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AHHOT8UHSI 

PaCCMOTpeH CITOC06 H8ITHC8HHSI DHCrrepCH OHHhlX COOTHOWeHH~ B KB8HTOBoa aneKTpO-

DHH8MHKe, DoKa3aTenbCTBo rrpoaenaHo B HH3WHx rropSIDKax TeopHH B03MymeHH~, ynyq-

w eHHO~ C ITOMOI.Ub!O peHOpManH38UHOHHO~ rpyiTITbl, 



1, Y1Hc}?paKpaCHbie OC06eHHOCTH 

ilHcrrepCHOHHhle COOTHOWeHHH a rrH ¢ oToH-srreKTpOHHOrO pacceHHHH Ha HyrresoA yrorr 6hl-

/l/ 
rrH HarrHcaHhi ewe B 1954 roay • OaHaKo aarrbHeAwee rrpHMeHeHHe MeToaa aHcrrepcHOHHhiX 

COOTHOWeHHA B KBaHTOBOA srreKTpOaHHaMHKe CTOITKHYITOCb C TpyaHOCTbiD, Bhl3BaHHOA HH¢pa

KpaCHbiMH OC06eHHOCTHMH. ¢H3H'leCKaH CYll.lHOCTb STOA Tpy aHOCTH COCTOHT B TOM, 'lTO aMrr

ITHTyahi ITpOUeCCOB, B KOTOpb!X yqacTBy!OT 3apH>KeHHbie 'laCTHUbl H KOHe'lHOe 'lHCITO ¢0TOHOB, 

paBHbl HYITID, ecrrH aapg>KeHHbie 'laCTHUbl pacceHBaroTCH Ha HeHyrreBoA yrorr, H OTITH'lHbl OT 

HynH arrH pacceHHHH Drrepea, nosTOMy, HarrpHMep, BepWHHHaH ¢YHKUHH B srreKTpOaHHaMHKe 

He HBnHeTcH aHarrHTH'lecKoA. He aHarrHTHqecKoA HBnHeTcH H aaBHCHMOCTb aMrrrrHTya pacceg-

HHH OT rrepeaaHHOro HMITYITbCa, 

0TITH'lHbiMH OT HYITH HBITHIDTCH ce'leHHH rrpoueccOB C 6ecKOHe'lHbiM 'lHCITOM 'laCTHU /Mgr

KHX ¢0TOHOB/. JV\eToa >Ke aHcrrepCHOHHbiX COOT HOW eHHA 6b!IT ao CHX rrop pa3BHT ITHWb arrH 

aMITITHTya rrpouecCOB C KOHe'lHbiM 'lHCITOM 'laCTHU. 

TeM He MeHee, Mbi MO>KeM H B srreKTpoaHHaMHKe paccMaTpHBaTb aMrrnHTyahi rrpoueccos 

C KOHe'lHbiM 'lHCITOM 'laCTHU, ecnH BOCITOITb3yeMCH cPOpMyrroA cPaKTOpH3aUHH HH¢paKpaCHbiX 

/2/ 
oco6eHHOCTeA : 

/1/ 

rae M A -MaTpH'lHhiH srreMeHT, Bhi'lHCrreHHbiA c BBeaeHHeM MaCChi vT B ¢oTOHHhiA rrporra-

raTop, a cPYHKUHH FA HMeeT BHa: 

2 
F ( ( PI a I + P I a I) ), 

/2/ 

rae CYMMHpOBaHKe BeaeTCH ITO BCeM 3apH>KeHHbiM 'laCTHUaM, Z f - 3HaK 3apHaa , a I= 7 

HITH - 7 

¢yHKUHH 

COOTBeTCTBeHHO anH Bb!XOaHll.leA HITH BXOaHmeA 'laCTHUbl C HMITYITbCOM 

x/ 
F paBHa 

2 • 
F((p'-p) )=__!E_ (_1_ls__ 

Brr 
3 

k 
2 
-A 

2 
2p' - k - 2p - k ) 

2p'k-k
2 

2pk- k 
2 

/ a -rroCTOHHHaSI TOHKOH CTpyKTypbi/ H MO>KeT 6b!Tb rrpeacTaBrreHa B BHae: 

F (t) r 
4 

lm F (t) = _E_ v t-4 l 2t-4+A 
4 t t-4 

lm F (t') dt' 
t' (t ' - t-IE ) 

fn t-4+A - 1) 
A 

/ 3/ 

/ 4/ 

/5/ 

xl CHcTeMa eaHHHU 1i = c 

ao = a 0 b 0
- ~ b 

IMacc a sne KTpOHa / 1. BeKT OpHoe rrpoHaseaeHHe 
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PaccMaTpHBa~ K09cp <Jl11UHeHT rrpH en A B F AJ MO)KHO rroKa3aTb, 'ITO e ro peanbHaSI 

qacTb 6onbwe Hyn~ B cpH3Ii'leC KOil o6nacTH, o5pau . .(a<.• rc >I 13 HJflb an~ pacce stH!HI Buepe.o: 

l.o; n~ 9neKTpoH-sneKTpOHHOrO pacce~HH~ T8K/Ke H .o;n~ pacce~HH~ Ha3a.o;l H CTaHOBHTC~ 

MeHbwe Hyn~ B qacTH He<JlH3H'lecKoil o6nacTH. EcnH rrp11 aTOM B rrpe.o:ene A = 0 BenH'!HHa 

M KOHe'!Ha, To aTo 03Ha'!aeT, 'ITO MaTpH'IHbiil aneMeHT M A B rrpe.o:ene A = 0 o6pama-

eTC~ B Hynb B cfJH3H'leCKOH o6naCTH, KOHe'!eH .O:nH pacc e~HH ~ Brrepe.o: H 6eCKOHe'!eH B 'laCTII 

HecpH3H'leCKOH o6naCTH. 3TO rrocne.o;Hee 06CTO~TenbCTBO MO)KeT 6b!Tb CB~3aHO C cymecTBO-

B8HHeM CBSI38HHhlX COCTOHHHH KynoHO BC KOrO B38HMO.o;ei!CTBH~. 

npe.o:rrono)KeHHe 0 TOM, 'ITO BenH'lHHa M B <!JopMyne 11 I KOH8qHa B rrpe..o:e ne A= 0 
121 

He S!Bn~eTC~ CTpOrO L\OKa38HHbiM, O.O:HaKO OHO BeCbMa rrpaB.O:O!I0.0:06HO • 8 .o:anbHeilweM 

Mbi paccMOTpHM rrp11 A = 0 aHanHTH'leCKHe CBOHCTBa M .o;n~ HeKOTOphlX rrpouecCOB B HH3-

WHX !IOpH.O:KaX TeOpHH B03Myll(eHHH, ynyqweHHOH C !IOMOI.l.(b!O peHOpMa1IH3aUHOHHOil rpyiTITbl. 

2. BepwHHHa~ cbYHKUHSI 

fln~ BepwHH bl C TpeM~ K OHU8MH, COOTBeTCTBy!Oll(HMH .O:BYM peanbHb!M 3apst)KeHHbiM 

'l8CTHUaM H BHpTyanbHOMY cpOTOHy C KBa.o;paTOM MaCChi ' BenH'lHHa M B TpeTbeM rro-

p~.O:K~ TeOpHH B03MymeHHH ~Bn~eTC~ aHanHTH'leCKOil cflYHKUHeif B !InOCKOCTII c pa3pe3oM 

OT 4 L\0 

Ha 'IH HaS! c ce.o;bM oro rropst .o:Ka B03HHKaiOT .o; HarpaMM hi c rrpoM e*YTO'IH hiM H cpoToHaMH. 

0HH .O:On)KHbl .o;aBaTb pa3pe3 OT 0 L\0 

TaKHM o6pa30M 1 .0:n~ B epwHHHOil cpyHKUHH BenH'lHHa M o6na.o:aeT o6bi'lHhiMH, HOpManb-

HbiMH aHanHTH'leCKHMII CBOiiCTBaMH. 

3. KoMrrToH-ad:Jd:JeKT 

PaccMoTpHM BenH'lHHY M .o:nst pacce~HH~ cpoTOHOB Ha aneKTpoHax . 06o3Ha'!HM KBa.o:-

paThl ITOnHhlX aHeprHi! !Ip~MOrO H rrepeKpeCTHOrO rrpoueCCOB COOTBeTCTBeHHO '!epe3 S H 

u , a KBa.o:paT nepe.o:aHHOro HMrrynhca qepe3 

Bo BTopoM rrop~.o:Ke TeopHH B03MymeHHil M lA ( 2) 

• H 
M (2J 

u 
COL\ ep)KHT qneHbl , HMe-

!Oll(He ITOniOCa COOTB 9TCTBeHHO B TO'!K8X S = H U = J 

npHBOL\HMble .O:HarpaMMbl qeTBepTOrO 110p~.O:Ka Cp 8.0: H .o;pyrHX qneHO B .O:a!OT ITOn!OCHbl9 

qneHbi, 3aBHC~mHe oT .o:o rronHHTenbHoro MarHHTHor o MOMeHTa 9neKTpoH a f.L' • M bi y '!TeM 

( 2) ( 2) 
9TH qneHbl B M 

0 
H J'A u , 3aMeHHB B HHX MaTpHUbl y n Ha y n + f.L' a "tn g tn 

I g -rrepe.o;aHHbiJ.i HMITynhCI. 0cTanbHb!e qneHbl '!eTBepToro 110p~ .O: Ka .o;a!OT cne.o;y!Oll(HH 

BK na.o:: 

( 4) (2) (4) (2) (4) 
M =M L{3(t)fn(7-s)+ y(t)]+M +M [{3(t)fn(7-u)+y(t)]+M 

• a a u ua 

161 
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t'-2 
{3(t)=~ (----

17 4 J t '(t' -4) 

y(t):- _a_t -/ [ (t'-2)fn t' 
2TT 4 J t'(t'-4) 

dt' 

t' ( ,. _, -h) 

-%ZJ~] , . 

171 

dt' 
,. ( ,. -t - h ) 181 

Bemi'IHHbi H 
... (4) 

ua ITO'!Hee Koa¢¢HUHeHThl ITpH HX CITHHOpHhlX CTpyKTypaxl HBITHroT-•• 
CH 8H8ITHTH'IeCKHMH ¢YHKUHHMH rrepeMeHHb!X S H U C TO'IK8MH BeTaneHHH B 

131 
KaqecTae oco6eHHOcTeA H y.lloaneTaopHIOT rrpe.llcTaaneHHro MaH.llenbcTaMa • 

J\1\bl BH.llHM, 'ITO B qeTBepTOM ITOpH.llKe HMeroTCSI qneHbl C 8HOM8ITbHblMH oco6eHHOCT H-

MH (7-s) ·I f.(J -s) H ( 1 - U) -I en ( 1 - U) • 

14 I 
npHMeHHSI ypaBHeHHe peHOpManH38UHOHHOlt rpyiTITbl ITO rrepe!veHHOA s H Bbi6HpaH 

KOHCT8HTY HHTerpHpOB8HHSI H3 COOTBeTCTBHSI C TeOpHeA B03MyWeHHA 16 I, rronyqaeM, 'ITO Ha 

caMoM aene aMrrnHTy.lla a6nH3H TO'IKH s :7 HMeeT OC06eHHOCTb BH.lla: 

(:J) 

exp [ {3(1) fn (1-s) + y (t)] ( .',1 + .. , ) 
• 191 

H aHanorH'IHYID oco6eHHOCTb a6nH3H u : 1 • B Bbipa>KeHHH 191 rrpocyMMHpoa aHbi qneHbi rro-

pSILlK8 (a f'n ( 1 - S) ) n H a 2 pH.lla TeopHH aosMyweHaA. PasyMHO .llOrrycTHTb, 'ITO aMrrnH-

Tyaa M HMeeT BHLl: 

M .. M ~2>exp [ {3(t) l'n (1-s) + y (t)] + M(:J exp [ {3 (t) en (l-u) + y(t} l + M • 
1 

11 01 

rae {3 H y SIBITSIIDTCSI pH.ll8MH ITO a , rrepBbie qneHbl KOTOpblX rrpe.llcTaBne Hbl B 17 I , 181; 

B :.t (:J) 
e,u yqTeH .llOITOITHHTenbHbiA M8I'HHTHb!lt MOMeHT, a 

··r .. 1111 

SIBnsteTCSI 8H8ITHTH'!eCKOA ¢YHKUHeA C TO'IK8MH BeTBneHHH, y .llOBneTBOpHroweA rrp e.llCTaBneHH !0 

M aH.llenbcTaMa. 

PeanbHast qacTb Koa¢¢HuHeHTa {3(t) a 110 1, 17 1 MeHbwe HynH a ¢H3H'IecKoA o6nacTH 

rrepeMeHHOlt t ( t <0, t > 4 ) H 6onbwe HY ITH rrpH 0 < t < 4 

a6nH3H s : 1 IH aHanorHqHo a6nH3H u : 1 I HMeeT oco6eHHOCTb BH.lla 

·1+{3(t) 
( 1 - s) 1121 

KOTOpaH B ¢H3H'IeCKOlt o6nacTH HBnsteTC H 6onee CHITbH OV., '!eM rron roc. 

HaKOHeU, paCCMOTpHM O.llHO cne.llCTBHe COOTHOWeHHH /10 1. VJ!'vfeHHO, rrpe.lliTOnO>KHM, 

5 



qTO DpH BCBX ~H3HqBCKHX BHeprHHX MO*HO rrpeHe6peqb BBnHqHHO~ qeTBBpTOrO DOpHAK8 

M a • TorAa AnH M rronyqaeTCH acHMITTOT!iKa THrra PeA*B c rroKa3aTeneM - J + {3 (t), 

/eM. qepTe*/ , KOTOpb!H COOTBBTCTBYBT CBH38HHbiM COCTOHHHHM BnBKTpOHa H IT03HTpOHa. 

YpOBHH 8THX COCTOHHH~ B HepenHTHBHCTCKOM rrpeAene rrepeXOAHT B KynOHOBCKHe. 

4. 3neKTpOH-IT03HTpOHHOB paCCBHHHB 

EcnH AnH aepwHHHO~ ~YHKUHH H KOMITToH- a~~eKTa aenHqHHa F 
A 

Ha F ( t) , TO AnSI aneKTpOH-IT03HTpOHHOrO paCCBHHHH OHa HMBBT BHA: 

FA -= 2 F (s) - 2 F (u) + 2 F (t), 

B /1/ rrpOCTO paB-

/13/ 

rAe rrepeMBHHbiB S ' u H HMBIOT TOT *B CMbiCn, qTo H B rrpBAhiAYlllBM pa3ABne, 

BenHqHHa M AnR aneKTpoH-rr03HTpOHHOro pacceHHHH so BTopoM rropHAKe TeopHH B03-

P> p) 
MYlllBHH~ COABp*HT qneHbl M 

0 
H M t , RBnHIOlllHBCR ITOniOCaMH COOTBBTCTBBHHO rrpH 

s = 0 H t = 0 • KaK H paHbwe, Mbi yqTeM B HHX rroniOCHhiB qneHbi cTapwHx rropHAKO B, 

38BHCHlllHB OT AOITOnHHTBnbHOrO MarHHTHOrO MOMBHTa , 

0cTanbHb!B qnBHbl qeTBBpTOrO rropHAK8 TBOpHH B03MYlllBHH~ A8IOT CnBAYIOlllHH BKn8A 

(4) 
M = 2 (<ll (s,t)- <ll(u,t) 

(2) (4) 

M t + M ta + /14/ 

(2) (4) 

+ 2 ( <ll (t,s)- <ll ( u,s) ) M • + M .. , 

rAe 

<ll ( s, t ) = t/1 ( s, t) - 1/1( 0, t) , /15/ 

t/1 (s,t) = ~ r elk c p'p -(p• 'k H pk J 1 k
2
J 2qk 

773 k 2(k 2+2p'k)(k:z-2pk)(q:z-2qk+id 

1161 

p' H p - HMrrynhCbl aneKTpOHa H IT03HTpOH8 AO /HnH rrocne/ peaKUHH, q - rrepeAaHHbiH 

HMrrynbC. 

<PyHKUHSI ¢ HMBBT BHA: 

<ll(s,t)= _ s_ r ,,., <ll(s',t)c/s' 
TT 4 s'(s'-s-1£) 

/ 17 I 

lm <ll ( s,t) = _!!_y _____!::=_{ [ ~--2- en~+ !1 ] . 
2 s s-4 s-4 1181 

6 



¢yHKUHH M (4
) H M (4 ) 

.sa ta 
He coaep)l{aT noniOCHblX 'lneHOB H 51B115110TCSI 8HanHTH'IeCKHMH cPYHK-

UHSIMH nepeMeHHb!X S 

HHIO MaHaenbcTaMa. 

U H • u COOTBeTCTB e HHO, y aoaneTBOp5110WRM H npeacTaBne-

(4) (2) (4) 

M = Mt [({3(s}-{3(u) en(. t}+t(s}-du}]~t-Mta + 

(1) (4) 

+ M • ( ( {3 (t} - {3 (u} fin ( ·s) + t (t} - t (u} ] + M ea , 

rae {3(t} aaeTcH ctJopMynoA /7/, a dt) HMeeT aHa: 

t('' = ~ r<>Ov ~·-~- [ ''-
2 

TT 4 f' f' -4 
en 

t'-4-
Jt' +~1-----· 

t'( t' -t-It ) 

/19/ 

/20/ 

noaTopHH paccy>KaeHRH npeabiaywero pa3aen8, anH aenH'IHHbi M MO)I{HO H8nHcaTb npea

cTaBneHHe BHaa /10/ HnH )l{e npeacTaaneHHe 

M = exp [ ( {3(s}- {3(u} en (-t) + ds)- du)] M1a + 

+ exp [ ({3(t)- {3 (u} en (·•} + t(t)- du)] Msa· /21/ 

YJ cnonb3YH HBHbiA BRa cPYHKUHH /131, Mbi MO)I{eM npeacTaBHTb MaTpH'IHbiA sneMeHT M A 

MA=exp[({3(s)-{3(u) en_·_t_ +2F(t)]M
1 

+ 
A a 

/22/ 
-s 

+ exp [ ( {3 (t) - {3 (u} en __ + 2 F (s)) M 
A sa 

P8CCMOTpHM MHHMYIO '18CTb nOK838TenH nepBOJ!. SKCnOHeHTbl STOrO Bblp8)1{9HHSI B cPH3H'IeCKOit 

o6nacTH s > 4 , t < 0 , u < 0 • 0Ha p8BHa 

-t s-2 -t 
lm {3 (s) en -~,---- OS i a in ---

A ys(s-4) A 
/23/ 

M bl BRaHM, 'ITO MHHM8SI '18CTb CHHrynHpHOrO Bblp8)1{eHHSI B nOK838Tene nepBOit 8KCnOHeHTbl 

B /22/ npHBOaHT K pacxoaHweltCSI cP83e 

E1-p 2 
exp [ ia fin 

pE 

2p sin (012 ) 

VA 
/24/ 

/a C.U.M,/, KOT0p8SI B HepenHTHBHCTCKOM npeaene COBn8a8eT C p8CXOaHwei!.CSI cP830it 8Mn

/5/ 
11HTyabl p8CCeSIHHSI B KY110HOBCKOM none B HepenHTHBHCTCKOJ!. T90pRR , 

nonb3YIOCb C11Y'I8eM, 'IT06b! Bblp83HTb 6n8roa8pHOCTb npoctJ. 0. Bopy 38 r ocT e npH HM 

CTBO B YfHCTHTyTe TeopeTH'IeCKOJ!. cPH3HKR Kone Hr8reHCKOrO YHHBepCHTeT8, rae 6 bl118 BbiiTOn

HeH8 ST8 p860T8. H 6n8roa8peH 8Kaa. H.H. Boron106oay , npoctJ. E. BRKM8Hy, np o ctJ. P. K8T

KoccKoMy, npoctJ. A.A. noryHOBy, n. SbepKel!.Hy , B.A. N\ewepHKOBy H' Vl . Toaopoay 38 n o-

ne3Hble aHCKYCCHH. 



Ol(t) =-J. + j3(t) 

0 

=-=-=-==-=-=:..:=--il_~i.-:::-:=-- - - - - - - : Jle -""-;.~ - - -
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