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B cpHSHllecRo:ti .lliiTepaType CioJibwoe aHaqeHme HM:eroT ypaBHe

HHH JlHyBHJIJIJi. oTH ypaBHeHliUi InllpORO J4CDOJib8YIOTCff npH BliBO~e 

RHHe-THqecRHX ypaBHeHHI ~JUI pasJIHqHbJ:X rpyHR~HI pacnpe~eJieHHH, 

npH paCCMOTpemrK BODpOCOB yCTOttliHBOCTM .IJ,BHJI€HHH paaJIHqHwc 

CHCTeM,B sonpocax cBHsaHHHX c HaM:eHeaweM ~asosoro o6~eMa, a 

TSXZe ~JIH 060CHOB8HHH paSJIHqHL~ CT8THCTHlleCRHX Teopml. ~Jifi 

npmMepa,~ocTaToqao cRaaaTb,qTc~ ~enoqRa H.H.EoroJiro6osa ( TaR 

aaaliaaewB..fl :eepapxHH BB<;KY),Ro~opas~ nerna B ocaosy ~enoro pH

.n,a HaH60Jiee CTpOrHX CT8THCTHQECRHX TeopHA,aaqHHaeTCff C HanH

CaHHff ypaBHeHHI .1lHyBHJIJIH. 

B csrraH c BHWecRasaa~,npe~cTaBJIHeTcH ae JIKWHHM aanoM

HHTi» HeROTOpbie paCCYlt.D.eHHff 1 K8Ca.IOiqHeCfi BHBO~a CS.OX ypaBH€HHft 

]HyBHJIJifi,DOCKOJibKY BO MHOrHX a~aqax,CBHS8HHHX C ROJIJieRTHB• 

HHM MeTO~OM ycKopeHHff npHXO~TCff HCOOJibBOB&Th RHHeTHqecRHe 

ypaBHeHHff B TO! HJIH HHOH rpopMe,a TaRze WHpOKO HCflOJih80B8Tb 

noHHTKe cpasosoro o6~eMa. 

He npeTe~rr Ha ~enHRoM opHrHHaJibHoe cood~eHHe~) ,Hcnonh

ayew HYJI:Hl:i€ HaM .IJ,JIH ~8JlbH€HWerJ paccy~eHHff H peayJihT8Tii HS 

COOTBeTCTBYTO~X padOT,C~eJiaB He06XO~MHe B .IJ,8HHOM CJiyqae oro

BOpKH. 

KaK MaseQTHo,cocToHHHe Me:<aHHqecRol c:wcTeMH,HMeiO~qeA rt 

CTeneael CBOdO)J,fi B HepeJI.ffTHBHC~~CROM RJiaCcHqecROM CJiyqae , 

npe~CT8BJI.RIO'l' TOqJto:tt B 2tt M:t~pHOM t:paaoBOM npOCTp8HCTB€ l , 
r~e n ~ 3 J( 1 ){ - tiHCJIO qaeTHD; B CHCTeMe. Koop,JUtH8T8MH 

npocTp8HCTB€ .ffBJIHIOTCJi ROOp.IJ,HH8Tl:i BeRTOpOB OOJIO-

*) ToJihKO CDHCOR padoT,onmpaiO~llXCff Ha ~enoqKy H.H • .6orOJIIOC5oBa 

np~Bl:iWaeT paaMept». ~aHHoA aaweTJ:.W. 
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~eHHR qacTHQ ~~ ... H COOTBeTCTBy~~He ROMDOHeHTH MM-
__...,. -....:;. 

nyJibCOB p
1 
... Pw • C reqeHHeM apeMeAH ~aaoaaa roqRa 6y~eT ne-

peMe~aTbCR COPJI8CHO ypaBHeHMRM ~BHXeHHR,HanHCQHHHM ~JIR ROOp

)UIHaT H HMilYJibCOB. VJHtiNH CJIOBa.l.m, B CJiyqae Pal4HJlbTOHOBliX CHC-

TeM STO 6y~T 
• · 'o Ji 
9,.:::: () p 

I. • 
I. 

(1~:.2- .. n) 

r;n;e q L ""' o6o6w,eHHHe ROOp~HHH.THj p - o6o6~eHHHe HMIIYJibCH. 
II 

IToCROJlbRY ypaBHeHHR raMHJibTOHa RBJIR~TCH ypaBHeHMRMM nepBoro 

nop~Ra 00 BpeMeHH,TO RCHo,qro a~aBaa COOTBeTCTBY~mHe Ha

qaJibHHe yCJIOBHR, MH, B npHHQHne ,)~OJIJKHH OOJlytlHTb e~HHCTBeHHOe 

peLUeHHe ypaBHeHM:t! ~BH:ateHHR H onpe,IJ,eJIHTb e,IJ,HHCTBeHHJIO <PaaoByK) 

TpaeRTOpHD H306paxa~~e:a TOqKH 11 r npocTpaHCTBe )l;Jlff ,IJ,aHHO

ro aaqaJibHoro ycnoBHR. 3aMeTHM ~anee,qro ~mamqecKHA HHTepec 

npe,IJ,CT8BJl.l110T, K8K npaBMJIO, Henpei>HBHHe pewe HHR ypaBHe mr£1: ~BH:&:e

HHR. AHHaMmqecRoe noBe,IJ,eHHe cHcTeMH,TaRHM o6pasoM,onpe,n,enRer

ca KaK HeKaR HenpepHBHSR TpaeKTOpH.l1 B ~aSOBOM npocrpaHCTBe 

Orc~,IJ,a MH Moxex c~eJiaTb cne~y10~ee B~Hoe aaRJIIOqeaHe:/l, 2/ 
llOCKOJlbKY ypaBHeHMH ,D,BM:a:eHH.l1 O,D;HOSHQqHo onpe~eJI.l1IOT TpaeRTOpiUO 

OT06paKaiOW,eA ToqRH ,IJ,JIR JI106ol aaqruibHOH ~SH,TO qepea R~YIO 

ToqRy <fJaa OBOPO. npOCTpaHCTBa r OpOXO,IJ,HT He 6onee O,D,HOI <fJa-

80BOH TpaeKTOpHH. 

~eACTBHTeJibHO,HCXO,D,.l1 113 BHlleCKa88HHOPO H BOCOOJibSOBaB

LUHCb HenpepHBHOCTb~ peweHHH,MH .~o:ateM paCCM8TpHB8Tb Kaa,IJ,YD Toq

Ky <f>asoaoro npocrpaacTBa RaK Ha'laJI.bH.YJO,a OTCIO,IJ,a aeTpy,IJ,HO no

JiyqHTb H e,IJ,HHCTBeHHOCT.b TpaeKTO}HH. 

)J;JIH TOJ:'IO qTo6H CORpaTHT.b 015'beM HeROTOpHX He06XO,D;HMNX 
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TOB to~ Const m t =. c.on~t Kas: oToCSpaJKeHHe npocTpaHcTsa I 
Ha ceCSff ,a COBOKynHOCTb scex ~aaoBI:»i ToqeK X~= .:L (.~~, 1 , ... ·t0 ,t) 

npH 4>HKCHpOB8HH.liX H8Q8JihHHX SHaqeHHffX ~01 ~ M to ( r,D;e 

L-=-- 1,2.., .. 'ln) m -oo ~ t ~oO oc>paayeT q,aaosyto TpaeKTop:wro c Ha

qaJibHott cpaaoa. 

Bse.n;eM speMeHHo cne.n;yv~ro coKpa~eHHYIO aan:wcb 

xt()= ( x(r>Jl) Xcon.) ... x(Ollll) 

X:::: (X~, Xt, X:z.n) <4> 
Tor.n;a npeo6paa OBSHHe OT t() R MOMeHTY t MOJKHO SanH

CST.b B BH.D;e: 

(5) 

ilOCKOJI.bKY paCCMSTpMBSeMoe npeo6pasoBaHMe HerrpepHBHO,TO 

oc>paTHoe oTo6paxeHHe 6y.n;eT 

(o) 

B cooTBeTcTBYIOU\HX pa6oTa.x noKaaaHo,tlTo rrpeoc>pasoBaHPiff 

cpaaosoro npocTpaHCTBa B ce6H,paccMoTpeHHHe BHwe oc>pasJIOT o,n.

Honapa.MeTp:wqec:s:yiO HenpepHBHYIO :~pynny npeo6paaosaHHtt 111 ,/o/ 

ilpe.n;l:i,IJ.y~Me paccy-E,n.eHM.fi H8111 6WIM Heoc>xo,D;HMH ,IJ.JIH Toro, 

QTOC5l:i JIOrHqHo BBeCTJif flOHffTMe flH:o6MaHa npeo6pas OBSHHff OT Ha

QSJibHO:ti cpaaoBo£1 TOQRH xto K RoHeqao£1: X . OrpaamqHMC.fi no

Ra paccMoTpeHHeM EBRJIH,n;osoro lJlU.sosoro npocTpaHcTBa H onpe.n;e

JIMM Ji:s:o6maH npeoO'pasosaHHff cJierr,YIOutHM oC:SpasoM: 

v f l ( xt~ to t ) 

(7) 
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r~e BeRTop F HMeeT RoNnoHeETH Fl 
r ~fl( 

ReHa RaR CyMMa npoHSBO~~ ~.~ oXK 

,a ~HBepreH~HR onpe~e-

• 

lloCRon•RY ~nR HaQanhHBOC YCHOBHi 6y,n;eT 

6 (X t t ) ~ cL e t \ : x~, '. \ ::::. 1 
t 0 0 o J 

(9) 

TO MO~HO HanHCaTh H COOTBeTCTBYD~JD HHTerpanhHY~ WOPMYHY 

orrpe,n;enRIOeyto caM .iiRo6HaH. 
t 

6 (X t, t. t 1 '= ex p [ f ~ F") 1 ( x t, to t ) 
1 
t' J d t' 

"\:., Kd 1 (10) 

~HH Bcex BeJIHQHH OT Xt ,1.
0 

t . Ha HSHRe ,D;HBepreHqHH 
o • I 

aTa 11.:e cpopMyJia Oy~eT HMeTh TaK1)tf BH,D;: 

.t 

~ ( xt ,to ,t)"" op[i D>v F d-t' J 
0 1 

0 (lOa) 

ITpo,n;on~aR Hawe cpopMaJihHoe paccMoTpeHHe,MH BcnoMHHaeM, 

QTO Hac 11HTepecyeT He o,n;Ha qac~~Hqa, a cHcTeMa qacTH~, T. e. 

Hac HHTepecyeT npeoC)paaoBaHHe HeKOTOpO:&f COBOKYDHOCTH peUieHHtt 

ypaBHeHH~ ,D;BH~eHHH. 

PacCMOTpHM HeKOTopyiO q,aaoHyto ToqKy xto H paCCMOTpHM 

OKpeCTHOCTh aToA TQqKH. 

---
t£) 8Ta cpopMyna CSWia noJiyqega c~.MHM JlHyBHJIJieM /?I. 
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~aaosoe npocTpaHCTBo,onpe~eAeHHoe BHme,no cyTH ~ena, 
' HBRHeTCR TOQeqHHM MHO&eCTBOM,~aK KS.K OHO onpe~eAeHO KS.K C~ 

BOKYDHOCTh BCeX BOSMOXHHX pemeaza ypS.BHeHHa ~BMXeHHR (1) 

MRZ KS.K COBOKynHOCTb Bcex BOS~O~HHX o0o6~eHHHX KOOp~HHS.T H 

HMnYRbCOB. Cne~oBaTeRhHo,pacc~aTpHBaR ORpecTHOCTb KS.RO~ RH60 

~aaOBOft TOqKH MH ~OREHH JK8.88.Tb RaK onpe~eRHTb,HanpMMep, 

oO~eM npoHSBORbHOi CHCTeMH ToqeK. Toqaee,MH ~ORXHH onpe~e

RHTb Mepy B a~aHHoM npocTpaHCTBe. B MaTeMaTHKe noi<asHsaeTcR, 

qTO BO BCRKOM cnyqae B aepenHT~BHCTCKOI KRS.CCHqecKoa CTaTHC

THKe TS.KOBOI cny~T Mepa ~e6er~, / 1/,/3/,/5/,/S/. Cy~eCTByeT, 
O)J.H&KO HaBeCTHaR TeopeMa,KOTOp~ YCTS.HS.BRHBS.eT,qTo BCRKS.R 

HSNepHMM no PHMaHy CHCTeMa HS:I(epHMa il no ~eOery ,H B ~aHHOM 

cnyqae oOe Mepbl cosn~aK>T (oOp;iTHoe aesepao) .EcnM ae paccMaT

pHBS.Tb HCKJIIOqeHHA:, TO MOJlHO noc·~ynaTh TaR KaK OOntenpHHHTO B 

~aHKe /fJ/. Moxao npocTo onpe.n.~~JIHTh (j>aaoBHtt o6'bew, RaR oO:f:iKHo

seHHIDt reoMeTpHqecRJdt; aTo H O;t~eT wepoa B cpaaoBoM npocTpaa

CTBe r • lJOCKORitKY paCCMS.TpUB&eMoe cpasosoe npocTpaHCTBO 

EBKRH~OBO,TO Mbi MOEeM HanHCaTb Bblpa~eHHe ~RH aneMeHTS.pHoro 

o6~eMa B OKpeCTHOCTH ToqKif xtr 
tn 

s~ =: n s x{Oij ( 11) 
l '= l 

PaCCMOTpHM Tenepb, qTo 6y~E!T C TeM &e OC5'heMOM B MOMeHT t . 
Ka&~aR Toqxa,KoTopaa nona.na B ~~Jie:MeHTapHl:itt o6~eM 8 Vo 6y~eT 
npeo6pasoBhlBaT&cH corJiacHo peWE!HHHM (5). IIonhayHcb HenpepHB

HOCTbiO peWeHHa BO BpeMBHH H npE!,IJIIORS.raR, llTO HM O~Ha TOqRa He 

HcqesaeT,MH Mo~eM aanmcaTh /lO/ 

1n 

8V =- n 8x. ::: 
l 
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in 

::. L1 ( )(-c.t 0 t ) D 18 ~. J j ~ L\ (X t, t. t ) s ~ 
( 12) 

AHa.nOrHQHOe aaRJIIoqeHMe MOlHO C,D_eJiaTh H OTHOCHTeJihHO 

rpaHH~H ( 0 ,RoTopaa orpaaHqHsaeT ,n_aHHyD rpynny qacTHQ B 

HeROTOpJ:iA MON:eHT to H npeoO'p:l.ayeTC.fl B rpaHPI~y ( B MO

MeHT t ,RoTopaa orpaaHqHBaeT TY xe caMJID rpynny qacTHQ/21. 
06pa~a.HC:b K KOHeqHOMY o(.)'b,~.MY B cf>aSOBOM npocTpaHCT Be Ha• 

nHmeM HHTerpan (HHTerpaJI B CMH<:ne flyaaKape 11 O/ ,/11/,/12/) 

C'x 0 
ln ( 13) 

V(tJ =. ) tl ( xt tot) 8 y(OJ1 8 xlon· . . b ~J.t• 
c, 0 

llonara.R:,qTo rpaHHQa Co He aaBHCHT o•r t 
( 14) 

HanHweM 

ciV 
clt 

( 15) 

clV -d.t 
( 16) 

J!HyBHJI~: 

ECJIH 

in 

L ~l((xt) ~ 0 
K-:i 
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OO'beM:,orpaHWUfBB.IOiql'Iit ,D,aHHyiO CHCTeMy qacTHQ coxpaHJieTC.R: (cox-

L t.n 
paHHeTc.a Mepa Jleoera .D-JI.R: Bcex .lo,n_cir!cTeM 0 Hs R ) ,D;JUI 

scex BeJIHt{HH to H t . 
B qacTHOCTH,Moxao cKasaT.b,qTo ;pasoaoe oToopaJKeHHe .FIBJISi

eTC.R: "coxpaHHlOU\HM Mepy" )J.JISi sc~;x ra.MHJibTOHOBblX cHcTeM 13/ • 
/11/,/13/ 

• 
HeTpy,D_HO BH,D_eTb,eCJIH BOCDOJlhSOBaTbCSi <flopMyJIO:! (10), qTo 

'l.\'1 

B cJiyqae xor,D;a L F~ t< (X t.) ~ o( ,D;JISi Be ex X H t ~ t 0 
K=l 

TO e5y,IJ;eT: 

L\ ~xt ()-to i ) ~ 
d.(t -t 0 I 

e 

npH ( 18) 

B cJiyqae yKasaHHOM B TeopE·Me JhryBHJIJISi cpopMyJia ( 16) 

CSy,IJ;eT: 
cLV 
cl t ( 19) 

, 

TaKHM oc>pasoM,o6'beM ~asosoro npocTpaHcTBa,saKJI~qaiO~A 

~aHHYIO CHCTeMJ qaCTHQ 1 SiBJISieTCSi HHTerpaJibHHM HHBapHaHTOM ,D;BH

&eHHSi. QC)'beM ~aaoBoro npoCTpaHCTBa STO TOJibKO O,D;HH HS MHTer

paJibHHX HHBapHaHTOB ITyaHKape / 12/,/14/,ITO,II_OOHHe HHTerpaJibHHe 

HHBapHaHTH ,D;OKaSHBaiOTC.R: H ,D;JISi DO,D;npOCTpaHCTBa npocTpaHCTBa 

MeHbWero qHCJia HSMepeHHf.t, a TaKlte H )J;JISi DO,D;CHCTeM CHCTeMH qac

THD;e flpHMepa.MH ITO,IJ;OC5HblX HHTerpa7!bHHX HHBapHaHTOB MoryT Cily

&HTb eHepreTHqecKHe noaepxHocTH a ¢asoBoM npocTpaHCTBe. 
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8HepreT.Kl:leCKHe noaepXHOCTH llOCTOHHHOH aaep!'HM ].{(q,_~R) .::f:::~onJt 
HBHH~TCH HHBapHaHTHHMM 06HaCTHMH ~aaoBOI'O rrpocTpaHCTBa H 

npeo6pasyiOTCff B ce6R rrpH ~BH:a:eHHM tfJaaoBoro npocTpaHcTBa. B 
qaCTHOCTH,AHH HSOHHpOBaHHOa CH~TeMH l:I&CTHQ,OI'paHH"tleHHOI'O 

o6~eMa B ~Ha~qecRoM npocTpaHcTse,aHepreTHqecKaH nosepxHOCTb 

HBJI.fieTCH aaMKHyTof! rznepnosepxiOCTh~,ROTopan aaMHRaeT oAHO

cBRaHyiO OOJiaCTb ( B 2.n MepHoM rrpocTpaHCTBe STO 6y~eT ( 2.n -1) 
MepHaH ITOBepXHOCTb). B rrpOQ€CCI~ ABMJKeHMH CHCTeMI:i qacTHD; 

aHepreT.KqecEan noBepxHoCTb RaR To HaMeHHeTcH. TaR aanpHMep, 

C(pepa MolteT npeapaTHTbCH B oqenh CJIOltHYIO rrosepxHoCTh I 11, /1 4( 

XOTH ~aaoB~ Od~eM,ROTOpai OHa OTCeRaeT OCTaeTCH ITOCTOHHHHM. 

B CBHSH C STHM BOSHHRaeT HOrrpoc 06 HHTerpHpoBaHMH B 

cpaaoBOM npOCTpaHCTBe • .fltoKaal:iBaE~TCH CJieAYIO~a.fi TeopeMa. 

ilyCTit So HeRoTopaJI Haq!JibHaJI I'HnepnoBepxaocTb B cpa.,... 

SOBOM rrpocTpaHCTBe r ,rryCTb d (K, t 0 t ) -HK06MaH cf>aao-
o 

BOI'O OTOc5paJKeHHH 1 ( X,t
0
t 0 t) M nyCTb B MOMeHT t Ml:i SHaeM 

¢aaosoe oToc>paJKeHHe S-. ~ (So tot) . PaccMoTpMM cpyHRD;HIO ~(X) 
HHTei'p:HpyeMyiO Ha 5 . MoJKHC ITORaaaT.b, qTo tp ~ f ( Xt

0
i:o i) J 

HHTei'pMpyeMa Ha So M B~OJIHHeTCH CJieA~~ee COOTHOW€H.Ke 

r ,o{~(X.L -t 0 t)l~(xi4 0t)dJ10 \o \ '-o J o (20) 

aJieMeHT I'HrrepnosepxaocTH. 

B qacTHOCTM,AJIH oTo6paxeH.Ka,coxpaHR~~Hx Mepy c5yAeT 

(21) 
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B cnyqae,Kor~a ~YHK~HH ~1XJ a~aHa B oO~eMe MH MOXeM 

nepe¢opMyHMpoaaT.D (20) a ~opMe · 

~ ~ (Xl vlV = J f { f( x,.t 0 t )j tl (xt.*o t) d.Vo 
V Vo (22) 

(STy TeopeMY B MaTeMaTHKe ¢op.VRHpy~T Ha HSHRe Re6eroBCKHX 

DO~CHCTeM / 3/) • KaK CJie~CTBMe :3THX COOTHOUJeHHA" Ml:i noJiyqaeM 

aaKoH npeoc5paaoaaHMR ~Jiff Qenoro pn~a cpyHKQHti B !f>aaoaoM npo

CTpaHcTBe. 

Ao cHx nop npe~oJiaranoch:T.lTO aaqaJibHaR ~aaoaaa ToqKa ~o 

,D.aHHO:£i MexamrtieCKO!t CHCTe.MJ:i HSBeCTHa B HaXO~HTCff B onpe,IJ;eJieH

HOi oe5JiaCTH vo <f>aaoaoro npoc:TpaHCTBa r . B ,n;e:tiCTBHTeJib

HOCTH,eC1IH MOl HMeeM ,n;eno C OT.leF:b C50JibUJHM T.lHCROM T.laCTHQ PI XO

THM aHaTh noBe,IJ;eaMe OT,IJ;eRbHOA qacTHQH,TO ITOJIOXeHHe ~aSOBO:ti 

TOT.lKH,~ ,n;on~HH onpe~eJIMTh c H€KoTopott aeponTHOCThD. TaKHM 

oc5pasoM,MH npHXO,IJ;HM C He06XO~HMOCTb~ K fiOHffTHD CTaTHCTHT.leCKO

ro aHCaM6JIR,BBe,n.eHHOI'O rH66COM. CTaTHCTHqecKHA aHCaM6Jib BBO

,D.HTCff KaR MHOXeCTBO COBepweHHC O,IJ.HHaKOBHX (B CMHCJie ypaBHeHH:£l 

,D.BH~eHHH) HeBaaHMO~e:tiCTBYD~X M9XaHHqecRHX CMCTeM C HaqaJibHHi 

MH SHaqeHHHMH Xto ,KOTOpHe ffR~RDTCff cnyqa:£lHHMH BeJIHqHHaMH. 

06~HO cqHTaeTcR: 

QEH. KpoMe Toro,cT.lHTaeTcn; 

6) T.lTO BepoHTHOCT.D Ha:£lTH TOT.lKY xto B KaKo:.tt JIH60 TOtlKe 

Bcero r npocTpaHCTBa paBHa E!,IJ;HRHQe; 

ITonara.roT B) qTo sepoffTHOC'l'M ,n.nn HaT.laJILHblX aaat~eHM:ti coc

TaBn.ffDT ac5COJIIOTHO HenpepHBHJ'IO Ci.CTeMy cpyHKQH!t. 

Ha.RoHel.l CT.lHTaeTCR, r) tlTO :E:epo.R:THOCTh HMTH !f>aaoBytO TOT.l-
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Ky Ha TpaeRTOpliH paBHa Bepo.R:TH<)CTH )J;JI.R: HatlaJI:bHOI TOtlKH • 

HHHMH cnoBaMH,ecnH t~acTHqa He npong.n;aeT H He poE.n;aeTc.a,To 

aepo.a:THOCTL aaATH ee B TOtlKe X= f ( ~;t> t) paaaa aepo.aTHOCTM 

Haf!TH ee B TOtlKe Xto . 
~CllOJibay.a BblWeCKaSaHHOe,MU M.OXeM BBeCTH llOH.ffT.Re DJIOTHC>""' 

CTH BepORTHOCTH B KaE)J;OI TOtlKe,T.e. MO~HO BBeCTH He OTpH~a~ 

TeJibHYIO cfJYHRQHIO TOtlKH ~ (Xt
0

) ,KOTopa.a onpe.n;eJieHa )J;JIH Bcex 

TOtleK H8 r 
pyeMa Ha r 

(HCRJIIOtleHH.ff a.n;ech He paCCMaTpHBaiOTCR),HHTerpH-

H )J;Jiff KOTOpoti MOli:HO HafiHCaTh BepO.R:THOCTb! 

~(v.) = 1 ~(Xt.) c~~~ 
(23) 

\I Vo 
r~e V0 aeKoTopa.a: oOnacTL cpaac,aoro npocTpaacTBa, r.n;e aa.n;aHa 

aepo.R:THOCTb HaRTH HatlaJibHYIO ToqKy xtg • Cne.n;oBaTeJibHO,)J;Jl.fl 

BCero r npOCTpaHCTBa 6y~eT: 

~ w-o (xt.) cL vo' =: i 
r (24) 

TaKHM. o6paaoM,BC.R: COBOKYDHOCTb ~aao~ TOtleR ~BHZY~aHCH 

B r npOCTpaHCTBe npe~cTaBJI.R:erc.a KaK EM~KOCTb ,OC5JIS)l,8IOU(aff 

B JIIOdOK TOtlKe 3TOI'O npOCTpaHCTBa onpe.n;eJieHHOI llJIOTHOCTblO uJ . 
JlHHHH TOKa STOI ~H)J;KOCTK H,D;eHTMtllW TpaeRTOpHRM tlaCTHQ/3/ , 

ilo onpe)J;eJieHMD Uf STO DJIOTHOC.I!b Bepo.R:THOCTM TOI'O, t{TO CHC- . 

TeMa H8XO)J;HTC.fl B HeKOTOpol 6eCK)HetlHO MaJiol OC5JiaCTH vl\1 
q,aaoBoro npocTpaHCTBa r H y,[J.OBJieTBOp.R:eT YCJIOBHIO aopMHpoB

KH (24). 

3a.MeTHM, KCT8TH, tlTO ~ .R:B.l.fieTCH CHMMeTp:£1IqHott ilYHKQHett 

OTHOCMTeJibHO q,aaoBHX KOOp)l,MHaT OT)J;eJibHI:iX qacTH~,eCJIH Bee pac

CMaTpHBaeMble tlaCTHQ.bl TOJK)J;eCTBeHHH. 
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Moxao noKaaaTh, qTo nJioTHo<::T:& aepoHTHOCTH WcXt) )l;JIJI 

)l;BMJB:yiqeAcH <f>aaoao:a Toqi<H co Bpt~MeHcM t .n.aeTcJI cJie.ey-IOrqea 

<flopMynoa 

1.00 .{_ f (X t to) l. 
~ i ~ (X t to),-l:c ~ ~ (25) 

a.n;ecb ~(xi.) oaHaqaeT nJioTHOCTb pacnpe.n;eJieHMff aaqaJibHoR' aepo--
JITHOCTM,a ~0<'-t.,tot) - HI<o6zaa ~flaaoaoro OToc5paxeHHJI X=f(\

0
-toi) 

,noi<aSaTeJibCTBO npoBO)l;HTCJI noqTv.· MrHoBeHHO, eCJIH BCllOMHHTb (22) 

M, qTo BepoJITHOCTb HaATH TOqi<y Fa TpaeKTOp1iU1 paBHa HaqaJibHOA. 

Tor.n;a 

(26) 

MJIH 

~ ur{1 ( x*;:. t >, -t J ~ (\~.t) cL~ 
Yo 

oTRy.n;a noJJyqaeTcJI (25). 

KaK cJie.n;cTBHe ypasHeHHJI (25) aerpy.n;ao noJJyqHTb ypasaeHHe 

Henpepl:iBHOCTH ,D;JIJI DJIOTHOCTH Bep)JITHOCTH. Bo MHOrHX padoTaX 

STO ypaBHeiDfe <f>HrypHpyeT B Raqe,::TBe HCXO)J;HOrO. O,n;HaKO, MO.ltHO 

c<f>opMyJIHpOBaTb TOqHNe YCJIOBHJI /:
3
/,KO:r,D,a )J;JIJI llJIOTHOCTH BepoiiT

HOCTH Cy!qeCTByeT .IJ,HqxpepeHI.rWaJihHOe ypaBHeHMe, B BM)J;e CJie,IJ;yiOrqero 

npe,D;JIOJleHM.fl. ilyCTb HaqaJibHQ.fl llJIOTHOCTb BepoHTHOCTH urO (Xto) 

,n;onycRaeT npoMaBO)J;HI:ie flO ~O)i, .x'(Ol 1, .. X(0)1", I<OTOp:lxe HBJI.f!IOTCJI 

HenpepNBHI:iMH <f>YHKIJ;I'UiMH Xt . )laJiee ,nyCTb npaBNe qacTM 
C) • 

~ (Xt) (i: \,1 .. 1n) ypaBHeHHA ,D;BHJWHH.fl xi.;;; Fi (Xi) ,n;onycRaiOT 

BTOpl:ie npoHaBO)J;Hl:ie no xj X~ .. xlt ,ROTOpl:ie JIBJIHIOTCJI HenpepNB
J 
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HI:am (j>yHR~HHMm (X t) • 

Tor~a nJioTHOCT.b sepo.A:THOC'l'H 1.\T(Xt) ~BHI'a.IOII\etfc.A: cpaao-

Bo~ ToqKiJ. X B MoMeHT t ~onycRaeT npoMaBO,!l.Hble no 

Xi")()..-. X1 " ~ 11\0TOpble HBJifilOTC.fi HenpepbiBHbiMH :f>yHK~H.A:MM(XtJ 

M ur(x t ) Y.IJ.OBJieTBOpHeT ~H~~peJ: e~MaJibHOMY ypaBHeHH.k) 

-o U} J..yt 'V ( 

"tlt + L c>X. 'W F~ ) :::: 0 
v=-i ~ (27) 

~ORaaaTeJibCTBO CJieAJeT HS Cyll\eCTBOBaHMH H HenpepbiBHOCTil 

npOHSBO.IJ,HblK unx{)npHMHK .IJ,H~epe~MpOBaHHeM ypaBHeHHH (25) 

no t . 
qaCT~ BH~OM ypaBHeHHR HenpepbiBHOCTH (27) HBJI.A:lOTCH 

ypasaeHHJi ,noJiytiHBmHe aaaaa~me ypaaaeHH:ti JlHyBHJIJIH. B qacTHO

CTH,.IJ,JIH raMHJI.bTOHOBbiX 

\iq,~ 
ctt o P· L 

llJIOTHOCT.b Bepo.A:THOCTH 

CHCTeM C ypaBHeHJUiMH .IJ,BMlteHHH 

(28) 

HeHHIO 

0 w 3
J{ (~ ~ - 'oJf ~ I == ~ t- L tO Jt J:::: 0 

cot+~ o't, "Df, opi '~>q,; . n 
(29) 

I'.IJ,e RBB..DtpaTHaH CK0<5Ra OSHaqaeT 1!K00Ry llyaccoHa. B 3TO.M CJiytiae 

.MOltHO C~OpMyJIHpOBaTh M o6paTHOe npe~JIOlteHHe,~oRaaaTeJlbCTBO 

ROTOpOflO npHBO~HTC.A: B pa60Tax /:3/,/5/ • 

bOJI.bme TOI'0 1 ,D;JIH MexaHitNeCK0:£1 CHCTeMH C I'a.MHJI&TOHDBN.MH 

ypaBHeHH.A:Itfill ,D;BH:&eHHH llJIOTHOCTb aepoHTHOCTH 

B npoCTpaHC~~ Be r fiBJI.A:eTCH HHBapMaHTOM 
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~BitiJteHH.fi (TOtiHee: HHBapHaHTa no OTHOUleHHIO It cpaaOBOMY IIOTOKY 

f ) 

(30) 

qTo IIOKaabl.BaeTC.fi H8 TeopelW Jl.HyBHJIJl.fi,eCJIH BCIIOMHHTb,tlTO B 

aToM cJiyqae aRo6HaH L1 (X't tot) == .i . 
0 

oTO OSHatlaeT, QTO COBOKYflHOCT:D cj•aaOBbtX TOtleR ~BH.EeTC.fi B 

npocTpaHCTBe no~o6Ho HeczxxaeMcA XH~RoCTH,o6na~av~eA B JID6oA 

TOtlRe cpasoBoro npocTpaHCTBa HHEapHaHTHOA IIJIOTHOCTbD 

U)(xt)-== ino • ~aaoBbll o6'heM HeRoTopo.tt s~eJieHHo!.f o6nacTH 

6y~eT coxpaHaThca,xoTa orpaHHtlHBaD~aR ero noaepxHoCTb ~OXEHa, 

B npHHQHne,~ecpopMHpoBaThc.fi. 

BoaBpa~a.fiCb It KOHRpeTHOMY paccMOTpeHHID IIOBe~eHH.fi HeraM 

MMJlbTOHOBHX CHCTe:M,He06XO~HMO,IIpe~e BCero
1

aaMeTHTb,tlTO HaH-

6onee nocne~oBaTeJibHbl.A MaTepzaJI,Ha pyccitoM aaHKe,KacaD~Aca 

BBOJIIO~HH HeJiarpaH&eBblX CHCTeM C~~epXHTCH B pa6oTaX M.IT.ITaB

JlO~Koro. K co:a:aneHHIO, B BTHX pa61)Tax p~ PiaBeCTHbtX Ha MaTeMa

TKKH TeopeM Bbl.BO~MTC.fi aaHOBO. AHaJIOPHQHble pacCMOTpeHll.fi ypaB

HeH~lt! Henpepbl.BHOCTH ~JIH HeraMHJ:L>TOHOBJ:DC CHCTeM 6WIH npoBe~e

Hbl B pa6oTax 111,/l?l. 

PaCCMOTpHM HeKOTOpyro CMCTeuy C KBaaHitaHOHHtleCKHMH ypaB

HeHH.fiMH ABHZeHH.fi! 

oJI ~--~ c ·t 
= '1l Pc oct- - -uq,. + Q,L pq P J (31 J 

l.., "-og 
IloKaaaHo, t~To B cnyqae ,Ror~~. L_ __j :f- o cHcTeMa (31) 

;~, '0 P.: 
He MOlteT 6I:iTb IIpHBe,D;eHa R raMMJll·TOHOBOM HHKaRPIM npeonpe~ene ... 

HHeM ~ • Bo BCeX OCTaJibHHX CJiyqaax CMCTeMa IlpHBO~MTC.fi R 
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raMH~bTOHOBOA / 1B/. 

3a.MeTHM a.n,ec.b ,qTo BHWenp.MHe,IJ.eiiHOe yTBepJK,IJ.eHMe BH8HBaeT 

HeROTOpHe COMHeHMJl ,nOCROJibKy ItU~:eeTCJl l1CR~IOqeHHe / 19/ ,IJ.~Jl 
c~yqafl ,Kor,n.a Q. = ol. R • B aToM cJiyqae y,n_aeTc.a: MCRyccTBeHHl:iM 

L L 

np.vreMoM caecTM c.vrcTeMy (31) R IaMM~bTOHoBo~ ~opMe. 

~TaR,llYCTb HaM aa,n.aaa HeraMMJibTOHOBa CMCTeMa ypaBHeHHK 

,II_BMJKeHHJl (31) ,D_~fl CHCTeMH qacT~~. il~OTHOCTb BepOfiTHOCTH B 

8TOM CJiyqae c5y,n_e•r uJ.- u.f( 8 __ f> J 0 () i), aTa ~YHR~Mfl npe,n_
J- 3 ... ' l.i · · -v311 

no~araeTCJl HOpMMpoBaHHOK Ha e,II_HHM~y: 

~ ~(pq;l:) f\ d p. c_ q,,= 1 
r L=-.L \_ (32) 

BcnoMMHaf! ypaaHeHHe Henpep~BHOCTM (27) M pacnMCHBaff 

aHaJior.vrqHo (29) Han.vrweM: J( 

~ + !N ( c{ P, OW -t- ~~ct.:)![')=_ it£:~ 
0 t "L=.i crt 0 PL (it D~i L=i co pl ( 33) 

3an.vrweM aTo e~e TaR: 

riu> - - ¥ .. \ -~Qi 
Jvt - nw '~p, 

(34) 

T • e • flJIO'rHOCT.b BepofiTHOCTH B STOM CJiyqae MeHHeTCJl B,II_OJIL cpaa o

BO~ TpaeKTop.vr.vr. Henocpe,II_CTBeHHO HHTerp.vrpy.a: (34) B,II_OJib TpaeK-

TOpMM Haft.n;eM ( t 

- 5 .3 r{ d IJ · f I J ill-=- illo exp [- Z- -~ 00t 
t L =. .1_ d p · ( 35) 

b l 

(36) 
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Cornacao (18) H (8) aanHwew ,n_n.~ tflaaoaoro oC5'heMa 

ti v - s • 31V {) Qi 3N J ol 
at - L1 ?- 3 p. !J p(OJ) 'tr.) j (37) 

V0 l"=l l 1-1 
0Tc~~a aeTpy~ao nonyqHTb 1popMyJiy aaano:rzqa~ (14) ~JIR 

caMoro <Pas oao:ro oCS'heMa B Mo:u:ea·.~ t : 
i 

V == ~ elCp [ j f ~ Q, ottj ft cLp _olcv . 
v. 1: l-= .i ~ ~-::: i (O)) lOJ l ( 38) 

() 0 
B TaKoM Blt1,D;e aTa 1JopMyJia OPirypHpyeT B paC5oTax 121,1161, 

/17/ 
• 

.Wa noJiyqeHHO.f.t cpopMyJI.bl Mb1 HH,D;HM,qTo \f>aao:st:lA oC5'beM CHCTe

MH qaCTH~ C5y,n.eT yMeHbillaTbC.fi HJI}[ yBeJIMff.IHBaT:bCH CO Bpe:MeHeM B 

aaBHCHMOCTH oT saaRa cyMMapaoi npoHaBo~aoA DQl (oC5oC5~ea-
OP· 

HOA ~HBep:reH~HH He:raMHJihTOHOBhD: CHJI). B l.laCTHOCTH,HY~HO Ha-

npHMep,paaJIHQaT• ~Ba CJiyqaRj ClyqaA CHCTeM TepHD~HX 5Hep:rHD 

H cnyqaa cHcTeM npHoC5peTav~x cHeprx~. 

~JIH CHCTeM TepH~~HX 5Hep:r~D (HanpHMep:HsJiyqeHHe) C5y,n.eT 

0 t Q~ \ 
'0 p\ 

H HSMeHeHHe oC5~eMa 
3

N 

dv = - j !:::.·Z \IQJ_ J..vo 
<rf Vo t::: 1_ pl 

(39) 

(40) 

CJie~OBaTeJibHO,~aso~ OC5'beM JMeHbWaeTCR. ~JIH CHCTeM npHOC5pe

TaD~X saep:rHn (aanpHMep:y,n_apaoe ycKopeHHe) 
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~qee 8Sl4eQ8HHe! XOT.f! ,npHBe,IJ.eHHHe :3me, 88RJIIOQe H11JI OTHOC.f!TCH RO 

BCeMy 6 ~ MepHOMY <f>aaOBOMY O])OCTpaHCTBJ,MO:EHO OORasaTh, 

tlTO OHM BepH.bl H ,IJ.JIH pe,n;yu;HpOBSHHOrO UieCTHMepHoro npocTpaHCTBa 

r,n.e paccMaTpHBaeTc.fi o,n;HoqacTHtlHH.ff 'PYHR~H.ff pacnpe,n.eJieHH.fi. B 
STOM CJiyqae BCe BHBO,IJ;bi,paaJ:MeeT<!.fi, OTHOC.fiTC.fi K npoQeCCBM CB.fi-

88HHHM C O)J,HO.ti qacTH:Qe.fit,a He R HJJOTHOCTH CHCTeM tl8CTH:Q. 
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