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1Jn a number of recent papers/ 
1
-

7
/, the fruitfulness of combining nonrela-

tivistic spin group SU ( 2) and unitary spin group SU( 3) into a larger group 

SU ( 6) was exhibited, 

In this note we study the algebra of generators of SU( 6) and show that 

it allows a natural relativistic generalization. 

2, The algebra of generators of su( 6) may be constructed of those of 

su( 2) and S!)'_( 3) by a certain standard procedure to be described below, 

As is well- known, the generators of the two- row representation of Sl( 2 ), 

the Paull spin matrices Uj , do not form an algebra with respect to the usual 

matrix multiplication, because the matrices 

1 0 

, equal to the unit matrix 

UO a ( 0 1 ) • ' 

cannot be written down as a linear combination of uj (i • 1,2,3), lf, however, 

the matrix u0 is added to the generators ai , then the linear combinations 

with real coefficients of this larger set of generators will form an associative 

algebra with respect to the usual product of matrices; at the same time they will 

generate the Lie algebra of u( 2) with respect to the commutation operation, 

A similar statement holds true for the lowest ( n -dimensional) representation of 

SU ( n) for any n ~ 2, The corresponding associative algebra will be denoted by 

(jn • In particular, when n •3, the algebra of (j a is generated by the nine 

matrices of Gell- 'ManJ B/ A 1 ... , A 8 and 

- - 10 0 
A0 •- yl__E = y.;_( 0 10 ) 

3 " 0 0 1 

which generate U ( 3). 

Consider the tensor product of the algebras which may be defined as an 

algebra of 6x6 matrices, the latter ones being the Kronecker products of the 

matrices from Ci 2 by the matrices from Ci 3 • As a basis in the tensor product 

• we choose the elements 

(11- 0,1,2,3; 1··0,1, •••• 8) 

(a) 

The matrices A 1 are normalized so that 

(a) <{3 l 
Sp\ A

1 
•- 4811 8aj3 

(a) 

lt is easily seen ·that the algebra generated by the elements A 1 

3 

( 1) 

(2) 

coincides 



with <1
6 

, so that the matrices ( 1) can be treated as generators of U ( 6), If 

we ·eliminate the unit matrix l~' from the set of generators, we get the simple 

Lie algebra of generators of SU ( 6), 

Let us emphasize that the passage made above to the associative algebras 

<1 2 and ff
3 

is necessary since the "tensor product" of Lie algebras is, in 
(a) <fJ> 

general, not a Lie algebra since the expression for the commutator [A 1 , A 
1 

I . 

incorporates not only the commutators of the matrices ua. , u{l and A 1 , \• 

but also their anticommutators, 
(a) 

3, Since S U ( 6) is a group of rank 5, among the generators A 
1 

( i a a.a· 0 

being excluded) there are 5 diagonal ones: 

(0) (0) -

A3 a·21a, A8 =-y3Y, 
(a) 

A 0 a y6 Sa (3) 
(3j 

A a =· 41! 3 -2v3 

{8) 

A a a. 2y 3 "a 

where 
As 

y =· u· X --• 
0 v 3 ( 4) Ia a· "oX ~\ ' Sa =· ~ u ·'< E 

are the operators of the hypercharge, of the third components of the isotopic and 

usua} spins, while the operators u 8 and v 3 in the low!"st representation consi­

dered are expressed quadratically in terms of the operators ( 4): 

1 
ua=-~u)(~(A +~-\)=·(! +~Y)S3 =QS a a .;:

3 
a a (5) 

"a =· ~ua ~ - 1
- As =· y Sa • 

y3 ( 6) 

According to ( 5), in the six- dimensional representation (for the " quark" ) 

the operator 1!
3 

is equal to the product of the electric. charge operator by the 

third component of the spin, Hence, it is proportional to the magnetic moment of 

the qvark, It is reasonable to postulate that in any other representation the ope­

rator of the third component of the magnetic moment is _the generator ft 3 in this 

representation, Similarly, if there existed a hyperphoton field (see/ gj ), then 11 3 

could be interpreted as a "hypermagnetic" moment, 

The definition of the magnetic moment operator, we have given, corresponds 

physically to the model of vector addition of magnetic moments of quarks/ 6•10•11/ ;) 

It should be therefore regarded, from the very beginning, as an approximate 

definition: the contribution of the orbital angular momentum of the quark system 

.x) 
The calculations of the magnetic moments in the framework of this 

model have been made by B,V, Struminsky, 
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is not taken into account. This approximation, however, agrees unexpectedly 

well with experiment, The magnetic moments of all 18 bciryons (with spin- parity 

1/ 2+ and 3/ 2+ )entering the 56-dimensional representation D ( 3,0,0,0,0 )x) of 

SU ( 6) , as well as the magnetic moments of the transitions between them are 

expressed, according to / 6•7 / 1 . in terms of only one constant. ln particular, the 

ratio of the magnetic 

( 
lla , 

experimentally -
l'p 

moments for the neutron and the proton is found to be- 2/ 3 

- - 0,68). 

ln order to obtain this result from the point of view of our definition of 

magnetic moment it suffices to construct the wave functions of the proton and the 

neutron in terms of the components 'l'ABC of a 56-component tensor (here A•(a,a), 

B •(b,fl), ... , a• 1,2,3 being the index in the unitary space, and a. 1,2 - the 

spin index), Having in view that the wave function of the proton (with a maximum 

spin projection s 3 --~) is an eigenfunction of the operators Y , Q , S 8 and 

S 
2
·-S

1

2+:S
2

2+:s:)xx:) with eigenvalues 1, 1 1 1/2, 3/4, respectively, we obtain 

2 tt,1'Jt,~2 tt,2t,t2 
'I' -- v 'I' _, _1_ 'l' 

p T yJ (7) 

Likewise, the wave function of the neutron is given by 

21,:11,12 1 11,21,22 

'l' = v .1. 'I' -· -= 'l' 
D 3 y3 

( 8) 

After this, the proton and neutron magnetic moments may be found easily if we 
. ABC 

note that in the representation D ( 3, 0, 0, 0, 0 ) the functions 'l' are 

eigenfunctions of lla with eigenvalues lH l-p (12) +:p(13)- ; (p(21) +:p (31 ~1 1 , where p(aa) 
is the number of indices (a a) among the indices A , B and c 

ln a similar manner it is easy to get all the other relations between the 

magnetic moments of the 56-plet given in/
67

/( ~'n-·. -1' P • 3 I' A etc). 

Besides, calculating the matrix elements of the generators u 
3 

in the 

adjoint -representation D ( 1, 0, 0, 0,1) (of dimension 35) we .may express by means 

of f'a the magnetic moments of vector-mesons and the magnetic moments of the 

transitions between the vector and pseudoscalar mesons (e.g,, I'+.=· f.L =·# =· 
1 + + p . K*"· 3 P 

=·- <" lll 8 li> >:), 
3 

4Xhe use of SU ( 6) corresponds to a neglect of the spin- orbital interaction 

x) 
We enumerate the irreducible representations of SU ( 6) by five non­

negative integers _ A 1 , ... A 1 , A1 being the nvmber of columns of i cells in 
the corresponding Young's pattern, 

xx) 
The operators S are determined in the lowest approximation by the 

• ll I ' matrices 7' ui l( E 
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and, in general, of the higher orbital angular momenta. We will show that the 

above scheme can be, in principle, generalized to the case when the quarks 

possess an arbitrary orbital angular momentum f •-0,1,2, •••.•• 

We will assume as before that the quark ·spin is 1/ 2. Then the total angu­

lar momentum of the quark will take two values j •· r :!: ~ • Now we extend the 

Lie algebra formed by the generators j 
1 1 j 

2 
, i 

3 
to the least associative 

algebra which we will denote by !R • 'I'he algebra !R just as the initial Lie 

algebra is reducible and may be decomposed into a direct sum of Irreducible 

algebras (i 
:lk 

!R - (12 + (i 2 +" (1 ~ +: G' ( +: • .,.1 +· (i2f +:Ci2f +· ... ~. 
(9) 

where to each component Ci 21t there corresponds the value j •·k-~and a de­

finite value of f equal to k - 1 or to k • That the · Irreducible components of 

!R are just the algebras c;+lfollows from a well- known theorem about finite 

dimensional factorsx). 

We choose as a basis In !R a complete set of Hermitian orthonorma.Uzed 

matrices e a : 
+ 
ea •· ea , ~ Sp e a ~ •· 8 a f3 

( 10) 

Consider the real Lie algebra generated by the various products e ~ '11:.\ 
1 

• lt can 

be easily seen, by virtue of ( 9 ), that this algebra is reducit>le and splits into 

a direct sum of the Lie algebras of groups U( 6k), k •·1.1.2,2 •••• If from each of 

the component in this sum we exclude the unit matrix, we shall obtain 

the Lie algebra of the group 

SU(6) X SU(6) X su (12) X su (12) X -· • (11) 

which -allows unified description of spin and orbital angular momentum, on the one 

hand, and of unitary spln, on the other. In particular, If in the quark model we 

assume that the main contribution ls made by the quark states with total angular 

momentum j -·} 1 in the product ( 11) we may confine ourselves to the factor 

su ( 12). (ct.' 131 ). , 

xJ 
In our case the factor ls defined as an Irreducible algebra of matrices 

Invariant under Hermitian conjugation. 'I'he, theorem of factors may be stated, as 
follows: any finite dimensional factor ls Isomorphic with a certain algebra ~ • 

(For the theory of factors see, e.g/ 12/ ). . 

6 

I 
! 5. At present the idea of unifying the internal symmetry group StJ( 3) with 

the Poincare group l'( i.e., Inhomogeneous Loren1S group! is widely discussed. 

Below we suggest a possible solution of this problem which is based on 

a generaliza.li on of our previous reasoning ( point 2). 

Let r.f" and p" , 
stand for the generators of the Poincare group which 

satisfy the standard commutation relations 

· p. v )v.t v p.v ,\ w r.t 
[p ,p J ••. o, [M ,p l·=·i(g P -·g P > 

( 12) 

[Mp.v ,MfX') ... i(g"P Mp.u· -gi'P Mw· +:gvu· r.!Pr.t_,gp.u·Mpv·) • 

If we start from the .. "physical" (unitary, infinite-dimensional) representation of 

the Poincare' grC:,up, a completion of the corresponding Lie algebra to an asso­

ciative one with respect to the usual multiplication of generators ( ct. p.2.) would 

require infinitely many new elements. 'I'his is so cumbersome that it is hardly 

of practical Interest. Therefore, we will base upon the four-dimensional represeD­

tation of the . Poincare' group in which the generators M uv and p v are descri­

bed by the matrices x) 

JLV JLV JL V V JL 
M ... % u· •· ..L (y y -• y y ) , 

4 
( 13) 

v 
K%(l+:iya)yv • p 

where yJL y" +:y " y I' •· 2l" , and i< ls a real constant. It can be easily 

seen that to extend the set of generators ( 13) to ~e it a basis of an associati~ 
algebra it is necessary to add two more elements ' I and y 3 =·y0 y~y 2 ·Y 3 • · 

Consider now the real Lie algebra, generated by the products 

A<p.l =· PJL x ,\
1 I 

(JLV) • JLV (S) a 
Aft ... M XAI .• ·AI --%y X ,\1'' 

(14) 
Ala-%1 XA1·• 

To this algebra. there corresponds a 108-parametrical group G unifying the 

Poincare' group with, that of internal $1,1(3) symmetry. The group G is seen to 

have the structure of a semi-direct product 

G •· GL(~,C) A as • ( 15) 

where A38 is a· 36 - parametrical invariant Abelian subgroup generated by 

A,'i''. 1 while the general linear group in six dimensions G L (6, C) provides a 

x A realisation of the· commutation relations_ { 12) by 4x4 matrices, 
equfVa.Ient to ( 13) was. considered by Yu.M.Shirokov / 17/ • 
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synthesis . of the spinor ( four- row) representation of the Lorentz group and of 

the three-row representation of U (3)-:')on the other hand, GL(6,C) splits into a 

direct product of a two-pare.metrical gauge group by the special linear group 

SL(6,C)x)( of 6x6 matrices with determinant 1) 

GL(6,C) • el(a+tfJ> x SL(6,C). (16) 

ta 
Eliminating the one- parametrical subgroup of gauge transformations e 

from the group G i.e,, omitting in { 14) the unit matrix, we are led to a 107-

parametrical group G0 which is the product of the invariant Abelian subgroup 

A sa by a certain non- compact 71 parametrical group, 

We are able to obtain a secondly quantized realization of the algebra of 

generators of G if we average ( 14) over the field operators of the quark 'l'(x) 

taken at a fixed moment. In particular, to the generators of the commutative sub­

gi10Up A 18 there will 'correspond the operators 

+• ll I 8 
~" f~(x) y (1-• iy ) x >. 1 'l'(x)d x ( 17) 

Let us note that the choice of G (or G0 ) as a fundamental group which 

contains P and S u( 3) as subgroups is, to some extent arbitrary, Starting, for in&­

tance, from the five dimensional representation of the Poincare group ( instead 

ol the four- dimensional one used in the text) we would obtain a larger group 

containing P and SU ( 3) as subgroups and having a similar structure, 

The right choice should be based on a study of the unitary ( infinite-dimen­

sional) representations of the group G and on their physical interpretation, '!'his 

problem as well as that concerning the role of discrete transformations ( spattal 

and time reflections) will be investigated elsewhere, 

'I'h~ authors take the pleasure to express their deep gratitude to N,N,Bo­

golubov for stimulating discussions and constant interest in the work, to 

A.A.Logunov for fruitful discussions, and to A.S,Dynin for_ useful remarks, 

The authors are indebted to the participants of the seminar of the Theoretical 

Physics l:..aboratory {Joint Institute for Nuclear Research)for the discussion of the 

Eaper, / 18/ 

x) This group is introduced for other reasons in , where it is identified 
with the group U (6) x U ( 6) • In fact one can state that the complex extensions 
of the Lie algebras of the groups U(6) x U(6) and GL ( 6,C) coincide, 
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