
c 3~w;r , 
E- I 4 + 

88bg /~ ' 
E_gerc,-L Ch. 
6 3- ;L- --1'oos ··t , . · 
OB'bE~MHEHHWR HHCTHTYT H~EPHWX HCCJIE~OBAHHR 

B 3-/- .ft/tJs-7 . 

I ~EUOHHBOBAHHAH llYBRMKAQMH .. 

r 

~ I 

. , .l(y6Ha 19 Y6 

. . 



JOINT INSTITUTE J.t1 0R NUC.L.EAR RESEARCH 

Laboratory of Theo'rctical Physics 

D.Ebert 

DUAL TREE AND LOOP AMPLITUJES IN THE 

NEVEU-SCHIYARZ-RAUOND MODJU, WITH 

SOME APPLICATIONS , 

I 

(Seminar talk at the Intern[tional School of Elementnry 

Particle Physics, Baslco Pol~ e, Yugoslavia, 

19 september - 3 october 1~76) 

Dubna, 197() 

0~ '; -; ,,(Htl!J!H:!:-1 GHCTII'I'J1!' 

. > •. , : .... .:... . '":"'UUII I 6 ... ,GJiL,.,. fE:KA 



1. Introduction 

The dual-resonance model fo~nd in 1968 by Veneziano/ 1/ as 

a solution of the problem of con:;;tructing meromorphic Peatter

ing amplitudes with linearly ris.lng Regge trajectories and zero 

width resonances cone1ti tutes a n1)ntrivial approach to tho S-

matrix theory of strong interact:Lons. It obeys a lot of' requi

rements to be satisfied by any realistic scattering ampli.tude/21. 

This concerns Lorentz invariance, ~rossing symmetry, annlyticity 

in the Mandelstam variables, llegge behaviour and the ponni.bility 

to unitarize the model. Up to nm1 two basic dual-resonmwo mo

dels have been construc·ted. Tho first one - the generali~:.ed 

Veneziano model - represents the simplest form of a dual model 

without spin degrees of freedom. The second type of mode1n in

vented by Neveu, Schwarz and HaiJtond/3,4, 5/ takes such r:1pin deg- .· 

rees into account and leads to mdfied meson-fermion Bmpl:L·tudeB 

containing different familieo of meson trajec·tories in two-

and three- meson channels and, mc·reover, fermion trajector:Leo. 

This report gives an elementary introduction into tho Noveu

Sch.warz-Ramond (N.S.H.) model o.r. the tree and one-loop lnvel 

including some phenomenological ~::pplications. As our intHnt:i.on 

in this report is mostly 't;o give some survey on the phyfli.on1 

content of the model we have renounced mathematical rigou:c pre-

fering, if possible, heuristic argwnentations in developing 

the matter. Repeatedly, the properties of the model are explained 

using simple examples of explici·t N.s.R.-ampli·tu.des. The reader 

interested in a more systematic representation of the dual theory 

including its algebraic and group theoretical background os 

well as its string interpretation is referred to a large amount 

of review articles/6-13/ • 
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The repor·t is organized an :~'ollows. In Sect .2 we rocapi:tu

late the properties of tho dual :.:our-point pion amplitude. In 

Sect. 3 and 4 the J.i'cyrunan-like op·~rator rules of the Neveu

Schwarz (N. S.) me130n model and o:~ the unified N. S .H. fermion-

meson model are presented. Sect • 1
) is devoted to the unitary 

corrections to Regge tru;jectorie1J arising :from planar onn-loop 

graphs. Finally, Sect.6 reviewo nome phenomenological applica

tions o:f the N.S.H.. model ~o pro<:e13ses with vector and tensor 

meson production in quas:i-two-bo(ly and quasi-three-body final 

states. 

2. The Duo.l Pion Nodel 

Assuming that in a firEri; or<lor approxima·~ion the only sin

gularities o:f the scattering wnp:.:L tude are narrow wid·th :t'f:lr;o:nan

ces lying on linear Hegge tru,joctories, Veneziano/ 1/ propoood 

an expression i'or the ocattering amplitude of the procerm 

'Jt 1- 'Jr --')!~- ']( (· r.,,1 in ·~erms of J.~u:u.-~r' s beta :function. Soon af·ter 

this work Lovelace and Shapiro/ 1'/ proposed a similar awplitud.e 

for the process 
I I I . I .. I 

"·7(- r.l j ,·• ·1..- ., .•. ·•. ': ., ( ' j'..,._{ (?I 
_/t r- .J I -r·• .if ' f· ( Gt 1 l") 

1 
C and ( l are 

isospin indices) shown in fig.1. The Mandeletam variables are 

defined as 

--~-.s + 6 1- (.( 

.). . ::::: (" k' . 1- 1- ):~. ·- ( I. I i , l ' 
t .. . !../ ;~~ ·- \ .. ' tl'" 'Lti 

( 1 ) 

The four-pion ampli·tudo of fig. 1 reads 



1- T;~ { l'"''~r:c:._c;lh ~~·1_);, 

X (~~~ (l~- 1 t) 

= ¢-:G\ (~t'~;(l ( r~l-<:.. 1{) I ~~(srk) -- J.::-,,._
1
( ~ 

1
·t)) 

+- ~~H.) <fb~1'1 ( F11.1 
{s, 1.~) 1 ~'I { ({r·f;) ·- f:~ 

1
('1 ·{)) 

+ CJ:q/ .dJ:.1c\ ( {;-~t (s,C) + J:4) ((-</-f) - r~) (~, {;{ )/) .(2) 
. . 

where the-function h,/s11:.) is givon (up to a normalization) by/14/ 

,..... I . ,12 .. 1 J'{·t- (~~~1(s)) ./"' (t-.Q{,l(:t>) (J) 
r:- 't ~c.~ ~··f) == ~f --,-:, (/' 1 - ... . .. -, . .. ;.. ,-:-·r·· .. t-~)--) -------~ 

--- ). - ~~~sl · ... 
"' 

and -~~~{S.) is the exchange-degeneJ•ated (linear) .J- f trajectory 
. . · IL: / . I ex ... y· .',·) ·:_: .'. \". .1·· · f- ~~'>S .s < 4 > 

-~ ...... ' ' "'.) 

--} 

Experimentally one hao the follovting intercept and slope values 
I 0 i •1 I • -~l 

of the trajectory _tx\'1 . .., ;~ 1 r:'\ "1_(Ge"?· In eq.(2) the ioospin 

degrees of freedom have been talwn into account by treating 

mesons as quark-antiquark staten and associating to them the 
• . ( ,.,,);~\;' I - ·- . ) ' ~. , 

Paull mntrJ.ces ~- }.i'(~ 1 'l. '"/// c· [
1 

'. as Clebsch-Gordan c·o0Li. J.CJ.-

ents/15/. This method excludes au·tomatically the appearance of 

exotic intermedia·te s·ta-tes wi·~h isospin r :::• 2. • 

'rhe amplitude (2) oa·cisfioD ·the requirement of I.oront7, 

invariance since l.t de ponds only on the MandelFrtam invariants. 

li'urthermore, i·li is inV<Iriun·t with respect to any interchcmr.;o 

of the external particles. 11huu, crossing symmetry is guF\.runteed 

by construction bocauoo each of i.lle three terms of tho f:Lro·t 

row of eq. (2) is invnr:Larrt wi tll l'enpect to a cyclic intorchange 

of the ·external particles and v1o have, finally, added the con

tributions of the three noncyclic: permutations of external par-



ticles. As the r -functions have C•nly pole singularities the 

ansatz (3) fulfills also the requirement of analyticity. Note, 

that the amplitude (2) exhibits a further property. Each single 

term, e.g. ~(r,-t),may be represented either as a sum of poles 

(resonances) in the .s-channel .2!:. as a sum of poles in the -t

channel 

- ~· ~- .I'(h+2ff/t)) 1 
~ (s,t) =" ~ ( 1- ~(s)-Qfj,{f:) ~ h! f"{!!fjft)) '}) +1-~(S) 

. ~·17(11 +~(s)) 1. 
- f{1-~(t)-£~sf~)) ~=o ·11! r'( ..... f'll;;.,{sf' --1--

15\ ... '): / h + -~{f) (5) 

This important property which is not shared by usual Feynman 

graphs is called duality. The poles o:f the s- and t-channels 

are said to be dual to each other in the sense that either one 

ot the two descriptions contains the other and is, by itself, 

complete. Fig.2 gives the graphical expression of duality. It 

follows from eq.(5) that the residuum of a pole at _Qf~(K) = J 
is a polynomial of degree J in -~ or, equivalently' in cos e~ 

where ~.s\ is the scattering angle in the a-channel c.m. system. 

Then, each parent resonance of spi::1 'J is accompanied by daughter 

resonances of spin N ' where Ob N f a . Let us now 

consider the high energy behaviou::- of the pion amplitude. 

Introducing the amplitudes of def:Lni te t-channel isospin and 

using the Stirling formula for tho asymptotic behaviour of 

the r- functions the following Rogge behaviour ( P{_s(f).. {S)=. {Y(.s.)) 

can easily be derived as i~ /4- ':>o ( J~ S ~ 0o) i -{; ft X 

~Jif[O)) . . ' . 
~¥)( t 1 s, v.) -=. 3 ( f/vl (c,s) + 1?0h'-'l- :~1(S1 '-<)) 

~ 3 qiV[O((s)]D((t)( 1 + e-'r_~tt-J\ P(·r-«ft>) (6) 
. ~~ ( ~ )o () /- - ~ . 

i- 0 ( s ~J{t)-1) 

I • 

t. 

i 



,._lf·n=_9_/ 

'flf/ tIS I £.l) 

Thus, the asymptotic behaviour ir: dominated by the ~ (f-)-- tra

jectory of negative (positive) signature. It is worth mention

ing that the amplitude (2) satisfies the requiremen·ta of I'CAC 

and current algebra which implement the vanishing of the ampli

tude if the i'our-momen·tum of' one of the external pions van:tshes 

(Adler zercl)/ 161. To see this use the experimentally obDorved 

half-spacing rule , where ()~1/t) 

is the pion trajec·tory with , and the fact that 
,......-· \ ? rs I L I (,( ·~ ·mi!_~~· i:f one of tho external pion mornonta vanishes, 

as well as !)!; (r:) :·-;> •:,:· .z . Indeed, the vanishing of the 
j_) -'\ ·j" Htr, • 

amplitude (J) follows then due to the pole behaviour of the de-

nominator lim _C'(2:):: ~ .... It has thu3 been shown ·that the p:lon 
;2' --'1 .:;r 

amplitude (2) satisfies most of the S-matrix requirementn quoted 

in the introduction. Goncluding this section, we remark that 

the rriodel ampli·tude ( 2) is a mcromorphic amplitude in ·the TYian

delstam variables tha·t; does not c•>ntain unitary cuts. ~J.lh:in 

obvious lack of unitarity can be, however, cured by including 

higher order loop contributiono into the model {see. Sect.5). 

3. ]'eyrunan-IJike Operu·l;or Iluloo for the 
T b .....-

The concept of' duality has bof3n generalized to ·the cuse of 

N-particle processes. As a result one obtained for the first 

time integral representations of N-particle scattering amplitudes 

with reasonable analytic and asymptotic properties/171. N-point 



6. 

amplitudes may be introduced in ael economic way by usi.ne; 

Feynman-like operator rules. Let .ls first rewrite the function 

f:t{s1·t) of eq. (3) in the form ((~~{.s.) = 1 + .0' 1(i. t1.!~~)) 
1~:, 1/~ 0 = -~ c1,(~.· C¥ (t) T? (/ 1- 1V_~. ( s) ·- 0('~( t_)l \ fi,.r-1 ( ···.f .... .} ) ··..S '/ 

. 1 .. ... ···-· 

S -~ ,. -- ~(sr-~f. · .. CV..( I r _.,., . r.- ·"J 
= ~:~~:; ex)<,'- .\~ ·' ; ..~. (t- \" >>-.'J t)' - ..2 ,/ (- k L~ \, < 7 > 

. (j . [ ·-··· ·- ~~ "(- -~~ ( 
tJ . J 

where B [«1 ~) is Euler's beta function 

(8) 

and we have used*) 
0 

.rxJ._ (t:) =·· .2 · ,·' '~ · k3 
(9) 

It is now convenient to introduce a set of "Feynman-like rules" 

which allows us to rewrite the t'lmpli tude (7) as an e:xpec·tation 

value of propaga-tor and vertex or·eratora. Following Neveu and 

Schwarz/3/, let us consider a ]1ocl:l apace spanned up by two in

finite sets of commuting and anticommuting annihilation nnd 

creation operators 

1
- r· ' ;I.e I . + V l 

- ~-~11-1 II (h,) _I 
,OJ ,t, v r·· 
11 •· • ·(' \ "' I / ': ,.,.,.,1 .. ; \ 

• I 

' ' '\ . -' 

*) This equality is needed in order to reproduce the Love

lace-Shapiro amplitude (J) by oper:ltor rules. Unfortuno.toly, it 
I 

enforces an (unphysical) pion mass g· 111~~) ·:: -1 . Then we have 
I .. 

also _(\'~N ·= :1 ·i· 0 5 and. ·l;hus, due t•) -%to):::: 1 the ;.· ... meson of 

the model is massless. The same ma;3S restrictions follow also 

independently from the requirement -:that the N .s. model contains 

no ghosts (comp. remarks in Sect.4). 
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[ n ~-.~. J I ' I? / ;::::-. 0 
V\ 1-'i-t\ 1 J:\1.,\ ~. 

( 10) 

where ~I _v, are Lorentz indices ( JJ J) ··- -1 2 c~ r-..:1,_.- I I--· I 
. . (~I ' ,. 

dimension of space-time) and 

admit the possibi.li ty uf ·I· Ll. 

do'' :_ - q\_..:~, -.- /·.·f H ,1 - <I .. . • ere, we 

for reasons that will become clear 
. 

later on. Let us furthermore introduce momentum and po~:li t:i.on 

operators ~f-~,: ~.\!, i satisfying the usual commutation relation 

[ i(,~ , ·
1
·=' ,) ~·.r -~~ _ -L. (rv~· ~~.~ < 11 > 

I •I ( 

as well as a Hamiltonian-like opeJ~ator 
~ ::>o 

H ~ H«~ • Hr> = - 2~~ n q:. ~·'•1 - 2--:: ..., b~ · hi<11 c 12> 
. ,.. .. ) t•l:""' . Vlt(=1 

There is also a ground state I{)_') ::: l_<;tt,> /9:bV characterized 

by 
U 1 • ' I /-{ ) ' 11 1. 

Cl V . .,.:., .. ·l· ) - I . jl ')·--....... .~, '1")': I p ') = t;· ' 0 - y; 1' I. ' 1 ·' ' '~ ,hi\ - . '. \ . (13) 

Let us, also, introduce the opera·!; or function 

(14) 

The propagator, vertex and one-pion state of the N.S. model 

may now be defined by ( (?( 
11-\;1~~ ::o - ·; )*) 

]1 == __ 1---:-_ 
H -5p'-~1 

.Propagator: f--- -·il 

0 

*) These rules correspond to the eo-called 

" ~i\ -picture" I 41. 

I 
. I 

.I 
'· 

I 
I 

I 



a • 

. ·:: .. ::-·"' 

vertex: f ---+--- ~vilk) = ~f r:i;?k~ h (i) ~0\ (k) 
. -----r ·~~· -

1-pion state: 
k 

t/J- --~ -· -

The function(7) may be represented by one o:f the two dual equiva

lent operator expressions (comp. fig.2) 

· f4',cs,·t) -~ <" ~ck'1) 1 ·v~~~ n;J._) J) v,j_~·c k3) 1 ?I(~<~):) 
' - ~ 

(16) 

This may ea.aily be verified by explo:L ting the fact that the expec

tation value (16) factorizes into an a- and b- operator part and 

by taking into account eqs.(10),(11) as well as the useful formulae 

f 
. c- ( ii.J' 1 f 1 1 . r·' (. \.., . . (rx: .\ v.\.:~' ~ x--· l!<'. . ""' <X l --,'~)' "\ 1 ·--H) 

') . ( ( 1 lH .,,f'(. i·) .... f ( .•11
1 · •· 

4
-) v, · ...,._, 

)( -. ~/ - 0~i'j .. . .\ 0vl\. ·"\ ... I 

<2 t\ r.? B e 
1
11\ E.] 
' t 

pt\ +33 
--. 

(18) 

(19) 

,. 
i 
I 
I 

I. 

~ ! 



Similarly, the b-operator expectation value reads 

The generalization of eq.(16) to the N-pion amplitude ia now 

straightforward. Let us consider as the next nontrivial example 

the six-point function exhibited in· fig. 3. We set (isoepin ·traces 

will be suppressed)*) 

~- G ·== <~E Ck-t)I_V\J3 ( ~.z) l) y,.,i?i {l,) J; Y~~slklf-)J) /Vf-L\ (~,, { Jl( f<,,t> <21 > 
I ' •' ,.-· 

To obtain the total crossing symmetric amplj.tude one has to add to 

eq. (21) ± (6-1) J analogous terms corresponding to all the pos

sible noncyclic or nonan·bicyclic pennutations of external parttcles •. 

The operator repreoentation is particularly userul for stu

dying the resonance spectrum of the model which arises from the 

propagator poles. To show this le·t; us diagonalize the propae;ator 

by the occupation number states (I.JOJ~entz indices are suppressed) 
'·t. ~~b :·:· 

. d . b : - ' . ·-·-··- ( ({ l1 t-· ) ft1' ( b:: t-~" -I k. )(' I { e } 5 -e -J · k ) ~- I I ~I~ i · -~-~::: ~- ~-·- ·- - e 1 o·· ~ < 22 > 
l l I / .· ."~~~~-~ Vf•\1' (P J• I _.,.) 

11,1111 ~111· \.j;,f"•. 

which are eigenstates of H 

?<;:> ,. J = )~ h R~' r ~-,, 111 €,,1' (2Jl 
. ~ .::;"' lo~vt : J 

and ~~~~~ are kinematical factors not to be specified here. By 

*)Because the b-operators of ~he vertex parts h(1) have to 
be contracted pa.irwise in the expec·tation value of the amplitude, 
only amplitudes with N even are pos3ible. Thus, the model exhibits 
some kind of "G-parit.y" conservation. 
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inserting the complete set or occupation number states (22) bet

ween the vertices of expression (21) the amplitude may be facto

rized into lower N-point functions (bootstrap condition). Facto

rizing for example, the above aix-)oint function on the poles 

between the particles 3 and 4 yield,3 ( k-:=(k1 ~k~t-k~):-!-) 

FrG1 = f <~i!::Ck.) I y,J kz)]) y~~.;/~) i{e'~, [<'J i k) 

X ({~(~J I { eh} i k I v~(s(k.t) ]1 \~is( k~-) l11(k6) '> 
•' 

(24) 

where now the resonances lie on the degenerate __ ;i_T'i ~\~--·trajectory 

-0:r,;~/t) = J: + r;5_
1f appearing in the 3-pion channels. If we 

factorized, instead, in o. two-pion Jhannel we would again obtain 

t.he _$__, f trajectory ~~f):= 1 1- ~.y't k:town already from the four-pion 

amplitude. The lowest-lying states :>f the N.s. model can be arrang

ed into the Chew-J!'rautschi plot shown in fig.4. Here, the states 

are named according to their quarrtun numbers spin, parity, isospin 

and "G-parity" as the corresponding mesons found in nature. More

over, in table 1 we indica-te the explicit form of the occupation 

number states describing the lowest resonances of positive or ne

gative ttG-parity" ( G =- (-1)12
: b.~· h., .. 1 )/4/ 

.... _. .......... ~-

G=-1 f'v12:i .[ ;] f' name Fock space state ( f~- -picture) 

-1/2 1 o- 'II I_!]:) ·-· /0':> 
I p ( I ;\ t+· '.i 

1/2 0 1 C•> j(,tl) f ~~ 
{,, Yil IV.> -- . I~,,- <. ">k!l .. --- f'.} 

3/2 1 2+ /\) /(\~) ' \ t-)( ·!•. 1 vI I ,\ . ~- ()'' . -

. ·~ I ., { u .·. 1 '\ - ' / ,..,. h, /0) . ~1 ·y,\;i \ . ~/I . ~?I . 

1- s L)~' 
bf~ · .. 

G•+1 0 1 ·- , ·%\lo . .J 

1 0 2+ f /f) . f/ ;<(·II . ' + /~ I 
o+ 

:e I{ ·f/<•) I (-\_ it -· 2.. 0 >-' 
1 0 c·' (Ji') • ( g ' • f . + J . ') L e. t . ~{)"q1 .~I(· brt,t 1{-(.1 1 ,) G_) 

Table 1. 
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( is the Levi-Civita tensor-). Using eqs.(15),(17),(18) 

we obtain easily ·the following integral representation for the • 
amplitude (21) (':>G) x\,j ,'(",f'lare the i:ntegration variables introduc-

ed by the propagators)*) 
f1 I \ 1?,.; (ti~' 11( c ( ( d ·= ol ~ d ~ - ~~.; - !frr.···, -1_ - t'Y.: 

~~,, :0 ~t; J t r~/_z~,;;.:~(1~ ~',_..~~ XL, ,1_, >t-3 .... ~, 1(\ -s 

;.... ·-J1:~/ -otl)4: . o< ~~~ '• 

·L~-~:~J ~P.L-1-~~:~ 1/~:~?J ~1 r t~~~~r··_!_, 
. V 1t' ~· v~-

1( [· 1- ><lSL J ·--0~~y.1 L-._1_~!~-~\tt ..... J' ·-.$)'@1-:1 .. [ 1 ~ "- )\, :r· .... 1·· ~Y{). 
1- xz. ~ >\"4 ;f - X2 ~ l(·l.f 2. .l lt-

.:.~ -:.. .... 

kd · ~~ ksk'r 
(25) 

-··· k · J.- k.· • ·, X3. ) ~ j(~ l '<\f -!~~- ~. -~ ( ... 

X.... ~ 
Here .we have used the notation o(. r:-: ,1 t N'(1 ·i "··~.·:> t;,.~~ 

. ; i.·,,,,,)" .z. · .v~ r<1 t- rr,_ 1- (~ ; 
etc • 

and Xq) is an abbrevia·tion for the expression in the bracket 
I '' 

raised to the power - 0' '"1• Note, that the six-point function 

factorizes on the pion pole ( h1 t!'~} ,)1! 1'J i k::> "7" IJ.I(Iti> I a = 0 

into two r~·w' i nq nmpl :i "bl.do s of the type ( 1G). Ano·ther way 

(21) 

) 

to see 

this is ·to expand in eq. (25) the part of the integrand w:i:thou"t 

the factor (·.) ( ".-. p--- 1..) around v,\ -'' Cr , retaining the term . "" 

and performing then the )('-~ ·~ integr:1tion. Next, the tenns of 

order 0 ( .)('~) of ·the bracke·t ·i ... /S yi~ld the factorizing ~\!-contri

bution etc. Analogous fac·torization properties follow in the high 

*) This expression follows also from the slightly modl£:ied 
operator rules and states of' the so-:}alled " f1 ,-picture" by killing 
the pion "ancestor" state/.31. 

.i 



~ ·' ., 
lc:...• 

energy region where Hegge behaviour holds. Let us consider, for 

example, the Hegge limit shown in fig.5. It is defined by the 

kinematics 

s1{; I s234- I s3y.5...- I s31.f ·.....P. - r:x.> 

-f-tz , s2s i ·t12:~ 1 S~ts 1 L rG 1 ~~~:r · 
.S31f£ ·-: ~- _S1'~- ':::: 'X :;t: 
J~'f -- S.Jy- - :..: 

The contributions to the asymptotic behaviour of the integral 
. 

(26) 

representation (25) arise only from the neighbourhood of the point ... ; 

X:!J :::::. (}- • Expanding the integrand around this point and using the 

formula 

( :;; l ~>/''(' o<' ry· OS: / "'-' -- .s ) .. - ' -- j {'-\ 
(27) 

we easily obtain the following factorizing contributions for the 

exchange of the '!I; f.!! -trajectory ( t1l:S: ·f: ) 

. ' - \~~~/ ' ' 

F) ·'V [- CX{su,)1< -~-: r (- c.v'rr,w {t)) . X 

· "' l~·rul"?o j ·- --~ / 

r 1"'{ h/ r . J 1 x: , 
X l s~j ol ~(<:";c) [(1- X'L)., ~ ~f'"' 1-, ~~ jd f,:/1f~) [(1·-\"i,) ':rt,~Jcr,'?f_>) 

d.. [. · · J: rxR(.;)(t)'[7 t: . 
+ ..?_. - ~ (Stb) :· ~J._ 1. /f- fJ~IW.( f:) J )C 

x [ i2·1~Kil/ k,)6(k,/" j'cA 'U ">-) [0r -xl) +~ l<Jr:;~ ro-1 , 

(/ Z. ~., ('I ~ ( 'J\'io{ ?(. ~--( - -l~{ (.,J (t) ·-1 1 -~~ 
. 4 ~~~\ •• )- tt,-)· J J) >r: ~, _ 1-~~ 1 +_a: "'"' r '-- _J 

(28) 



Here, ~ I) {:It) and d Jj(>(-) are short-hand notations for the 

of ~qs.(7),(8). The factors [(1{-'t) +~ >t]0r~·,i,~(0 (~1.). 
integ-

rands 

appear he~e because one of the exten1al particles of the factorized 

four-point amplitudes is a Reggeon. If we continue the variable 
I I I \.2 

c<{-:.0( 1 ~1~ to the values .0/Nf~/=-1 or _O(rrJ!J\= i , reepec-
_... -- ... __ 

( . \.~ ,~ 

tively, where -%I~ts' "';;iiJ ·::: _0 , JX!(~ ("l1t.;;''\) :::: 1. these 

factors will take the value one. In this case the integrals in 

the first contribution to eq.(28) coincide with the four-pion 

amplitude (7) whereaJ.=J the second contribution yields the original 

/1/ 
• Veneziano amplitudes for the proces~ 

Finally, we mention that the integral representation (25) 

is invariant with respect to a cyclic permutation of the ex·ternal 

momenta k ~ ~ k.tHL as can easily be seen by perfonning a 

change of integration variables. ~Phis important property guarantees 

crossing symmetry of the total amplitude and was indeed built 

into the amplitude from the very beginning due to some well-defined 

transfonnation properties of' the propagator J) and the VBrtex v~S\ 

undel' the projective group/6-131. Furthermore, the amplitude (25) 

develops at most (1\1~?,) ·-:: ::; simul·taneous poles in Mandeletmn 

variables due to the vanj_ehing of some of the \"( or of some 

brackets [ ... ] in the integrand!)These properties generalh~e the 

*) Such simul·taneoue poles appear only in Mandeletam channels 

that are ...ngj; dual to each other (see. e.g. the configuration of 

fig.J). A Mandelatam channel of a N-·point amplitude corresponds to a 

partition of th~ external pa.rticlee into two groups by drawing a 

line, Two channels are said ·to be dt,al to one another if their 

associated linea cross each other. 

' i 
1 
k 



duality concept discussed in Sect.2 for the four-point amplitude '' 

to the six (N)-point case. 

4. The Neveu-Schwarz-Ramond (N.S.R.) 

Meson-Fermion Model 

To introduce fermions into the dual model Ramond/5/ consider-

I 
It 

•I 
.i 

f.i 
•I 

ff ., 

!.'1 

ed besides the a- and b-operator algEtbra an additional set of anti- ·f) 
lj 

commuting creation and destruction ope;ra.tors, now with integer 'I 
I 
n 

indices ~ 

~ 1 II"! :: ·1, 2 I ~ • • I ')c ( 29) 

as well as suitable generalizations ·Jf Dirac's [-matrices 

( ~ '1: 11: ~ ~~ --· _Qrtif' ' at space-time dimension) 
- ;:><:::.> . 

J~{i) = 0~ + ~: I'Z 1fl z (c;;{:(J;.2 "'+ 0/~2::~) 
- ·r- +- . ~.-"''"' . 

j'7 c· J-- dH·J., , 
_1/SI : _Q-~i -1}'~-"~ .-

satisfying the anticommutation relations 

{ _r~:<-~~), ~{e 1J} ·= z~~~)Q(.fr(r~~-~J) 

{ f ·~ (1.1 , f(s1 } -=: (r 

( 
=- 19 ) , 2=-e·-

{30) 

(31) 

Furthermore, the spectrum of the felEion sector is determined by 

a generalized Dirac equation obtainud by means of the following 

correspondence principle 

c r· ~F -WJ~) t !k / ·= cr 
' ~-

~(<1_'6)· .P{z)) ·- k1rv~ f<f~) ~· Cf -
where<,.,~ means an averaging procedure 

..- eT" 
(Ati)> ~ J!fjJt>A(<i) -

0 
(33) 

' 



and is a generalized momentt~ operator of the dual model 

defined by 
'?<".) 

·-rxA 0 ::: • {""' 1 t1 '""'> lr"'· ( ,..~ - V1 
·( . .,-I 2] ·~ .~::1-7 4- ·--:; I Ill 0 1.1 .. ~ ·1-
···· , Q:;, L-

···· l-1 "'-1 

(34) 

The fermion propagator is .then given as usually by the inverse 

of the operator appearing in the generalized Dirac equation (32) 

propagator: ·----fJJ 

·r h".~ +-~~(f) . c- ~· r· t ~~. I \2. '25:? . . . t \~1. 
~ ¥f1 -:: ·:-:!.:~ ~~:-- ~. f 0 f VrJ' ~~~#J)) LQ( ~~~; .. ~ r·- ~· 11 (a,:. C1l1 + c/,.1 ·cA,1;) ( 36) 

~(;} +-0 tAt~" k -1 . 

The emission (absorption) of a meson from a fermion line ie 

described by the follow:i.ng generalizHd pseudoscalar meson-fermion 

coupling ( ·f;, -picture) 
(•-

meson emission 

vertex Vm) (k2 ; 

,k 
I 

'V 

--...J' ··---··~··· 
f/R.1 

where Vo ( k') was defined in e q. ( 15). 

.. 
,~y~c k) ·-3~J~~ \,(, Ck' (37) 

It j_s now possible to write down the meson-fermion amplitude 

shown in fig.6 as· expectation value of a chain of propaga·tors 

and vertex operators (solid linea .dee.cribe fermiona)*) 

*) In writing eq.(38) we hav·e taken into account the time 
direction represented by the direction of the fermion line. In 
coming particle .operators stand now on the right hand side of out
going particle operators. 

" I 
I 

' ' 



.. 

where [Z ( r') 1 l< ( r) are usual Dirac epinors • 

Finally, Corrigan and Olive have found an expression for a 

fermion emission vertex 

fermion emission 

vertex \?fl : 

which is given by a rather complicated exponential form, quadratic 

in the masonic b-operators and bilinear in the d- and b-operators. 

The reader interested in more details is referred to their original 

work/181. 

Before discussing explicit examples of meson-fermion ronpli

tudes let us say a few words on the ghost problem of the dual

resonance model. The operator formalism considered above is mani

festly Lorentz covariant as it was constructed using the manifestly 

covariant algebra (10),(29). Then it follows that the timelike 

components of the oscillator operatcrs generate unphysical negative 

norm statee-"ghosts" 

<'9ta~~ a~~0 (0) ·= <·o{bl~ bL~o lo)-=- <old: cL:
0

IO) = --· i 

Now we have learned from the analogous situation in quantum 

electrodynamics that Lorentz covarie~nce and positivity of 'the 

norm can be reconciled by using the Lorentz gauge condition. This 

condition restricts then the apace of allowed physical states. As 

has been first found by Viraaoro/ 19/ for the conventional model· 

and then by other authors also for 1;he N.S.R •. model/20/ there. 

exists ;an infinite set of gauge conditions in the dual-resonance 

model that can be used to eliminate all the ghosts. In the N.S.R. 



model such no-ghost theorems hold for space-time dimensions 

cA f. dct1t - lfO and Wlfortunately only for the Wlphyeical masses 

of the .ground state particles given by o(
1

~~·., -.1 J ~ 1~ ~. 0 

Instead of using these theoretically consistent but Wlphysioal 

mass values it is sometimes convenient in phenomenological appli-

0(. I,A A~\Z I \ :2.-catione to take vv• ~ ~~- rather as free parameters ,_ 
that will be adjusted to their experimental values {see Seot.6 and 

below). 

Examples 

Let us now quote for illustration the meson-fermion amplitu-

,. 
,I 
I 

I 

des of fig.7 a-d calculated by means of the above rules. Performing :~ 

the necessary a, b- and d-operator algebra one ea.sily obtains the 

following expressions (the ground ste.tes of the N.s.R. model are 

designated as " ;, " and "N" )/1 O/. 

i) 11~ . ..., 1f tJ 

~~{s1 {)-= ~~ LtCp')_6· ~ urr) J3( ;[-~~s), 1.-~trt->) 
. '/:)· d-' 

FA'(s·14) ·= gr~ Ctrj') _Q· kz. ~(f) J)( t- dlf\J'(s)1 ., -~1jlfr..d) 

(~6):: i +- c.{'(s:-~,~) i?P(t)::: 1 +g'( f ... ~'_!i)) (39) 

ii) ][f.J ~* 1\1 

ri 
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iii) .Jf N / S2 tJ 

f='~d.(s1 t) = ~lil-3 ;_ (k~ Is k';fr~(k, }~e{~ .. ~~ i:( r'J • ':1 

~ [- d~~v E c 1- -~(s"l,2- st~{H) <4, > if 

where +- Cz~/[<E( ~ -,;ftJ)(s),tf~t~ +ii'{f-~(s;) ,.;1-~o)J ~ ! ~ 
I ' :J f 

~1"f:.W ~ --- ~ ~-- 1f 0,~ Ql~- ~-:o<'f~~ ~ 
/ 2. - --- f 

~~= ~ Cd$<1c~s-- ~~8tr~:~ . ; ~ 
Here, e:: (lt, ~) is the polarization v.actor of the vector mesons ' 

~I .S?. to ~lici ty A ' _\)'~~ "" i ~Q~!I r i J and B is the beta-

function (8). In the configurations o;~ f'JJg. 7 b-d the fe:rm~on emis-

sion vertex \?~ has been used. Finally, the amplitudes with an 

external S or (.v may be calculated by factorizing corresponding 

five- and six-point amplitudes in a two or three meson channel, 

respectively, or by replacing a ('!:C_) e1tate in the operator defi

nition of the amplitude by the eta t e s I~ ) or I~_':> of table 1 • 

Note, that the respective trajectories appearing in the meson (t~) · 

or fermion (a-) channels are automatical~y shifted by integers 

or half-integers a as it should be. These shifts guaX'antee that 
' 

the first poles of the amplitude appear at values Q{(~3~) ~ (] 
where d is the spin of the lowest resonance lying on the res

pective trajectory. The leading Regge behaviour is just restored 

by the kinematical factors appearing in front o:f the B-functiona. 

Concluding, let us say some words conct3rning the different coupl

ing schemes of the J( , W and $.. mesons o:f the model to the 

fermion-antifermion state. By inspec:t:lon ofeq,(40) we see that 

the pion coUples in accord with eq.(J7) by a usual pseudoecalar 

ZZ (() liS\ u rp) coupling. Let us next take the residuum at the 
. ,, I ~- A 
W-pole <X "t = d ~-= 2 ~ We have - ....... .... -



= 1 ~-t?J ~ i:(e') [- 2~)Cs) k ,. e ( ~z ,?t) 

+ 1{. ~)l:ve~t(t,~) ~-~] dt11(~tr)C42) 

which may easily be rewritten in the form 

~ ·~ i [ 8 ~~-~~Jkz)~e (l<l,.x~ (l< 1 )If_] Lct~§.f~V"TI (p·- ~·)~ l~fp'ior (43) 
. - ··- -· - . - - d'·c:- v/- ( )J 

IC V · -,. ,. lA f' 
We, thus, see that thew-meson of the N.s.R. model "couples .. 

only "magnetically" to the N tJ state~ This situation has to be 

contrasted with the S meson that cou.ples according to eq. (41) only 

via the "electrical;~oupling i..<Jp') (}~(..{(f) • It is worth - . 

mentioning that the N.S.R. model yields also an in~eresting result 

for the tJ tJ ._, fvN amplitude/211. The reader interested in the art 

of higher level algebraic manipulations is referred to this work 

which represents doubtlessly a summit in the operator investiga

tions of the N.s.R. model. 

5. Unitarity Corrections to the. Regge Trajectories 

In the preceding· sections we have discussed some properties 

of the "tree" graphs of the N.S.R. model. These were meromorphic 

functions in the respective Mandelstam variables with pole singu

larities on the real axis that reflected the propagation of stable 

one-particle intermediate states. Due to the unitarity. equation 

(comp. fig.8) the imaginary part of a scattering amplitude should, 

however, also acquire contributions from many-particle intermediate 

states leading to normal threshold cute in the Mandelstam variables. 

To satisfy unitarity one should, therefore, include higher order 

loop amplitudes into the dual model. These loop graphs should, in 

r. 
i 



particular, add an imaginary part to the up to now 
....., •(' \2. 

t j t i th d t II J!Nc _Qi S:~-t') ra eo or es so at, ue o -~·h.'!$\·~ --1----------

0(~ 
nanoes will get a finite width. 

20. 

real Regge 

, the reso-

For simplicity, we shall restrict us in the following to 

the discussion of the planar one-loop graph. Factorizing a loop 

graph on an internal line should giV"e a tree amplitude with two 

excited lines on their ends (represented by occupation number 

states) as residuum. These facta suggest to construct the loop 

graph by "sewing" together the two excited lines of correspond• 

ing tree amplitudes after having ine1erted a propagator between 

them (comp. fig.9). The ewmnation over the inserted occupation 

number states is just equivalent to taking .the trace of the ver

tices and propagators appearing in fig.9 (a fter having replaced 

A by D)/G/. It thus follows 
"--<X 

Tt(1)• ~ C d (:J~k jy [ ']) v (lt11 ]) V (kt!)]) \l(k3) ~i> V (~~~) ·-) <44> 
i l 1 J c>- ·«Y((/. · 

If one now inserts the integral representation of the meson pro-

pagators as well as the vertex operators into eq.(44) one ob

tains after calculating separately i;he a• and b-operator traces 

as well as the l;.oop momentum integration the final anewer/221 
(<X'=- ~} *) /f l.t, . . 

·T?~-t"!J ,~ ?t!Yf.l- (' ll o( "' .. ~ --·~~- ft~fr~) (():~(tv) 
ycrr~ = ~ ~ (.:_2rr f ·6 -t . .,

1 
»A.) t.0\:.~ ,it.,~ ·-· --, 

2. 

. ll:tJ ¥<~, s_,)~- k.-. kj , L (-1 )r ll ~~ :~, ~ -ii·\x + r ~-~, , ~ )5 > 
1~-t'~l!:l.f f_ ,J=II 3-,\ .1 lt J 

······ . 

-------------------------

: I 
' . . ' 
i' 
: i 
'' i! 

i I 

'' : j 

I' 
f' 
i 

*) This expression has been calculated using the operator 
rules of the -'171" -piot·ure. Moreover, the calculations are done 
in the "critical" (unphysical) dimension of space-time ~fc;.;ft• 10 
of the N.s.R. model(only in this dimension the model is ghQst 

·free and consistent} on the one-loop level)• -~ -..... ,\! 



2 '1. 

Here ~i) are the integration variables of the loop propagators 
.......... ~ 

0 "=' ~-i x-2 ><--~ xlt , .. f c~D "::: 1r (1-- .0~:') i --_fJ-.rl f:9.) ~ r-r r 1 J: ~,_/'- 11~) 
1lt :OIJ k "'1 

~;:ta'' = X'7-t~-.;h X'-..c.·+.2.) • , • X':"2f 1 and t.he sum 
in eq.(45) is over all permutations P that group the external 

particles in pairs, each pairing being counted only once regar

dless of the ordering in each pair. The functions c·y.(Jr1tv> l ~.' 1(~~~~ 
. - - ,,.. ...... ~ 

appearing in eq.(45) may be expressed by Jacobi's theta functions 

---~ .. -~{.J~E I£) /23/ --.. ? . . 
f, ;) r· ,t~..c. .I("' { 2 ~~-~ · /C) I t: 2 · . 1 { Jt, ~) ... - ~ w ·1 _,t:~ - ,&{ ~) 1 ~-,. l o I --~-~ ) 

A-+c 0 ,{_ -~ (-
1 

,ef..t w \ ~\ ( 
1 

E.,~, '13 c· .e~5~ 1 :eu. ~L) 
)( ~) -.::: 2: Vz 0 ry .;:.-:·· 1 ·1]4 D ·"':'~) ·3 . 2lii i?'if.t' 

I. · ... t' -t. · t: lr1. --· ··- JZ.. · 
- .., ~~ -1 c·---::;:-::.r: I -~:!.!!(.. \ 

V · .:..li 1 l 7f 1: I 

(46) 

The meson amplitude with an internal fermion lo.op is obtained . 

quite analogously by inserting the fermion operators in the trace 

(44)/24/ 

where 

~~ (~r; I .~~.'V.) 
) A: .. ·\1 (~ w) = ~ ·C:\ (o ( f~c:v) CVo I f~ I '7 (_t;~{- .. €vt_-~_ ~;-)· ... ··tf' · 1 2 ' J,q · '·""' ) "G .. , 7iT ·zFt""~-

(48) 

Theee loop amplitudes may be most conveniently studied by per-

forming the following change of variables (Jacobi transformation) 

· c'{ __ , ·G. _ 'J]; .R. (~?:~_?,. __ : ·:.~-t· )_ 0 <:._f),.: ~ rr (2 ~ c' ~ f.l.. , G
1 
~cr) 

-· ;(. £,... 0J... f ''!. / - .E'~< _ _§)~ .. -t'f -c,·~a 

(49) 

I 
I 

\' 
' ' 
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As we are interested in the explicit form of trajectory 

corrections due to planarloops we h&ve to investigate the asymp

totic behaviour of eqs.(45),(47). Using eq.(47) We obtain, for 

example/25/ ! 
i 

j\(VI ~2 - \0ji't)['- ; 
1¥

1 

(·~~) fj:/~.(/_- o>:tMT- • )', C-!tsrs>) [? {rt-Qj (tl) ~ (~re,) i 

+- rr~-~r+;)f-(+) ·- _r ~0-~~~~~c~rtv +f(1-~{fl~ ~~J1: 
where 2. is given by the rather complicated expression 

o( I.,! 
- r i · 

r. 
I 
I 

I 
i: 
i 
I 

I' 
" 
:I 

? 

t-2(1-~rtV~ri,i)[-,?~.e..fJ -QS~t) F71'J f{o:e.fJJ 
tj 

,, 
I 

- (51) 

and {!!Jt.) is defined by some three-fold integ~l. Moreover, we . '\""-~- --~~-

have introduced the notations -~ (<71'1 ) ~ (- f,;1 }-1 ~r/x1~J 1 

1-

'1((01'j) ·~ (- ~· )-1
}(><.1 w) 1 j:- (1') ~ ~~ ~ S~ @) r0t1) ' 

Note, that eq.(50) may be interpreted asthe O(g,t)term o'r a total f. 

amplitude 
'Ht"w_.-

1._-&:,t, ~_><:> ~ e. . ( __ M ~~~ ( t) 
"T:,/iL{s1{) : L ki7·~~~~ .~ 3 qK? (i)1~~{t) E ;f-0s~ff>') (-q_(~j1 5· .. -) 

T IT ~ ~~/"b () . . _ '( 2 
~t.t ~o 

expanded in powers of the coupling constant 3~ • The corrected 

expressions for the j' -trajectory and :residue read 

r 

l ' 
I 



2). 

moreover, 

2 (t) - [ 1_ -· 

As seen from eq.(51), 

defined due to the singular behaviour of the integrand near ~~~. 

One can give a meaning to this integral by performing a suitable 

regularization and renormalization. As a net result of the renor• 
..-"\ 

malization one obtains a finite correction function ~ as 

well as renormalized values of the ~ual coupling constants and 
of the trajectory slope 0(' 1 125 ' 261. r ------------·-·-·····---·-·---

,~--.. -
~--·----~ 

i Concluding, it can be shown that the correction function 
I 

develops normal threshold cuts in t leading to an imaginary 

part of (X's ~ (t) and thus to [~ .. ~ ~~0 • Moreover, the asympto

tic behaviour of the meson loop {45} can be obtained from the 

above results through the formal substitutions i ~ '"'/ and 

c a ~ e.) tt ~ _ Cg) ·If> • 

In writing eq.{52) we have asst~ed that the multi-loop 

graphs contributing to the total me£ton amplitude (see rer.127/ 

for the definition of multi-loop aml>litudes) possess the facto

rizing asymptotic behaviour that is necessary to perform the sum 

over m • Such factorization propeJ:-ties of the asymptotic expres

sions of multi-loop graphs have been proved for the conventional 

Veneziano model/10 , 281. 

i 
!. 
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6. PJ:J.enomenQlos;ical Application11 

We have already mentioned that ·:;he N.S .. P .• moo.el possesses 

some yet unphysical properties conce::·;ling its )nrticle spectrum. 

Thus, the ghost-free version of the model oonta:.ns the pion as 

( 
f \~' /1 ) a tachyon 0( ~"""-:i <0 lying on a d•3generate JT ~~ ·- trajectory .• 

Furthermore, the~ meson and the fe~nion ground state are mass

less. Finally, unitary loop correcti·:>ns can be consistently taken 

into account only for a critical (unphysical) space-time dimen

sion ~=10. It is the hope of ma~y people that a more realis~ 

tic dual meson-fermion model without these defects can be const-

ructed that retains some similarity to the original model. A pro-

mising step towards this aim has been done recently by Cremmer and 

Scherk /29/ Let us, however, do also justice to the present • 
N.S.R .. model and remember some of its sound and attractive featu-

.L 

I 
res. First of' all, the dual amplitudes of a given process con- ( 

f 
tain only very few parameters and offer a unified description 1 

cf bo·~h the low energy resonance region and of the high energy 

region where single-or multi-Regge pole exchange is dominant. 

Moreover, the same dmplitudes may describe a large number of 

different processes related by crossing. 

lnese features are preserved if one replaces in phenomenolo-

g:.cal applications the unphysical Regge trajectories apper.1·:·.ng 

in the amplitudes of the present model by the experimental cncs. 

ll'urthe:cmore, instead cf treating con:.plicc:t ::::d. loop expressions 

some amount of uni tari-'riy can be taken in·~o account by giving an 

imaginary part to tbe trajectories tolerating then the appearance 

· of "ancestorn and ghos't states. The la·~ter c:n-9s are generally 



believed to be unimportant in the klnematical regions considered. 

In refs./JO, 31/ the N.S.R. model has: been used as a guide for 

the· construction of more realistic du.al meson-fermion amplitudes. 

The modified amplitudes thus obtained have been applied to a 

phenomenological study of the production of vector and tensor 

mesons lying on degenerated tra.jectories in processes of the type 

'K r ~ ( ~() ( f I ~ 0 ) V) / J7 -p ·--? ~~VI I A; r a V~cl 

·- . · /3o/ · 1/-- -if- _ ~ 131/ 
K-p-? k ~{8'lo 1 1ttz.o) N a V?c~ ~~ r-~.~ 0 {8ro){Ji:ff 1

1 

( 

···-· I 

Starting point for the quasi-two body amplitudes were formulae 

of the type of eq. (40), (41) (extended to higher J== .21 '3 resonan

ces). The amplitude of the quasi-three body reaction (comp. fig.10 ! ; 

where one of the three possible graphs with nonexotic quantum 

number is shown) were calculated by factorizing a six-point 

meson-fe~ion amplitude on the spin 1- state in a two~eson 

channel and by further modifying this amplitude. Let us say so~e 

words on the kind of modifications chosen in these applications. 

First of all, as a prerequisite for tl subsequent shift of the 

11-trajectory to its physical expression, one had to overcome 

: i 

-
the unphysical degeneracy of the 21 ~ - trajectories. The sepa-

ration of the ( Jl, w ) trajectory can most easily be done by 

using helici ty amplitudes H~ with definite parity exchange 

in the t-channel/32/ ( ~ is-the helicity of the produced vector -or tensor meson) 

*) In a.pplying the N.S.R. model to KN reactions mainly the 
spin·and parity cQntent of the model _is considered. In distinc~ion 
to Ji kJ reactions there are then no G-pari ty restrictions. -

\ 
10( 
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(54) 

As is well known, the ~plitudes (54) are dominated to leading 

I 
I 

. ! 
I 
i 

order in .s by the exchange of trajec:tories with definite natu- I 
i' 

rality. Hence, the urmatural spin-parity 'Ji-trajectory ( P- -(-1')$/) :. 

was attributed to ~\(,whereas the natu~l spin-parity ~-tra
jectory ( 1>-= ·r (-1)ta/ ) contributes to ~~. The. N .s.R. model 

. 
Was further modified to include several baryon trajectories 

( ~' 1\!'f\ 1 L) ) • Fig.11 shows the differential cross sections - - -
o{~(dA and d~(dA for the reactions a) 1.L p~so 11 , b) F-P -~f'-' 
and c)JC'p·73°H at 17.2 GeV compared with the theoretical pre-

t 
I 
: i ,. 
' I ' 

' . 
r • 

i ' 

dictions for the natural and Uimatural spin-parity exchange to i. 
helicity ~ /JO/. In particular, the unnatural spin-parity exchan-

ge is described reasonably for all measured helicities of the 

produced resonances for small t • It is worth mentioning that the 

dual amplitude predicts a non-zero C()ntribution in the forward 

direction for the helicity non-flip amplitude in distinction to 

usual pion exchange models. Finally, the five-point meson-fermion 

graph with an external vector meson contributes in the single 

Regge limit (comp. fig.10) to the helicity amplitude as follows 

U...-. \'(. .) (- I.J ~~wft) .14 (55) rv~'(s ;;;) ~ e~ (~) - /[- -~!i~~ ft-> - ~r,, ) - ~( f c; J 

where 

' . ' 

i ;· 

t 

t i 



Here, the following abbreviations h~ve been used 

. . 
G ( q I ~I c ; 2 '). := ]3 ( J;?' c) f= ( q' _g I z f- c i ~) 

!2.. -= ® . !1!~-s 
1::::... ~ 

~ -= ~+ o( 
1 (k-1 +-kG) Z etc. 

(57) 

f,· 

r 
t) 
[ ,. 

where F . is the Gause hypergeometric function and . .B the Euler r. 
(' 
r· beta function (8). 

Modifying this ter.m further in the above mentioned way (and 

including the remaining other graphs)· one obtained predictions 

for the differential erose sections of unnatural and natural spin
• .,..._-if-0 

parity exchange as well as for the k (890) density matrix ele-

ments ~f.-1\ ~ Re 0~ . Jv..... j!01·- '?6V and '11..1... ~~ as _ l _ I .y~o· t z .::f' -:;;u 

functions of t 1 = I[- tf,ot,"' 1 and the nucleon-pion mass -..vt.rr,., • As 

an example, Fig.12 shows the model predictions for ~,Ji::'i:) and 

Re 31"10\ compared with the data at ·10 GeV/c. A better o-;erall 

agreement with data were found if one additionally included a.~

trajectory ( E B -model, solid curva, compared to only pion ex

change, dashed curve). 

The conventional Veneziano mod•3l has been applied. in ·the 

past also to the description of inclusive single particle reac

tione/33/ reproducing such experimental features as Feynman 

scaling behaviour and large traneve:rse momentum cutoff • One 

can easily see that similar results may be obtained also from the 

N.S.R. model as it preserves the co:nventional model in its a

operator part. The reader interested in more details of the 

phenomenological application of dual models is referred to 

ref /8, 9-,10/ .. 
• • •• 

f 

i 

I 
[. 
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Figure Caption 

Fig.1a~c: The three noncyclic configurations contributing to 

the four-pion amplitude. 

Fig.2: 

Fig.3: 

Fig.4: 

Fig.5: 

Fig.6: 

Graphical representation of duality. 

Multiperipheral configuration of a dual six-pion 

amplitude. 

Chew-Frautschi plot of the ~owest resonances of the 

N.S. model. 

Single Regge limit of a six-pion amplitude. The 

wiggled line visualizes the exchanged !eggeon. 

(N + ~point meson-fermion amplitude 

(The solid line represents a fermion (N)). 

Fig.7a-d: Four-point functions of the processes 
. ]C fJ ...:;, 7I. ~ ( a- b) t tl "-1 ~ <.s tv ( c ) 

Fig.B: 

Fig.9: 

Fig.10: 

![N ·-:, ~ N (d) 
Graphical representation of the unitarity relation 

Sewing procedure for the planar one-loop amplitude 

Single Regge limit of a graph contributing to· the 

process t~p-:-> F'~(I(rJ. This graph has been obtained 

by factorizing a six-point function of the N.s.R. 
model. 



Fig.11 (taken from ref./30/). Differential cross-sections for 

at 17.2 GeV/c compared with the model p~edictione for 

the natural and unnatural spin-parity exchange to heli-

1-

~ 

city A d 9,:;; and o(~~~ in the Gottfried-Jackson system.; .· 
-~~} d~ ' I 

Fig.12 (taken from ref. /31 I). The jr (890) density matrix 

~) . ~' elements ~~_.,, 1 S·l-1. and ~".e ~ 0 as functions of\:. and 

Vt-.1~~ (the solid curves are ·obtained from a model with 

11- B exchange, the· dashed curves correspond to '11-
- I 

exchange alone). 
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