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npenncnosue 

B <> T o M c6opHHKe noMewenbr CTBTbH, noCBllweHHbre npo6neMe npocTpaHcTsa, speMeHH 

H llpH<IUHHOCTH B MHKpOMHpe. J.1x 06'beL!HHlleT HL!ell 0 TOM , 'ITO reOMeTpH'IeCKHe COOTHOllle· 

HHS! B MBll hlX MBCWTB6BX llpOCTpBHCTBB - BpeMeHH MOryT OKB3BTbC!I llpHHUKllHBllbHO OTl!H'I­

HbiMH O T T e X, KOT0pbl8 Ji3B8CTHbt B M8KpOMHpe. 

3nr p a 60Tbl BblllOl!HeHbl B llOCl!eL!Hee BpeMSl B 06'beL!HHeHHOM HHCTHTyTe S!L!epHblX· lfC· 

c n e noBBHHil B .[ty6He " B ¢H3K'IeCKOM HHCTKTyTe AH CCCP HM. n . H. Jle6enesa B MocK­

Be. 

Dnll y no6cTsa 'IHTBTenS! s nononHeHKH npnseneHbi HeKoTopbre 6onee pBHHHe patsoTbr, 

K OT O p b!e C yLUeC TBeHH bl Llllll llOHHMBHKll KL!ell, H3l!O>KeHHb!X B nepBblX CTBTbllX 3TOro c6op­

HH KB . 

I 
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D .l.Blokhlntsev 

ON CAUSALITY IN MODERN FIELD ~HEORY 

'Ca.ua all ty, as It Is usually meant, Ia only a 11 m all part of the· 

world rel&tlonehlp (materialistic addition), a put o f not subjec· 

tlve but objective l y real relatlonablp' . 

V.I . Lenln ('Pblloaophloal Not.ea') 

Introduction 

In spite of the modest estimate which V.I.Lenio gave to the causality principle, it is, nevertheless, of fundamental 

importance in science as the simplest fonn of relationship between phenomena. 

Of apecial significance is the causality principle for physics not only from the general philosophical point of view, 

but also as far as the mathematical fonn for expressing causality is concerned. 

In contemporary physics the mathematical fonn o.f causality is based on two physical ideas: a) on the idea of the ho­

mogeneous and isotropic space-time of Einatein-Minkowaki and b) on the idea that the interactions are transferred by the 

physical fields ( electromagnetic fields, meson and neutron fields and the like). 

At the same time it is well-known that the application of these principles to. extremely small distances and short time 

in~ervals leada to the conclusions meaningless &om the physical standpoint: the energy of particle interaction at small 

distances and the proper energy of particles tum out to be infinitely high. 

This unsatisfactory result takes place both in quantum and classical physics, and is likely to indicate the same ori­

gin of the difficulties • encounted in these two concepts. 

2 Causality in Classical Physics. 

In cluaical phyoico the propagntion of a weak (linear) aignal &om the world point P1 ( x 1 t 1 ) to the world point 

~ r .z 
2 

t 
2

) is detennined by the Green func.tion § , which is a function of the difference between the coordinates of 

the pointa f
1 

and 7;: .z ··JX
1

- .z 2 , t • t 1 - r 2 

This ia the result of the homogeneity of apace-time. The requirement that the apace-time ahould be iaotropic leada 

to the fact that the Green function must depend not simply upo,n the differe~cea x and t, but on the four-dimenaional 

interval a 2 • x. 2 - t 2 • Finally, it appeara possible to introduce the time direction t and the direction along the spatial 

ray '1 :< • t /l ~ •!; 1, 11• 0 for s 2 < 0 and 11• xflxl• :!;_1 , • • 0 lor s
2
>- 0. So, the Green function 

can be put as 

§-§r·····'ll· / 1/ 

This function is an invariut of the Lorentz transfonnation. Now the requirements of causality are additionally impoeed; 

a) the signal cannot propagate with a velocity greater than that of light C. 

b) tho oignal is propagated only &om the past to tho future. These requirements lead to a further apocification of the 

function §: 

7 



r. - ;\ ;; , r / ,_I •. ., ~""lT---..-~'1 

§=§ ( s 2
,+LOI 

§=o 

for 

otherw ise . 

€ =+ 1 , f1=0 
/ 2/ 

Fig. l shows the space-t ime domain, where the fun ction § i!l differen t &om zero. Note th at the Fou.rie r compon ent o f 

§( s 2
, + 1,0) , denoted by § ( cu, Jc ) , depends onl y upon the invariant 

m
2

1
= w 2

- k 2 § (w, k) ~ F(w2 -1t:~ 
and different from ze ro on ly if m 

1 > 0 • for m 
1 < 0 we would obtain th e funct ion § ( s 1, 0, !_ 1 ) different 

from zero in the space-lik e domain a nd leading, there fore, to the s igna ls propagatin g wi th a veloc ity greater than that 

of light. 

Th e experim ent s hows that for large x and I the (asymptoti cal) wave fie ld can be always interpreted from the 

corpuscular point of view. Thi s impli es that in th e infinity we have a set of waves with th e descre te values 

• ' -= m 1, m' , ... rn' , .•. > 0 • 
I 2 

2 • 
The Fourier- component F ( ru -k 1) has the po les at cu 1 = k 2 + m! 

, whi le the fun ction 

possesses the singularities of th e fonn 8 ( s 
1

) . In virtue of the properti es of th e interva l s 2 th is s ingularity will 

a lso hold in th e domain of small z, I ( if only s1
• 0 ) and wil l lead th ere to und esirabl e infin iti es . 

§( a 2 ,+ 1,0) 

Thus, the rea sonable suppositions about th e isotropy of the s pace- time, j ustifiable for large x and t are trans­

ferred au tomati call y to ihe domain of infinite ly small z and 

# 

3. Causality in Quantum Physi cs. 

The quan tum theory, strangely enough, reta ins , in prin ciple, th e classica l concept of causali ty. In other words, in 

the quantum theory the signal ( or inte ra cti on) is also trans ferred by the Green func tion De (s 2) ( which is refferred 

to as the causa l fun ct ion as welll . Th is fun ction connec ts the quantum tran s ition in th e vi ci ni ty of the point '
1 

with .. 
that in the vicinity of the point f, 

Unlik e the classical Green function, it is not equal to zero for s 2 > 0, as we ll. However, this is true only 

for the scales • h I me ( of the Compton particle length ). To be abl e to fix the fa ct of th e emission of a signal 

(quantum) with a positive energy from the vicinity P 1 and th e fact of its absorption in the vicinity 5' 
1 

, i t is neces­

s ary that these 'vicini ties ' would be large enough . Namely, in ac cordan ce with the uncertainty relation, for the quantum-

signa l with the energy f and the momentum p the dimensions of the ' vi cinities ' ~ and lf
2 

must be T >>hl t 

with fespect to time1 and L > h I p with respe c t to space. 

F urther these vicinities should no t be overlapped ( th e distance between them is I xl » L and the time in-
terva l is I tl » r 

). As has been sh own by M.Firtz for th e point perticl ea / 3/ , the properties of the functi on 

under these conditions provide a pure ly cl assical causa l relationsh ip between the viciniti es of 

the points ~ and 12 ( i.e. , the relationship equi valen t to that gi ven by tl.e Green functi l) n §( s 2, + 1,0) . When 

the above inequaliti es are not fulfilled , the un certainty relations do no t penn it to judge about th e na ture of the causa l 

relationship at all (what happened later, what earlier?). Th e caus al func t ion 

D. ( s' I 

De ( x) in th e spa ti al domain is not 

equal to zero, what leads to an existen ce of th e s patial fonn-factors of e lementary particles F(q) ( q is the momen­

tum trans feft'ed to a particle ). 

In the q uantum fi e ld th e ory the qua'n tlty m det e nnlnee t h e maes o f ths particle oo r?eapondln• to t h e fi eld u nder cona ldera tlon • .. 
Tille o a u a a llty p r in c ip le fir. lla ooave n tl o nal fo rm w aa u sed by N. N. Bosolubov fo r a ne w concept of t h e mo d e m fi el d thoto ry 
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In conoioteoc~ with o~ch a form-factor the hard spatial distribution of charges and cummls of type p (xl • ( F ( q) 0 , .. d 'q 

may be attributed to a particle. Such a he.Id distribution al lows \he sigoalto be propagated with an infini tely high velocity from the 

particle periphery to ita centre. 

It has been shown in/ 4/ , however, that in this case the uncertainty relation also does not make it possible to 'accuse' the par-

tide that it propagates s ignal with a velocity grea ter than that of light. 

In apite of the mentioned difference of the causal G<een function DJ•' I from the classical one § ( a •, + 1,0) , 

the s ituation with the oingoloriti.., in the quantum fi eld theory remains essentially the same ae in the claaeical theory;the oinsula­

ritiee of the propasation ru,;ctiono, quite natural for large x and t are lnlnofetTed inexorably to the domains of amall 

apace and time scales. 

4 Some Po..,ible Generalization• of the Causal Relotionehip 

The specific features of the propagation functiona point out that it is nece Maty to give up the idea of trans fening the macro-

scopic lows of oigoal (effect) propagation to th e domain of eepecially omall ocaleo of space-time ond to try to change them. 

What hae been said about the meaning of the uncertainty relations enables us to have in mind a pouibili ty of reconciling the 

conventionAl fonn of the rnaerocau.aa.lity with other forms of microcauaal ity i!l small space-time domains. 

Conoider now some poesible generalizations of the theory. 

a) The "ion-linear Theory. 

The Green functions having the abuve singularities are connected with the propagation of weak fields, obeying the linear equ.,. 

tiona. 

M.Born wae the first to notic/ 5/ that atroog fields may obey other non-linear equationaln this caoe the speed of propagating 

the oigoal V depends on the s trength ond the form of the eigoal ( oee/ 6, 7,8/ ), 

Indeed, the characteristics of the non-linear equation are di fferent from the otraight lines ~{- • ±. c apecific for the li­

near theory. Therefore the velocity of the non-linear oigoal V t11n111 out to be a function of the field intensity </> and ito deri-

vativ- iJ¢ iJ¢ 
-~· a,-

~ 
d t 

- + V( ¢, 2.!1_, !.!£._1 · 
ax iJ t / 3/ 

A. bas been ohown i/5/ , in oorne venoione of the non-lin ear theory the quantity V moy become imaginary, and the hyperbolic 

equation fa< the field will tum into an equation of the elliptic type. Far from the oource and 'the receiver of the oigoal ( we can oay 

- far fran the particles ) the field will obey the linear equation aa earlier, while the Green function will have uoual oinguloritieo 

of the type li (a ~ • However, in the vicinity of the particles, where the fields are strong, the character of the oinguloritieo will 

change. For inatance, when the equation tums into the elliptic one, the s ingularity of the Green function at .z .. 0 , t .. 0 

will hove the form 1 I R 
2 

where R2
• x~+ 1

2 
• 

'lltie poseible change of the type of a field equation near the part.iclea resemble• the aituatiOft occuring on the wing of an •~ 

plane Oying with a velocity close to that of ooWld. A. is well-known, in the place where the .local opeed of a current Oowing around 

the wing, exceeds that of sound, the elliptic type of an equation turno into a hyperboli c one. 

F i 8 • 1 b ahowe the domain where the call88lity may become anomalous. Note, that the violation of the relativiatic in variance 

near % • 0 , t - 0 is only eeeming and is due to the fact that the space-time point where the fie ld eource 
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is situated is a special roint. In the vicin ity of this point the non-lineat field changes the medimn for its own propagation. 

The possibility of changing the type of equations lor the field propagation in the vicinity of the particles together with a change 

in Lhe form of the causal relationship is V6"f attractive. 

However, nobody has so far succeeded in finding a quantum analog for this model of the field theory. 

The question is still open as to what changes in the definitions o£ the length and of the time interval may be caused by the 

nonwlinearity in the s ignal propagation. It goes without saying, that Einstein's definitions suggest the linearity of the signal. 

b) Variation of Causality lor Small Space-Time Scales. 

We have s een that in the homogeneous space-time the law of the causal relationship cannot be violated in the miaoworld with­

out violating it in the macroworld. A possible way of modifications is prompted by the non-linearity treated in Sec. a). The cooven-

tional regularities of the s i1J1al propa@Jltion are not broken down everywhere, but only in the neighbourhood of the eources and the 

receivers o f the signal, i.e., near the particles. In oth er words, this happens where the space homogeneity is violated 

by the particle located th ere. This indicates a possibility of violating the conventional laws of the signal propagation 

near th e particles / 9, 10/ . 

From a math emati cal poin t of view this possi bility arises because of the appearance of new invariants, besides 

P ( E, P ) which commutes with relative coordina \ 
. . 
tes and with other internal dynamical variables is associated with a particle or with a system of interacting particles. 

s,, ( , 7J , Indeed, the total energy-momentum vector 

Besides the invariant 1
1 
= s 2 , there appear new invariants such as 12 = P 2 

= - m 7 
( where. • is the rest mass 

of the whole system) I .J ,.. ( f, s ) and oth ers. This makes possible to form new invariant combinations such aa 

R
1

= 1 +1
1

/ 1 
I • 1 

/ 4/ 
r'=1; 11,. 

which in the centre-of-mass system pass into r 2 and t 
2 

,respectively. Further they are tranaformed by (4) and 

(4'/12/ . 

In virtue of this, the Green function connected with the system of particles can be written as 

§ - § r 1, , 1, , 1, ) . 

The presence of the invariants 1
2 

, I, allows to change the behaviour of 

Fig. lh can be used again to illustrate the behaviour of the function 

§ 

§ 

/ 5/ 

in the vicinity of t , t • 0 . 

, which has at R 2 < a 2 an 

elliptic structure, while at 

s' • 0 

R z > a-3: it turns into the usual Green function with the singularities on the cone 

Just in a similar manner the causal function De ( 11 
2 

) can be changed if it is usociated not with the 

vacuum, but wi th the particle• put into the vacuum and having relative coordinate• x• :z 1 - x 2 and the total 

momeatum p • p 
1 

. + p 
2 

: 

v. - v. (11 , 1,, 1, ) . / 6/ 

A complete ocheme of ouch a type hao not yet been worl<ed ont. ·It io otill obocare what model oi the field theory it cor­

reeponde to. 

Ttr.l• •Ue poealble tor Yu. W.Sblrolr.ov to aol ve oorreotly the problem of the relatlvlatlc ~t.atoJ'./ IJ/, 

10 

In particular, it has not so far been inve s ti gated whether t he unitarily o f th e S..matrix would Le kept or not. 

c) ~ fodification of the Ph ysical Vacuum ~1etri c 

Other possibilities of vt~rying the fonn of causality may lie in the modifications of our space-time geometry for small 

space-time domains . 
. . 

One of such possibiliti es is the fluctuations of the metric tensor g IJ.V , which can, in prin ci ple , be due to the 

fluctuations of the zero vacuum energy. 

The fluctuations of such a kind will lead to the fluctuations of the space-time interval 

s ' = 
P, J g~v dx ~ d•v 
I 

/ 7/ 

and, therefore, all the functions such as § (s 2
) De (s 

3
) will tum out to be 'dillused• / 13,14/ . If the inlini-

ties are eliminated, these flu ctuations prove to be essential in the space-time domains of the order of 
h ~ _, 

L • (-.....X_) = 0,82.10 em. ( Here )( is the gravity constant). These scales seem to be too small to play au 
o c• 

essential role in the particle world. The introduction of another scale for th e vacuum flu c tuation f
0 

would mean a 

new physical hypothesis, whose consequences and internal consistence are far from being investigated. 

d) Space-Time 'Quanti za tion' 

The olJ idea of space-time 'quantization•/ 15/ was revived several times / 16-18/ , 

Contemporary tendencies in developing this idea s~rt &om the assumption about the non ... Euclidiau character of 

metric in the momentum space/ 191. It is the interval in the space of the momenta p p p p which is suppoeed 
J ' I I 

to be 

du 
1 

• a ~v dp ~ dpv • 

/ 8/ 

The radius of the curvature of this metri c s pace plays the role of the limiting cut-off momentum '! 
0 

• The space-time 

coordinates 
I 1 I 1 , x, , I 1 canonically conjugated to these momenta tum out to be non-commuting operators 

( X~ , X, ] • i b~ V . 

/ 9/ 

The theory ia constructed so that for the scales f >> + it becomes a conventional one. It is clear that the 
0 

concept of the conventional causali ty in this th eory tum& out to be not valid ( at least, in the space-time domains 

~ ). Indeed, one cannot •peale about the aignai propagation from the point P, ( x~ x; x~ x~)to the point 

~ ( z.~' %','I~' x'; ) if the coordinates of these points remain undetennined. In this theory the process of the eignal . 

propaf!Btion has the physical sense only lor I x~ I large enough, when the right-hand side in (9) may he neglected. 

For smaller scales the relationship between ph enomena may be described mathematicall y by means of the momentum 

•pace only. The theory of the quantized apace-time has not yet been developed consistently. 

11 



Conclusion 

The fonn of causality adopted in the modem th~ory follows from the basic space-time concepta. 

It was borrowed from the macroscopic physics and is automatically applied to the infinitely arnall ecalea becauae 

of th e nab.lre of the s ingulariti es of the Green functions. This leads to the appearance of th e diversencies ( i_!lfinitiea) 

for a number of the most important phys ical quantities asso ciated with elementary particles. 

We have considered here some preliminary th eoretical models which modify essentially causality for small apac~ 

time scales, retaining at the same time, the macroscopic causality. 

We are not aware which of these models leads us nearer to the truth - v.·e are still playing blind mB,Q'a baf( with it. 
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Fig. 1. Fig. 1a shows the shaded apace-time domain allowed by the conventional theory of the 

propagation of the oignalo going from the point ~ . 

The double shaded area in Fig. 1 b shows the domain of anomalous causality ( for instance, an el· 

lipticol type of the field equations ). 
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D,I,Ellokhintsev, G,I,KoJ e rov 

ACAUSALITY A!','D DISPERSION R ElATIONS 

]. Introduction 

The "ultraviolet catastrophe" in modem field theory is essentially that the vacuum expectation values of the 

most important physical quantities have singularities on the light cone. 

The origin of these singularities may be sought for in the fonn of causality which is the basis of the physical 

space-time metric: s 2= t2- ;~ 

On the other hand, there are no grounds to believe that the form of causality in the microworld should coincide 

with that in the macroworld,as it is adopted in modern theory
1 1

•
2

•
31. However, in Einstein·\linkowskispace there 

exists no notion of the neighbourhood of the two points !J'(x') and !J'(x'~l since the distance x 2 = ( x' · - x'~)2 

is indefinite, For this reason any attempts to introduce the "universal" length which would characterize the small 

space-time region in Einstein~Hnkowski space are doomed. 

One may postulate, of course, that not only Einstein-/>1inkowski metric but also the very notion of space-time 

continuum are not exact enough, and are not at all valid in the microworld. In this case, since we preserve the 

notion of space-time continuum the theoretical scheme we are developing will be only a model of reality. In this 

case also one has to define the notion of the "microworld region"; intuitively we are apt to mean by that elemen• 

tary particle physics- the region of high energiel' and small distances. 

In the region of large distances and low energies there seem to be no reasons to doubt the validity of the con• 

ventional concepts of space-time and causality. At any rate experiment yields no grounds for this. 

Thus, whatever possible changes of causality would be on a "small scale" the notion of "smallness" must 

be defined and so that there would exist a transition to t~e "large" space-time regions where it is natural to keep 

old metric relations. 

Since the distance x 2 = t 2- r 2 in Einstein-Minkowski space is indefinite, in order to make a transi .. 

tion to large distances it is insufficient to have a scalar universal length a which would provide this transition. 

It is necessary to have a certain time-like vector n ( without restrictions one can consider n 2= 1, no > 0) 

For the time being we will treat this vector purel y !orr a lly. The introduction of this vector allows us, besides 

the invariant x2 == t 2_ r 2 to introduce the invariant I • = ( x, n ) = t n 0 --; ~ 

Using these two invariants it is possible to form a positive-definite quantity 

• 2 2 
R=2I,-x ~1), 

(1) 

which pennits to define the notion of the neighbourhood of two particles in the four-dimensional space-time in a 

invariant fonn/3,4/. 

In the proper coordinate system where n = ( l, 0, 0, 0 ) , R 
2 • • t + r we are able1besides R :to in· 

troduce the invariant 

L 1 ( r----2 
X - X] ' I ----:;-2 v' R - I + I (1' 
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which detennioes the neighbourhood of the point to the light cone ( -for the cone of the absolute future and+ for 

the cone of the absolute past); in the proper coordinate system 

L =_l_ (r+t). v 2 -
The second reason which does not make it possible to restrict to the invariant 

2 1 

• X is 

that if the signal propagation is allowed in the spatial region ( X < 0) . . d . / 5,6/ h 
, as tt ts suppose m , t en 

such a violation of causality is symmetrical with respect to the past and future. 

Meanwhile, causality must be violated (apart) independently for advanced and retarded interactions·. Indeed, in 

the conventional theory the general propagation function F may be represented in the fonn 

= a Fret adv 
F F + b 

(2) 

where a and b are arbitrary constants. 'The violation of causality ( which may be weak) must not put a 

bound on the arbitrariness of the constants a and b 

So, we suppose that there is, besi~es the invariant x 2 = t~- r 2 the invariant I x = ( x, n ) 

as well. Further we note that there are two principally differe.nt possibilities for the choice of the unit vector n 

a) the vector n is exterior with respect to the system of interacting particles. A similar possibility is treated 

in papers"/1 ,S/. Under such an assumption concerning the vector n there exists an explicit dependence of 

the scatterin g amplitude on the frame of reference (see., e.g. !1 / ). This means that the scattering amplitude 

may be differen t in the laboratory system and in the centre-of-mass system. · In other words, a possibility is al­

lowed that Mickelson's experiment gives a positive result in the high energy region. '~"his seems to be very attrac-

tive, but still very little studied. 

Therefore, we will treat another possibility b) when the vector n is connected with the very system of 

interacting particles ( see/3/ and 141 ). It is supposed in this case that the violation of the metric relations 

tskes place not in vacuum, but in a medium fonned by the matter of colliding particles. As a vector n one may 

tske any unit vector directed along the momenum of one or several particles participating in the collision•. ·How-

ever, it is more reasonable to take the vector n which is more symmetrical with respect to the particles or 

their ststes. Such a symmetrical vector in the case of the .pairing collision may be, for instance, the centre-.,foofllass 

momentum of colliding particles P = (p+ k) of the Breit vector p ~ (p+p' · ) 

p 
n = ---r-"'1 , v p ' 

P = (p+k) P=(p+p' · ) or (3) 

(here p is the nucleon momentum, k is the meson momentum before the collision, p'.- k' · are the same 

quantities a fter collisions). By such a choice of n the scattering amplitude )R for the process 

In this case o f many particles ea ch subgroup of the interactin g particles may have its internal vector n • 

15 



a+b+c+d will be, as in the conventional theory, a function of only the invariants s = ( p + k )
2 

and t = (p +p' ·)
2 

e (k'- k )
2 and of some universal len gth a which characteriz es the acausality 

region: lR = m ( s. t, a l. 

If n is a vector exterior with respe ct to the system of colliding particles, then in the amplitnde lR there 

will hold an explicit dependence on the coordinate system so that bes ides s and there will be present , 

at least one invariant I = ( p + k, n )• which does not reduce to s and 

2. Retarded and Advanced Amplitudes. 

We assume that there exist asymptotic incoming and outgoing waves ¢ 1 (x) and ¢ (x) (see, e.g., /9/ ), n out 

which are related through the unitary matrix S 

¢ (x) 
out 

s ¢ ( x > s·• (4) 
In 

Then the retarded and advanced matrix elements of the scattering amplitudes )R for the two-body process p+k+ 

+p' + k' (where p is the nucleon momentum, k is the meson momentum before the collision, 

quantities after the collision) may be written in the form/9 1; 

ln'"'<p;k';pk)=ife"P_L(k+k',x) <p' ·l~ [ SS S+1 ·1P > 
1 2 s ¢(X) S ¢ (-X) 

2 2 + 

~·d(p'k';pk) =i f e"P ..L( k+k',·x) <p' 1 S [ _ _ s_s_ s 11 p > 
' ' 2 S¢ (·2-) S ¢ (_2'_) 

These processes do not yet imply the causality of the professes. 
2 

Denoting the one-particle matrix elements by 

<!l •:• (x) = i <p'l 
s [ s s + 

s 1 I P > 
p p s ¢ (2..._) s ¢ (-2..._) 

2 2 
and 

<ll"d,v (x) = i < p' ·l s [ s s + 
s 1ip> 

pp 
S¢(·;) fj ¢ <-t> 

we notice that 

<!>'": (x) = <l>"d';{-x), 
P P PP 

<!l tot (X) = 'J> t ot (X) , , 
p p pp 

p',k' the same 

(5) 

(5') 

(6) 

(6 1) 

(7) 

(In the following, for the notational simplicity we shall often omit the indi ces p and p' • Instead of <I>, (x) 
p p 

we shall write <I>( x) ), It follows from (7) that th e Fourier tran s forms of toe correspondin g functions possess the 

properties: 

"' •• • (Q) ;j; adv (. Q ) , <i ••• ( Q) <!> •• • (· Q) 
(8) 

'low we consider possible types of the causality violation wl1 i c~ are compatible with the usu al form of th 

causality for large distances and large time intervals t 

1 6 



We will be concerned at first with the usua l retarded Fret( x) and advanced F adv ( x) propagation 

function s. 

In Fig. l the shaded area shows the spa ce-time region where these functions may be different from zero. At the 

same time 

adv 
F (-x). 

rot 
(x) = F 

(9) 

The corresponding acausal functions will be designated by <ll ( x) • The causality violation is supposed to 

be that these ·functions may be different from zero outside the shaded ares as well. However, they must decrease 

sufficiently rapidly as we go into the "forbidden" region: 

... 
<ll (x) .. 0 at L = _1_ 

..j2 
( r- t) .. - (10) 

adv 
4 (x) .. 0 at l L = -- ( r + t) .. - (10 ' ) 

..j2 

A more special case would have taken place if causality has been violated only near the vertex of the light 
1 

cone. Here in (10) and (10 ) we should mean R .. - instead ~f L .. -

The remaining functions may be constructed in the usual manner out of <ll'"'(x) and <lladv (x) 

acausal analogue of the causal commutator <ll (x) is equal to 

¢(x) = <ll'"t(x)- <llad .. (x) = <ll+(x) +<ll (x) 

+ 

~ < p'·l [ J (2. ) • 
2 

i(-2.. )J.I p > ' 
2 

• The 

(11) 

,. 

where J ( x) ~ · l) S s 
l) ¢ (x) 

and 
+ <!l- mean the positive and negative-frequency parta of the commutator 

<ll (x) • Similar! y, the acausal analogue of the causal function ~ c (x) is: 

<ll (X) = Y. [ <ll'"' (x) + <ll adv (x) 1 - Y. [ <ll + (X) - <ll (X ) 1 
0 (12) 

The second requirement which we impose on the acausal propagation functions consists in the conservation of 

the usual spectrality condition. 

It follows naturally from the assumption that the acausality which manifest itself at small distances does not 

affect the spectrum of free particles. The spectrality condition states that the Fourier transform of the acausal 

function <ll (Q) 

must vanish in some region !11 (Q) 

<ll ( Q) = f <ll(x) 
IQx 

e d'x 
(13) 

which is the same as that for the corresponding causal function F(Q) . 

If we pot Y. ( p+ P ') = (a, 0, 0, 0) and denote by m 1 , m 2 the masses of the lowest intermediate states which 

may contribute to the terms of the commutator then the region !J! ( Q) will be determined by the inequality 

17 



./. 

~2 2 ~2 2 
a-yQ +m

2
<Q

0
<-a+yQ+m

1 

i.e. , this is the region outside two hyperboloids.!n the case a > mt + m2 

2 
For pion~ucleon scattering , we have: 

m
1

== 3m , m 
2 

M + m • 

3. Interaction with an Indefinite Signal Propagation . 

(14) 

these hyperboloids inters ect. 

In what follows we will consider a model of the acausal theory in which the signal propagates not quite along 

the light cone. 

To start, we take the simplest example which is a direct generalization to the relativistic region of the acausa-

lity case treated in papers 19 / and /lO/. 

Let F'"'(x) he a retarded propagation function of the conventio::tal local theory. We assume that in the 

acausal theory the interaction may propagate inside the shihed light cone ( -;;'ee Fig.l \, 

Suppose that the magnitude of the shift is equal to 

.; =ana, (15) 

where a is a certain small leng'th, n is a characteristic time vector, a is the invariant parameter ( the 

"proper time" ) ,. 

Then the true acausal propagation function will be 

<I> ••• ( X ) = F ••• ( X - .; ) • (16) 

Regarding .; as a function of a and introducing the propagation function of the shifts f(a) , we can 

write { 1.6) in a more general form 

<!>'"' (x) = (F'"' [x- .;<a)] f
1

(a ) da (17) 

For the advanced functions we shall have, respectively 

adv adv 
<I> (x) =fF [x-.;(o)] . f

2
(a)da. 

(18) 

In virtue of condition f 
1 

( a)= f
2
(- a) .= f (a). 

The Fourier-transmrm of these functions states 

<I> '"' ( Q) = F '"' ( Q ) f ( Q n a ) (19) 

and 
~ -

~adv(Q) = Fadv(Q)f(-Qna), (19 ) 

where f( Qna) feiQnaa f(a) da, 
{20) 

18 



It follows from ( ll), ( 19) and (19 ) th a t 

(21) 

One can just see from here that the spectrality condition is fulfilled if f ( Q n a) = f (- Q n a) • Besides, . 
sincetheequality f(-Qna) = f (Qna- ) must be also fulfilled, the function . f(Qna) must be 

even and real. 

Further, in the proper coordinate system n = ( 1, 0, 0, 0), L =v2 ~( cf. Fig. 2 ) ; therefore L~~ means 

that u ... + oo It follows from here that the condition of the macroscopic causality will be fulfilled ( the 

"anomalous" signal will be whatever small), if f(a) is a sufficiently rapidly decreasing function at a~~ 

It is seen from the formulae (19) and (19 · ') that for the quantities ,"I;••• (Q) / f (Qna) and 

¢•dv ( Q) I f (- Qna) there will hold ordinary dispersion relations. The additional singularities of the 

acausal functions 
rot 

<I> 
adv 

and coincide with the singularities of the functions f ( :!: Qna) • 

!'lote, that if f (a) fails off very sharply with the growth of a , then in the Q plane appears a 

singularity on a circle of infinitely large radius. For example: 

f( a) = ll(a-1 ), 

f (a)= 
-a• 

e f ( Q n a)~ 
·•2(Qn)2 

e 

For a more smooth, exponential decrease there arises a pole 

f (a ) -a 
=e - 1 , a > O, f(Qnal= ----

1 -iQna 

(22) 

(22 

(22 

However, in virtue of what has been said above the Bpectrality conditions are satisfied by the function (22 1 ) 

only. 

A. Consider now a more general case of the acausal propagation function 

1>'"' (x) = f Fret (x -,;J p (.;, n) d '.; 
I ' 

(23) 

F r•\x) Here the propagation function \ is again taken over from the conventional causal theory, while the weight 

1unction p (.;, n) vanishes at R ... ~ • Note that condition (9) requires that p (.;, n) = p (- .;, n) 
I I 2 

Therefore, further we omit indices 1 snd 2. Due to the vsnishing of p at R ... ~ macroscopic causality is fulfilled. 

Indeed, the signal <I> ret may be regarded as the one from a certain source p ( x) extended near 

the ooordinate origin r, t - 0 ( see Fig.2). Further the Fourier transform states 

(Q) F'"' (Q) p (Q,n) (24) 

(24 ' -) 

19 



where p ( Q, n) is the Fourier-transfonn o f the function p ( .;, n) • The symmetry conditions (8) require 

that 

- - - -· p (-Q,n) =p(Q ,n), p(-Q ,n) = p (Q,n) (24 

Then 

<I> ( Q) = ( F '"1 
( Q) - F adv ( Q) ] ·P ( Q' n) . 

,,, 
(24 

These functions evidently vanish in the region 9l ( Q ) and, hence, the spectral condition is fulfilled. 

No te, that the anal ytic properties of the functions <ii ( Q) I p ( Q, n) coincide with the analytic properties 

of these functions in causal field theory. 

As we have pointed out above the appearance of essential singularities ( at in finity) of the function 

p ( I , Q2 
) is rather an anomaly than a usual situation. 

Q 

Indeed, for this the space-time region of acausali ty should be sharply bounded (sharper than by an exponent), 

•• 
In particular, by a sharp cut off p(x,n) = 4 

" 2a .c 
fd .; o (.;- R

2
) weahallhave 

p (IQ,Q')= 

8 

4 

"2 a .c 

a~ [2(Qn) 2
- Q a], 

0 • 
• fQx a 2 

fdxe fd(o((-R )= (25) 

0 

1
2 

( a ..; 2 ( Qn) ~- Q •) , 

where 1 ( z) is the Bes5el function. Since asymptotically 1 ( z) u ..;--z: Cos ( z -...5.. rr ) 
~ • • tr z 4 

then p ( I Q, Q ) will have a singularity at infinity. This is clearly seen in the proper coordinate 

system n = ( 1, 0, 0, 0) , where the invariant 

..j 2(Qn) ' -o" =..; o• + Q2 
0 ---.,.-

In particular, if this is a Breit system then ..j Q2 + Q2 =·' 2 w 2 -m 2 _q 2 where 
~ 0 v .. , "' 

energy, m is its mass, q is the momentum transfer. When q = 0 , I w I >> m 

will contain the factor exp ( & l..jT w a ) • For the Caussian distribution 

R • 
p ( X)= ....!.,. Sl!p - -::2 ' 

a • a 

and the essential singularity is due to the factor 

- • ..~ 2 2 
p(IQ,Q ) = el!pl--r2(Qn) -Q] 

2 • 
a w exp- __ 

2 

is the meson 

the function p 

Now we consider in more detail the case when p ( x) decreases exponentially, or in a more general 

fonn 

m R 
p(x)•R exp(-CI) (26) 

In this case there appear additional poles in the plane w • 
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For the sake of definiteness, we will be con c erned with the case 

p ( x) = 1 e,.P (- __!!_ ) 
Srra ~' R~ a 

(27) 

( the factor a " is chosen so that p ( Q ) ~ 1 when a ~ 0 ) • Then 

p ( Q) ~ 1 
1 + a2 [ 2 ( Q n ) 2 - Q2] . 

( 28) 

Or in the Breit system 

p ( Q ) = - --""<2,..::__-.,.2 --.,.2 ---=· 
a (2 w -m -q) 

(29) 
1 + 

As far as there is no essential singularity at infinity, the dispersion relations with the necessary subtractions 

may be written for the oba.,rved matrix element :':1 ( k',. p' ·; k, p) . 

Note that the case (A) treated above is formally obtained from (17), if we put 

p(,;,n) = fl'i {(-ana) f(a)da 

and integrate over ~ . 

B. !'<ow we consider the case when the causality is violated only near the vertex of the light cone. Here one 

can suppose: 

<1>'"' ( x) = F ••t ( x) + ¢ '"' ( x , n ) , 

where ¢'"' ( x, n) is an a causal addition to the causal function F ••• (x) 

away from the coordinate origin. \lie assume that ¢ '"' ( x, n) = cf> '"'( R
2

, x n) 

9 ••• ( R 2
, x n ) ~ 0 

Analogousl y one can introduce 

<ll adv ( X) = F adv ( X ) + ¢ adv ( x, 0 ) 

and hence ... adv 2 

<ll ( x) = ·~ (x) <I> (x) = F(x)+ cf> (R ,xn) 

At the same time 

Then 

¢ ( R:;~, x n 
+ 2 2 

=¢ (R ,xn)-¢ (R,xn 

+ ± 2 • 9- ( Q) = f ¢ ( R , xn) exp iQx d x = 

2 
a ' 

tfJ~ 
{3 ) e exp 
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[ '7 
2 

a+ -----

(30) 

.vanishing as we go 

and that 

(31) 

(32) 



" 

± 
r ¢ 

2 
a • 

{:3 ) et{31; J 1 [aR(Q-(n)] . a2dad,Bd( 

R(Q-.;n) 

Here R 
2 

( Q- .;n) has the same meaning as in (l) with the substitution of x by ( Q - .;n) ·:in the 
2 2 -+ 2 

system where n = ( l, 0, 0, 0 ) , R = ( Q 
0 

- .; ) + Q • In this system our expression is of 

the brm 

- ± ± 2 t,B.; 
¢+(Q)=J¢ {a,,B)e 

2 .. 2 
~ [av'(Qo-tl + Q J ,a2da d,B d.; 

v'(Q -el + Q2 -
0 

for all Q satisfying the inequality Q >-a + : 
0 ' 

-+ 
In virtue of the spectrality conditions . ¢ ( Q) = 0 

+io2 + m 2 
I 

Similarly ¢- ( Q) =0 for all Q satisfying the inequality Q > a_ v' ~ 2 + m 2 

0 2 

The expression 

2 ... 

( Qo- t ) + Q 2 = R 2( eJ 
(33) 

is a femily of the circumferences of radius R and the coordinates of the centre ( .; , 0, 0, 0 ) • We choose 

R!tl=R
0
!el so that the hyperballs (14) would be envelopes for our family of the circumferences. ·Then 

for the upper hyperboloid 

+ 
R

0
(el= 

2 
(t+ a) 

2 

2 m, 
(34) 

and .; must change within the interval J + ~ , 2 m,- a ], Here the lower boundary is found from the 

requirement that Q = ± v' (.; + a) 
2

- m: be a real value ) • Similarly for the lower hyperboloid 
4 

2 

m2 (35) 
R-<e>= 

0 

<e- a) 

and .; must change within the interval [ - (2m 2 - a ) , - ~ l Therefore, in order to satisfy the causality 

conditions it is necessary that the integrands would vanish outside the given intervals. Thus, the ·spectrality con· 

ditions are written down in the form 

where 1: 
'• 

± 2 tf3( -
If¢ (a, ,8) e d,B J

1
(av' (Q

0
-.; )

2+ Q 2 )a 2 da 

± 
Rf(R,eJ for 

+ 
RS:R~(() 

+ 
0 for R > R;(.;l 

changes within the above-mentioned intervals. It follows from theorem / ll / that if 
± 

R c(> 
+ t,Be 0 + 

fa¢-(a 2,,8)e df3= J R'C(R'.-OJ (aR'-)R'dR' 
0 
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+ ± 
and f-(R'. e lis a holomorphic function of Ron the sef11Dent fromOup to R <e l, then the spectrality 

conditions (36) will be fulfilled xl. 'Substituting (37) into ( 32) we get ': 

cp (Q) 

" I 

± 

R: (e) 
0 

J 
2 2 -+ 2 

z - [ < Q o - e1 + Q 

(38) 

where f ( z, eJ sre the ~tolomorphic functions of the variable z on the half-axis from 0 to oo • As to the 

analytic properties of cp ret in the continuation in w to the upper half-plane or in the continuation of cp ad• ... 
to the lower half-plane, they are determined by the properties f adv ( z, () which is a Bessel transform 

••• of index 1 in the first argument and the Fourier transform in the second argument of the function cp •d• (a , f3) 

One can see by examples that the above-formulated causality condition (31) allows a wide class of analyticity 

violations involving the appearance of poles, cuts, and singularities. 

4. ·Dispersion Relations 

At first we consider the case A) when the scattering amplitude may he represented in the form 

m < p', k' ·: p. k 1 = N < p', k':· P k 1; (p',k';p,k 1 (all) 

or N(p',· k';· pk) = ll! (p',k';p,k) p- 1 (p',k';·p,k), where N(p',-k';·p,k) isthescatteringm~plitude 

which possesses all the usual analytic properties of the causal scattering amplitude, and p (p',. k'~ p, k) 

is the real function determined in §3B. To go on with t,he construction of dispersion relations we choose a · speci~ 

coordinate svstem- the Breit system in which the expression (3) will he .rewritten as 

x/ 

then 

This theorem ststes': If the real part exceeds 1 and if 
q 

f(A) = J <P (?) J.(Ap) pdp 

cf> (r) • 
[ f (A) J. ( Ar) A d A= I 
0 0 • 
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O < p < q .< oo 

p < r < q 

O< r < p, q < r < 

(40) 



wh ere (J; is th e meson energy, e is t11 e unit o rt l P a;,d A = V Cd 
2 

- P 
2

- m 2 • The concrete fonn of dispersion 
- -I 

re la ti ons will depeml on th e order o f the gro" th o f I' Indeed, th e dispersion relations in energy for N in 

case of forward sca tterin g (; ~ 0) without subtractions, provided that l!l* ( UJ) ~lll( - w) x/ a.re as follows 

Re "l (<" )p-1 
( w ) 2w r Re[ Res ~ ( w r ) I 

+ 
(4 1) 2 2 -( o, - w

1 
)p ( o,

1
) 

+ P r Im ,lll(UJ') w ' ·dw ' · 

77 

(w ' ·2- "'2) p (,,, ' ) 

or 

Re)!! (w) 
2UJ 1 Re[ Res ::J ( w

1
) 

( w 
2 

- w ~) 

+ _ 2_ p ( w) p J 1m :':I ( w ')w'dw' · 

(w' - w )p ( w ' ) 1T 

p( w ) 

p(w,) 
+ 

2 
In the frequen cy region wh ere p ( w) , p(w 

1 
)w 1 and if the factor (w' 2 -w ) 

(41 ) 

cuts off the integrand 

stronger than ; -• (w) grows, one obtains ordinary dispersion relations. For the real dispersion relations ;;- • (w') 

must not grow faster than w ~· If ;;·
1
(w;) grows faster than w 'then it is neccesary to increase the number o f 

subtractions, and the ordinary dispersion relations will no longer hold. 

IE the growth of l1r (o; ) remains bounded - w what corresponds at present to the experimental data, then 

the acausal dispersion relations may be written down for lll( w) di re c tly. They ha ve the form 

where 

x/ 

2w 1 Re[Res l!l (w,)] . + .l.. p [ lm :l!l(w ' )w 'dcu' · + 'l'(w) 
Re :'!!(w) • 2 11 m (w' 0 -w 2 ) 

( w - w 1 ) 

'l'(w) c ReI _1_ ~ : ~(v) d v 
I 2rri J' --­

ai v -w 

The condition for the field being real is ¢ ( x) 
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means the integration over the contours C i which n1l e out th e singularities of the functi on p (v) • In 

particular, if p(v) has only the po les then for a pair of the conjugated poles we get ( cf.( 2R)) 

fl + Bw 
~· ( w) ~ 

(44) 

i.e., a relation different from the ordinary dispersion relations not only in the high energy region, but also at 

low energies ( if A f 0 ) • 

In the case D) one cannot write so generally the dispersion relations as it is done in the case A). However, 

it is possible to apply the following recipe. \'le divide the total scattering amplitude ~(w) into two parts 

~(w) ~ l!l
0

(w) + lll.(w). 
(45) 

where l:l
0
(w) is the scattering amplitude satisfying the 'nonnal' dispersion relations ~ (w) is the 

acausal part of the amplitude appearing as a result of the causality violation in the vicinity of the vertex of the 

light cone. In thi<J case the dispersion relations may be written down for the difference 

\'le get 

where 

:ti!J w) ~ m ( w ) - lll a ( w) • . 

2 p J 
1T 

2w
1 

Re[Res'-l( w 1 )] 

(w
2

- w:) 

Jm lJl (w')w' ·dw' · 

( w'?- w 2
) 

+ 

+ 'P(w), 

'II (w) = Re '-!a (w) -
2 w 1 Re [ Res l!l a ( w 

1 
)] 

(w2- "'12) 

2 p J lm lll.(w')w'dw'· 

r. 

(46) 

(47) 

(48) 

·~· 2 Since the functions "'a v ( R • X n are concentrated near the vertex of the light cone, the function 

'-'. (w) which is the Fourier transfonn of 
••• 2 

¢"4 v (R , xn) vanishes at w .. - • If it is 
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not equal to zero everywhere, it is different from zero also at small frequences. Therefore the function 'I' (w) is 

different from zero over the whole frequen cy interval. In virtue of this, the ordinary dispersion relations will not 

be fulfilled both at high energies and at low ones. 

In conclusion we write down the dispersion relations for TT- N scattering with two subtractions under the 

assumption that the scattering ampl itude ~ ( w) is at infinity - w and has s ingularities on the imagi-

nary axis: 

p (w) 

2 

!1 
2 2 

!1 + "' 

where n 1:: 

a 

and a is a universal length. Thus, the amplitude ~(w) has additional poles at the points w = + i!1 • 

For charged !'ions we obtain in this case: 

(0) (0) (0) 

D+(w) + D_( w)- D+(w0 

(0) 

-D _( w
0

)= 

(0) (0) 

2 2 2p""[A+(w)+A_(w'3]w'dw' 
~(w -wo) r • 2 2 • 2 2 + 

(w · -w )(w · -w
0

) 

2 2 (0) 2g m )2 -<­M 2M 

w :OJ- wo 

[w2-(~)2 ](w2 
2 2 

+ 'I' (w) , 
+ 

(0) (0) 

D+(w)-D (w) "' 
"'o 

2M 0 
( _m_)] 

2M 

(0) (Jl) 

lo+ (w
0

) - D_ (w 0 )1 

(0) (0 ) 

2 
--"' 1T 

2 2 
(w - "' o P 

[A + (w')- A_ (w')] .dw' · 

' r ,2 2 , 2 2 
m (w - w )(w . - "'o 

(0) 2 2 
~m 

~ [w2-

w(w 
2

- w~) 
+ 'I'- (w) , 

2 2 2 
(~ )Hw0 -

Bf 
(~)2] 

2M 

(I) (I) (I) (I) 

D + (w) + D _ ( w ) - ~ I D + (w )+D+(w 0 )1 
wo 

( (I) ' (I) ' ) ' 
2 2 2 ""A+ (w)+A_(w3 dw 

_w(w -w
0

)P( 
2 

1T m (w'2 -w 2 )(w'~-wol 

2 2 
2 w (w - w ) 

+ 2& 0 

7 2 22 2 2.,2, 
[w -<-fir) Hw 0 -(Nil 

(I) 

+ 'I'+ (w)' 

(!) (t) (t) (!) 
D+(w)- D_( w)- D+(w

0
) + D_(6Jo) 

2 2 "" [ ( t) ( ., ( l) ')] 'd ' - -(w2- "'o) p JA+ w '-A ( w . w . w . 
tt m (w'2-w 2 ) (w~-w;) 

2g
2 

2 2 w - wo (I ) 

+ 

+ 

+ 

-- (~) 2 

M 2M [w2 -(~)2][w 2- (_!!!_ )2] 
+ 'I' (w) 

2M 0 2M 
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for neutral 

+ 

• 2 

~<-m-)2 2 2 (0) 

---::---"'----"'~0--;:~----- + 'Po (cu ), 

Additional tenns 

M 2M 2 2 2 2 2 2 
[ cu - (~) Hcu -(.E.'...,.) J 

2M 0 2M 

(I) CU (I) 

D 0 (cu)- - - Do (cu0 )~ 
(1) 

2 2 2 "' "' A 0 (cu ') d cu ' · 
cu(cu-cu

0
)J( ,

2 
!l , , ~ 

• g 

1fJ 

,. (cu · - cu ) (cu · - cu 
0 

) 

+ 

+ 

(0) (0) (I) (I) (0) (I) 

'I'+ (cu), 'P _ (cu), 'P + (cu), 'P _ (cu), '1'
0 

(cu ), '1'
0 

(cu), 

may be written out in the form 

where 

Suppose tiBt 

{0) 

'P + (cu) = 

(0) 

'P_(cu) R 

(I) 

'P+ (cu) = 

(I) 

If!_ (cu) = 

2 

"' -"' . 0 
2 2 

fl + "'o 

(0) {0) 

p(cu)[d + (lfl)+d_ (ifl)), 

"' (0) (0) 

p(cu) __ [a+ ' (ifl)-a_ (ifl)] ., 
fl . 

CU2 _ CU~ (I) (1) 

--..-----'= p(cu.) ~[a . (ifl)+ a_ (ifl)] ., 
fl 2+cu~ fl + 

<U:a -cu 2 

" (I) (I) 

---,,---~ p(cu)[d+ (ifl)-d_ (ifl)). 
fl

2 + ·cu~ 

(0) 2 2 (0) 

"' -cuo - ) '1'0 (cu) = p(cu)d 
0 

(in , 
fl~ +"-b 

2 2 
w -w

0 
2 • 

fl + "'0 

(I) 
~p(cu)a 0 (ifl), fl . 

d(z) = Re N (z), a(z)~ ~m N(z). 
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I, I 

where m ~ 0 

' • 

n ~ 1 

d (in) 

n-.~ 

a {lm a ( i {l ) = fJ {ln 

n .. ~ 

then the additional tenns 'I' (w) will be of the order 

w~ - w 2 

n• + ~ . 
02 

n • + w • 
a {l 

2 ? n2 n 
w -wo " ~ (3 n 

, 

(53) 

n 2 +w 2 f1 2 +w 2 {l • 

It is seen from here that at w .<< !'! the addi tiona! tenns are small. But they become essential at w ~ !'! 

II. the length a = ~ = 10-
14 

em, then already in the region w ol several GeV essential deviations 
MC 

from the nonnal dispersion relations will take place. The analysis made i/
12

• 
13

• 141 shows that with the pre-

sently available accuracy the dispersion relations lor 11 N scattering are fulfilled with an accuracy of 5-10% 

in the region of 0.1 -0.5 GeV and in the region ol10-20 GeV -with an accuracy of 10-20%. This points out that 

the universal length is probably less than 1014 em. 

S. Conclusion 

We have considered two types of acausality: the acausality concentrated near the surface of the light cone 

( the case A) and the acausality concentrated near·its vertex ( the case B). 

A measure of concentration of acausality is a certain universal length a • As such we can take, lor example, 
h -14 

aM= MC ~ 2.10 the Compton nucleon length em . or a characteristic length of weak interaction 
-- -17 

a =v~~6.10 
F h C 

Both these possibilities do not contradict the presontly a vail able ex-em. 

perimental data. 

In the cases A) and B) the cooditions of microscopic causality and spectrality were fulfilled. 

It turned out that the appearance, due to the acausality of the interaction, of the singularities at infinity in the 

complex- plane w is rather an exception than a rule: lor this it is necessary to bound sufficiently sharply the 

space-time region in which the usual causality is violated. 
•aw 

Besides, one should home in mind that the appearance of the factor e in ~he scattering amplitude 

will lead, in virtue of the optical theorem, to the' oscillations of the total cross sections, while the appearance of 
2 2 

the factor e ·a w to an essential decrease of the total cross section with the increasing w 

Both these possibilities are likely to be in contradiction with the well-known experimental facts. 0ne can draw 

a conlclnsion that the space-time region of acausality must have a diffuse boundary ( the decrease is not faster 

than the exponential one) • 

In this case no singularities appear at infinity in the complex plane w • However, there appear other ad-

ditional ·singularities coinciding with those of the Fourier transforms of the functions P (x,) ( cf. (23)) ,., 
or 9 (x,n) ( cl. (3()). These function do not vanish in the spatial region of the variable x - a 
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and therefore the singularities of their Fourier transforms differ from the usual singularities characteristic of cau· 

sal theory. · 

In view of these new singularities th e dispersion relations for the scattering amplitude suffer this or that 

change, what depends on the nature of the singularities of the function p ( Q • n) or ¢ (Q,n) 

This change is displayed in the appearance in the dispersion relation of additional terms of the type 'i'{OJ), 

(51) and (52) in the general case are essential not only in the high energy region ( OJ » __L_ ) but also 
a 

over the whole energy interval involving low energies. 

The example given in the previous Section shows that the universal length a is probabl y less than l014an. 

If this is so, then in order to find acausality it is necessary to make the verification of dispersion relations more 

precise. In particular, when a ~ 10
16 

em, for the pions of 10 GeV energy, the accuracy should be higher than 

a %,for a:> GeV pions it should be more than 10%. 

Therefore, the experimental verification oftht; dispersion relations for 11N scattering( in this case, the non-

physical region OJ is known to play no role) seems to be extrimely important and apparently quite a real prob-

I em of today's experiments. 

Although we carried out the calculations in the explicit form for the case when the vector n is an internal 

vector of a system of interacting particles, all our conclusiorrs hold true for the case when this vector is external, 

i.e. when the homogeneity of space-time is violated. Here it seems to be more important to check up a possible 

violation of thi s homogeneity rather than to verify dispersion relations. This can be accomplished by comparing 

the results of scattering experiments (of electrons) in the laboratory system and in the centre-of-<ttass system. 

When the vector n is external both these systems are equivalent: the system in which space inhomogeneties 

are at rest is singled out if compared with the others. The validity of this ·singling out will be treated in another 

publication, 

In conclusion the authors would like to thank the participants of the theoretical ·seminar and in particular 

[, Todorov for useful discussions. 
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Fi& ·2. · (a) retarded (b) advanced interaction. A is the 

region of usual causality • B is the region of 
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D.I.Blokhintsev 

ON ' EXPERIMENTAL VERIFICA'l'JON OF HOMOGENEITY 

AND JSO'l'ROPY OF SPACE 

It is well: known that, due to gravitation, space and time become inhomoge­

neous in the region of large scales. However, nothing is known about the be­

haviour of space and time in the region of extremely small scales. A priopi 

there are no grounds to believe that the metric relations in the small scale re­

gion must be the same as those known from macroscopic physics. In particular, 

space- time may be inhomogeneous and non- isotropic/ 1 / • 

The situation may turn out to be similar to that which takes place in a 

crystlal; for long waves the crystal is a homogeneous and isotropic medium. There­

fore the laws which govern the propagation of these waves are invariant unde r 

group of the translations by an arbitrary displacement and under the group of 

rotations by any angle. For short waves the admissible shifts and rotations are 

discrete. 

The crystal inhomogeneity causes the known scattering of the short waves 

A · simllar situation may arise in the "empty" space either: for long waves space 

may be homogeneous and isotropic so that Lorentz transformations will be valid, 

and for short waves its inhomogeneity may be displayed. 

It ;was shown in/ 
1

/ that in order to distinguish between small distances and 

large ·ones in Einstein-Minkowski space it is not sufficient to have a universal 

length a which could be used to define the notion of smallness for the distance1 

it is also necessary to have a certain time-like vector n (which we can 

choose to be a unit vector: n
2

= 1 

With the help of such a vector one can define a positive- definite quantity 

R
2 ~ - 21 2 

-x 2 > 0 where x = t
2 
-r

2 is the invariant interval, while I - ( n x) 

is the scalar product of the vectors n and x 

then detennined by comparing B with a 

• The notion of smallness is 

It .is clear that the introduction of such a _vector into the theory singles 

out the coordinate system in which the space- time inhomogeneities are at rest. 

Such a singling out of the coordinate system contradicts the conventional con­

cepts based on the theory of relativity. However, as we can see later on, this 
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does n o t disag ree with the well- known experimental facts, 

For the sake of definiteness, we consider the elastic s cattering of two par­

ticles. This sca tte ring may be fully characterized by means of the s cattering am­

plitude A which in the conventional theory depends upon two invariants: 

S = P 2• t = q 
2 

; h ere P 
2 

is the square of the total energy of the sy stem of partie -

les, and q
2 is the square of the momentum transfer~ lf there exist inhomo~eneities 

of space- time in the reg ion a 1 then the amplitude A must 
1 
generally speaking_, 

depend on two more invariants= a ca(9h)and {3• a(qn), where a is the universal 

l ength, P Is the total momentum of the system, q is the momentum transfer. 

Thus, we have 

A = A(s,t,a,fJ). ( 1) 

N<I>w we suppose that the earth is almost at rest with respect to the space­

time inhomogeneities so that in the laboratory ysystem tied to the earth the vector 

n c (1,0, 0, 0 ) • In this system 

a = a1 9'
0 

= a ( E
0 

+ m ) , f3 =a~ •a(~ -E) (2) 

where E0 is the particle energy, and m is the mass of the target particle , ~ 

ls the energ y transferred by collision. 

Let us now consider another case in the same system - the case Ylhen boll) 

particles move, and their centre of gravity is at rest ( the centre- of- mass system~, 
H.,re we have 

(3) 

where 2W ls the t?tal energy in the centre- oi- mass system related to E0 by 

means of the well- known formula 

( 4) 

In the conventional theory the scattering amplitude A would have been 

the same in the corresponding experiments ( i.e" in the experiments in which the 

invariants s and are equal ~o each other, r espectvely). In our theoretical 

scheme the parameters a and f3 . turn out to be quite different and one should 

expect, therefore, that the results of measurements will also turn out to be essen­

tially different. 

As an example, we will be concerned with elastic scattering of electrons. 

lf the universal lel'\gth is a - __!___ - :uo- 14 
em then for the electrons with the 

I£C 
energy of several GeV the parameters a and {3 ~ 1 • 

In the case of colliding beams the same parameters are a - 0, 02 {3 • · 0 
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If the universal length a is y g~ca 6.10 em ( a cha r a cteristic length for 

weak interaction) then the situation becomes unfavourable fo r the pre s ent day 

accelerators, since in this case the electron energy must be of the order 

E = 10 
2 

GeV , , and for the colliding beams - of the order of several GeV, 

The assumption that the amplitude A depends not only on the invariants 

s and but also on the parameters a and {3 contradicts no experi-

ments since all today" s experiments are performed only in the same coordinate 

system - in the laboratory one - and the dependence of the amplitude A on s 

and t was n ever and nowhere verified - this is a purely theoretical assumption, 

The s e cond assumption made above consisted in the following. The labora­

tory system (earth) is singled out by the fact that it is almost at rest with 

respe ct to possible space- time inhomogeneities, This assumption is not, at least 

from the purely logical point of view, an absurd one, The case is that the ac­

c elera tions of real bodies decrease sharply as the dimensions of the system 

b e come la rger, For the particles in the atomic nucleus the accelerations are, by 

the order of a magnitude, 1032 
em/ sec

2, for macroscopic bodies they are of the 

8 2 I 2 n<iru · order of 10 em/ sec , for planets of 1 em sec and for stars a g axtes 
. -8 

they are only !0 em/ sec ! 
Therefore, for the atomic system almost any macroscopic system of bodies 

is a possible inertlal frame of reference, 

As the dimensions of the systems increase the number of real- systems 

which may be an inertial frame of reference reduces very much, Therefore, one 

c a n assume that the frame of reference characteristic of galaxies may be a 

singled out system which gradually changes in the transition to still far distant 

g alaxies, 

It should be emphasized that the comparison of the experimental results on 

particle scattering in the laboratory system and in the centre- of- mass system is a 

straightforward verificatlory of the assumption about the space- time homogeneity up 

to the scales determined by the quantity a ;;; l/E
0 

• The purpose of this note was 

to empasize that the negative result of Michelson" s experiment may be due to the 

fact that the w aves used in this experiment were extremely long, 
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V,G,Kadyshevsky 

FIELD THEORY IN Q UANTIZED SPACE...TII'viE 

1. Present work is devoted to the problem of constructio n o f a con sequent 

quantum field theory without divergences, We start from the fo.rmulation of usual 

theory in p -representation, based on the e quation/ 1•2 / : 

R(Ar) ~ f(Ar) + _l_f~ ~ (Ar-Ar'tR(Ar') 
2rr_~ r' · -it 

( 1) 

Here r is the one-dimensional invariant parameter, A is a four-vecto r satisfy­

ing conditions: A
2 ~ A~ - .~ 2m 1, A 0 > 0

1 
2.( Ar) is the Fourier transform of the in-

teraction Lagra~gian f(x) in the ir:tteraction representation: f_ (Ar) m fe·IAT•f(x)dx 

and the operator R(Ar) is connected with the scattering matrix S(oo ;-oo) 

by S ( .. ; - "") ~ 1 + i/(0) • Eq,( 1) is equivalent to the Tom onaga.- Schwinger one for 

the S -ma trix if in the latter the planes of the form A" m u 

like surfaces, In fact, assuming 

are used as space-

we have from ( 1): 

J ~T 
S( u; - "") • 1 + -- f ~ R ( Ar) e 

217 T ·- ·Jt 

L(u) • J S(a ·- Ax) f(x) dx • _1_ jeklr 2. (Ar)dr 
27T 

dS(u;-oo) • iL(u)S(u;-oo) 
du 

( 2 ) 

(3) 

In what follows, for simplicity, f( x) • g: ¢ 3 
( x): and corre spondingly 

(~ ) 
f(Ar) c _g_ JS [(>.r-k -k -k ):¢(k 1¢(/c )¢(k );dk dk die (4 

...[2rr l 2 ' I' 2 ' . l 2 J 

2, Let R(Ar) = I R (Ar) 
n • J " 

be the expansion of the operator ·R( Ar) in 

powers of g , Then from ( 1) it follows that can be written in 

the form : 
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- d dr 
R (Ar) • -'-- (f (Ar )~ .~ (>.r

2
- >.r 1 ).~ •· 1 5?.{><.r- Ar 

n (2T)n·1 r-rt-if r-rn .. t-i £ n·l 
) ( 5) 

or, ater the N -ordering 

Jn (4) (n) 
( 6) 

R"(Ar) a ~ Jll (Ar-k
1

- •• ;;;-km) fm(r;k
1

, •• ;;;km):<f>(k,)••r;¢(k):cDc
1 

•• ;;pkm 
m -1 

(n) 

where the coefficient functions I are multiple integrals of the products 
1 

Dr+)(p)- O(po )/l(p 2 -m 2 ) and functions G (r) ~ -h.. 
"" r -rr -Jf 

• For an ef(ective 

constn~ction of nolT:lal products of the type ( 6) a special diagram technique has 

been developed whose sense becomes clear from Figs. 1- 3 : 
Tt, 

t, 

X
~-N ., 

~ 

k 

rf'(l< -Ar'-q) 

~ -~ _. 
(+) 

D ( q) 

1. 2. 3. 
We see that the diagrams in tne considered formalism topologically differ 

from the Feynman graphs in the presence of additional dashed lines joining all 

the vertices. The particles in the intermediate states are real ones since for 

them the relations p 
2 •m! p

0 >0 are fulfilled. Taking into account this fact the 

dashe d lines of the diagrams may be interpreted as the representation of cer­

tain ., quasiparticles" interacting with real physical particles. Then from diag ram 1 

r epresenting operator ( 4) it foll'ows that the wave function of quasiparticle is the 
•IA.rx ·fur 

plane wave </J( x) • e or in u -representation ( u- A :r) , 1/J = e The vee-

to r A is obviously the four-velocity of the quasiparticle and the p a rame ters 

u a nd may be given the sense of its proper time and mass. The functio n 

<!J(u) obeys the equation i ..!!.._ </J(")- ri/J (u) the propagator G( r') b e ing a "re-
du 1 

l.:lrde d" Gre en function of this equation. 

Thus, the interaction mechanism for real physical p a rticle s can be concei­

ved as multiple exchange of the same real particle s and, in addition, of some 

qunsiparticles. If the quasip<>;rticles have mass r .;. 0 then any process involv<-

ing r e al particles occurs with non- conservation of the 4- momentum, since in this 

cas e of free quasiparticle with 4- momentum Ar is nece ssarily emitte d. If real 

p a rticles interact with mas sless qua siparticles ( r ~ 0 ) the energy a nd momen-

tum are c onserved. In s pace- time picture to the first case there corresponds a 

conside ration o f phys ical p r ocess es a t time moments lying on the plane A :r =" 
to U1e second one- a c o n s ide r a tio n for " • ~ • Thus, the description in terms 

o f quasipa rticle s is a d ynamic e quivalent of the space- time description. Of extre-
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me importance for a future consideration is the fact that ultraviolet divergences 

of the perturbation theory in the considered formalism occurs only in integrals 

over dashed lines for la r ge I rl , Hence, it may be said that the usual 

field theory is bad b e cause, acceding to this theory, quasiparticles transfer a 

too large 4-- m omentum in the interaction with real particles, 

3, Now we postulate that in a true theory the quasiparticles four- momentum 

can not exceed a certain portion: 

(7) 

where t is a new constant of the dimension of length ( "fundamental length" ) , 

Divergences will not obviously occur if condition ( 7) is fulfilled, It is also 

clear that the existence of this condition requires the introduction of a new 

translation group on the straight line r with the composition rule 

r
1

(+Jr 2 c r
1 

+ r
2

-2rr[O(r
1

+ r
2

-rr)-6(-(r
1

+r
2

)-rr)] (a) 

(here and in what follows the system of units ft • c e 2t- is used) , 'Taking 

into account (7) ·and (.a) eq, (1) can be written .in the form: 

- 1 IT- • 
R(>..;r)•f(>..;r)+_ /f(>..;r(-)r')~ R(>..;r') 

2rr -rr r ·- •• 
(9) 

(the arguments of 'R and f are arranged in ( 15) in a somewhat different 

way than earlierx), 

As long as the· Fourier transformation is now performed by exponentials 

like 
In r e then the carried out transition to the new group of translations means 

the quantization of the quasiparticle proper time or, in other words, the quanti -

zation of the space- time metric along an arbitrary vector >.. , Performing in 

( .9) the FOurier transformation and introducing notations similar to ( 2) and ( 3 ) 
we havexx): 

_d_ S (n; -oo) • iL(n) S(n; - oo) 
dn 

x) Owing to the identity of the points r • rr and r • - ,. 

and f (>..; r) must be obviously periodic functions 

( 10) 

the operators R ( >.. ; r ) 

with period 2,. 

XiX) It is not difficult to see that S(oo; - .. ) • 1 + i 'R(>..;O) 
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d 
__ denotes the " differentiation" with respect to the 
dn tt -

termined for the functions l(n) • _1_f e1"'1(r) dr as follows: 
2tt., 

inte g er 

tt ~m 

d I 1 . lnr -
00 d (-1) -- • __ f rre l(r)dr • I _ ( S ) l(m) ~ I -- l(m) 

dn 2n _" .-oJin n• • .fn n -m 

n , which is de • 

( 11) 

It ;is easily seen that operation ( 11) possesses all properties of the ordinary 

differentiation~ In particular, ...:!__ (const ) " 0 , '!!..!l..J.._= :!.!J._ I+ I:!..!..! arl!;l so on. There-
dn dn dn 2 I dn 

fore from eq, ( 10) 'and the equallty L ( n) = L+ ( n) Is follows that 
d + + 

--(S(n; -oo)S (n;-.. ))=0 from where we get S(n;-oo)S (n;-oo)-1 provided 
dn 

sr--;--J.- 1.; 

Eq. ( 10) ·may be written also in an "Integral" fonn: 

S(n;-·oo)•J+·ii 8(n-m)L(m)S( m;-oo), ( 12) 
---DO 

1 tt lr(n_..) d d 
where O(n- m) • .....-=- f" _!._owing to _ ()(n- m) ~ S ... can be considered 

.. rtf -rr r- 1 • dn 
as an analog of the () -function of a continuous argument. From eq, ( 12) it is 

seen that because of the smearing of () (n -m) the usual causal properties 

of the S -matrix· in the given formalism are sharply distorted in the region of 

small time intervals n , However for large intervals n the causality con-

dition is approximately fulfilled, 

4, In the aforementioned new scheme the Lagrangia n f( >.; r) has been con­

sidered as a periodic opera to~ function r • disregarding i ts functional dep<;!'nden-

ce on fields <P , To write down explicitly this dependence, first, it is neces-

sary to redetennine the <P field itself in conformity with the new formalism, This 

can be easily done if 'One introduces into the ordinary Klein- Gordon e quation 

the quantity u · • >." as one of the variables and then go over to " = n a nd 

-/c,=--/-n-f;f.aving the equation of motion we can develop the second quantization 

formalism; determine No product, construct the state vectors, It is important that 

all the quantities in the theory determined in p -representation become perie>­

dic functions of k with period 2tt>. or, what is equivalent, of variables k >. with 
- (~ 

period 2" • ln ' particular, e,g. the function S (k 
1 

+ ·k 
2 

+ k,) i s now written 

as ( 4) l<fc" I+ • 2 + • .> 
S (k (+)k (+)k) • S(k >.(+)k >.(+)k >.)_1 _Je o((>.Jd( . ; ( 13 ) 

I , 2 J I 2 J (2 tt)J 

The operation ( +' means the summation either over the module of 2" ( see 

ca) ) ., or over that of 2tt >. • Taking ihto account ( 13) f( >.; r) is represen-

ted 'in the form analogous to ( 14): 

- (4) 

f(>.;r) • ~ JS (>.r(-)k 1 (-Jk,(-Jk,Jd0•dn.ao : </>(k J<P(k )<f>(k ): ·(14) 
y'4f · I 2 > J I 2 J 

38 



where d0 " =8(rr-lk.\j)clc. It is obvious tha t dflk(4)pedfl" Inserting ( 14 ) into 

( 9 ) we can s o lve ( 9) a ccording to perturbation theory employ ing the e a rlie r 

diagra m te chnique ( § 2). But, in c ontrast to the usual the ory all the verte x fa un­

mome nta a r e n e cessar ily to b e summed over the module of 2rr .\ • F'o r this 

re a son, even It on the mass shell r e 0 in the considered s cheme the re may 

exis t processes involving "re al" quasiparticle s with four- mome ntum 2rr .\ x ) . 
, I.e. 

like physical partic les, q uasipar'ticles ma y be crea ted and annihila ted . Un doub­

tedly, because of the larg e ma ss (- .!!.[---- J of the quasiparticle such phe n o mena 

will o ccur only at high e nerg ies of physical p a rticles. 

The existence bf processes involving "real" quasipartic le s can b e unde r­

s to od a s a ma nifestatio n o f the s p e cific interaction of physical particle s w ith the 

space- time itself hav ing the disc r e te structure . In other w o rds the discre te 

4-- spa c e plays h e r e the role of some new field capa ble to absorb a nd give back 

4-- mome rium a nd quasiparticles are specific· 
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quanta of this field. 

x) 
From the mathematical point of view the se processes are similar to the 

well- known "umklapprozesse" in crystals. 
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B.r. KaabiwescKHll 

06 O.UHOM 0606LUEHVIVI 
KBAHTOBOH TEOPVIVI nonH 

I. 

1/ 
TpyLIHOCTH c ynbTpacpHoneToBhiMH pacxoLIHMOCTHMH B KB8HTOBOA TeopHH nonH BOT 

y>Ke MHOrO neT !IBUHIOTC!I CTHMynOM LlUH UOHCKOB TBKOA CXeMbi, B KOTOpoA 6bl pBCXOLlHMOC~ 

TH He B03HHK8UH HH H8 OLlHOM H3 3T8UOB Bbl'lHCneHHA H, H8p!!LlY C 3THM, COXp8H!IUHCb oc­

HOBHbi6 npHHUHllbl TeOpHH, 8 HBCTO!IlUeA pa60T9 CL19U8H8 UOlllliTK8 H8ATH peweHHe 3TOA 

npo6neMbl 0 HCXOLl!l H3 reoMeTpH'l9CK.HX C006p8>K9HHA, TeopH!1 0 KOTOp8!1 CTpORTCH HH>Ke, OKa-

3biB89TC!I 6yKB8nbHO H30MOpcbHOA 06bl'IHOA TeOpHH C TO'IKH 3p9HH!I npHM9H!I9MOrO M8T6M8-

TH'I9 CKOrO ann a p8T8, 0LIH8K0 0 'ITO K8C89TC!I cpH3H'I9CKHX cneLICTBHA H cpH3H'I9CKOA HHTepnpeTa­

UHI< H OBOA CX9Mbl 0 TO y>Ke npeLIB8pHTenbHbiA 8H8nH3 UOK83bJB89T 0 'ITO B o6n8CTH 0'19Hb 6onbWHX 

3HeprHA H8We OUHC8HH9 cpH3H'19CKHX !!Bne'HHA OTnH'I89TC!I OT 06bi'IHOrO OUHC8HH!I B 'lp93Bbi­

'18AHO CHnbHOA CT9li9HH, 

2. 

npe>Kll9 '19M CTpOHTb HOBYIO TeOpHIO, He06XOLlHMO 06bl'IHYIO T90pHIO npeLICT8BHTb B 

TBKOA cpOpMe, KOT0p8!1 H8H60nee nerKO 0606LU89TC!I B H_HTepecyiOlll9M H8C HBnpasneHHH, 

Mbl 6y Ll6M HCXOLlHTb H3 cpopMynHpOBKH KB8 HTOBOA TeOpHH nong B 

OCHOB8HHOA H8 ypBBHeHRH/
1•21 

R (A.r) - 1 r 
f(Ar)+ ~- f( Ar -Ar') 

dr' 
R (Ar'). 

r'- if 

P -npeLICT8BneHHII, 

(1) 

3necb -oLIHOMepHbiA HHB8pH8HTHbiA U8p8M6Tp, A -seKTop, onpenen!leMbiA ycnosHeM ~ .. 
2 2 2 
A~A-A=l, 

0 

0 

A >I) (2) 

f. (Ar) cpypbe-o6p83 narp8H>KH8H8 B38HMOL19ACTBH!I f (X) B npeLICT8BneHHH B38HMOL19AcT-

BHR! 

"' - i.\r x "'-(Ar) .•J e f (x)dx (3) 

a onepaTop R(>.r) CB!I38H c MBTpHueA pacce!IHH!I S (-; ·-) COOTHOW9HH9M 

11 
KaK HasecTHo, ynbTpacpRoneTOB&Ie pacxoLIHMOCTH, B03HHK8IOLURe B TeopHH soaMy-

meHHA, 9CTb npo!!Bn9HH9 Ll6cP9KT8, X8p8KT9pHOro Lin!! ~ cpopMynHpOBOK KB8HTOBOA Teo-

pHH non11: H90LIH03H8'1HOCTH T -npoH3B9Ll9HH!I onepaTopos nonH npH cosnaaeHHII HX 

apryMeHTOB. 
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S (oo ; -) = 1 + i R(O) . 
( 4 ) 

Ypa attettHe (I ) 3KBHBaneHTHO ypaatteHH~ T o Mottara -UJ a Httrepa ~ng S - M a TpHU bl, ecn11 a 

nocne~HeM a Ka '! eC T Be npocTpatt cTBeHHo-no~o6HbtX n o aepxtto cTell Hcnon b30B 8 Tb nnocxocTH 

BH.ll8 A X = q J].ellc TBHTe nbHO, nonarag 

S( o ; -oo) ~ 1 + 1 ( ~ R(.\r) 
~ r-i< 

ior 
e 

L {o) 
ior 

( 5 ( o -b ) i'(x)dx = (e i' {,\ r)dr 
2;" 

6yneM HM9Tb H3 (I) 

d S (o; - 00 ) = i L (o) S ( o; - oo ) . 
do 

(5) 

(6) 

(7) 

EcnH HCKn~'IHTb H3 (I) H a pMHTOBCKH c o npg>KeHttor o x tt e M y ypaattettHQ narpa H >K Hatt :f (,\r)
1 

TO B peaynbT8T9 n o ny'IHTCQ COOTHOWQHH90 !1Bn!I~W99CQ DO cywecTBY KOB8pH8HTHOl! OHepa­

TOp HOl! 38UHCb~ yp8BH9HH!I noy131 

R{,\r)- R+ (-,\r) = - - ( ~ [ R+ (-.\r'} R {,\ r - ,\r') + 
2 rr _ ~ r'- i E 

npH r =I) ( f!) npeBp8W 89TCQ B ycnOBH9 yHHT8pHOCTH S -MBTpHUbt! 

R (0) - R + (0) = i R + (0) R (0). 

(8) 

(g) 

B ~anbHellweM Mbt ~n11 npocTOTbl orpaHH'IHMCQ paccMoTpaHHaM caMo~ellcTay~wero 

c xanRptt o ro non11 <{> (x) , npH'IaM i' (x) Bbt6epeM a BH~e: 

i' (x) = g : ¢ 8(x) : 
( 10) 

06o6WaHHa Ha cny'IBll ~pyrHX B3811MO~al!CTBHll HQ CO~ap>KHT HHKBKHX UpHHUHUHBnbHbtX Mo-

MeH T OB . 

l-13 onpe~enaHHQ (3) H COOTHOWQHH!I (10) UpH ycnOBHH, 'ITO 

</> (x) ~ 
(2,) an 

6y~aM HM9Tb! 

ikx 
.f e 
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3. 

06p8THMC!I Tenepb K TBOpHH B03!;<YLUeHHl!, nycTb 

R{Ar) =I. R n {Ar) 
n= 1 

eCTb paano>Keuue onepaTopa R{A.) no cTeneH!IM g • Torna Ha ( 1) cnenyeT, 'ITO 

R n { Ar) MO>KHO aanucaTb B BHlle: 

R.{Ar) = _•_ f i'. {Ar 1 ) ~ i'. {Ar 0 - Ar1 ) 

C!fr)"' 1 r-r1 -it 
(13) 

dr~ f {Ar- Ar •·I ') 
r - r -it 

D•J 

HnR. nocne N -ynop!lllO'IBHH!I, 

3D (<) (D) 

fS {h-k
1
- ... -k.,)f.,{r;k 1 , ••• ,k.,): ¢{k 1 ) ... ¢ {k..):dkr .. dkrn,{l4) R.{Ar) =I. 

m-t 

r lle Koa4lcjlHUHeHTHb19 cjlyHKURH 
( D) • 

f m !IBn!IIOTC!I ' MHOrOKpaTHbiMH HHTerpanaMH OT npoHaeene-

(+) 2 2 
HHl! D (p) = 8{p0

) S{p -m ) H cjlyHKUHll BHlla G {r) = _1_ , . 
2" r-r- lt 

Anst acjlcjleKTHBHoro nocTpoeHH!I uopManbHbJX npouaeeneuull euna ( 14) paaeHTa cneuH­

anbHa!l llRBrpaMMH8!1 TBXHRKa/
2/, npounnJOCTpHpyeM 98 Ha HBCKOnbKHX npOCT6JX npHMepax, 

OnepaTop R
1

{Ar) = f (Ar) rpacjlH'!9CKR H306pa>Ka9TC!I llHBrpaMMOJI pHC, 1,0 T,e, 

KB>KllOMY non10 </J ( k) CTaBHTClt B COOTB9TCTBH9 cnnOWHa!l nHHH!I C 4-HMnynbCOM 

HanpaeneHHbiM K eepwHHe, a nnR co6nJOlleHHSI aaKoHa coxpaHBHHSI Ar = ·k 1+ k 2 + k 
8 

K 

aToll eepwuHe noncoellHHReTcR ' BbJXOllRWaR' nyHKTHpHa!l nHHH!I c 4-HMnynbCoM A r (Ha 

MaCCOBOll nOBBpXHOCTH r = 0 

'!aCTHUbl, OTBB'IaJOLUa!l cjlyHKUHH 

aT a nHHH!I oTcyTCTeyeT). AuarpaMMa co6cTBeHHoll 3HeprHH 

,.){ r ; k I , k 2 ) , liBnlleTCSI CYMMOl! llBYX rpacjloB 

• 
a) H 6) Ha pHC, 2, npR'IBM Cn.DOWHbiM BHyTpeHH-HM nHHHliM COnOCTaBn>IIOTCll cjlyHKUHH 

(+) 
D { p) = 8 { p O) fj { p 2 - m 2 ) OT COOTBBTCTBYIOLUHX apryMBHTOB, HyHKTHpHbtM BHyTpBHHHM 

nHHHHM-nponaraTOpbl G { ,') = _1_ ---:-.- , a · no HeaaeHCHMbtM nepeMeHHbtM q H r' 
2rr r-r-H 

npOH3BOllHTC!I HHTBrpaUHSI B 6eCKOH9'1HbiX npenenax, 

B Ka'!eCTee ewe onHoro npHMepa Ha puc,3 ·uao6pa>KeHa nuarpaMMa, onucbtBaJOLUa!l npouecc 

pacce!IHH!I '!aCTHU B '19TB9pTOM nopllllKB TBOpHH B03MyLUBHHJI, no-npe>KHBMy 3ll9Cb cnnow· 

HbiM BHyTpBHHHM fiHHHIIM OTBB'IaiOT cjlyHKUHH D{+) "{p ) , a BHyTpeHHHM nyHKTHpHbtM -G{r), 

Mbt BHllHM, TBKHM o6paaoM, 'ITO nuarpaMMbl B paccMaTpuaaeMOM cjlopManuaMe To­

nonorH'IBCKH OTnH'IaJOTCll OT cjleJIHMaHOBCKHX llHarpBMM HanH'IHBM llOnOnHHTBnbHbJX nyHK­

THpHbiX fiHHHll, COBllHHIIIOlUHX BCB BBpWHHbl, npH 3TOM '!aCTHUbl B npOMB>KYTO'IHbiX COCTOII" 

HHHX SIBfiSIIOTCSI peanbHbJMH '!aCTHUaMJI, OOCKOnbKY lln>l Hl!X BblnOnHIIIOTCII COOTHOWBHHII 

p2= m • p > I) 
0 

, npHHHMal! BO BHIIM8HH9 3TO 06CTOSIT9fibCTB00 MO>KHO HHTepnpeTHpo-
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B8Tb nyHKTHpHble lii!HH H .llHBrpBMM K8K H306pa)l(eHI! e HeKOTOpblX KB831!'18CTI!U, 8381!MO.lleA-

CTBYIO!UHX c peanbHbiMH ¢ u auqec KHMH 'IBCTHUBMH, Tor.na H3 .nuarpBMMbi n epaoro nopl'l.nxa, 

* . An 
(pRe, I), OTBe'IBIO !UeA narpaH)I(1!8Hy f (Ar) • · r e"

1 f (x) dx ' c n e.nyeT, 'ITO aon-

HOBOA ¢yHKUHel! KB 831!'18CTHUbl l'IBliSieTCSI ITliOCK8SI BOliHU 1/J (x) = e ·i.\r X 0 HliH B 0 -npe.n-

cTaaneHHH ( o ~A x) 

( 15) 

Bex Top A ecTb, o q eau.nHo, 4 - cxopocTb KB83H'18CTHUbi, a napaMeTpbl u H HMe-

JOT CMbiCn ee co6cTeeHaoro apeMeHH li MBCCbl. <PyHKUH!I !/J(u) ITO.ll'IHH!IeTc!l ypaaHeHHIO 

d t/J(ol .. r 1/1 (o) (!d) 
do 

nerxo y6e.nHTbC!I, 'ITO nponaraTop G (r·) , KOTOpbll! B .llHarpaMM HOl! TeXHHKe CT8BHTCSI 

B COOT&e T CT&He BHyTpeHH e ll nyHKTHpHOll lii!HHH, l'IBliSieTC!I 'aa naa.llbiBBIOLUe l! ' ¢yHKUHel! 

rpHH8 yp8BHBH'ISI ( !8) B r' · -npe.llCT8BliBHHH, neliCTBHTellbHO, nonara!l 

H8XO.llHM: 

1 ~ e-l(o-u1 r'· 
G(o-u'} .= ~ J dr'c 

2rr r -r'- i l 

•ir{~o~ 
~ i 9(o-u1 ·e 

(i d - r) : G (u-u'L•-.S(u-u'). 
d;-

(17) 

(18) 

TaKHM o6paaoM, MexaHH3M eaaHMo.nellcT&HII peanbHbiX ¢Haa<iecxax 'IBCTHU MO)I(HO npe.ncTaa­

n!ITb ce6e K8K MHOrOKp8THblll OOMBH HX MB>K.lly COOOl! T8KHMH >Ke pe8rrbllbiMH '18CTHU8MH H, 

xpoMe Toro, aexoTopbiMH xaaaaqacTHUBMH. EcnH xaaaH'IBCTHUbl o6na.naiOT Ma.ccoll r o/ 0 , 

TO ni06oll npouecc c yqacTHeM peanbHbiX 'IBCTHU H.ne.T c HecoxpaHeHHeM 4-HMnynbCa, Tax 

xax npH aTOM o6!138Tenbllo HanyqaeTC!I cao6o.naa11 KB83H'I8CTHua c 4-HMnynbCOM Xr 

EcnH >Ke peanbllble '18CTHUbl B38HMo.nellcTeyiOT c 6eaMaccoBbiMH KB83H'I8CTHU8MH ( r - 0),.. 

TO a aeprHH R RMnynbC coxpaH!IIOTC!I, B npocTpaHcTaeHHo-speMeHHoll xapTHHe nepsoMy cnyqaiO 

COOTBBTCTBYBT p8CCMOTpeHRe ¢R3H'I9CKHX npOU9CCOB B MOM9H'Tbl BpeMeHH, npHH8.llli9>K8LUHe 

nnocxocTH Xx ~ o , &TopoMy cnyqaJO - paccMoTpeHHe npR u K .. • Cne.noaaTenbllo, 

OliHC8HRe B T8pMRH8X KB83H'I8CTRU IIBliiiBTCII .llRH8MH'IBCXRM 3XBHB8n9HTOM npOCTp8HCTB&H­

Ho-sp&MOHHOrO OITHC8HKII, l.{p&3Bbl'l8liHO S8>KHbiM .llllll .ll8llb119l1Wero OOCTOIIT9llbCTBOM 1\Blll'l­

eTC!I TOT ¢aKT 1 'ITO CBOliCTB9HHbl9 T90pKK B03MflU9HKl! fllbTpa¢KOli9TOBb19 p8CXO.llKMOCTK B 

p8CCM8TpR&88MOM ¢opM8liH3MB B03HKX810T TOllbXO B RHTerpanax no llfHKTKpHbiM liHHKIIM 

npK 6onbLURX I d ; T,e. MO>KHO cxaaA'IIIIIo1 'ITO cywecTsyJOWBII T&opKII non11 nnoxa noToMy, 'ITO 

KB83K'I8CTIIU8M B npouecce B38HMO.llBl!CTBRII C pearrbllbiMR '18CTKU8MK p83p9W88TCR nepeHo­

CHTb CliHWXOM 60llbWOl! 4-RMUfllbC, 
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, 

4. 

flocTynapyeM Tenepb, 'ITO B npBBHDbHOl! TeOpHH 4-aM nynbC KB83 H'l8CTHUbl He MO>KeT 

npeBbiWBTb onpet:~eneHHoll nopuan: 

IXriO.Irl <~ 
'1£ 

( 19) 

3AeCb -HOBB!I UOCTO!IHHB!I p83M9pHOCTH ADHHbl ( "cpyHABMeHTBDbHB!I ADHHB" ), QqeBHA-

HO, npH C06DJOAeHHH ycnOBH!I ( 19) pBCXOAHMOCTH B Te OpRH He B03HHKHyT, 0AHBKO CX eMB , 

OCHOBBHHB!I DHWb HB AODyWeHHH ( }9), eme He !IBD!IeTC!I MBTe M B TH'leCKH nocne AOBBTeDbHOll, 

TBK KBK B pBCCMOTpeHHOM BbiWe cpOpMBDH3Me 80 BCeX COOTHOIUeHH!IX B p -npeACTBBneHHt 

Mbl QJBKTH'leCKH HMenR Aeno C HHTerpMBMH HB rpynne TpBHCD!IUHll HB npHMOll r , OTH0-
1 

CRTenbHO KOTOpOll ycnOBHe ( 19) He HHBBpHaHTHO, no3TOMy HBM H e06XOAHMO n e pel!TH K HH-

TerpHpOBBHHIO HB TBKOl! rpynne, KOTOpB!! 6bln8 6bl cornBCOBBHB C ( !9). EAHHC TBeH HOl! OAHO .. 

napa MeTpR'leCKOII rpynnoll, yAOBneTBOp!IIOIUell 3TOMy ycJiOBHIO H DpHHUHDy COOTBeTC TBH!I DpH 

f . ~I) , !IBD!Ie TC!I rpynna TpBHCUIIUHll HB OKpy>KHOCTH pBARYCB b (f C OTO>KlJ.e CTBn9HHbiMH 

AHBMeTpanbll o npoTasonono>KHbiMH TO'lKBMH/
41

• B npet:~ene f ~ IJ TBKB!I OKpy>KHOCTb nepe -

CTBeT OTUH'lBTbr.!l OT Dp!IMOl!, 'lT.O HenocpeACTB9HHO cneAyeT H H3 IIBHo ro BHAB HOBOll onep4-

URH CABHra (aAeCb H B ABnbHel!weM npHHHMBeTC!I C HCTeMB eAHHHU h a C a 2f ~ 1 

r (+) r a r + r - 2r. [ 0 ( r + r - 1t) - 0 ( -( r + r ) - 1t) ] , 
I 2 I 2 I 2 I 2 

(20) 

YpasHeHHe (I) Tenepb MO>KHO a an HCBTb B BIIAe: 

R(.).;r}a f (A;r)+ 

,,. 
f f (.>.; r(-H'} ~.R (.>.;r'} 

(21) 

r' ·- it 211 -rr 

( apryMeHTbl B R R f pBCDOUO>KeHbl B (21) HeC K OUbKO HHB'le, 'leM paHbWe 
21 ) . 

J.13 ypasHeHHII (21) nony'IBIOTCII BHMOrH BCex COOTHOWeHHl! AUII onepBTOpa R 

KOTOpble cnet:~osana paHee 113 ( 1 ). Tax, HBnpHMep, BMeCTO (8) T e nepb 6yAeM HMeTb: 

. rr + 
R(A;r)-· R+(A;-r) :- __l_ ( ~[R (.>.;-r'}R(.>.;r(-};'}+ 

2rr -rt r'-1< (22) 
+· 

+ R (.>.; r'H r) :R (.>.;r}] , 
OTXyAB, B n o nHoll aHanorHH c (9), 

R(.>.;O)-R+(.>..;O) -1 R+(.>.;O) R(.>.;O), (23) 

T.e. 06bl'lHOe ycnOBHe YHHTBpHOCTH AUII MBTpHUbl S- 1 + i R (A; 0 ) • 

) : 

8 OTUH'lHe OT 06bi'IHOrO cpOpMBUH3MB npeo6p43088HHe <l>ypbe B HOBOl! CXeMe AOU>KHO 

npoH3BOAHTbCII c 3KcnoHeHTBMH BHAa e 1m , rAe 11 -uenoe. CneAoBaTenbHo, nepe-

2/ Vf3-3a TO>K.0.9CTB9HHOCTR ToqeK r • rr H r • -rr 
O'leBHAHO, AOD>KHbl 6b1Tb nepHOAH'leCKHMH cpyHKUH!IMH 
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XOa K HOBOA rpynne TpaHCnHUHA 03H8 '18eT KB8HTOB8HKe C06CTBeHHOrO BpeMeHK 

q8CTHUbi 1 HnH, .n,pyrHMH cnoaa MH 1 KB8HTOB8HH9 M9TQHKH npOCTp8HCTB8-BQ9M9HH e.nonh Han-

pasneHKH >. 

nycTb 

" f ( n) _ 1_ J 
2rr 

-rr 

inr e f(r)dr (24) 

ecTb pa3no>KeHHe <t>ypbe HeKoTopoA Q:>yHKUHH f (n) • BseneM noHRTHe npOH3sonHoA 3ToA 

Q:lyHKUHH no uenO'IHCneHHOMy apryMeHTy , nonaraR, no onpe.oeneHHlO, 

df(n) 
11 inr 

ire 
(25) 

_ 1_ f (r) dr 
d n 2rr 

Ji erKO y6enKTbCR, 'ITO onepauHR ( 25) o6nanaeT BCeMK CBOACTB8MH 06bi'IHOrO nH<j:x:j:>e­

peHUHpOB8HHH. H anpHMep, 

dn 

__ d_c_o_n_s_t_ = 0 , 

dn 

~ 
dn 

f,(n) + f
1
(n) ~ 

dn 

H T.LI.. 4-' yHKUH!O d f(n) MO>KHO Bbtp83HTb Hen ocpenCTBeHHO H qepe3 
----.ri\: 

BHTb B ( 25) BMeCTO f ( r) ee pa3nO>K9HH9 B pRn <:Pypbe; 

n•m 
( -1) 

f (m ) • ..i. (8 ) f (m) = I 
d n nm m :/ n n-m 

vf3 3TOA 38nKCH OC06eHHO OT'ISTnKBO BKaHO, 'ITO naQ:>Q:>ep9HUHpOB8HHe 

KanbHoA' on e pauHeA. 

Pacc M o TpKM nanee Q:>yHKUKIO 

rr i(n-m)r 
O(n-m)=_l_ J e dr 

2rri -rr r- i l 

Cor nacHo ( 25) 

dO(n-m) = 8 
d n nm 

(26a) 

(266) 

f(n) , ecnH no.acTa-

(27) 

d 

d"il 
RBnR9TCR 'Henolt 

(28) 

(29) 

no3TOMy 0 (n-m) MO>KHO p8CCM8TpHB8Tb K8K aHanor 0 -Q:>yHKUHH OT HenpepbtBHOrO apry-

MeHTa. OnHaKo B oTnH'IHe oT nocnenHeA O(n·m) • p83M838H8' B OKpeC .'fHOCTH TO'IKH 

n= m. 
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.. 

C noMOWbJO ¢yHKUKK O( n·m) MO>KHO aaecTK noHSITKe "Heo npe.ueneHHoro KHTe rpana• nc 

ueno'!Kc neHHOMY apryMeHTY. VIM e HHO, nono>KKM 

F (n) 

O'!eBK.UHO (eM, (29) ), 

m= oo 
f(n')dn'=~ O( n·m)f(m) . 

m=-oo 

~= f(n) • 
dn 

(30) 

Coaepwasr npeo6paaoaaHKe <l>ypbe B ypaaHeHKK (21) K BBO.USI o6oaHa '!eHKSI, aHan orH q-

Hbie (5) H (B)J / . 

1T 
inr 

S ( n ; -oo) = 1 + _ 1 _ r e ~ R(>.;r) 
2rr r - it 

-rr 
(31) 

L (n) = _J._ f e In r f ( >.; r ) dr 

2rr -rr 
(32) 

6y.ueM KM9Tb; 

d S(n;•oo) = iL(n)S(n;•oo ). 
dn 

(33) 

YpaaHeHHe (33) sransreTCSI ypaaHeHHeM Wpe.uHHrepa .un11 S -MaTpHUhi , aan HcaHHbiM B Tep-

MHHax .UHCKpeTHoro co6cTBeHHoro apeMeHH KBBaH'IB CTHUbi, C'IHTBSI, 'ITO n o-npe>KHeMy 

L (n) ~ L + (n) , K npHHHMBSI BO BHHMBHHe (266), HBXO.UHM Ka (33·); 

_d_ ( S ( n; - .. ) S+( n; • .. ) ) := 0 
dn 

OTKy .UB, C yqeTOM ( 26a) H HB'!BnbHOrO ycnOBHSI S ( • oo ; • oo ) .= 1, cn e.uyeT: 

+ 
S ( n; - oo ) S ( n ; -oo ) = 1 . 

(34) 

YpaaHeHKe (33) MO>KeT 6biTb npe.ucTaaneHo H B "HHTerpanbHol! " ¢opMe, ecnH aocnonb­

aoBBTbCSI onpe.ueneHHeM (30): 

S(n;-oo)=1+i ~ 0 ( n • m) L ( m) S ( m; -oo ) • (35) 

m= -oo 

VIa ypaaHeHHSI ( 35) BK.UHO, 'ITO o6bi'!Hbie npH'IHHHbie caol!cTaa S -M BTPHUbi a .uaH-

HOM ¢opMBnHaMe Ka-aa • paaMaaaHHOCTH• ¢yHKUHH 0 (n ·m) pea KO HC":B>K9Hbl B o6nBCTH MB-

nhiX HHTepaanoa apeMeHH n , 0.UHBKO .UnSI 60nbWHX HHTepaanoB ycnOBHe npH'IKH-

HOCTH npK6nK>KeHHO BbinOnHSieTCSI, 

3/ VIa ( 31 ) cne.uyeT, 'ITO S ( .. ; .- .. ) = 1 + i R ( >. ; 0 ) • 
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C nOM Olll bJO (35) H9TpJ.UH O JCT8HOBHTb, 'ITO M8TpHU8 S (oo; • oo ) MO>KeT 6biTb :Jan w 

C8H8 B BH.n,e: 

S(oo;•oo) = T exp I i ~ L (n) I, (36) 
m.,...... 

r.ae CHMBOn T c noMOlllbJO ¢yHKUHA O(n·n') 

TepeCHO OTM9THTb, 'ITO y onep8T0p8 S (oo ;•oo) : C0Xp8HII9TCII rpynnOBOe CBOIICTBO 

S (. oo ; • oo ) c S ( oo ; n ) S ( n; • oo ) , 
(37) 

HBnHJOLU99CII 0Tp8>K9HH9M yCnOBHII npH'iHHHOCTH. 

B aaKnJOqeHHe 3Toro naparpa¢a yKa>KeM, KBKHM o6paaoM MO.UH¢HuupyeTCH ¢opManH3M, 

onHCbiB8JOLUHI\ KB83H'I8CTHUY (CM, § 3), ecnH nepel\TH K a= n , 0'19BH.UHO, BOnHOBBH ¢yHK­

• inr 
UHII KB83H'18CTHUbl Tenepb 9CTb </! (n) = e , npH'19M 

_d_ </! (n) = r </1 (n). (38) 
dn 

.llanee, B npnMoll aHanorHH c ( 18), HMeeM: 

OTKJ.UB 

( i d 

dn 
- r ) .G(n-n')=-8 nn' -

·ir(n·n ') 
G (n -n') = iO(n -n') e 

" ·ir'(n·n') 
={ G(r') e dr= 

" =_I_ f dr' -
2" -" r(-) r'- i < 

·ir'( n·n ') 
e 

5. 

8 npe.a:I.UJLUHX nocTp09HHHX1 OTHOCHLUHXCSI K HOBOI\ CX9Me, Mbl p8CCM8TpHBBnH nar-

p8H)I{H8H f(.\;r) nHLU b kBK nepHO.UH'I9CKJIO onepBTOpHyJO ¢yHKUHIO , HrHopupyn 

ero ¢yHKUHOHBnbHyJO aaaHCHMOCTb oT nonel! ¢ . '·ITo6bi BhiiTHCBTb yKaaaHHYJO aaaHcH-

MOCTb B IIBHOI! ¢opMe, He06XO,!lHMO CHB'IBna nepeo npe.aenHTb CBMO none tp npHM9HHTenbHO 

K HOBOMY annapaTy, .!lnn 3Toro npe.acTBBHM o6hi'IHoe ypaBHeHHe Knel!Ha-rop.aoHa .ann one· 

p8TOp8 </>(X) B BH.U9 CHCT9Mbl ypaBH9HHI\ B nepeMeHHbiX 
41 

a= XA H ( • X -.\a: 

41 B CHCTeMe (39) nHcpcpepeHuHpoaaHH e no a H ( npoH3BO.UHTCll KBK no He-

38BHCHMhiM nepeMeHHbiM 1 O.OH8K0 1 peW9HH9 

KH onpe.aeneHo nHlllb HB noaepxHOCTH (.\cO 
¢(a,() . , B CHny yp8BH9HHII (39a), ¢aKTH'IeC­

(cp. c (41) ). 
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2 

( 0 c - _a_ - m 2) ¢ ( ~ , a) = fl •, a a 2 

iA a¢(( , a ) 

a.; 
=I' 

(39a) 

(396) 

a aaTeM nepelt.oeM K a= n nonarast _a_ = a 
a a an , 8 peaynbTBTe 6y.oeM HMeTb; 

cO" •, 

2 

_a _ _ m2)cf>(f 

an 2 

iA a.pc.;,n )=n 
a.; 

PeweHHeM CHCTeMhi (40a) l!BnlleTcl! onepaTop 

TT 

, n) = 0 (40 a) 

C406) 

cf> ( ( ,n ) = __ 1_ f e·IEn dE: 
(2 17) ~~~~ --?7 

2 lk.L ~ r d 'kt 8 (k_j_A) 8 ( Ea + kJ. - m 2) e ¢ (k.J_,Ef.4 1) 

r.oe BeiTH 'IHHy rf> (~, "g) Hy)f{ HO p8CCMBTpHBBTb KBK onep aTo p nons! B HMnynbCHOM npe.ocTas-
~ ~ 

n eHHH ( s cHcTeMe OTC'IeTa, r.oe A ~ 0 , oqea~<.oHo , rf> (kj , E) =</> (k , k 
0 

) , n oc KOITbKY 

E a k A , kj_ ~ k - A E 

J.1a (41) cne.oyeT, "'ITO none rf>(k.L E) nepHO.OH'IHo no HepeMeHHolt E = k A c ne-

pRo.ooM 2 rr , RnH , 'ITO 3 KBRsaneHTH o , no 4 -HMnynbCy 
c nepn o.ooM 2 rrA 

BH.O.H 0 1 3THM CBOA:CTBOM .UOn>KHbl 06n8Jl8Tb Bee aenH'-HIHbi
1 

onpe.aenHeMbi e B 

CTaaneHRR, TaK, Hanp~<Mep, cpyHKUHll 

• Qqe-

) l ((k,..+k,c+"'J) S
4

(k+k +k) -8 (kA+k.l.+kA) _,_Lfe 8c5((A)d ~ 
I 2 8 I 2" 8 ( 2 TT )3 : 

Tenepb 38MeHli<;!TCll •nepR OLl,H'IeCKOit• 8 - cpyHKURe lt 

(4) 

8 (k 1 (+)k 2 (+)k8 )=l: 8 (k
1
+k

2
+k

8
-2rrNA) = 

N=-oo 

= 8 ( k 1 A (+) k 
2 

A (+) k
8
A ) 

_ 1_ l: 
(2rr)4- n = -~ 

r 8 <.;A) d •.; 

.. _1_ 
(2rr) 8 

' ·~kll+~ +>sJ.~(( A) d 4 ( = e 

8 8 

lnl: k1 A+ I(l: k1..l 
e '= 1 t= t 
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(42) 

(43) 



OnepauHSI ( +) a.necb 03H8'!8eT nn6o cno>KeHHe no Mo.nymo 2 rrA, nn 6o no Mo.nyniO 2 rr 

(eM. (20) ). 

VIMeSI y p aaHeHne JlBH>KeH HS! (40) 11 e ro peweHRe (41 ), KeTpy.nHo p aaa HTb cj:JopManH3M 

BTOPK'!Hor o KBBHTOB8HH51, n ocTpOHTb aeKTOpbl COCTOS!HHil I k 
1 

, .. . , kn > 

nepeMeKHble, o npe.nenHTb N -nponaae.neHHe H T,Jl. B q ac THOCTH, n a rpaH >KRBH aaanMo-

.oeACTBH51 ~( A; r) npH 3 TOM 38IIHWeTC51 B BHJle (cp. C ( 12) ): 

f(A;rl= _ g_ J t<> ( Ar(-) k
1 

(-) k (-) k ) : ¢ (k ) ¢ (k ) ¢ (k ): do dO. •
2 

dO•.= ( 4 4) V 2 TT 0 I • I 0 3 ' 'k I • 

¢ (k
1
)¢(k

0 
)¢(k

3
): n dO•" 

I= I 

r.ne do.= o < 11 - 1 H 1 l d 'k 

no.ncTa anSI51 narpaH>KHBH (44) a ypaaHeHHe (21 ), Mbl Mo>KeM pewaTb ero no TeopnH 

B03MymeHHll, npHMeH5151 npe>KHIOIO .nHarpaMMIIYIO TeXHHKy (§ 3). Ho a OTilH'!He OT o6 b1'1Hol! 

TeOpKK, BCe 4-HMnynbChl B BepWHHBX Tenepb He06XOJlHMO CKll8Jl biB8Tb no MOJlyiliO 271A, 

no STOll IlpH'IHHe Jl8>Ke H8 MBCCOBOll noaepXHOCTH r= 0 B paCCM8TpHB8eMOl! CXeMe MO-

ryT cymecTaoaaTb npoueccbl c yqacTHeM peanbHhiX KB83H'IBCTHU c 4-HMnynbCOM 211 A 
5/ 

KnK, JlpyrHMH CilOB8MH, B o6my10 COBOKYIIHOCTb rpacj:Joa 6y.nyT BXOJlHTb JlH8rp8MMbl C BHew-

HHMH nyHKTHpHbiMH nHHHliMH. HanpHMep, a nepaoM nop51.nKe no g noHBS!TCll .nHarp:aM-

Mbt, H306pa>KeHHble H8 pHC. 4 H 5. 

nHarp8MMY pHC. 4 MO>KHO C'IHT8Tb rpacj:JH'!9CKHM H306pa>KeHHeM npouecca p8CII8Jl8 

KB83H'I8CTHUbl C M8CCOl! 271 H8 cj:JH3H'IeCKHe '18CTHUbl 0 8 JlHBrpBMMY pHC, 5 - H306pa>Ke­

HHeM o6p8THOro npouecca, AHanorH'IHYIO HHTepnpeTBUH!O JlOIIYCK8lOT rpBcPbl C Bl!eWHHMH 

nyHKTHpHblMK ilHHHliMH H B 6onee Bb!COKHX npH6nH>K9HH51X TeopHH B03MyWeHHA
61• 

TaKHM o6pa30M, KBB3H'IBCTHUhl c Maccol! 211 CT8HOB!ITC51 B K8Koli-TO CTeneHH 

p8BHOI1p8BHblMH C cjJH3H'I9CKHMH '18CTHU8MH, 0JlH8KO 3T~ 06CTOI!TeilbCTBO HHK8K He OTpa-. 
>KeHO B 38IIHCH BeKTOpOB COCTOliHHH H narp8H>KH8H8 f (A ; T ) . , IIOCKOilbKY JlO CHX nop 

KB831<'18CTHUe He CTBBHilCSI B COOTBeTCTBHe onep8TOp IIOn51. HH>Ke Mbl '18CTH'IHO ilHKBHJlHpy­

eM 3TY 8CHMMeT pH!O Me>KJlY OIIHC8HKeM cPH3H'IeCKHX 'IBCTHU H KB83Hil8CTKU. 

51 
3TH 11pOU9CCbl B M8TeM8TH'I9CKOM OTHOWeHRH 3KBHBaneHTHbl H3BeCTHOMy S!BneHHlO 

"nepe6poca• a KpHcTannax. 

B/ l-13-38 60ilbWOl! M8CCbl KB83H'I8CTHUbl ( • -f- ) p8CCM8TpHB8eMwe S!BileHHSI, 0'19BHJl­

HO, MOryT npOHCXOJlHTb ilHWb npH Bb!COKHX 3HeprH51X cj:JH3K'!eCKHX '!8CTHU. 
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VIMeHHo, sse.lleM s paccMoTpeHHe onepaTop a ( N) , nonaraR no onpe.lleneHHJO 

< N1 I a(N) I N2 > =1lN
1 

+N , N
21 

(45) 

r.lle nepeMeHHasr N HM99T CMbiCn 'qacna KBa3H'faCTHU' C 4-IIMnynbCOM 2 TrA , npHHH-

M SH BO BHHM8HKe, 'qTO 

< N, I N I N 2 > = ll N 
N I ' 2 (46) 

II y'lHTbtBaSI ( 45), nerKO y6e.llHTbCSI B cnpaBe.llnHBOCTH COOTHOW9HKSI: 

[a (N' ·) , N 1 .. N'·a (N'~. (47) 

Cne.lloBaTenbHO, a ( N) srsnsreTcsr onepaTopoM yHK'lTO>KeHKsr N KBa3H'faCTHU c 
+ 

4-KMnynbCOM 2 TrA , H, cooTB9TCTB9HHo, senK'fHHa a ( N ) = a (- N ) -onepaTopoM 

p0>K.ll9HHSI N KB83H'I8CTHU. 

Tenepb narpaH>KHaH ( 44) MO>KHO npe.llCTaBKTb B HOB OM onepaTOpHOM BH.lle: 

~ 

(4) 
f (>.;r) ~-'-If ll\>.r-k -k -k -2rrN>.) . 

y2" N-.o I 2 3 (48) 

a(N) :</>(k
1

)</> (k
2

)</>(k
3
):d0kd0k dOk 

" 1 2 3 , 

npe.llnonarasr, 'ITO MaTpH'lHbte sneMeHTbl OT ~ (>.;r) .llOn>KHbl 6paTbCSI M9>K.llY COCTOSIHKSI-

Mil BK.ll& I k
1 

, ••• ,kn ; N >. B cuny onpe.lleneHKsr (45) !ITH MaTpH'lH bte aneMeHTbt 6y.llyT 

nponopUHOHanbHbl <jl yHKUHH IJ(
4
)(k'+2fTN'>.-k -2~rN>.) , r.lle k K k' - CyNM8pHb19 

4-aMnynbCbl 'BXO.llSIWHX' H 'yXO.llSIWKX' <j:JH3K'f9CKKX <JaCTHU, a 211N'·A H 2fTNA -aHa-

norH'fHbl9 senK'fHHbl .llnSI KBa3K'laCTKU. 

" 
BasrTKe M8TpK'fHbtX aneM&HTOB ':.,T npoaase.lleHKA narpaH>KH8IIOB ~ , KOTOpbt9 soa-

HHKaJOT npH paano>KeHHK onepaTopa R (>.; r) no TeopHH soaMyweHHA, o6nerqaeTcsr cy-

W9CTBOB8HH8M 'rpynnOBOro• CBOACTBa y BenK'IHH a ( N ) , BbtTeKaJOWKM H3 ( 45) : 

a(N
1 

)a(N
2

) ••• a(N,) =a(N
1 

+ N
2

+· •• + Nm). (49) 

HanpaMep, so BTopoM nopsr.llK& no g , 6naro.llapsr (49), cpaay Haxo.llHM: 

< k' ·, N'l R- (>.; -o) 1 k .N > - s<•>(k'+ 211N'>.-k -211N>.l. 

" f _c!L f s•> ( >.r'(+) q' (+) q' (+) q' ) d n q .. ; dO '• 
-TT-r''-if . t 2 a t qa 
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VI a ( 49 ) c y q e T OM coOTH OllleHHll a + (N ) =a ( -N )cne.uyeT, 'ITO 

[a ( N1 ) , a + ( N ~ ) 1.:.= 0 o (50) 

no3T OMY On HC8HHe K a83H'I8CTHU a T e pMHH8X a (N) ace >Ke H9nb3ll H83 a8Tb aTOpH'IHb!M 

Ka8HTOa8HH9M o 3T8 aenH'IHH 8 CKOp e e SlanlleTCSI 8H8nOrOM C -qucnoaoA aonH o aoA ¢yHK-

UH H e ·irn Ka83H'I8CTHUbl (eM . § 3) a npe.ue ne ,d) o 

K aK Ha a ecTHO, a o6bt'IHOA T eopKH 8MnnKTY.tl bl c oc T OSIHHA I k
1 

, ••• , k n> Ranl! IO T C SI c o6c-r-

a e HH btMH aeK T Op 8 MH o n e p8TOp 8 4 -HMn ynbC 8 n onS! C C06 CTaeHH blMK aeKTOp 8 MH o n e p8T0p8 

4 -HMTiynbC 8 n o nS! C C06C T aeHH biMH 3H8'19HHSIMH • B .uaHH o A cxeMe Mbt 

HM9eM 8 H8nOrH'IHYIO C HTY8UHIO C H OabiM H 8MUnHTY.tl8MK COCTOSIHHA 

<P- j k
1 

, ••• , kn : N > o 

neAcTaKTenbHO, H3 - 38 .tlHCKp9 TH OCTH 4 - n p o cTp8HCTa8 a H 8 npaaneHHH A 

(51) 

onepa Top 4-aM-

nynbC8 n o m! T e n e pb o npe .uenl!e TCSI nHlllb C T O 'IHOCTb!O .tlO 8.tl.tlHTHaHOA nOCTOSIHHOl!, KpaT­

HO A 2rrA : 

(52) 

BTo p oe c n a r aeMOe a (52) MO>KHO HHTepnpeTHpOa8Tb J<8K aKn8.tl a CyMM8pHb!l! 4 HMUynbC 

OT KB83 Hq8CTHU, H R0 9 TOMy 

•(53) 

TaK K B K 'IHcno N a (52) npo6eraeT ace ueno'IHcneHHbte aHB'IeHHSI OT .tlO 

TO , a o o 6 me roa o pll, H8M He06XO.tlHMO p8CCM8TpHa8Tb K883H'I8CTHllbl K8K C nonO>KHTenbHOA, 

T8K H C OTpHll8TeUbHOl! 3HeprHeA. 0.UH8KO BBH.tly cymecTaOa8HHSI TO>K.tl9CT8 

" < N, I R (A;O)I N~>"' < -N~IRO(A;O)I-N, > .. 
(54) 

" "'< N, - N 21 Ro (A ; 0 ) I 0 > ." < 0 I R (A ; 0 ) I N 2- N I > 

Mbl a cer .ua Bnpaae C'IHT8Tb, 'ITO nornOIU9HHe J<a83H'18CTHllbl C OTpHU8T9nbHOA 3H9prH9A a 

H8'18n bHOM COCTOSIHHH 3 KBHB8n9HTHO p0>K.tl9HHIO K883H'I8CTHUbl C nono>KHT9UbHOl! 3HeprHeA 

a K OH 9 '1HOM C OCTOSIHHH H T,n, KOH9'1HO, 3.tl9Cb cne.uyeT Oroa o pHTbCSI, 'ITO nocne.U088T9nb-

HOe p8CCMOTp9HHe npOU9CC08 nornOIU9HHSI H pO>K.tl9HHSI K883H'I8CTHU, 8 T8K>K9 CBSI38HHbiX C 

3THM BOnpOCOM 06 yCTOl!'IHaOCTH aaKyyM8 H O.tlHO'I8CTH'IHOrO COCTOSIHHSI, a03MO>KHO nHlllb 

nocne npoae.US HHSI BTOpH'IHOrO Ka8HTOa8HHll "nonll" Ka83H'I8CTHU, 
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6. 

CymecTsosaHHe npoueccos c yqacTHeM 'peanbHbrx• KBa3HqacTHU MO>KeT 6biTb noHSITO 

KaK npOS!BneHHe cneuH¢HqeCKOPO B3aHMOaeACTBHSI ¢H3HqeCKHX qaCTHU C CaMHM npOCTpaHC~ 

BOM-speMeHeM, HMe!OlUHM aHCKpeTHYIO CTpyKTypy, .QpyrHMH c nosaMH, aHCKpeTHOe 4-npoc~ 

paHcTso 3aecb BbiCTynaeT KaK HeKoe Hosoe none, cnoco6Hoe npHHHMaTb H oTaasaTb 4-aM­

nynbC, a KBa3Hq8CTHUbl S!BnSIIOTCSI CBOeo6pa3Hb!MH KBaHTaMH 3TOPO nonS!, EcnH KBa3Hq8CTH-

Ubi II ¢113HqeCKHe qacTHUbl paccMaTpHBaTb KaK eai!Hyro 3aMKHYTYIO CIICTeMy S 1 TO .anSI 

3TOA CHCTeMbl OCTaiOTCSI cnpaseanHBblMH 3aKOH COXpaHeHHSI 4-HMnynbca II penSITIIBHCTCKaH 

HHBapl!aHTHOCTb, npH HH3KHX 3Hepr11HX KBa31!qaCTHUbl He H3nyqaroTCH, H s ¢aKTI!qeCKH 

COCTOHT nHlllb H3 ¢H3HqeCKHX qaCTHU, npH Bb!COKHX 3HeprHHX HZ:HOpHpOBBTb CylUeCTBOBa­

HHe KBa3Hq8CTHU Henb3H, a nOTOMy OTaenbHO anH ¢H3HqecKHX qacTHU COXp8H9HI!e 4-IIM-

nynbCB y)Ke He HMeeT M9CT8, T8K >Ke K8 K H He HM99T MeCT8 H3-38 38BHCHMOCTH BC9X se-

nHqHH oT A penSITIIBHCTCKaSI HHBBpHBHTHOCTb, noaqepKH9M OC060, qTO B9KTOp A B 

pa3BHBaeMOA TeOpHH S!BnS!eTCSI He npoCTO BCnOMOPBTenbHblM napaMeTpOM, KaK 3TO, HanpR­

Mep, !!MeeT MecTo s H3secTHOM A -npouecce BeHTuenSI-.QKpaKa
151

, a MO>KeT 6biTb aH­

TepnpeTHposaH KBK 4-CKOpOCTb HeKOTOpb!X cneuH¢RqeCKRX KBa3aqacTHU. 

Mo>KeT OK83aTbCSI 0 ecnH npeanaraeMaSI TeOpHS! HMeeT OTHOWeHH9 K aeACTBHTenbHOC­

TH, qTo seKTop A cneayeT cqHTaTb cosnaaaromHM c 4-cKopocTbro ToA cacTeMbr oTcqe­

Ta, B KOTOpOA OOKOlfTCSI SCSI MaTepKS! BO BCeneHHOA, He lfCKnroqeHa TaK>Ke lfHTepnpeTaURSI 

3Toro seKTopa no VIHrpsxaMy
161• CornacHo

161
, s KaqecTse A Heo6xoaKMO Bbi6KpaTb 

4-CKOpOCTb TOA CRCTeMbl OTCqeTa, B KOTOpOA npOH3BOaHTCSI 3KCnepHMeHT R 3aaaroTCSI 
11 

see 4-HMnynbCbl • rlpa TaKoM noaxoae onacaHHe ¢H3HqecKHX npoueccos npK BbiCOKKX 

3HeprlfSIX aon>KHO 3aBHCeTb OT Ha6nroaaTenSI, qTO MO>KeT 6biTb HeqocpeaCTBeHHO nposepe-

HO Ha OOb!Te nyTeM CpasHeH!fSI pe3ynbTaTOB 3KCnepKMeHTOB 0 npOK3BeaeHHbiX B pa3Hb!X 

ClfCTeMaX OTcqeTa (HanpKMep, B na6opaTOpHOA CHCTeMe If ClfCT9Me ueHTpa Mace/{)/, cp, 

c/7/ ). 

AsTop rny6oKo 6naroaapeH B.A. Apl5y3osy, .[!.VI. 6noxHHuesy, H.H. 6oronro6osy, 

c.c. repwTeAHy, VI.¢. rHH36ypry, !O.A. ronb¢aHay, B.H. rparopbesy, A.B. E¢peMosy, 

.Q.A. KHp>KHHUy, r.VI. Koneposy, A.A. noryHosy, M.A. MapKosy, P.M.-A MHp-KacHMo­

sy, n.:n. HeMeHosy, B.¢. nnewaKosy, n.VI. noHOMapesy, B.B. Cepe6pS!KOBy, H.A. CMo­

poaHHCKOMy, n . .Q. Conosbesy, A.H. Tasxenuaae, E.VI. TauMy, VI.T. Toaoposy, P.H. Cl>ay.c.., 
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Ju.A.Golfand 

GENERALISATION OF QUANTUM MECHANICS TO 
THEORIES WITH DISCRETE TIME 

( P .N .Lebedev Physical Institute, 
Academy of Sciences, Moscow ) 

We consider one possibility of generalising the quantum mechanical equ­

ations for the case of theories with discre te time. In the limit of continuous time 

the proposed e quation reverts to the conventional SchrCSdinger equation for the 

' density matrix (correspondence principle) . However the generalised equation has 

some peculiarities, the most interesting of which is violation of time reversibility. 

We assume that the values of "time" are taken from the discre te set of 

numbers of the form nr , where n is an integ er number ( - .. < n < ). 
and r is a fundamental constant w ith the dimension of time. Such a quantisation 

of time is apparently not relativistically invariant, but in fact can be performea 

in a completely relativistically invariant way. 

The transition from discrete time n r to continuous time is obtaineci 

by the substitution n r • t and r-+0 

As is well known quantum mechanics can be expressed in terms of the 

1/J -function ( state vector) or in terms of the density matrix p • Both forms 

are equivalent for pure states. On the other hand, the density matrix allows the 

consideration of pure states and mixed states, on an equal footing. 

The first characteristic feature of the proposed sch erne as compared with 

the usual one, is that it describes the states of a quantum mechanical system 

only by means of the density matrix but not by means of the 

The density matrix must have the following properties: 

Hermiticity 
p+ 1::: p 

positive definiteness ' 
<"' IPI"' > >0 

normalisation condition 

T r ~ =1 

1/1 - function. 

( 1) 

(2) 

(3) 

Om the other hand, every matrix satisfying requirements ( 1 )- ( 3) can be 

a density mantrix of any state of a quantum mechanical system. 

If is easy to see that the class of all possible density matrices satisfying 

conditions· (.1)- ( 3 ) is closed with respect to the following two transformations: 
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·-

( i ) unitary tra n s fo rmatio n s 
,, ,, + 
p .. up u 

( i i ) l inear trans forma tions of the form 

'P - · a1P1 + a21/2' 

where a
1 , a 

2 
a r e positive numbers satis fying 

'Tine roperties ( i ) a n d ( i i ) allow us to construct the e quation of mo­

tion for the d ensity matrix in the case of quantized time, The simpl est ca.s e of 

suc h a n e qua tion is 
+' 

p~[(n + 1)rl . - u'p(nr) u 
( 4) 

where U is an unitary operator, This equation, in an obvious w ay, satisfies the 

· c orre spondenc e principle when r .. 0 However, by means o f properties ( . 

a r .d (ii), w e can construct an equation of a more general form, We introduce 

two p o s itive constants a and {3 satisfying a+ /3 • 1 .;..nd two unitary oper~-

tors U a nd V • Then we postulate the ~uantion of motion fo r the d e n s ity 

" matrix p of the form 

"' + + p[(n+1)r) .~ aUp(nr)U +{3V{Nnr)V • ( 5 ) 

E quation ( 5 ), c_!ue to the properties ( i ) and (i'i ) 1 transforms the density matrix 

;(nr) into the matrix p[(;,+1)rl · satisfying conditions (1)-(3). 

We consider now the limit of continuous time. in equation ( 5 ), When r .. 0 

the unitary op er a\ors U and V diffe r from unit operator by infini te!y small terms 

of orde r r • We can write 

U • 1 - i •Ar 

v- 1-iBr ( 6) 

where A a nd ·B are Hermitian operators, By means of ( 6) and ( 5) we obtain 

the relation, in which the terms of second order in r are droppe d 

p [ ( n + 1) r 1 · - fN n r) - i r [ (a A + {3D J, P,( n r J 1 • 

If we substitute 

•equation 

instead of n r and allow r .. 0 we obtain the dlfferentlal 

i ~ - [(a ·A +· {3BJ, p 1·· 
dt (7) 

Tine equation ( 7) has the form of the conventional quantum mechanical equa tion 
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for the d e nsity matrix. The role of the Hamiltonia n H is played by the Herm.i-

tion operator a A + {3 B (fi ~ 1) • It is sig nificant that we do no t impose o n 

the constants a and {3 any condition tha t they b e s ma ll. 

The e qua tio n of motion ( 5) has some peculiar properties r e sul ting from the 

discre tenes s of time, One of them is the v iola tion of time r eversibility. The sim­

p lest w ay to demonstrate this irreversibility is to c o nsid er "entropy" which we 

d efine by the rela tion. 
S ( p) • - TrIp In p~ I 

( 8) 

The ":entropy" S is a state function, i.e. depends only on the dens ity 

matrix ;; • It cari be shown, that the 2" entropy" ( 8 ) Increases mon o to nically 

w i th time due to the e quation of motion ( 5 ). The entro py increase during the 

time interval r is of o rde r r 
2 

, and the effect o f entropy incr:-ease vanishes in 

the l imiting ca se of continuous time, This corresp o nds t o the invaria n ce o f the 

Schrodinger· equation with respect to reversal of the sign of time. 

One can say that equation of motion ( 5) possesses a dis sipative charac­

ter. This dissipation appears only as a result of the discre tne ss of time and it 

vanishes completely in the limiting case of continuous time. 

in conclusion, it should be noted that the increase o f entropy mentioned 

here i s not Ide ntical with the general law of entropy increase for macr9scopic 

systems. 

Aa is known the foundation of the law of entropy increase is an as yet 

unsolved problem and. the attempts to infer this law in the framework of classica l 

or quantum me chanics have been unsuccessful. However, the question o f the 

connection of the law of entropy increase with a possible quantization of space­

time s hould be a matter for further investigation. 

' 
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D.A.Kirzhnits 

FIELD THEORY WITH NONLOCAL INTERACTION 

( P.N.Lebedev Physica l Institute, 
Academy of Scie nces, M o scow ) 

1. At the present time , the most widespread approaches in the theory of 

e lementary particles are based on the following three basic postulates: 

a) r e lativistic invariance , 

b) the quantum nature of particles 

c) locality, w hich expresses the condition of microscopic causa lity. 

This last condition has to a significant degree a mathematical character, be­

ing a n extrapolation of the basic cla ssical condition of causality, the impossibility 

of realizing events occuring at a point, on which is based the condition of micro­

scopic causality, leads to the fact tha t it is not permissible to consider as com­

pletely e x cluded the possibility of the vio la tio n of this c onditio n in small r egio ns 

of space- time. This most important question could be decided in principle expe­

rimentally: for example , by verifying dispersion relations. 

On the other hand, the hopes for r emoving the difficulties from a local 

theory. ( the problems of internal consistency, unre norma lizable interactions) have 

for a long time bee n connected with the chang ing of existing conceptions in 

small regions of space- time a nd the appearance of a new fundamental constant, 

the elementary leng th • In a s much as the appearance of the fundamental 

con stants c and h is connected with the first two postulates, it is natural to 

expect, that the constant f appears because of a violation of the postulate of 

locality that is, in going over to a non-local field theory ( NFT) . 

The consistent construction of NFT must be based on new physical ideas, 

possibly related to the replacement of the spacetime structure "in the small", The 

positive content of these ideas at the present time is to a large extent conjectu­

ral. However, even at the present time, it is possible to a ttempt the construction 

of a phenomenological NFT, compatible ~ith postulates a) and b) and at large 

distances reducing to the usual theory. This may be acc:Ompllshed by introducing 

into the interaction seve raj. g iven functions ( form factors) . 

The possibility itself of realizing this program is doubtful due to the pre­

sence of a large numoer of difficulties, with ·which going outside the framework 
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of local concepts is connected: that is, mathematical compatibility, the unitarity of 

the scattering matrix, macroscopic causality, convergence, etc, 

The results show that the basic difficulties of NF'I' can be eliminated, Their 

appearanc e is connected with too direct an application of the apparatus of the 

usual theory to NF'I'. 

2, It is convenient to put into the basis of the theory the following expre&-

sion for the S -matrix. 

t 
S = TA..xp (if d'Au(A) ( 1) 

which is unitary, relativistically invariant and which possesses the correct local 

limit, Here u(A): fd 4x~'"' (x) is the action, corresponding to the local I..agran-

gian A ~ 
In/ 

in which by some means or other the form factors are introduced, 

T - is the "antichronological'' ordering with respect to A operator, 
A 

The usual ·method of introducing a form factor corresponds to r eplacing 

each vertex by some giVen function, In this case, the matrix element ( 1) differs 

from the corresponding local expression, excepting the form factors, only in the 

condition that we exclude the residues and integ r a ls along the cuts of the form 

factors, The analysis of the convergence of such expressions shows, that the 

method considered ensures the convergence o nly of the matrix elements which 

are logarithmically divergent in the local theory and therefore is not appropriate, 

in particular, for the description of unrenormalizable interactions, Moreover, 

additional singularities for small values of the kinematic invariants appear in the 

matrix elements, which actually destroy causality, 

'I'Inere exists a whole series of other methods of introducing form fac-

tors, compatible with postulates a) and b) and free of the above difficultiesx) , 

The simplest possibility consists in r eplacing the field operators by unphysical 

operators, whose contractions are regular on the light cone, 

- 00 :z 2 ' 
D = D - f dK p(K )D (o<) 

F F AZ F 

( - signifies this replacement), In doing this, the action has the form 

u( A) = P ii( A) P , 
(2) _, 

where P is the projection operator onto the space of physical states, In so 

doing, retarded functions appear in the theory only in · a regularized form, which 

guarantees convergence, The S -matrix ( 1), ( 2 ) differ from the causal (but 

x}l,E,Tamm (private communication) suggested a method based on the use of a 

momentum space of non- zero curvature, which r e moves the d ivergences with 

respect to angles, 
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n o n unitary) P aul i- Villa r s r egu larized S -ma trix 

1 
P fA exp (i ( di>.a(A) ) P 

0 

only by thr esh o l d te rms , differe nt f r om zero for larg e values o f the k inema tic 

invaria nts ( s, t • .; ; i > A 
2 

) • 

F o r this reason the inves tig a ted v a riant is com10l e te ly c a u sal, as l ong as 

the values o f s, t e tc, do not exce ed the threshold val u e , This i s somewh a t 

(but not compl e te ly ) e quival e nt to fulfilling the con d itio n o f macr oscopi c cau sa­

lity, The i nves tigation o f the condition o f cau s a lity i n its space-- time a spect is 

made d ifficult by th e a bse nce o f an exact formula tio n o f the p hysicai conditio n 

o f causali ty, In any case , the assertion o f Struckl ber g a n d Wan der s con cernin g 

the incompatibili ty o f u nita rily and causality is r e fu te d by the s tra ig htfo rwa rd corr­

struction o f a ma croca usal vertex functio n in the third o r der o f perturbation 

the ory ( A ,N ,Lesnov, p e rsonal communicatio n) . 

3, In NF'I' i t i s a l so possible to introduce a spacetime d e scriptio n , To th i s 

e nd, we may take the inc ompl e te matrix S( r) up to the s urface , in 

w hich the q uantity a i s replaced by ( T d 4
X f (X) , Th€ evOlUtiOn Of the 

In I 

s tate from ' T to r is d e termined by-"fhe matrix S ( r, r ' ) = S(r) S + ( r' ) . ; 

The e ffe ctive Hamilto n ia n o f NF'I' has the fo t·m 

1 + 
J< ( x,r) = - ( di>.S(r) £

1
n,( x )S (r). ; 

0 ( 3 ) 

It in fact depends o n !he surface r a n d automatically satis fies B loch" s c o ndi,... 

tio n o f com p a tibility, The l a tter c o incid es w ith the c o n d itio n o f m icr o sco pic cau-

sali ty [J( ( x ), J< (y Jl"' O,(x-y)'!::Oo nly fo r Hamiltonia n s n o t d epending o n , It i s 

impossi b l e to c onsider such Hamilto nia n s in NFT, 

The field operato r s in the Hei senb e r g r epresen tatio n a r e n o t connected in 

a u nitary fashio n w i th the "in ' " oper ator s a nd thus d o not commute outs ide the 

light cone, The o p e r a to r s 6 f the i nteg r als o f motion ( e n e r g y- m omentum, cha r ge ) 

a re obtained just as in a l ocal the ory by inserting the " in" - o p e r a t o r ;,; in the 

c orre sponding fr ee expressions, The wave functions o f the s tationary states 

a r e corresp o n d ingly dete rmine d; i n part icular, the vacuum, 

The Gre en" s function i n NF'I' 

v; ( x) = -i < Oi 1( ¢ ( x ), ¢ ( Y ) i O > ( 4 ) 

i s r e l a tivist ically invariant in conseq uen c e of the r e la tio n < OI[¢ (x) , ¢(y Jl I 0 > = 0 , 

( x - y) 
2< 0 and s a tisfies the Lehman r epresentatio n , It in r eality diffe rs from the 

functio n 

D~ (x ) i < OI S+ T( ¢ ( xJ ¢ (yJSJ IO > 
In In ( 5 ) 
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~If 'li<"' " ' 
')f 

!!-:.,~, ~~~:t: 

' 

which is d ire c tly conne cte d w ith the 

la r itie s . 

S - ma trix a nd w hic h has acausal s ing u -

In NF'T the LS Z r e la tion for the scatte ring ma tt ix e le me nt can be o btaine d 

in the usu a l way ; the proof o f its r e la tivis tic invaria n ce e xists in the lite ra ture . 

In c o n c lus ion w e r e mark that n o nlocal e ffe c ts can show up not only a t 

h ig h e n e rg ies, b u t also a t u ltra h ig h compre s s io n, w h e n the a verage d istance 

betwee n the p a rticles is of the o rder of the e lementary leng th. This could te ll 

some thing a bout the propertie s o f bodies of la r ge mass a nd o f the u niver se as a 

whole . 
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~OKJI8Ahl AKaAeMuH Ha y K CC CP 
1952. ToM LXXXII, .\; 4 

.11.. 6JIOXHHUEB 

(/J/1311KA 

0 PACnPOCTPAHEHHH CHfHAJIOB 8 HEJIHHEHHOH TEOPHH nOJISI 

(flpeacmaueHo aKaaeMuKoM .a. B. CKo6e..tbl{blHblM 3 Xll 1951) 

§ 1. Bse.!leHHe 

)lJIJI COBpeMeHHOH reopHH llO;lH xapaKTepHbl .!lBe OCHOBHbJe 'lepTbl: 

a) JIHHeilHOCTb ypasHeHHi! H 6) ToYe'lHOCTb 'lBCTHU. BMe CTe c TeM, no.!lo6-
Hble TeopHH npHBO.!lliT K HaseCTHbiM pacxo.!lHMOCTJIM pll.!la <PH3H'leCKHX 
BeJIH'IHH (HyJJe BBll 3HeprHJI nOJJH, C06CTBeHHBll 3HeprHll 'lBCTHU). 3TH pac­
XO.!lHMOCTH npHXO.!lHTCH npeO.!lOJieBBTb 6onee HJIH MeHee HCKJCCTBeHHbiMH 
npHeMaMH (HanpHMep, MCTO.!l .nepeHOpMHpOBKH" MaCChi H 38pH.!l8 ( 1)). CaMO 
c ymecrsosaHHe arHx pacxo.!lHMOCTei1 yKaablsaeT Ha HecocTOl!TeJJbHOCTb 
TeOpHH npHMeHHTeJibHO K M8Jib1M 06JiaCTJIM npOCTpBHCTBB H speMeHH H 
Ha Heo6xo.!lHMOCTb pa.!lHKaJi b Horo H3MeHeHHH TeopH H ; t JJ H MBJibiX npoMe­
)f{YTKOB speMeHH H M8JibiX paCCTOliHHH. 

nocKOJJbKY y KaaaHHble swiiie o6ume YepTbi c o sp eMe HHoii reopHH <t>op­
MJJIHPYIOTCJI eme .!10 KBBHTOBBHHll Be JIH4HH, TO OHH liBJJlliOTCll 0 KJIBCCH· 
'l eCKHM H", a He .KsaHTOBbiMH" oco6eHHOCTHMH r eopHH . B CHJIY 3Toro 
B03M0)f{Hble <tJH3l!'leCKHe nOCJie .!lCTBHll OTKB3a OT 3THX 'lepT MOfJT 6biTb, 
B .!lJXe npHHUHna COOTBeTCTBHH, H3J'leHbl eme B paMK8X KJI8CCH'leCKOfO 
paCCMOTpeHHJI, 

PaHee HBMH (2-4) 6biJIH HCCJJe.!lOB8Hbl nOCJie.!lCTBHll OTKB3B OT TO'le'l­
HOCTH 'lBCTHUbl H 6biJIO noKa38HO, 'ITO TeOpHH, .!lOnJCK8101UBll HeTO'Ie'lHOe 
B3BHMO.!lel!CTBHe, Ht:MHHJeMO Be.!leT K pacnpOCTpaHeHHIO B3BHMO.!lel!CTBH!I 
(Mbl 6y.!leM B .!l8JibHeHIIIeM fOf"lpHTb <<CHfHBJIOB>>) CO CKOpOCTJIMH, npesbi-
1U8101UHMH CKOpOCTb CBeTa *. Tenepb Mbl HBMepeHbl paCCMOTpeTb nOCJJ~.!l­
CTBHll OTKB38 OT JJHHeHHOCTH TeOpHH. 

0K83biBaeTCll, 'ITO HeJJHHei!Hble TeOpHH ITOJJll, TBK )f{e KBK H HeTO'le'IHble 

JIHHeitHble TeopHH, De.!lyT K nopa3HTeJibHOMJ <tJaKTJ pacnpOCTpaHeHHH Cl'lf­
H8JI8 CO CKOpOCThiO, 60Jibiiiei! CKOpOCTH CBeTa B nycTOTe. D03TOMJ KB)f{eTCll 
BeCbMB Be pOl' : 'lbiM, 'ITO TBKOe «aHOMBJibHOe» pacnpOCTpBHeHHe CHfHBJIOB 
B M8JibiX 06JJaCTl!X npOCTpBHCTBB- BpeMeHH .!lOJI)f{HO 6b1Tb XBpBKTepHOY 
yepToA 6y .!lyme i! TeopHH nonn. 

§ 2. H e J1 H H e A H a ll T e 0 p H H C K a .1 ll p H 0 r 0 H JJ H 
nceB.!lOCKBJJHpHOfO Me30HH0f0 nOJJll 

Jlarp8H)f{H8H .!lJill 3TOrO CJIJ'18ll nOJill MO)f{eT 6b1Tb HanHCBH KBK <tJJHK­
UHll .!lBJX HHB8pHBHTOB: 

1 l( a.:. )• J K=:r- "Fi - (V<ji)2 
, (I) 

* PacCfo!OTpeHHaR B pa6orax (•-•) HeTO'Ie'IHaR r eopHR osaHMO)Iel!croHR nolle!! no ¢H· 
sHqecKoll cymuocru o'leH& 6JIH3Ka K KBanroaoll reopHR M. A. MapKooa (6, ') nporlnKeH· 
llhiX '13CTH!(. HeJI3BHO, Ha MHOrO JieT n03)1Hee H3WHX pa6oT, CXOJIHOe HCCJie)IOBaHHe npo· 
H3BCJteHO IOJICH6eKOM H nsll (') . 
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1'8K 'ITO 

L = L(K,!). (2) 

Ha peJJHTHBHCTCKH HHBBpHaHTHor o s ap RBUHOHHOr o npRHUHna 

o ~ L (K, /) dt dx = 0 (3) 

HeTpy.llHO UOJJY'IHTb CJJe.D:y!Omee ypaBHeHHe ,llJ[ll UOJ[ll '\>: 

iJL [ ii'<j. .,21 ] iJ ( {JL) ii<j. o ( iJ L ) o + iJL 1 _ O 
ilK - ot• + v 'i' - 7ft ilK 7ft + v ilK v '\> 7fT 'f - ' (4) 

KOTOpOe O'leBH.liHbiM o6pa30M HHBapRaHTHO OTHOCHTeJ[bHO:npe o 6 pa30B8HHll 
JlopeHTUB. 

YIMeB a BH.lly, 'ITO 

iJ ( ilL ) ii'L iJK ii ' L iii 
at .ilK = ilK' 7ft + ilK c17ft ' (5) 

(
iJL ) iJ'L. ii' L 

V ilK = ilK' VK + iJKiJIVJ, (5') 

Mbl JierKO UOJJY'IHM H3 (4) y paaHeHHe .llJlll UOJlll '\> B l!BHOM BH,lle. Mbl 
B:o!UHW('M 9TOJ ypaaHeHHej ,llJill O,!lHOMepHOrO n pOCTpaHCTBa (t,x) . ()6o-

3H8'18H nepable npoH3BO.llHble 'lep ea p = ~~ , q = ~: , a BTOpble 'lepea 

a•.y a•.y a•.y o•L / oL o' L 1 oL oL I iJL 
r=Ftl· s= otiJx' t = ox' 11 oK' oK = ex, iiKaJ ilK = ~. 7if oK = 1. 

Hall.n:eM: 

Ar + 2Bs + Ct + R = 0, (6) 

r.n:e A= - (1 + exp2), B = expq, C = (1- exq2) H R = [1- 2~K] . 

06oaHa'IBH .n:aJJe e HanpaaJJeHHe xapaKTep HCTHKH 'lepea e = dx I dt, no­
JIY'IIIM .llJill E ypaaHeHHe: 

Ae2 
- 2se + c = o. (7) 

KOTopoe HMeeT peweHHe 

e = + Vi+2«K- a.pq 
(1 + a.p') • (8) 

HJJH, npH MaJJbiX ex (K, /) : 

~ = + 1 + lf2 ex(p +q)2 + ... (9) 

ECJJH Tenepb npe.D:CT8BHTb ce6e , 'ITO Ha OTpeaKe a< X< b B MOMeHT 
t = 0 38,ll8Hb HeKOTOpoe Ha'laJJbHOe COCTOIIHHe '\>,p, q =a'\> I ax, TO, K8K 
Henocpe.D:CTBeHHO BH.llHO H3 (9), npH ex < O · iE I ~1, T. e. idxfdt i > I. 
T. e . COCTOliH!ie H3 TO'IeK a< X< b 6 y .D:eT pacnpoCTpaHl!TbCll CO CKO­
pOCTbiO dx f dt, 60JJbweit CKopocTH c seTa s n y cToTe (c = 1), KpoMe HCKJJIO­
'IHTeJJbHOro CJJy'lall p = + q. 

§ 3. He JJ H He H Hall T e 0 pH II 3 JJ e -K T p 0 Mar H H T H 0 r 0 U 0 Jill 

PaCCMOTpHllt Tenepb TOT )f(e BOnpoc npHMeHHTeJJbHO K HeJJHHeliHOH 
TeopHH M. BopHa (8). B 3TOM cJJy<Jae JiarpaH)f(HaH MO)f(eT 6b1Tb HanHcaH 
B BHJie: 

L = L (K,f2), (10) 

r.n:e K = 1/2 (E2 - H2), I= (E, H), a E 11 H RMeiOT CMbiCJJ HanpB)f(eHHOCTeH 
9JJeKTpOM8rHHTHOrO UOJIII. Bapbllpy ll 9JJ eh."TpOMarHHTHble UOTeHUH8Jibl 
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A,~ (E = -c) A I cJt- V'cp, H = rot A), llOJIY'HI M 

ao at= rotB, div D = 0, ( 11) 

r.ae 

D = ME-NH, B =MH+ N E (12) 

:1 M = cJLI iJK, N = iJL I iJ!. 
8Topall rpynna ypasHeHHii: 

aH Tt =- rotE. div H = 0 (13) 

nonyYaeTcli caMa co6otl H3 onpe.lleJieHHR E. H Ye pea A H '?· 8 liBHOM 
BHJle ypasHeHHli .llJili E a H noJiyYHM, e CJIH swpa3HTb npoH3BO.llHbJe OT 
D H B Yepea npoH3BO.llHLie OT E , H, K n /. 

8 .llaJibHeii:weM paCCMOTpHM O.llHOMepHLiii: cnyYaii:, HMeHHO E = (Ex, 0, 0), 
H =(O, Hy,O) H Ex =E (t,z), Hy = H(t,z). Tor.lla y pasHe HHli (11), (13) 
npHMYT npoCTOii: BH,ll: 

o£ E aE EHaH 2 aH _ 0 (14) (I + o:£2) Tt + ex H Tz - r~. at + (I - o:H ) Tz - ' 

aE + aH = 0 04') 
az at • 

a•L / aL 
r !le nonp e >KHeMy o: = aK' oK . YpaaHeHHe .!lJili xapaKTepHCTH4eCKOrO 

Hanp aBJie HHli e = dz I dt 6y .!leT Tenepb: 

(15) 

OTKY.!lB 

e _ ± v1+2aJ<-a.EH 
- (1 +a.£') • (16) 

.IIJ!H, npH M8JlbiX a: 

(16') 

T. e. H B 3TOM CJiyYae Mbl npHXO.llHM K B03MO>KHOCTH CBepXCBeTOBbiX 
CHfH8J!OB . 

HHTepecHo eme H To o6cTOHTeJihCTao, YTO a no.!lo6Hwx HeJIHHei!HbiX 

TeOpHliX HeJib3ll 38paHee HCKJ!I04HTb H TBKYIO CHTYBUHJO, KOr .!{8 llpH Onpe­
.lleJieHHbiX aHa'leHHliX E, l:f HJIH •? xapaKTepHCTH'!ecn:He aanpasneHHR 
C.lleJI810TCli MHHMbiMH, T8K 'ITO ypaaHeHHli llOJIH CTaHyT B (t, X) ypaaHe· 
HHliMH 3JIJIHllTH4eCKOrO THna, a 3TO 6y.!leT 03H843Tb, 4TO llOHliTHe npH­
'!HHHOi! llOCJie.!lOB3TeJI&HOCTH C06biTHi! ll01'eplltT CBOil: CMbiCJI, H Mbl 6y A e M 
HMeTb .!leJIO CO CBli33HHbiM ~KOMKOM>> C06bJTHH, KOTOpble B33HMHO .!lpyr 
.!lpyra o6yCJIOBJIHB810T, HO He CJie.llyJOT O.!lHO 38 .apyrHM. Mo>KeT JJH Ha 
C8MOM .lleJie B03HHKHYTb He'ITO llO!l06Hoe, HanpHMep, «BHyTpH» 48CTHU,-
3TO OCT8eTCli ll0K3 OTl<pbiTbiM BOnpOCOM. 

f13BeCTHO, 4TO KBaHTOB8HHe HeJIHHeHHbiX ypasHeHHH llOJili npe; lCT8B­
JilleT He peweHHYJO MaTeMaTHYecKyJO aa.llaYy. Ha H3JIO>KeHHoro BH.llHO, 4TO 
lj.·y.!lHOCTH <jJOpMyJIHpOBKH KB8HTOBbiX ycJIOBHH ,!IJ!fl HeJIHHeHHOrO llOJI.II 
HMeJOT He TOJJbKO MaTeM3TH4 eCKY JO npHpo.ny. 8BH.llY B03MO>KHOCTH llO.IIB­
·I v HHli B33HMO.!leHCTilH.II, pacllpOCTp3HliiOlllerocf! CO CKOpOCTbiO 60Jihllle C, 
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,\l eTO.l( faM!IJibTOH8 npHMeHHTeJibHO K HeJIHHeiiHOMY DOJI!O 6y .l(eT CTOJ!b 

lKe HeCOCTOliTeJieH, . K8K OH HeCOCTOl!TeJieH no OTHOUie Hli!O K HeTO'Ie'!HbJ~ 

B38liMO.l(ei!CTBllliM. 
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N. 4 <lei S·upplP-mento :tl \' ol. 3, tit'l'i<' X, 

del Nwwo Cime11to . pag-. ti2ll-6:14 

The Non-linear Field Theory and the Theory ot Relativity. 

fl. T. BLOIH!\'CF.V 

Cn~TENTR. - 1. l ntro•ltwtion. - 2. A l' ia••ilil'ation of Bon -linear t.hnmi""· 
3. - l•: quations of claRS A. - 4. E<ptatiolls of class B. 

1. - Introduction. 

111 l'Pl'l'llt. ynars, lohe dl'YP.]Op11Hlll l; Of t.hp <]Ualltum f1elfl t.ht•Or~· Jaas hrl'n 
nmrl«:•rl h~' snce<'ssfnl appli<·;ttion of t.ltc m!'th01l of rcnormalizin:.r the mass of 
th<' partirles. However, this method is onl~' a mathematical proeednre that 
ma.kes it possible to cireumvent phenomena aDd processes rclatinl! to ver~· 

high frequeneies and to very small scales. In addition, this methorl iR not 
alwa.ys applicable. 

For this reason, along with the development of methods of renormalization, 
various theories were developed in which the divergence of th(l self-cn(lr:.ry 
of the particles is excluded not by additional methorls but on the basi~ of t he 
initial physical content of the theory. 

The following two trends are represented by an especially large nmnher· 
of works: 1) the non-local field theory, and 2) the non-linear field thpory. 

In this report we shall consider the main peculiarities of the second tren<l. 
t.hr non-linear field theory. 

The introduction of a certain field scale rp0 is characteristic of this theory: 
thus, indirectly, there is introduced a certain length s. = ygi(p. (where g is 
the charge of the particle), length which may conditionally be r!)garrled as <• t he 
size of the particle» .. 

The following main problem is then discussed: to what extent is the non­
linear field theory capable of eliminating, in principle, t.he a.bov(I-Htnnt.ioru•d 
difficulties of the quantum theoryT 

It is not necessary to analyze the eoncrete form of the tlteor:v in order to 
investigate this aspect of the problem. 

It is sufficient to examine its general features. 
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2. - A Classification of Non-linear Theories. 

~ntt- lin t•ar· P.cpmt.inn ~ of a ny physi<'al field (fo r exa.mple, of a. nn'son, el<' t' h·u­
nl a.g nP.t.i<' . :wrl a ny n t. lwr RUP.h fiPirl ) may br obt.ainerl from t.hr v H.ria t ioual 
pri11 11ipl<• whi ch i~ invaria11t, wit h resper t to J,orent,z tra.nsformation 

(J ) !liL(K, I , .. . )dx rlt = tl , 

wh crP. L is t.ltr T, ai-( J'fl,nge func·.t ion, and K , l , .. . ::tr!' fi eld inva l'i :mts. \Vt• ~hall 

litnit OliJ'Helves to rq na t.ions no t ab ove t he seco tul onlcr, a nd t hercfon• 1(, I . ... 
arl'- ass um ed to b e co mposlld of r ompo11ents of the field a nd its first derivatives. 
'!'hen t he fi elrl s al'i s ing f rom nqun,t io u (l) ha,ve t he following form (*) : 

(:.!) 

\Vi t h t.Iu• ai111 
should IH• SI'IP!'-tl'd 

1 otpfot 1 « ~./8., t he 
Oil t he seleetion of 

a ·~ a·~ a ·~ 
. I - + 2fl -·- + U - -t- n = II . 

rt' nt n:r iJ:r>' 

of <'O l'J·espondm.tre t o non-linear theory, thr L:l-1-(J '~ngirm 

in such fl, way t hat in tlw re~riun where l<r I «~. , I flrp/.I' I• 
equations betume linear . '!'his is a very slil!ht limitation 
t,IH.l value L. 

Let us now co nsirler t he velocity of signal prop H.gation in non-linear tl_JCory, 
th at. is t h r velocity of t he fro nt, of H wave bounded b y a weak discontinuity. 
'l'h e valu e of this velocit·~' .; is rqnal t.o the slope of t h<· elnuaeteristics ant! iK 
det-ermined from th e equation : 

(:1 ) . t.;• -- 21:.; + I' =- 0 . 

It is obviou8 t hnt. t.hi ~ vl\lo l'i t.r will ht- a fun..t.ion of t he tieltl 'I' a nd nf it ~ 
tlm·iva.t.iv!'s. 

\\' ith respN•t, t.o tlw veloei t~' of signal propal-(at.ion, nll th <' La.wrenPI'­
iHvari :mt equations ma :v b e rlividerl into t.wo elasses: -~) equations, the cha · 
n wteristics of whi!'h do not rliffe1· from t h r t ·h a rad-e l'i st i<· ~ of linr:tr !'quat ions 
/ ~ ! = 1 ; H) t hosr wiH'r<' 1.; ! is in 1-(<'IH'ml not <' qu al to I. 

(I) 

'l'o t.lw first t·laxs lll'lnnl-(s for <'X ft. ntplP :1 11 <• qnat.ioll of t-IH' following tn w: 

n'q: - o•r _, IJ (•r) - u • 
- " t• I il r ' ( .· . 

(*) Wt• lilllit. our• •·ln·" t o tlu· ""'' diJut•u•iou :d t'!IS<' . whi<·h i• <·nlit'l' iy .-;utTlcicnt 
lor our purposes. 
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THE SON-LINEAR FIELD THEORY .J.XD TilE TlfEORY OF REL.J.TIVITY 

t•.on~itlercd h~- ScHIFF i11 a nu111bcr uf his" orks [1, 4). 'ro t.he ~e~:ontll'!a~s helo11g 
the equations of the electromagnetic field, equations wltieh were su;.:gcsLed lon;.r 
a.:,.:o hy ~[. BottN [2]. These eqna.tions follow horn the V<LI'i;ttiun:aJ prinl'ipiP ( 1) 

when Tt ·= }(e' - H•) and I = (eH)'. 
J?ur the one dimensional case thes('. equ;Ltions <lre: 

(J') 

I' = 1 i~ t.ho volot·.ity of lil{ht in the V<LCUlllll, a. tu.l o: = (c'Lfol\•) j (ol,fol\). 
ILJ.;u;g:-nn:n.u [3 J re<:ently considered a similar equation for the ntesun field q,, 
It. shonhl he noted t;hat the sig-nal velo<'ity ~ of these eqnatioBH i~ ohtaillctl in 
the (oJiowiBg- fortn: 

(li) -i v1 +-w( ... - o:J"I 

(J. + ap') 

In the ease of an elf)ctroBmgnetie tleld J( ~" -He' - H 2 ), 71 = e, q = H. ln 
t-he ease of a n1cson field 11: = t(p• - q'), p = O<pfot, q = Ckp/ fl.-r: anrl ~ may 
he l'ither less than the veloeity of light in. the va,cnu111 or it may he greater. 

3. - Equations of Class .\ . 

Non-linear equations having characteristics ~ = ' ± 1 naturally rcvresent 
~L theory entirely eompatible with the theory of relativity. There 111ay also 
be found variants (the selection of the function L) which give the li111ited self­

. energy uf the particles. Therefore, such equations nwy serve as a bn.sis for 
a classical non-linear field theory. These equations are also <·-otnpatihlc wit.h 
the usual rules of quantization: 

(7) [rp(x, t), q;(x', t)] = ib(x- ;L'') . 

Nevertheless, th.ey do not lead to a consistent quantum field theory that docs 
nut contain db;ergcncies. The fact of the 111atter is that the zero cner~ry E0 

of the field, in the ease of non-linear theory, is not only infinite (as is the ca~<l 
also in linear theory), but is <tlso non-additive ~o the energy of the excited 
xtates. 

In other words, the enerl{y of <1 non-linear fielrl eannot he rPprcsent.Pt l <I$ 

the sum of the energy of exritation f; :tnrl the energy of t.ltP v;wuHlll '/IJ0 • 
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l•'or· thix reaxon :-;CHIFF iHirotlul· t-~1 a nrPthotl of •tllantiza tion or a non-Iirwar 

Iii' It! , t hi' Pxxe ru·e of whi1·h t:onxixt x in XII hxt it-u 1-inJ.! (,hp euut-iruroll s fnnet ionR 

r{'(.r·) h.1· 011• asXI'IIIhl.l· of \'al111•s 'I'· in th e lliH!I~~ of a l'<'rtain s pa. t;ial Ia.t.tke wit -h 
a Jll•ri•lfl I [4J. 

Ill thf' Iiru•ar 1-ht•Ol',l', Oris nri'IIHIII Woll)tl not he or art~· (llnllanii•Jital 
irnpori :11U·1•, silll'll all I ht• n•s111tx o( I hi' 1-lrt•or.l· wouJ.i he rctairll•tl. 

In the non-linear I hl'ltr ·.r, t.l11• sPif-\·a.JrH•s of the I'III'I'J.!.I' of a lil'!1l t't•rul t-o <Y> 
:I S I'XJi l · :!(·11 · :!)/ (n : :!}) for /I = "-'/'"· 

\\'ht•rt•:rg wh1•n 'I / - 11, horn Lhe t'l[llatiorts of I lw ficl•l 

I~) 

1\' hl'rv 

t!J) 

jf. follow~ lira I, if 'I 

till} 

0 {; 

~~. _l : I "'I'• 
r :J: • 

rr: 

A,. = ~ ,l k' I'X pI i./l( .r , · .r,)J, ·' . 
a,· r)(/}, f'.lwn 

tj>,( 1- 11) •p,( II) . l ,_ ,.tt,. -,..: 0' 

l k i . lr. 
I i "'-. ;; , 

whit·lr siJ.!n itiPs that - tl11• si:.r11:rl pr·opag-:rlf's lhro11~,rh llrn l:dli• ·1• willr an inti ­
llill•l .l' larg-e VHiol'.ity (t·hong-h its inh•nsil .1· tlinrinish c~ as th e tlisl :1111·1• becunws 
larger than I ;JI r). 

Ir1•n1•t• it follows llr:rt: Pilllf'r 1!11· st'J[-va.lnps o[ ll11• lil'ltl tlil'l' l'l-!1' ( f; , u .-) 

Cl(' Lhn theor ·~- 01'1'-0IIII•S inl'lllnp:rl-ihl!' with IIH· till'()('~- or l'l')ali vitr (I hi· Vl •!ol·ily 

of lht• sig-nal . ~ i .--· 1). That is, thP theor-y :rc· 'lniJ ·p~ fl':llnn•s of 1;)11' non-lo1•al 

Iii' It! I heor~-. This, howc•vl'l'. do('s not tli sf'l'l'tlit t lw rron -Jinl'al' "'fll:lf·io irs in 

IIH•n"elv••x, ~in•·1•. WI' rna.y st.ill •·o11nt nn t-111• :rpplit-al ion of rcnonn:rliza.tion . 
For f>X>l-111)111·, I hll llarniltoni:(.(l : 

I 11) II . jd.rUn' !V'q.>' ·I· !-r:'•t ' ·l ! x.r. '•t'J • 

rrm_,. ''" sorlosl-itnll•tl h_,. 

Ill ' J 
H * "" /:l:t·: ~;t ' ·I ~\7'1' ' -f J.t:'rp' + }o:.t:' (rp' -- ,I)'} - - · b'., 

whf'l'l' .-1 a11<l /1,. :11'1' l'l>nor·rn:rlizing- •·onsta.nt s. Folloll·ing- this •·oll rSt ·, WI' 1n:r.1· 

oht.ain approxi111 a te xelf - valllt·~ H*, if WI' horTow l111• val Ill' 'I' ' h ·orn lilll':ll' ll11•or·y: 
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''I' oh ta in: 

( I:! ) Fl' , . "hw,. 
.t:.. hw,n,. -1 .t:.. ,, -- E0 , 
,_ I; ... 

( 1:{ ) "'i = c' k' + r':r'[ l + ~rxh ,l (IIZ/o,:J], ro~= \lc'k ' -1- c'x ' . ,. 

fl ; follow~ fro111 tlw 'a hov e th at Ho n-lilll' :o r fiPitl lhPo r~· clue~ not, of ii HPif 

t·linriu a.tu 1p1a11 t rnn di vt•rg-PII I' il's, :md rt•.quirl'-~ acl•li t.iona l ].II 'OI 'I'I[Hn•s of tIll' 

rl'lllll'lll ltlizatioll ty pe. 

4. -- Equations of Class B. 

The propag-:Ltion of t he fie ld in t hi8 1·asc i ~ simila r in ~cve r:ll r<>s pcets t o 

lr .nlrorlynar11ies on tho or w ha nrl , and t o t·ryRtal optics on t h e ot.lr er . Tht• pus­

sihl ~> l' l[l llltioll s in t his l'lass rn a.y b ~> d ivided int-o t wo g- rnu)' s ': t ) ! §I< I ; a nd 

:! ) I ~ ! 11 m~· :il so b 10 g- reate r t hlm l (*}. 

The equat ions of t he first J.!ruup do not 1·on t radil' t t he t heory of rela t ivit.y, 

hu t of 1\ourse lelLd to t h e sam e d iffieul t ies as t h e eq1mtions of da ss A clo . For 

I'X :trn ple, t he )f. Bo ltN (+) equations belo nl! to this chtss. It should he noted 

t.hat- t h e a pplieatio n of t hese equatio ns to :tn cleetrom a.g-netic fi eld is objeeted 

t o b ceause it is proved t ha t t he veloeity of propagat io n of eleetrolllaJ!netil· . 

~ i g- nals close to t lw eharg-es is no t eq na l t o t he velo~>i ty of Jij.!h t. 

Therefore, t he mnstein deterr11inatiun of t im e near the part il'les het,orll es inva­

lid. OnAmig-h t e xped t hat it would b e possible. to <'o nstruet sul'-11 a nwtri1·s t hat 

would preserve the relativistic requirem en t of t he velod t.v of lil!h t h einJ! con s tant. 

Howe ver, s ueh a m etrit·s aetua lly proves non-unique, siiwe (a.s is t.he c:tRP 

i11 Pr_vs t a l optie.s) t he re is not one hu t several veloeit ies of p roJHI.g-atiol l of 

I umin ous Sil!na ls. 

Jn a ~o:enera l <'>LSe, t l11•re n r ·~> a lso rlirel'f,io ns of propaJ!a t ion for wlii1·-h t;lil' 

~·. hara1·teri sties a re iur ag-ina r.Y (6]. 
'rhl' SPI'Oild J.! l'OIIJI of equatio ns, in wh il'l1 t ht· n •lodty of siJ!Im l JII'OJia;;a t.ioll 

r11 a.~- he g-reakr t ha n t he velol'i t. ~ · of li g-ht· in t ill• VlWIIIIIII , li as some ft•a tures of 

the llon-lot·:t.l t heo ry all tl is iiH·onrpat ihle with t ha t for·ur of l'aU sali t~· 011 

whic·.h t he physical in tl' l'JI I'I't:Ltio n of t he t h t•o r·:-- of m lat.iv it,_,. is l'.~s l'nt i :riJ_, . 

haS I'l l. 

'1'1111 ~, a vm·.v l '. ll l' io u ~ sit·uation a ri ~Ps: t he Lo n ·n lz in varia lll ',\' o[ th1· 1·ar i:o -

(* ) A uu riou~ ea~e i:oo pol'>~ i h l c when· t.lu• . .-c 1uatiuu m a,\· be t·unJt• <' lliv l. it ~ L~1J. 

(+) \· . V. ()HLO V ~ot howel l i U I tha.t. t ht> J,:q,!r an.!.!ian g i vt•ll h,y M . H c • u~ i R t·lll'ou ly ow· 

1vh ic lo tluc' n oL lca.d lu t he for ru ation of field ' hock wave,, 
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tiona ! j'rinl'iplc pro,·p~ insutfi ••ieut. by if self for the co lnpatihility of the liPid 
I hpor_,. with thl' t-hPor-_,- of relativity. 

It i, st ill II!'I'<'SRar.'· to reqnirl' that th e propagation veloc-it~- of \\'(•a k <lis­
•·ontinuitif'R should always be lPss than the Yeloe it,,- of light. in the vaemn. 

Th n s W I' St't' that 11on-linear tic ltl thPorics of the class B contain fnnda­
llll ' lllal dit!i<·nlti<>s prior to quaHtizatioH, and that not nny fnn11all~· invariant 

IIOII-fiiii'HJ' tiel<! theor.\ is •·onlpa.tihle with thP theory of n·Jativity. 

1-:nm in his first work dPalin)! wit.h the theor_,- of rclativit~-, ~\. E!:>STEL'\ 

J,.ft t,hp qnPstion of sinlnltaJH'onsnPSS '' in a point >) for future invcsf·-igttto rs. 

If'. is h:u-.1 to sa.,,. wh<·f·hcr the Iilli<' ha s <'Ollie for a critil·al revis ion of the 
<:o n<·l'ptioHs of spnl'e, ti 1n c a nrl eausalit.v in I hr region of small seales. At any 

m l• ·. if "'" h d;p non-liJa•;JI' liP I<l I IH•oriPs seriou sly, t h e.v bring ns rig-ht up to 
I h<''<' problc 1n s. 

R EFF. R E XC Ei' 

[ I f L , :-:c iiiFF: l'hys. Rev., 84, I ti!IIH). 
121 .\1. fl <)Rl\: /'me. Ruy. 801·., A 143, 410 (19:14). 
1:11 W. Jh; IsE ~BEIW: Zeit<. f. P hys., 133, 65 (1!152). 
£41 L . 1-;cm n·: Pity•. /lev., 92, 766 (1952). 
fill ll. fh.oni~ ct;v: Dnkl. A knd , Nau/.; 88SH, 32, ,;r,:J 
[Iii ll . fli.oiiH\ CEV aud \ ', 0HLOV: Zu .. J~'ksper . 1'eur. 
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.ll.YI. EnoxHHUeB 

PACnPOCTPAHEHYIE C Yff'HAIIA 
BHYTPYJ 311EMEHTAPHOV! l{ACTYIUbl 

§ !. B n e s e H • e 

'f' ~ 

C osp e M eHH8R KB8HTOBBSI TeopHR nonR c y wecTe eHHO OC Hoe w eaeTCR Ha MKxoonpH"'HHHOCTH 

B TOft ee <J>opMe, KOTOp8R , 8 cylUUOCTK, TO>t<ll9CT89UH8 Kn8CC H,ecKOi\ hHlKQOO pK'IHH HOCTH (cp, 1 

H8np/l/). C .npyro A CTOpoHbJ H389C THO, 'ITO B 3 8HM O.ll9ACTBH9 8 X68HTO&OA TeOpHH nonst OnH-

Cb1889TCSI 'npH'IIfHHOA' ciJyHKUH9A te (:r. 1 - x 1 ) , r,ae I J H X 1 npOCTp8HCTB9HHO-epeM9H-

Hbl9 KOOp.O.HH8Tbl llBYX MHpOBbiX T 0 '1 9 K, B OllHOA H3 XOTOpbiX CHr'HAn K3ny'fa9TCSI, 8 B llpyrol 

npHHHM89TCH. 0.aH8XO 3T8 ci>yHKUHR 1 B armi'IK9 OT <jlyHKUHI: rpKH8 Kn8CCH'l9CKOI TeOpHH 1 Ji9 HC­

'193 89T .tlnR npOCTp8HC TB9 HHOrO HHTe peana S J a (.X; -X,') - (X ... I - Z ... 
1 

) J- ( t I- t 
1

) J > 0 . 

TaxnM o6paaoM, K8)K9TCR, "t.TO eoaMO>KHO oCSHapy>KHTb pacnpocTpaHe Hne carHana co cxopocTbiO, 

60I1bW9A CKOpOCTH C 8 9 T8, 8 "18CTHOCTH , C 6eCKOHQ'IHO 60I1bWOI CXOpOCTbJO. 

LJ.nH Cny'laSI B38HM O.neACTBHH .llBfX TO'l9'1H.biX '18CTHU 3TOT napa,noxc 6bll1 p4CCMOTpeH 

M. ¢>•pue .. 
121

• 

B uacToHweA pa6oTe Mbl HAN&p&Hbl paccMoTpeTb 3TOT napa.a.oxc ansa aneweuTapuoA 'lac-
. . x/ 

THUbl, KM&JOweA xoue'I.Hble pa3Mepbl • B 3TOM cny'fae Mbl scTpe'fa&MCB, a cywHOCTH, c TeM 

>Ke napasoxcoM, nocxonbKY ,PopM-<I>aXTOp '18CTMUbl F ( q) ( q -nepesaaaeMbll npa B38HMo-

,neACT.DHH HMDynbC) H9 HC'l9389T .0.1151 npocTp8HCTB9HHO -noD.o6HbiX 3H8'19HKI q H, cne.noea-

Tel1bHO, '18CTMU9 MO>KHO RpHOJIC8Tb >K9CTX09 npOCTp8HCT88HHOe pacnpe.ct9119HH9 38pAllOB H TO­

KOB p ( t) • J F ( q) e '
11 d 3r, cnoco6Koe nepesiiTb cHrHan c ISecitoKe'IHO 6onbwol cxopocTbK', 

I 2. 3HeprHA B3AHMoaeiCTBIII 

,Onst H3f'189M0f0 80DpOC8 ,nOCTATO'IHO orpaHHlfHTbCfil p8CCNOTpeHH9N 838HN0.0.9ICTB~Sl 

DHpTyanbHOfO ~OTOH8 CO CDHHOpHOI '18CTHU9A. 

no\ne ,PoTOK8 k ( l . •.J 6yseM 0DHCbi88Tb BeKTOp-noTeKUHMOM A, (1t). 8 cnMHOpKoe 

none 'l8CTHUbl p ( p, p
0
), p 2 • - M 2 (JI - Macca '18CTMUbl) - onepaTOpoM 1/1 ( r) OnepaTop 

838HNOD.eACTBHJl, 8 nepBOM npH61111>K9HHH DO 38pHD.f e , MO>K9T 6b1Tb H8RHC8H 8 BH.C.e: 

• • • W • JI/J(r
3

) 1, (r
1
r,r

1
)</J (r

1
JA,(r

2
)d r 1 dr 2 d r 1 

(!) 

r.ne ) ll ( .K .J X 
1 

X 
1 

) - DI10TJ:IOCTb TOXA, C03.Q8B88MOCO CDHHOpHOI '18CTHU8A ( CM. llHarpAMMf 

H8 pHC. J). AMDI1HTf.ll8 eepOIITHOCTH nepexo.aa "18CTHUbl K3 COCTOJIHHtl j B COCTOSIHHO 

Db13B8HHOf0 9THM 83BIHMO.l19ACTBtt8M, (5y,aeT p88H8: 

x/ no.a 3n8M&HT8pHOA "18CTHUOA Mbl OOHHM89M 'IACTHUy, KOTOp4A H8 NO>K9T (S bJTb p83110>K9· 

H8 K8 'COCTaSI1JIIO II ~ He' ee KOMDOH9HTbJ (Sea 38Tp8Tbl 3HeprHII D ,MeHlsWel, lte>KenK Co6CT-

BQHH851 3K9pCH51 6onee nerKOA KOMDOHOHTbi . 8 &TOM nOHSITHR ATOM 80Ll0p0ll8 HeaneM8HT4pH8SI 

'I&CTHUA, Tax Ka K ero wacca m • - •,. ..... m • - D, npH 3TOM D << m • , m P ( Ill, 

M8CC4 npOTOH8. a -M8CC8 all&XTpOHA)f HanpOTH8, npOTOH 3119M9HT8pH8A '18CTHU8, T8K K8X 

mP - m .. + 111
11

- D • H D ~ w._., •s , · JlnA mo6blx pean&HbUt qacTHU A JC -B 
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r. 
. . 
·r: 1_ 

' 

~ 

.. 

s 
II _L W11 = f( l / fp. (r ) / i) Ap.(r,J d 4 r, /, 

(2 ) 

rne (I I ]JI. (x,) I i ) ecTb M 8TpH'I H&Ul 3neMeHT nnoTHOCTK T OKa 

K ne pexony i ~ I } Jl. (X I X .2 I I ) 0 OTHeCe HHbiA 

(llfp.(r,Jii) • f'l'
1

(r
3

)]P.(r
1
r,r

1
)'l'

1
(r

1
)d 4r

1
d 4r

1 

( 3) 

Mb1 6yneu C 'IHT&Tb sonuoa&~e <jlyuxq:au 'I' 1 H '1' 1 npouaaonbH&IMH, c TeM mtwb orpaua­

qeuueM, 'iTO OHH IIBnAJOTCSI Cynnep-n03HUHSIMH COC T OHHHA TOnbKO C DOnO >KHTen bHOA: 3HeprHeA: 

· 'l' (r J = f C*(p )u (p -J e
1

" •'• d~p 
I 3 I 3 I ·• 3 

(4) 

lp • j 'l' 1 (r1 ) a f C1 (p
1

) u
1 

(pi) e I I d pi 
(41 ) 

(a.n&Cb U I , U I -6HCDHHOpb1 .£lHpaxa, C~ 0 C I -aMnnnTytlbl COCTOAHHA C p OJ 

0603H8"18H p - p • q H DOnb3yRCb COOTHOWQHHeM: 
I I 

, P
01

> 0 ). 

, 
lp? -lptlt 4 4 lq•, 

(p 3 l ]p.(r,J/pi) • fe •JP.(r
1
x,ri)e Id r

1
d ri • e Fp.(qJ, (5) 

nony•HM H3 (3), (4) H (4! ): 

( I I f P. (" ,J I i ) • J C ~ ( p1 ) C1 (pI) ;; 
1 

( p 
1

) u 
1 

(pI) e 19'' F P. ( q) 
1 

(6) 

rae F J.l. ( q) - OnepaTop TOK8 B HMnynbCHOM npen.CT8Bne :1 KH. 3TOT On e pBTOp, K8K U38eCTH0
1 MO)f(e T 6&JTb 3 80HC8H 8 BH.O.e : 

Fp. (q) • e FI (q'J + l<up.v qv F, (q 'J, (7) 

r.ae e - a apsr.a lf8CTHUbJ 1 K - ee -~arHHTHbiA MOMeHT
1 

H F 
1 

K F
1 

- an e xTpHlfeCKKA H MBr-

HIITH biH cf>o p:-.u:PaKTOpbt lf8CTHUhl. BenK'IHH&r F 
1 

H F
2 

npu TaxoM onpen.eneHKK 15eapaaMepHb: H 

n.on>KH&l aaauceTb nHWb OT OTHoweHHR q 
2 I q; 1 r.ae q • - HeKoTopoe aHatteHKe q , o n pa-

F 1 K • F2 npK I q I ... oo PaaMe p tt8CTKUbJ R CBR3aH c q .. 
D.811RJO Wee CKOpOCTb yi5&IB8HHR 

COOTHOW8 HH8M R • h 
q., 

§ 3. Heo6xogHM&re sonHos&re cbynxuuu 

.Qng Toro, ttTo6&1 paccM oTpeTb pacnpocTpaHeHue curnana BHYTPH 1.f8CTKUhl, Mbl 15y.aeM C'IH-

T8Tb C OC T ORHHR lj''l ql I 

¢>oTOHHoe n one 

M br nono>t<nM: 

H 
1 11 0K811H 3068HH bJ MH B011H OBbiMH D8K8T8MH, 

A 11 (x) 6yaeM TBK>Ke C 'IHTST& n oxanHaoaaHHbJM, .Onsr o npeaeneHHOCTH 
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c l (p) 

b , ;, 
I -v.- e " . 

- y, •:cP- P~J 2
- , ;; 1 

' h 2 ...... , 
C ) (F) • ~- e- y, b I .( P -PI ) - I P • I 

" 

(8 } 

( 81) J 

A~(%) • 
-l[kc .... - ; J -•0 ct-TJ1 

a e 
-;~,.[ :-;1 - ·-},[c;-:,>-c ; -:T J] 2

(g) 
x e· ,. 

~ 

B onHOBble Q:>yHXUHH (8} H (8
1

) npe.ncTaBnAJOT co6oro BonHOBbre naK&Tbl co 

COM ; ( H11H p ) 1 110K811H30 B8Hh:bl8 npH t • 0 OK0110 X_. -= ; I ( H11H 
I I 

HHX X88D.p8TH'IHbJX OTK110H8HHRX: 

... ... , h, 
h (p - P1 ) • J;2 

I 

~ ~ l 
{\ (% - ",J • a'b'+ (J'_I:_b 1 , , uc 

Cpe.llHHM HMnynb­

;, ) 1 npH c p ea. .. 

(10) 

r .ne l 
a • fJ' - 1, .~f -M8CC8 '18CTHUbt, Te >Ke COOTHOW8HHR HM8JOTCSI H B naxeTe C I (p) x/ 

none AP. (r) npenc TSB11ReT co6oJO s o nHoso A naxeT aHpTyanbH blX cPoTOHOB c x a paxTe pHbiM 

8011HOBhiM B8KT0pOM 

npu T ""' 0 oxono 

k r.t' k 0) 1 •cxopOCTbiO • pacnpoc TpaHeHHR u H n ·:> xanHaoaaHH &JA 

" - ~ , ----
X , a o6nacTH ,\ x 1 • a 2 \tT" .. a 21 c 2• 

TaKoA BbJ6op cPopMbi naxeTa BHpyTan&H biX cPoTo Hoa c ooTseTcTayeT npe a.nono>KeHHK> , 'ITO oH 

MOr 6b1 6b1Tb H3 11y1.feH peanbHOA cl:>H3H'f8CKOR '18CTHU8Axx/. 

3BM 9 THM, 'ITO 8C11H 6bll10 6bl B03MO>KHO HC0011b3088Tb 6eCKOH81.fHO Y3KH9 naKeTbJ H B n p OC;a 

Tp8HC T Be H 80 Bp8M 8 HK 1 8 npeaene 6eCKOH8"1HO yaKHe, Tlf08 'Jf I ""' 8 
4 

(X - X I) , 

~~~ • 8 • (x - x
1
), A • 5 • ( r - X) TO, K8K BHtlHO na (I) H (2) , &MnnnTy.:l a nepexo.na 

o xaaanacb 6bl paanon aenocpe.acTBeHHO 1 p. ( x 
1 

, A , x 
1 

) H cPaxT pacnpocTpaHeH.HSI curuana c 

38~peweHHOA CKOpOCTbiO 6bJ11 6bl YCT8HOBI18H. 

0.0.H6KO M bl H e MO>K9M HCDOI1b3084Tb B 0 11HOBbJ8 06K8TJ:.I, npOTSI>K9HHOCT b K OTOpbl X K8K yro .a· 

HO M6118, .lleACTBHTellbK0 1 npH9M CHrH6116 'i6C THU9 A 36KI110"18eTCR B y CT8H6B11H868MOM cPaxTe 

H3MeH8HHst ee HMDy/1~6 pI -+ p 
1 

• 3:p H3M9H9HM 9 D. Oil>K HO C5bJTb 150ilbWf1 paa6pOC8 HMDyllbCOB 

t\ p I , 1\ p I , .1Jc B HCXOllHOM K KOH9'1HbJX 06K8T~X, T .e . 

~ ~ h ~ h 
~ 

(II) 
I P, -p1 I- l q 11 l » 1 ,- ' l k l » -· • 

0TCJ0.0.6 BbiT8K89T T8.X>K 9 H9p689HC TBO 

I P, I , I pI I > h ( 11 1) 
T 

C .a.pyroA cTop::>Hbl, paaMe p bl acex Tpex naxeToa n.on>KHbt 6b1Tb M9HbW e paaMepoa ~acTHUbt,T.e, 

x/ no OOBO.<ly BTOporo H3 paBeHC TB ( 10) CM • .no nonHeHHe A. 
xx/ CM • .aononHenue B. 
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b,a«R . 
(1 2 ) 

Yc.1 0BIIH ( II ) " ( 11 1 ) H ( 12) He npOTHBope~aT npHHUHnaM KB8HTOBOA Me xaHHXH. TaKHM o6-

p830M 118 n e pBbiR 83111SID. C03.0.89TCR BCe >K e npltHUKDifAnbH8A lll03MO>KHOCTb ynOBHTb C HrHan, H.QJ'• 

LuuA sHyTplt "'BCTifUhl c-o cxopocTbiO, 6onbWo A CICOpOCTif C&eTa. Onuaao, KiUt noxaablaaeT aanbHel-

W ltll paC'I C T, 3T£1 B0 3MO:tC.IIOC Tb OX4.3bi849TCA HJ1nl030pHOA. 

I 4. Pac,et pacneoctoaueuMa cMruana 

I , 
8 bi "H C.101M 4Mn.111Tyay &e pOHTHOCTH $ 11 (2) aiiH BOIIHOBbiX n8K8TOB 'I' I (8), ~· I (8 ) H 

A (9), yaonneTa '1pHIOWHX yc.10BHHM (II), (11 1 ) • (121. 3Ta aMnnHTyaa onpeaenHeT HHTe H­

c~tBH Oc Tb ClirHana, npHHitM aeMoro a ueutpe '14CTHUbl H3 ee nepuc:pepll'lecxol o6nacTw. 

C or.,ac uo ( 2) ""'"""" 

s, 
bl J J -·'£ .. _ .. , .... 

/i' -.,, .f d x,dr, r d P, d ', X • v. (PJ •I) +(pi-,,J'l+ It• 
w I J 

X 

( 13) 

x u•(p) u (p )F(q)e -1(•.•,-•J- ~lrt,-;J'+ It; -:1)-(;_;TJI'I 
I J 1 -~ l• J 

npu 9TOM 1 'IT06hl H369>K8Tb H3nHWHHX 8b1KnA!l0& 1 Mbl nonO.>KHnH 

aa.1ee sneaeHo o6o3Ha~eHHe F ( q) c a I' l' 4 F~ ( q) 

~ ~ 

z
1
•X

1
• 0, b

1
,b

1
m b 1 

EcnH p83Mepbl neJ<eTOB a H b ao Miloro 6onw.oe ~ , _h_ • .J!.... , ro KHT<>rpKpo-
P I PI k 

saHue s ( 13) c pa3y eblnOIIHR&Tc• H aaeT o6bi~Hbll " TeopMH pecceRHU p ·' 3)'!1bTar: 

2:ri , • 
S

11 
• 

11
_lJ (J:-q,u

1 
(p

1
)F(q

11
)u

1
(p

1
) , . 

( 14) 

0.aHilK O M 0 CT·"J flOCblnKH CHrHana ( TO'tlta Z J ) K MOCTO ero Dp118M8 ( TO'IXH Z' I H· X J ) 8 3TOM 

cnyqae n onHOCTb~ He onpe~eneH~. 

06paTHMCA Tenepb " cny'taao KOHO'IHbiX pa:n.tep?a naxeToa • , b , y.aoa_neTaOpJIJOWHX yxa-

.'1aUHbl M paHee ycno&HR'-4. 

no npennono>KeHa.O l q l»h»q 
" T • 

1 003TO~)' NHO*KTena. F ( q) MO>K HO 8bi ii8C" 

1'H H3-no.a aH&Ka anTer·pana. Mtta &biHecew TaK*e a~ (p
1

} , If 
1 

(p 1 ) . , nOCKOI1bK)' aTK aenH'tM-

Ubt TaK>t<e M e Ll119HHO ~ .. teH~IOTCR, 

Llanee, 34MOTHM X~ 'ITO 

~ 

q
0

· · E(p
1

) -F.(p
1
)• E

1 
-E1 + Y1 .; -Y,'I (15) 

~ .. • p.. _ ; 
1 

; • ;,• - ; , V
1 

:n \ ' E I , V
1 

• \ ' £I 
~· l I I I 

HHTerp11py11 Tenepb no ~ u 11 , nony~M"': 
j 

x / CM, A OROIIH8HMa 8 . 
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s, .;, u •, (p
1

) F(q
11

)u
1

(p
1

) e 
I(;X .... _ Jc

0
T ) J -<\l (•• I) 

f d xd t e 
( 16) 

r a e 

<1> ( x , r; - i ( k - q) ; - i ( k 0 - q 0 ) r + 

1 ~ ·-+ 2 .... ... 2 
--~ ( • - v r ) + .....L~ ( • - v r J + 
2 b • I 2 b" I 

( 11 ) 

1 
~ ~, 1 .. .... .. .... 2 

+ _ (• -X) +_,[(x-ut)- {X -uT J) 
2B J 2 11' 

) • TaKHM o6pa30M 
(npu'-teM, .anSI c oKpa we HHSl n e pe o603KatteHo i, = q , E1 - E1 = q 0 

S 
11 

o npe o.enSleTcst nepe KpbtTn eM e npocTpaHcTee K speM eHK qeTbtpex naxeTOB, 

3Ta CHTyauHst K3ot5pa>Keaa aa puc . 2. CywecTaeHH O, qTO naKeTbl a TO'i.K8X X, t !" 0 

~ H X "" X t "" T orpaHH'i.eHbJ He TOnbKO s npocTpaacTse. HO H so apeMeHK TSK , ttTo OHM 

ao H9KOTOpoA CTeneHK KMMHTHpyiOT KaeanbHble S - o6p83 Hble CllrHanbl THP8 0 

4 

(X) 

rae 

B btttncncHHe nocneaHero HHTerpana s ( 16) npHBOD.HT K peaynbTaTy : 

-'tJ(;, r J . ~~ 

S
11 

~ F u; (p
1

) F (q,.) u
1
(P,) e •r•x- •o T) e 

~·(i. T) 
x/ 

pasHo: 

qr(i,rJ ~ ~x'+ _1r (X-~TJ'- ~ !2X-;TI' 
2a 2a a'6 ' 

~ [(; -iir,u~JI 2 - ~!(2X-~T)(X-;T,;Jl+ 
8

46.2 8 4!!;/ 

+ c' (k - q J > + A' ( k - q ) > + I ~· 6'" ~ ·· ... 

Ko34>¢H uH<>HTbl 
A 2 , B , C 2 , 6. 2 cyTb q:,yHKUHH W HPKHbJ naxeTOB a 

CKOpocTeA V~ v, ; 3T8 KB8.Qp&THt{H85l ·cpopM8 nono>KHTenbHO aect>HHHTH8 
-'¥ ; .. _1_, 

e I • T J KC'I<>389T npH 6on&WHX I X I K&K e a' 

( 18 ) 

( 19 ) 

H b 

H axc no-

, rD.e 

K 

HeHUH8nbHbtl MHO*HTenb 

a • • a ' ( KnK . • b ' ). 

3TO 03H8"&eT, 'ITO <PaKT nepeaa'IH CKrH8118 OT nepH¢8pHH K ueHTpy '18CTHUbl MO>KeT 6b1Tb 

38Me~eH IIKWb B TOM cny~ae, ecnH p8CCTOR HH8 OT nepH,PepHK ao ueHTpa I l l He npe&blwaeT 

HIIK WHpHKY n8JI!TOB a 

B 3TOM cny~ae sonHOBble naKeTbl nepeKpb1&810TCA aaneKo BHYTPH ~acTHUbl H nepeaaqa KM­

nynbCa ocyweCTBnR eTC SI uenocpeD.CTB8HHbiM XOHT8KTOM. 

Boo6pa>t< aeMoe npocTpaHcTseuuoe pacnpeaeneaHe TOKOB I I' (x ,• , • ( KOTopoe worno 6bl ne­

peaa.Tb cKrHan c 6ecJ<oHe'IHO 6onbWOA cxopoCTbiO, nonHOCTbiO ablnaaaeT H3 Hrpbl . TaKHM o6pa-

x/ CM • .aononHeHHe c. 
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~·· 

30M npOC Tp8HCT8eHHO-npOTH}t( e HHYJO qaCTHUy 0K83bl83e T C H He 8 0 ;3M O>KII biM " y nH qHTb • 8 nepe n a q e 

CHrHana, H.QyW ero CO CKO p OCTbiO , 6 011bWe A CKOpOC TH CB e Ta. 

3To MOJK H O p8C CM BTpH88Tb K8K JX83 8HHe HB TO, 'iTO 8 
CX eMy T eOpHH n ~nR M O>K H O B 8 9CTK 

OT DpHHHTOA <j:)OpM bi DpHl.IKHHOC T H, K O T Opbl e Ha - a a COOT­

X/ COBM9CTHMbiMH C MBKpOCKODH"''ec xoA DpHl.fHHHOC TbJO 

H 6onee ~ynnaMeHTSJlbHWe OTXJlOHeHHR 

HOWeHHR HeOnpe.a.eneHHOCTeA OKaa<yTCH 

ononneaue A. P enHTHBHCTCKHA s onnos oA naxeT 

Cpe.anee 3 HB'I 9HK e K;1 = ~ (npa i • Q ) M O >KH O HBDHC8Tb B BH[l e : 

- ' r' • Spi o/J;( x)r 1/1{3 (r)dr, 

rne 1/Ja (X) - Ll 11p8KOBCKHA CfiHHo p: 

P• 
I-,;-

1{1 ( r) • ( C (p) u ( p) ~---,. d p . 
a . a (2 ~h) 

npu 3TOM 83KTO ua (p) TOnbxo LlnH E (p) > 0 

Sp u; (p) u {3 (p) • [;a {3 

5 ~ du{3 
1 + npu_ 

pd --- = 
4!1 'c' ... p « Me 

p dp Al 1c > 

2? 
+ •.. npH p >> Al e 

x/ 

{ I) 

(2) 

(3) 

(4) 

Llanee 

I C*(p)C(p) dp = 

n o n O>KHM 

r ne 

C(p) - p-: 1 (p / p
0

J, 

P 0 -xapaxTepH3YOT WHPKHy naxeTa 8 HM"OJIJbCHOM npoc TpSHCTBe. 

n 0LIC T88n KH ( 2) 8 ( J ) H 3 8M9HR" 
Ha - ih _ d 

dp 

? 

, nony'IHM : 

, 'Sp rr _j_!C.• u;J lJ (p -p') _LL~~-u-' .. L dpdp' 
dp dp' 

h 'I j<IS_ (pJ I 'ap + h 'Sp I 
dp c rrJ I ' ....eLl!.! _ 

dp 
_ <!.!!..ji_ dp 

dp 

(5 ) 

(6) 

(7) 

x/ 06Cy}t(Ll <> HH e B 0 3MO>KHb iX <PopM npHqHHH OCTH
1 

OTnHqH biX OT npHHHTO A 8 C OBpeM e llHOA Teo­PH If .!lBHo a13.1 
, • /4.1 

xx / CM, HanpHMep 
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._~ J>-.7: -r~?,~ 
~~~ ~-; 

! ' 

-,.~-::. 

n o n b3y9Cb T e nepb (4 ) 11 (6 ), n o ny q a eM : 

x' 

Onyn a: 

h' ·-, 
Po 

f [I'W J'a.; + 

' h 

.,. 
h 2 -;; 

.4M ">"? f 
-~ 

Po 

h ;; .. ~ a2~ + {3 
p' 

KiC P., 
0 

r.ae a 2
, {3 

2 
• ] . 3TO MO>KHO T8lOK e nepenRCSTb B BH.O.e: 

I 
1
(0}d .; . 

~- /l? - a 1 h 1 + {3 1 _h_ ~ lol 
MC 

~· ..... ~~Jifj 
:1"~ " ;: ~>:"~,. ,:~~., ' ~ 
--.. ~- :--::- i'l~~ " 

~<t- ' 1 ' 

(8) 

(g) 

(10) 

(T.K. 7'i:P'""• p: 

aaeT c poc ToM p
0

. 

) , 0TcJO.ll8 BH,nHO, 'ITO 8 p e nHTHBHCTCKOM cnyqae ~ Me.a.neauee y6&J­

•. O.auaxo naxeT, HMeKHUHI ~ .. 0 H nocTp oeHHhl l a a cocTOH HHA o.nuoro 

3H8X8 3HeprHH/ OX83bl889TCSI enonue B 03MO>KHbiM . 

Aononueuae B. na~ee T BHpTyanbHbiX d:?Ol'OHOB 

BapTyan&Hble cPoTOpbl uenb3R paccM aTpHB4Tb OTD.en&uo DT HX HCTO'IHHKa • .O.onycTHM , 'ITO 
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Fluctuations of Space-Time Metric. 
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1. - Introduction. 

In those regions of space where there are powerful t•1rhulent motions of matter 
accompanied by considerable changes in the density of matter or having largl' 
irregular velocities of motions (vfc is not small!), the metric tensor Cll~' is a random 
quantity. This implies that the interval of time t_.8 and the distance z_.8 separating 
two physical world-points A and B also become random quantities. Therefore, 
one may speak only of the probability that t ... a= t, "'••= l. 

In the microworld such a statistical character of the metric may he due to 
the statistical features of the vacuum, or in other words, to the • zero • oscillations 
of the quantized fields . However, we face here a very intricate problem and it is 
probable that the statistical( atures of the metric which reflect zero vacuum 
oscillations are essential only in the extremely small volumes wltich are likely to be 
beyond the limits of quantum theory. 

N everthelesR, it seems interesting to make a theoretical attempt to enter this 
region. It is sufficient for the time being to rest.rict oneself to the simple~t problem. 

2. - Fluctuations of metric. 

We will assume that the energy tensor of matter T~' may be expanded into 
two terms 

(I) T~' = T~ + 7iT~', 

so that T:' describes the global motion m matter characterized by large scales 1; 
and periods of time T, whereas the term ll 'l'~ is due to the turbulent mot ion of 
matter characterized by small scales ~nd short periods ~ (l « J,, T « T). The mean 
value of ll'l'~' by the ti me intervals comparable with 'I' or by the Kcales comparable 
wi th L is assumed to be zero . Therefore, 

(2) (87'~) = u. 
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'"hf·ro ( . .. ) nu·n n!-\ f lw avf•ra g-i tl g- ov( ~ r fhe furhuleuf nwtiou. 
m..tri .. tPJJsor ( I) may he rl&·omposed i11to two parts: 

(:!) 
~'" = ~~· + rl" + .... 

f 'orrespmHlingly the 

T lt n rnagnit.ude of tlt e tcurbulent. fluctuation' of matter li T1" is al~o assumed to be 
' " " 'II, tlms the qua ntities rf' nre also Hrnall compared with &~' deter mining t he 
gloh:tl spa<·c. timc metric. l 'nder these ass urnlJt.ions the Einstein gravitationa l equa­l io11 ruay he put a~ 

(.f ) 

H Pre: 

RJT?' 
X =- , , .. 

-· J 0 2 y'"' = xt"'" . 

a.u.3 
l' = 11 .7 · 10-• - --- cm• ·g-' ·s', 

2 - au' 
is the N'Pwtonian grav itat ional consta n t; 

and t he ten"or 

iJ iJ 
IU«/J -, o• = ""• 0:1'« ilx/J 

(5) 

where 
t"' = liT''" - - i ~r iJT , 

· is an invariant. 
liT = CB~/J li'l'«f1 , 

From (4) we find 

(6) 
gP'(x) =- 2"0-'t"'(x), 

where 0 -• is the operator, reverse to O•. According to (6) we can write now for 
the correlations of the metric tensor components at t he two space-time p oin ts x and x ': 

(i) ( y«/J(x) g"'(J:' )) = 4"' o~-·o;.• ( t«li(x)t"'(x')). 

Because of t he smallness of y"'(x), the interval between the two p hysical world­points A and B 

JJ 
18) 

s . ., =j v~,.ifx~-<h. , 
.. 

may be represented a<~ follows 

(9) j!B g""dx,.dx. + ... 
S, /1 = S!/1+2 V~~.dx,.dx, .. 
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The mean va lue of <-'"u>• in the limmr approximation, i~ equal to 8~6 • wh<'n•as t he 
rooL- rnetul -squa re deYi:tt ion <("'-., ·-- -"!,>'>= as! •. according t.o (9), may he writ ten :« 

• 
(10) •0 1fd· fd I I a.~ ... = 4 "'" .r,<g,.,,(x)y,.,.(.r)) . 

A 

Here the dirl'ction of the int.erval s:. is taken along r.he· 0:1',. a xi- . 
;\laking use of (i) we express now a .~!, in termo~ of the matter fluctuat ions 

JJ • 

( 11) as!" = ~ Jdx,.j llr~o;•oi <t'l''(.r)t""t.r' ) + t''" t.t;' >t"''t.r>> . 

A A 

Thus, in the linear approximation, the problem redut·e~ to t he r·a lculation of 
t.he <louble correlat.ions of t he tensor IP•(.c). 

3. - An estimation of metric lluotuatlona In· tbe macroworld. 

The motion of rnatt.cr will be treate1l a1< a motion of a pe rfect. •·urnpre,.si ble fluid . 
The ten,.or of matter for this case read;, : 

(I:!) 
1."'" ( p) ,,,. ... p 

= !! + :; --.. - --- -::; y"' . 
t;- t_ r.-

Here !! is tche rest. ma.c< <len•ity of the medium, P = /(!f) i< the pr<>~nre , u" are the 
velocity components of the medium . From (a) and (12) we obtain 

(!:~) 

where 

and 

&(tt" ~t') 
tP"(x) = A"'(.r) 8!! + /l(.r) · ---.. --

t;t 

A""(.r) = 1 ·- - - - - - - -<~&~ · , ( ·"')("" ,.• I ) 
t~ c1 2 

B(.r) = ( !' + ~) • vi - dP 
- de, 

' 
i• the •quare of the Yelol'ity of rmund. Xote, l'hat the density flul'lual' imlK 3Q, b.r the 
order of magnit-tull' , are eqnnl to (llu' f "')!'· 

( 'm'"ider now t he tensor correlation .. r out..ide the vnlume !} (l("('lljlied h~· tlw 
t. urhulcnt. matter. According to (7), we get 

( 14) .. ... ' Jf 11
1
,yd•: ., .... ,. <'I (.')!/ (.r )) = 4,.S c;-·-·-- ,-- -,- <t (Ill. !1)1 (II J, ; )) , 

I• (.r, !/) f, (r, • ;) 
uu 
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where R(z, y) and R (z' , z) are the distances between z and y, z' and z, while 

[t] = t - R(z, y) 
c • 

[t' ] = t ' - R(:~:' , z) 
c • 

are the retarded moments of time. 
If 8u2 is not small compared with v• , but still appreciably less than c•, then 

among the components t" only the term tu is important. At the same time A" c=!. 
B" «A", therefore: ( t"(y)t"(z)) c= ( 8e(y) 8e(z)). · 

When the medium is sufficiently homogeneous this quantity will depend weakly 
upon !(y+z) and essentially depend upon (y - z). Passing now in (14) to the 
coordinates t(y+z) and (y - z), it is not difficult to obtain an estimate of (14) for 

(15) 

X= (X, t) , z' = (.a:,t'), 

( g"(t, x )g"(t', .a: )) c= "'Dw(t'- t) Sa• 
R' 

Here D =(41</3)R3 is the volume of the medium, w(t' - t) is the correlation function, 
which is equal, at t =t', to the fluctuation volume ().3 ), 81) is the amplit-ude of the 
medium density fluc~uation . AR iR seen from (15), the fluctu:Ltions of the metri<1 
tensor are proport;onal to~ Rl).l, where Rare the linear dimension" of t ht1 medium, 
). is the linear scale of turbulentness. Correspondingly: 

(16) 1 ><'!JwT 81!" 
D.SAJJ ~ - -R'-- t~ 'X:WT ·8f!!. ]t·l, 

where T iR t he time scale of turhulentness. 

4. - An estimation of metric fluctuations In the mlcroworld. 

Let us now evaluate the rorrelntion between tho •tn:mtitics fl" at. the point,; .r 

and .r! whi<1h iR due to the OS<I;lla t.ionx of the ~"a l ar liehlft, with t !111 nnn-?.l' l'n rest maRS. 
r n this case tile Lugrnnj(e funct.ion iR 

(17) .!l' = -v'lil m•P __ __ ,,,,",, l ( "'I' il •t• ) 
2 C!.r., i!.r{l 

and t.hA t~nsor of ma.tt.cr equals 

(18) 
;h1, ;~ ,r 

'/ '1'"(.r) ··..: Oi~'l' 6it ----- - ~ -- ~ '1'1'r · !/ . 
iJ.r~ i'Vp 

l>uA to t·he nat.nrll of the V:ll'lllllll lh11 ljii:IBtitil's (II~;' lo:l\'4\ lli>W tho• t:alilt""' \'aluo•s. 
f t. is uot; tho h'm~nr 'J'1'r hut uttl,\' il ~ lllu·tuatiolll'\ ~ '/'1"" Wt ' :II"(' inft•rPst t•tl ill . [u onh•r 
to ohtaiu ~'1'1'• frum { IX) it it( 14. llffi• · iPnt to lllf ':ll l hy (l''t'f l'.,.ts)(i',r f f'.r;1) , ';:! l'fl ·. tlu-
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normal produetR of t!J exc operat.orK Therefore, arrordi ng to (il) ami ( IS ), we get 

(19) 

here the product• of t he operatn"' are con•i<lE>red alr~ady normal. 
Expanding, a• n•nal, the field 'I' into a r'ourier series 

(20) l ( 1i )I 
'f' = .,- }:}: -:---- (a.exp [i(k, .r)] + a: exp [- · i(k, .r)]), I t • • . 2wt 

when'l V is the normalized volume .. w. = - ov'~:2+i•'· k = (k, w), "• · at are tj1e anni hi ­
lation a nd production np~>rators of the liPid partide«. A •nbxtit.ution of (20) into 
( 1!1) yi~>JdR 

(21 ) 

and 

(22) 
. I a{•') -- · ~ [:!1•' + (k, k ' )] PX pji(k + k ' . . r)j, 

(:!2') J [:!!•' (k , k ' )] I' X )I [ i(k . k', ···)I . 

Frorn (:! 1) and (7) :uul hy ave.raging 0\'er the \':J<·uum, we find 

. jj•Pkd'k' [ '21•' -1• (k, k') ] ' . ~ h-><
2 

-- - -. -- cos ( ~ + k'. J' - - .r.') . 
WtWt • (k + k ', k + k') 

Por ,,. ~~ (x . d) . . r' = (%. d ' ). 1' ·- I = T Wt> ~~t 

(24) ~ (q 14 ( .r)q 14 (.1") + IJ,.( .r ')'lu(.r)) - --

• t 

= -'2::rlt'__"'ff-~·• <I~_ · k_',' <ik' {:-] ~ - I'' I'' + ww' + H ·• 1•' } , " 
- - , lg - - -- ·- - - + - - ---- ros (w + w , 1 ) . 
•·

2 
ww .! :!kk' 1•' + ww' · kk' 1•' + k' + k'' 

0 II 

'l'hi,; iut.,gral i• din•rgPnt at thp upper lirnil. hy Ji _,, oo. 

rr lhP I'I 'Xf "'"""of lho lirl<l parti•·lrx i>< Zl'ro (/1 - II), thl'll for li··'l' :' · I thl' intPgral 
in ( IIi) ;,. t<•ndiug to Zl'l'o Iii«• l f 'l''. wlu•r·l'a• for " "'"II tirnP• /i•·'l' « I it. hl'h:n·px 
likP.· /i ·• ri:: 

~ (Yu ( l)f/u(/ ') + '/14 (1 ') •/u (l) ) 
".!:tft"l>!'! }(·1 

,.:t s 

li ··T ;;,. I . 
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It is seen from here, that the metric fluctuations become essent ial, if cT ~ l fll = L
0 

and t he scale L 0 is determined by t he formula 

(t6) ('"')l L 0 = --;; = 0.82 · 10-" em . 

This s<·a le i8 much lar~er t han the gravit ational radii of part;cles L,= xp (/t i8 t he 
maf!l! of parti cle~ ) . which are usuaH.r t reated as clw.racterist.ic dimcnsionR of t hat 
region of space in which the gravita tional e tTects in the microworld coultl be e.;sent.ial. 
However, it is still considerably smaller even than tho"e small scales which aro 
char,wteristic of weak interactions (~ I0- 11 mn). 

Note, that the mass of the fi eld part icles is of no imJlOrbtnce for t.he metri c 
un t il the Compton length of the part icle L , = hlfw is longer than its gravitational 
radius L. since L 0 = (L, D,)l, t hen the condition J,, > L, is equiva lent t o the con­
dition ],0 > I, •. 
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