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FROM THE QCD MOMENTS IN THE NEXT-TO-LEADING ORDER

R. Lednicky

Abétract

It 1is <found that the convergence of a structure function
reconstruction from the QCD moments i1s destroyed provided thoe
latter are calculated with the help o the usual next-to-leading
order anomalous dimensions Y(N). The occnvergence is recovered when
T(N) at even/odd N, responsible for the Q% evolution of crossing
even/odd structure functions, are analytically continued to
odd/even N. Simple analytical formulae Tfor the corresponding
corrections to T(N) in the singlet sector are obtained based on
the known nonsinglet result. ’

N S
4 . » ""' e

L 1511 59

Dubna, 1989



2 RECOVERING THE CONVELGENCE

It is well known that the methods of “approximate” reconstruction of a structure function
[1-—3] provide a simple and a fast solution of the complicate«l system of the QCD integro-differential
cvolution cquations with any required accuracy. These methods arc based on a structure function ex-
pansion in a scrics of orthogonal polynomials. Especially simg le solutions arc obtained in terms of the

usual moments
f(N) = 3 2N~ 2f(x)dx. o (1)

Thus, e.g., QCD predicts the N-th moment of a nonsinglet structure function Fl};s(x.Q’) in the form

(see, c.g., reviews [4,5]):

FNS(N,Q?) = CNS(N,Q1)ANS(N,Qe2){a(Q)/a(Qe? I CX(N)/2Bo. |
{14 1/, [a(Q%) = a(Qo)HyNS()(N) —yNS()(NyB, 18,1280}, (2)

where ANS(N,QOI) (to be determined from experiment) is the moment of a certain linear combination
of the parton densities at a reference value Q,? of the 4-momentum transfer squared, CT(S(N,QZ) is
the Wilson coefficient function (proportional to the moment of the corresponding hard cross section),

Bo=11=2/5f, B, = 102—3%/,f (f is the number of active flavours) and
YNS(NvQZ) = (0/417) YNS(O)(N) + (a/41r)2 YNS(l)(N) 4+ . (3)

is the nonsinglet anomalous dimension. Both Ck(N,Qz) and y(N,Q?) are known up to the
ncxt-to-lc#ding order in the QCD coupling constant a. In particular, the quantitics y(')(N) have been
calculated in [6] for nonsinglet and also for singlet sector and represented in a simple analytical form in
(7). The cocfficients of the serics of orthogonal polynomials used in refs. [1,2] arc just certain linecar
combinations of the QCD moments given in eq. (2). It is kriown [2,8 - 10] that a fast convergence of
the reconstruction series can be achieved m the case of Jaccbi polynomial expansion with an appro-
priate weight function. We have found, however, that the ccnvergence is destroyed at “large” N (N =
1lis critical in the case of Jacobi polynomials) if, as usual, the QCD moments were calculated with
the help of the next-to-leading order anomalous dimensions of refs. [6,7]. The convergence is recovered
proﬁded that the values of the latter at odd or even N are corrected based on the requirement of an

analytic behaviour (see below).
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RECOVERING THE CONVERGENCE 3

It is well known [11] (see also [5,12]) that the anomalous dimensions, obtained with the operator
product expansion formalism, in the next-to-leading order prudict only even/odd moments of crossing
even/odd structure functions. To find out the evolution of th: moments at any N, an analytic contin-
uation of 7(‘)(N) should be performed for even and odd N szparately. Thus the quantity 7(‘)(N) can

be written as [11)
YN = 7N + (DN, @

where yé‘)(N) and yls‘)(N) can be analytically continued, e.g., to the imaginary N values. Their Mellin
transforms correspond, in the nonsinglet case, to the splittirg functions [12,13] qu(x) and ch-l(x).
The Q* evolution of crossing even/odd structure functions is governed by the anomalous dimensions

[11,12]
TE(N) = 7, (N) £ vp(N) (5)

(yls")(N) = 0). In particular, the evolution of a nonsinglet or singlet structure function F,(x,Q?)

measured in deep inelastic charged lepton-nucleon scattering is described by the anomalous dimensions

v(N), N even,

Yo (N) = { 6)

Y(N)+275(N), N odd.

Similarly, y NS(N) (relevant, c.g., for F5P— F,*P) equals yNS/N) and yNS(N) - ZVIHS(N) for odd and
even N, respectively. Since ylgl)(N) is quite small and vanishes very fast with increasing N (71;,15(') ~
1/N®) [11], it is often ncglected in the literature, including all the papers dealing with the structure
function reconstruction from the QCD moments, cxcept for n:f. [9]. However, as stated above, such a
neglect has a fatal conscquence for the convergence of the riconstruction scries. The rcason is very
simple — the contributions of the moments are weighted by factorially large coefficients. This, together
with a lot of cancellations, make the final m‘sult sensitive to slijht changes in the moments.

The simplé analytical expression for an(‘)(N) = —‘/,yls‘)NS(N) obtained in ref. [12], rather
ﬁm the “numerical” result of ref. [11], can be used to solve th: problem in the nonsinglet case. Similar

expressions for yls‘)(N) can be found also in the singlet secto:, Thus, using egs. (5.32) - (5.39) of ref.
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[12] and noting that the contributions to 76‘)(N) arise not only from the terms in y(1)(N) containing
the factor (~ l)N explicitely, but also from the ones including :lternating scrics Sn’(‘/zN) and S(N), it

may be seen that the combination
an (= DN + bayS;(1/3N) + o 18:(*/;N) — 8S(N)]
in 7(‘)(N) leads to

YN = ay + b(= DNBON) + epe(= DNCN),
B(N)=$7(*/;N) =25, (N) +£(2), C(N)=83(*/;N) - BS(N1~45,(N) =% (3), @

where {(z) is the Riemann zeta function, {(2)==%/6, $(3)=1..10205 69031 59594. The resulting ex-

pressions for v [S‘) are given below:

YEFGI(N) = ¢ }SO)(N) = = 16(Cp? = 1 /:CRC AH(@N? + 2N+ LN, + (= HN{(28,(N) = UN)B(N)+ 1/,CON) ),
7EA(‘)(N) = —8C, TRI(3N*+ 15N+ 29N? + SON + 44)N?/N,* — (= )NB(N)2(N? + N +2)/N,],

7%F(l)(m = ~8CEC[(N? +N? +4N+2)/N,> ~ (- DNB(N)(NZ+ N +2)/N,], (8)

where N, =N(N+1), N,=N,*(N+2), Ny=N,«(N—1). We do not present here an obvious formula
for the “correction” to the gluon-gluon anomalous dimension of refs. [6,7] as the latter slightly differs
from the generally accepted result of refs. [14,15] in the term proportional to C Az' This result has been
deduced from a plausible supersymmetric relation between the four elements of the singlet anomalous
dimension matrix [15] and agrees with the gluon-gluon splitting function calculated in ref. [13]. Since
the explicit terms ~ (~— l)N in the singlet anomalous dimensions v(N) of ref. [14] have been absorbed
with n=(— l)N= 1 (without loss of generality), eq. (6) should be modified by the replacements y = v

and yg - Y, g Where Y, p includes only the terms arising from the a temating scries:
AN = Cp 2 (= HN(32AN + N+ 1)/N, ~ 168, (N)]B(N) - 4C(N)}, ©)

Ne=Ny(N+2).
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PESEPAT

OCHapyxeHO HapylleHUe CXOIUMOCTH PEKOHCTPYKIMM CTPYKTYPHO

QyHrkpa 13 KX MOMEHTOB B clyuae, KOrJAa HOCJEIHHE BHYMCJISTCA

B cJenymlier HOpAIKe TEOpMM ¢ IIOMOUBH OOHYHHX 2HOMAJIBHHX pPasMEPHOCTE
&(NI. CXOMUMOCTEh BOCCTaHABJMBAETCH, €CJH r(/V) IOpH YeTHHX/HedeTHHX A,
OTBETCTBEHHHE 3a QLaBo.momm '{POCCUHT 4eTHHX/HEeYEeTHHX CTPYKTYDHHX
QYHKIM, aHAJUTUYECKH IPOIOJIKATH K HEYeTHHM/YeTHHM N . lla ocHoBaHuu
U3BECTHOI'0 HECHHIVIETHOT'O pe3y.IbTaTa IOJy4eHH IIPOCTHE AHAJMUTHYECKUE
QOPMYJIH i1 COOTBETCTBYHUUIX IIDIPABOK K J“W) B CHUHIVIETHOM CEKTODE.
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