,1 3, i' ~ 1, 3 3 

K.P _, K0 n ~. i 6,8 o, g 

K~ ~ K 0 p .lf, 1. 1,6 0,16 

~P _.,AK 9ot 6~.t 3£S 

jjp_. t\K =t~s 6:z.o 3lt,6 

PP _., i•l0 1180 11:rs- j_ 'f. 8 

Use of dispersion relation opens the possibility of studying both the local effects near th-e threshold 

itself, whjch in some cases lead to sharp cusps, and the general influencP. of the inelastic process proceea­

ing in a certain energy interval on the given process at a fixed energy. 

n 

A study of the ~-rJ scattering has shown that from the six scalar amplitudes, which describe 

the transition matrix in this case, only two of them have local effects. The presence of the other fast vary­

ing amplitudes makes the analysis difficult. 

For a detailed analysis of the influence of the inelastic processes we must consider dispersion rela-

tions with momentum exchange Qt. :f 0 or, possibly, the double dispersion relation. 

• 
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In the present paper we consider only the forward dispersion relatio~s £or scalar amplitude £unction 

A(w), which is equal to the trace of the scattering matrix 

( 7) 

whose imaginary part is connected with the total cross section. 

The contribution o£ the inelastic process to J) "' A. e. A ( W J is characterized by the following 

two integrals 

( 8) 

and 

( 9) 

where Ei~ {w) is the total cross section for reaction ( 2 ), while 6c.+ {w) is that o£ the crossing 

reaction, 
The energy dependence o£ the real part of A (w) in ( 7 ) can be calculated 

and 

( 11) 

where W
1 

is the boundary value o£ the S-state in 6"c in which formula ( 3 ) is still valid. 

It is not difficult to obtain 
"" 

( 12) 

where 

and 
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'f (wo) -= Ya (w .. ) En I .t a (t.Jo} + (:two-&) (UJ~.--w,.) +, y Q. (14.) R' I 
( £<.)_. - Wa) ( 1W~ -~) 

when W0 ~ Wt 

Q (lcJ.) = (t.do -{()~) (((}. + W~ -~) 

~ = (wf -ttJt:) ( wf +to~ -8). 

•• 

( 13' ) 

( 14) 

The discontinuity in the first energy derivative of ':b_ ( lU11} is caused by f (rv,) 
1 

which is 

characterized by an infinite energy derivative from the side £4 c c.c>~ and a finite value from the other 

side. 

One may think that K." n (-w.) also contains discontinuity in the derivative at c.o • ..., &cle -8. 
But this is not correct. The derivative of K0" n (-WJ is continuous at ~ = ~ -.S. 

Therefore, the crossing inelastic processes do not lead to local cusps near the threshold, although 

they give a contribution to the real part of the scattering amplitudes. 

With the use of the dispersion relation a detailed knowledge of the magnitude and the half-wiclth of IJut. 
threshold anomalies can he obtained. 

and 

The haH-width f in the side W
0
< Wi can he estimated roughly in the following way. 

Near W-e (w. < r.it) , we have 

J( 
Cl/1 c:."f 1' :: ,1. 

,---, 
'f = v-a Ji. 

I 

X 

Define the half-width f.:: Wf.:- W6 as that energy value, in which 

'1) (£) :: i 9J (tJ.) • 

From ( 16) and ( 17) we obtain 

B ~'(" ' 'll(w~J - 'IJ1 (w~-wo)(tcJ.+tut:-~) == i '7!> { CcJt:) 

or 

( 15) 

( 16) 

( 17) 

{ 18) 

• 



-------~------- -- ---------~---- -

• 
-7-

I , 
~(~>jt, 

~ 
E ~ i [ 

- ~(tAt -riJ,.) &f;s • 
( 19) 

,.; 

In the limiting case where those parts of <l (cv,) which are not connected with ( 10 ) and ( ll ) 

may be neglected, we have 

~ (cui) == ~ j(~) 
~p 

is and ( 20) 

~{tA.t:l I :r (tcJ-i-) ::: 

Bf;Ji Jt 

where from ( 13) 

J(Wt) = I [ t(t-)(~+ j:J +-'1'(-r-)(1 - ~) 1. 
the 

2- ( 21·) 

I 

m 

Consider the photoproduction of a neutral pion 

( 22) 

near the threshold for the reaction 

( 23) 

In this energy •R<m it is sufficient to consider only the dipole tranaition:l,.et us denote the transi-

tion matrix el"'meat of .(22) and ( 23-) by E0 and E +,respectively. . 

From the uaitarl_ty eondition and the experimental facts Re £
0« lte E+-we· have 

I·t.-· [• ~ '% (c(b- J.1) \«! E+ ( 24) 

) 

where fA l and Q(l are the corresponding Jf-N scattering phase shifts. Substituting the ex-
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perimental values of ci3 , d1. and £-+ into (:tit) we obtain 

I Eo_ 'G r >S. y1 1(q;. -ts 
~ - '"'i\.o.~-a .. )qoq+ Yv3,~·to em 

= 'ii E 1o. -a) a v~n v-'h, 
3 " \.' ~ i I o -1 + 

( 25) 

where 

o 'tz. ~ (v"'- v 2.) Y~ 
7o - o~ 

0 ~ (ol~ ·' t.) '%. ) J+ - v - v. . .. -+t • 

Anomalies near the threshold are determined by the integral 

~ 2- -1A 
~ £ J c" 1 _ v,!) '~ ( v 1 - v+t-) ~ tA v 
~ \J.,~ (v- v,) 

( 26) 

in which the cusp phenomena certainly occur. 

In the general case consider. the cross section for the reaction 

a+e .... c+c1 ( 27) 

near the threshold for the reaction 

G\+g ~e+~. 
( 28) 

If the threshold for ( 28) lies far from that for ( 27 ), it is always possible to find an energy region 

in which 

r~ MA( ... ctl .::: M4, ... e~ M:~ ... cci-+ ... = Aq-t·" 

where A is a slowly varying function of energy; q is the relative momentum of the e- ~ system. 

Other tetms in IWI MQ.t .... cJ. also are slowly varying functions of energy, if there are no other thresholds 

in the near neighbourhood. 

In this case dispersion integral has llil ordinary form and we may determine the magnitude and the 

half-width of the cusp in the same way as the scattering. 

For those processes as the photoproduction of pion 

- A ~ ..L ~ MIt~-. eeL =-- Cf'lo -t ... 

i.e. the threshold for the reaction Q g _, e f is near that for ~ « ... C d. . 
In this case the dispersion integral is qnite complicated and we are not able to carry out the integra-

tion. 

·f 

• 
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IV 

Therefore, causality, unitarity together with ( 3) and ( 4) lead to the discontinuity in energy 

derivative of the real part of the scattering amplitude with infinite derivative from the side l.Oo < wi.. 
The appearance of the infinity just in the first energy derivative is connected with the form 

of the energy dependence of ( 3) and ( 4 ). The energy dependence of the croso1 section for reaction ( 2 ), 

when its product particles have. angular momentum equal to e is given by the expression 
,e ... Y: 

r(~-w-t) (ltJ + wt -~> ] 2. 
G' ~ B u < 31) 

t -= e. (wt.- f<t) "~~ 

Substituting ( 31 ) into ( 8 ) leads to the appearance of infinity in the f t:lt. derivative of the 

scattering amplitude. 

It is of interest to -note, that the assumption about the analitidty of partial waves is unnecessary in 

the dispersion relation approach, which is inherent for the usual approach. Analiticity of the amplitude with 

the limited momentum exchange a"< a;,t.t..l is sufficient for this purpose. 

As has been poi~ted out by 13az' based on the unitarity of S -matrix the effect in ~ach channel 

decreases with the increase of the number of the channels. An analysis of 1-N scattering near the 

threshold for photoproduction, when only two of the six amplitudes show the local cusp phenomena, has 

shown that the effect is also masked with the increase of the spin of the particle. 

In the theory of dispersion relation it is important to guarantee the convergence of the dispersion 

integral by making enough numbers of subtraction. The most of our results are based upon the dispersion rela­

tions with a single subtraction. In the case of dispersion relation without subtraction 

( 32) 

With sufficiently high accurrate data the difference between ( 8 ) and ( 32 ) may serve as information 

about the number of subtractions required. 

We shall notebrieflywhat (iftaracteristics one may expect near the threshold for the reaction 

( 33 ) 

Substituting into ( 8) the cross section of ( 33 ) 

where the reaction is assumed to proceed in the S-wave state, we obtain 
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S 6"tAw ~ r ( dw (CA>-W-t)' = r f ~ [ (w,- Wo)a,- (Wt -w.)'j + 
W'Wo j f.cJ-Wo 

+ 1 (w,-w-t:) (w.- "-'i) + (Lo.- w~)" ~ f "'1 -w~ f J 
Ill'..<. -{A}, 

which has logarithmic infinity in the secoad ener~ derivative ef ~ {i.IJ · 
For reaction with four particles in the final S-wave state (w:-~J.1-~f"lt:-1d.l is replaced by 

( Wo - Ult)5 f.nf Wo - W t /. Similar energy dependence appears in the real part of alae 

scattering amplituae near the thresheld for all reactions. 

A well known example ia literature with the application of dis_persion relations is the analysis of the 

coherent scattering of photon in the Coulomb field of a nucleus 13•41· 

It is easy to show that the real part of the scattering amplitude near the threshold foe the electron-

positron pair creation ltl_.: 2tM (l'i ~M = :1.) contains terms of the type X"~ .)' (J(: 'f'--t). 
In order to see it, it is sufficient to consider the real part of the amplitude 

1\ ~.t ( e2. )l ~ 1 [ 
JJ (w) = ); ~ - 1 c1 (t) -1)1 ('~)] + 

~Ji 

+ ..L [(fo~ + ~) £1 (t)- (61- ~~} (r- ~L) F; (l)]-
l':l-Ji l . 0 ° 

.9 ~ 2. ~J ( 35) 

where t 

c" (r)-= Re.r wa.c$'h" ~""- (.!..)J" 
) )(. " 

c .. (-t) = 1. b2. 'l '16 

o '{ (Y 
SbL ('(') = n j AA.C..h. ~) u( ,..e. ( 1) 'h )( 

1- ~ 

~1 (.() = 1. </31!33 

• 
~ E (/l) 
1 i E ( T) ... ( y- ~) K ( r) 

{f ~1 
£1 (r) = 

~ ~1 

f:i (~) 
~ ~ K ('/r) 

l'lfl<.(~) 
A' ~1 

~ ~ i. 

·[ 

A· 

I • 
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K Ll) and f (l') are elliptical integrals of the first and second kind, respectively. As is well known, 

at 1-¥1 << i 

K (t)-= J\ -+ A4l (1- '62.) -+ iq (I\-~)(\- tt.)'t-i- ~1:~ (A-N,) (•- r2.f~ + · · · 

E(")-:: 14-' (/\-.!.)(-1-J't.)-\-.1.. (1\-.!l) (1-t'")~ ..... 
\..0 'I 2. '"' 12. 

( 36) 

The dependence l{ 1(. ~ 'f. is snown to exist. It is not difficult to believe that the scattering of light 

by light near the thresho.ld for J-+ ~....., e- + e + is a well known example in quantum electrodyna-

mic processes, whose amplitudes are character.ized by local anomalies (See Fig. 2-4 iJ/5/)•, while the 

amplitude for Compton e££ect contains terms of the type X a. "' ,C near the threshold for the reaction 

l+e. ..... e +e.-.... e-t; 

v 

Elastic scattering of t quanta by deuteron near the threshold for photodisintegration is one of 

the examples of processes, where the use of dispersion relations in the analysis of the threshold anomalies 

is necessary. 
The nonmonotoaic eaerar dependence near the threshold is caused by the magnetic dipole transition. 

The electric dipole disiategration leads to a marked change in the energy dependence of the '(-d scatter­

ing a'!lplitudes ia a relatively large energy region. 

The amplitude for the forward f- J.. scattering can be expressed ail 

-e'.M·e: A ce~t.) ... , s (s[ee .. J)"'" 

• 1c [ (se)_,(se') + (se•) cse)J ~ 
.. t<:b [ (S[UJ) (S [tle'l) .. C S [ o<eJ) ( S [~teJ)] 

( 37) 

The cross section for uapolarizei r . . quanta and deuteron has the form 

( 38) 

* Coulomb Interaction has been taken Into consideration ln/
6

• T/. 
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Furthermore 

K o-t: ::: 4 .r. .L ~ [A+ ~$ + ~ cJ, 
With the help of the dispersion relation for the q

1
uantity L ::: A -+ ~ C + jc;;b 

( e~ tw~ s""' I .... L (w') d w' Re. L w) == - - + - .f , ( '" , .. 2.' < 39 > 1\t\cl Jf (A IN -ou '/ 

W.l 
where WJ. is the threshold for the photodisintegration of deuteron, we shall consider the influence of 

the inelastic process on the energy dependence of the real part of l . 
In calculation of the dispersion integral it is convenient to use the theoretical expression for the 

cross section of photodisintegration of deuteron, (for example see/8/). 

Let us begin with the consideration of the local effects. Expression for the cross section for magnetic 
dipole disintegration has the form 

6'" (l.t) ~ 1Ji £ (± ) .t, (f'p-f-tt. )2. 
(Y-1) ·r2 ( (-+ v,~,' )~ 

' 3 :k c. ,., Y ( '(- I + £ 'fie c) 
( 40) 

where ~ = f ; l} is the energy of photon; J£J~2.22 \1e V and f. 1 ~ 70 Ke V are the binding energ)!' of 

n - p sys!e! in 
3
s1 and 'S0 states. Other notations are the usually adopted ones. The prese:1ce of the 

factor ['1(-f + tj1f./]- 1 ~akes the direct analytic continuation K ::.fl-1-+ i./K/ impossih1e. In 

this case analytical continuation v\ 6" (m) turns out to infinity below the threshold for the photodisinte-
/2 E.' 0 " 

gration at [I< =It I · 

Substituting ( 4 0 ) into dispersion integral 

":1 _ ~ .P J v _. 5 c _ (v) 
2. j~ , ... , 

~L - E .2.Jl. 

i 
('0': 1 - E'flf.l) it gives at oV

0 
:f:. ~I 

't:L. (Yo) = 3t e1 .!._ ( ltp -J<,)t (1 -t- Vf, Y' • 
~ca. ~-..cJ. r 

where 

9 (f)= f : 
and 

~M 9(t-Yo)+'{1+Y;-
l ~· -Y. ~ 1 

+ ¥o 

a.i 

a..t 

X ~o 

.)(<0 

~ - =t ~! ~ } ( 41) 

"6' 8' c~·~-lo1.) 

t 
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( - 2 
e2. £ Lt'-p -f<+.)IJ. C 1-1£) ~ ~ rL. $)- 3 

!tf.4c'l f\.1C~ 
( 41') 

l (1-t-i)'IL .1 +~ ~~1-fflJ 
2<r,' ~· 3~' I l £' 

at '6o.::.~l ~L('ft)/e2. 
The energy dependence of ~ L ('"•) : / ;-- 1 

is shown in Fig. (curve I) , 

For limiting value of ~ we obtain from ( 41) .2f1C. 
0 

LlL(~,) = ~ !o• (f<p-f<•)' (I +Mi )~ g T l !: -lf, c~ + 1 ~;)]'f.~ • 
( 42) 

~ ~ :c1 (ftp-~)~ (i + ~Jl- ~ 'fo'J-

for )o << i and 

Ll, ('!.) = - ~ ~c• (J<r-f'·)• ( (-<- {ft )l 

C' I 'f 
At the threshold for the photoJisintegration with I- 0 = /3o 

e~ 
Z L (-c) :. 0 1 2."f -2. • 

~kc 

( 43) 

The half-width of the cusp from the side below the threshold is smaller than £ 
1 

i.e. about 50-60 !(P V. 

The contribution of electric dipole disintegration to 1) .: RQ.. L with 

1\c ( 44) -[, 
is of the form 

~f L"6") = llt ('lso) ~ ::: 
.2Mc 2 

., 

== 1 ~ · \ .!... [ (1-~ )~h ec1-¥t) -t ('~" )!h-1.1-l.Z 
M..tC1. l y; 0 

• .. . :.i 4.5 • 
( 45) 

Energy dependence of ~r (~.) is given in the Fig. (Curve II). 

It is easily seen that ( 46) 

and 
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Q.;f 

.t:lp (<) .:= 0.156. 

r.» 1 ( 47) 

The sum of the electric and magnetic dipole contribution is given in Fig. (curve III ). At the threshold 

the scattering amplitude has changed about 40% when the effect of pqotodisintegration is taken into con­

sideration. 

From { 42 ) and ( 46 ) we can see the contribution of the photodisintegration to the polarizability of deu-

teron. 
,., 

As the total cross section for the photodisintegration of deuteron is greater than the sum of { 40 ) 

and { 44 ) in higher energy region, the estimation obtained may be regarded as the lowest limit, although the 

contribution from higher energy region is expected to be small. 

The present analysis of one of the forward "t-J.. scattering amplitudes may serve as an indication that 

the inelastic processes, and especially the photodisintegration of deuteron, have a great influence on the 

elastic 'C-cL scattering in a wide energy region. 

Similar effects should also take place for the scattering of 0 -quanta by heavy nuclei. 

It has been shown in /9/ that the cross. sections for the elastic scattering of 0 -quanta with a 

series of nuclear elements are characterized by noticible picks with an energy width of about 2 ~1e ~· near 

the threshold of ( fn. ) reaction, which are probably connected with the threshold anomalies. 

In order to have a more reliable analysis of this phenomena, it is desirable to increase the>accuracy 

of the experimental data on the energy dependence of the ( ~ rt ) cross section and that for the elastic 

scattering of u -quanta near the threshold of ( rn ) reaction. 
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