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AHHOTAUHH 

C~O.PMYJmPOBa.Ha 3a.D;a'tla OIITRM:lJI:OHOro yrrpa:a.n:emm nyt!Ka.MR 

-qacTHD;, rrpxBe,IJ;eHH Teopel'&I cymecT:30Ba.HHH orrTRMaJI:&Horo ynpa.BJieiiHR. 

3a,IJ;a~a OIIT~:OHOrO ynpaBHeHRH p~~eTCH CBe,IJ;eHHeM K 3a,IJ;a~e MaTe

MaTH~eCKOrO nporpaMMHpoBaHHR. B JtaqecTBe npHMepa paccMoTpeHa 

sa.n;aqa orrTm.msa.nmx HeJmHeiiHoro II)OTOHHoro MHKposoH,D;a. 



2. 

§ I. OcHOBHHe uoJ:IJITIDl R YTBe:pJl\Itemr.a: 

IIpeJK.ne, t~eM cWOIJMYJmpoBaTI> :aa.n:alfY ouTHMaJI:bHoro yupa.BJieHH.fi 

(QY) IlY'IRaMH, BBe,IXeM HeKOTOphle .BCIIOMOraTeJI:&Ime IIOHRTHH. Ilpe,IXBapH

TeJI:&HO ,IJ;aJni!M 110RCHeHIDI, He rrpn6er·M I~ MaTeMa.TH'tleCKOH CTpOrOCT14, OT

ChTJlM RHTepecylOlitHXC.fi R 06ImipHO:ti JU'ITepaType IIO clJYHI\.IU10HaJII)HOM:y a.Ha

Jm3y. 

1° IlpR cpopMaJm3arum peaJI:&HO~ ~H3R'tleCROll CHTya.rnm: OCTaeTc.a: He

KOTOpa.a: Heoupe,IXeJieHHOCT:&, ROTOpa.fl ,IJ;OJDJ.tHa 6UT:& YTO'tllleHa Ma.TeMaT:mta

Mli!. K Ta:KHM YTOtiHeHW:IM CJie,IJ;yeT OTHeCTH KOHKpeTH3a:mDO I\Jiacca cpymt
J.ndi, C ItOTOpHM pa6oTaeT HCCJie,IXoBaTeJI:&. C O,IXHOH CTOpoHH STOT RJiacc 

.D;o~eH orrpe~eJI.a:T:&c.a: B03MOEHOCT:&ro ocYmeCTBJieHRrr B WR3Rt~ecKEX CHCTe

MBX, C ,D;pyroH CTOpOHH Bbi6paHH:Wi HJiaCC <l!YH:KI.:UI:ti ,U:OJI.'llteH 6blT:& Ylt06liHM 

,l1;JIJ1 pa60Thl H II03BOJI.a:T:& ,U:OI~a3biBaTJ: HHTepecHLie YTBePJl\Il:eH:Rff. K Ta.KOMY 

KJiaccy q)y:mm;ID.i:, BI\JIID'tia.IOll{eMY B ceC.ff HerrpepbiBHHe, I\YCOtiHO-HenpepbiB

Hhie, cTyneH"<IaTue H ,npyrne @Y'HKrum, oTuoc.a:Tc.a: TaK Ha:aUBaewe R3Mepx

MHe WYI~. 8TOT KJiacc .nocTaTO"<IBo mHPOR KaK c TO'tiKH speHH.a: n~o

~eriRPl, Tal\ H C TO~H 3peHR.ff MaTeN.aTR"<ieCKOH TeOpKH. BaxHUM CBOHCT

BO~ MHOJKeCTBa H3MepHMhiX ~YH.ltUHH .HBJiffeTc.a: ero 38.MI\HYTOCT:& OTHOCH

TeJr:bHO npe,neJI:bHoro rrepexo.na (To ecT:& npe.rr.eJI rroCJie.n;oBaTeJI:&HOCTH H3-

MepiDJlhiX c»YHKI:UIH .a:BJI.ffeTCR Ta.IOKe HSMepHMOH). He B,TI;aBruiC:& B no,n;po6HOC· 

TH MOJIO:IO CKa3aT:b, 'iTO KJiacc H3Me,I;iiDllhiX WYHIUUiif COCTOHT H3 CTyri.eH"<Ia

TWC WYHKD;HM H npe,neJIOB IIOCJie,Il;OBa'IeJI:&HOCTePl, COCTO.fflqHX H3 CTyrieH-cra

TllX ciJyma:.udi. 06 H3Mep:mmi1 ~YHI\Uml ~ ( t ) , sa.n;a.HHott Ha HHTepBaJie [T, 
6y;n:eM rOBOpHT:&, liTO OHa 3a,Il;aHa IIC"<iTH BCIQIIY (n.B.) Ha fT • 

EoJI:bmyiO poJI:& B qJYHitJ:n!IOHaJI:&HCM a.HaJIH3e HrpaeT IIOH.fiTHe WYinm;KO

HaJI:&HOrO rrpocTpa.HCTBS, aJieMeHTa:ME: ROTOporo CJJY!l8.T iiJYHKI:Um, o6Jra.n;a

romae TeMH RXH HHHMH CBOHCTBaMH. fanpHMep, IIPOCTpaHCTBO HerrpepbiBHHX 

clJYH:KI.:UIPl, .n;eicTBYIOIItiDC n:a :r B aBBJm.l];OBoe npocTpa.HcTBo R~ - C ( tT, 
Rn ) , rrpocTpa.HCTBO mtTerpnpyeMI'Di. c KBa.n;paTOM cllYHim:Wl H3 tT B R"" 

- L 2. (iT; R") H T.,I(. B aTHX npocTpaHcTBax MOJKHo BBecTH MeTpmty 

(paCCTOmme Meili'JtY SJieMeHTa.MR), rrpeBpan.tM HX TeM Ca.MIDJI B MeTpH't!eCKH€ 

npocTpaHCTBa. B rrpocTpruiCTBe C( iF, R. .,_ ) BBO.ImTC.fi TaK HasuBaeMM 

panHoMepHa.ff MeTpHKa: 

Ill- ~II ~ n1tt.X /J(t)- ~(i) I , Vf I~ E. c ( :J: R ~) 
c t€.3 



3. 

a B npocTpa.HcTne La ( ff, R H) : 

~~~-~1/Jf J {.f(-t)-~(t)}lolt. 'VI,~ e.Lz_(tT, Ri1) 
:r 

QqeH:& BaJltHl:lM IIOHJITReM JrBJI.fieTCH CBO:tiCTBO KOMIIB.KTHOCTH.· B MeTpn-

qecKOM npocTpaHCTBe MHOXeCTBO HaSHBaeTCR KOMllaKTHHM, eCHR ~ro6~ TIO

~e~OBaTe~:&HOCT:& a~eMeHTOB 8TOrO rmiOXeCTBa CO~e~HT CXO~myiDCR TIO

~e~OBaXe~:&HOCT:&. C@opMY:.rmpyeM 6e3 ~oKa3aTe~:&CTBa .n;Be ~eMMl:l. 

JieM.Ma I. I. MHoxecTBo c;z ncex RSMepHMIDC <iJYHKII.MH ~ ( t ) , ~e.H
CTBYIOI10i1X H3 ff B R.tt H y.n;oMeTBO.PJIKmHX n.B. yMoBmo. J ~(+)I<. K,. K ~0 
~eTCH KOMnru(THHM MHOXeCTBOM B MeTpRqecKOM npocTpaHCTBe 

1 

JieMMa I.2. CeMe:flcTBo Herrpe_pllBHHX, Kycoquo-HenpephtBHHX,cTynen

qaThtX clJyH.IO".Urli, ~e:ticTBY:IOIUHX H3 3 B orpa.HH11eHHoe MHOEecTBo H3 R11 
, 

o6pa3yiDT BC~ ~OTHOe IIO.n;MHOXeCTBO R3 ~. 

3arv'leqrume: I'WIHoxecTBo ~ Ha3LIEaeTca BCKUJ.Y ~OTHhtM B !, eCJm ero 

3a.Nll:llia.Ime .i coBrrBJJ;aeT c B, 'ro ecT:o I= .B. 
2°[fpaBHeHRe ~BRiltel~ qacTRD B a~eKTpOMarHHTHOM IIO~e OTHOCHTCR 

K ,nHq,g)e peHI.WaJI:&HhiM y paBHeHH.flM B¥1,1l a 

X':{(x 1 U.,t) (I.I) 

r~e X - VL Mepuuil BeKTop clJa30Bh!X Koop~HaT, rL - "t- MepHI:llH BeKTop 

ynpa.BJI.fUO~ B03.n;e:ticTBHH (yrrpa:BJreHKtt), t- He3aBHCRMaA, nepeMeHHcta.. 

( "Bpewr") • ·1 
·-·--·-

Yc~oBHe I.I I. <llyHKIJ.H.a f ~:x,tA ;t:) y~oMeTBop.aeT YMOBHIO J!Hrr

nnru:a no ne peMeiUihiM X, IL H H3Me pHMa no t. . 
2. CymecTBYIOT rvm:oJKeCTBa Vc.R~n u(. R't. H HHTerpH

pyeMaJI rroJioxnTe~I>HM WYHKI.UUI ""f(t) Ta.KHe, 'ITO 

1 { (X,t.t /t) I~ 'r(i) , Vx e. V, Vu.t u "". t ttQ. :r. 
3a:Me'Irume: ~yHKrntfi ~(i) Y.UOMeTBOP.fieT YMOBHJO JlRiliiil!IlJ;a 'r/ff.T, 

eCJm cymecTByeT TaKM KOHCTaJITa L > 0, TITO lt(t,J-/(1-z.Jf~L·/t..-h.} 
"t., ,i:'t. £ r. 

1-IaBecTHO, qTo, eCJm HMeeT MecTo YMOBRe I. I, TO peme:mie 3BJJ;a"t{R 

KomK ~ ypanHeHHR (I.I) HerrpepHBHo 3aBHCHT oT R panHoMepHo no Xo. 

BBe.n;eM MHoxecTBO lt Bcex pememli1 3a,n:aq Konrn ~ ypanHeHR.f.I (I.I) rrpn 1 

Xo E. J..lo C f\""' , r~e J(o - Ha'IaJI:&Hoe g)a3oBoe rvmoxe CTBO: 

'J{ ~ f X(· )£C (J; Rj {X(t) = Xo +JJ(X(-rJ, U('t) ,1}clt) VXoE.Jl~>} (I. 2) 
:r 

HMeeT MecTo Me~mmM ~eMMa. 



4. 

JleMMa I. 3 ECJilii c,Pyi-IKIJ;WI ~(:(1 Ujt) y.rr.oBJieTBOPfleT yCJIOBHIO I. I, 
JAo - KOMIIa.I<:THOe MHOEeCTBO B R_ ~ , TO JC. .fiBJ.LfieTCR IIOJIHmJI MeTpl.rtieCKIDII 

rrpocTpaHCTBOM OTHOCRTeJil>HO paBHOMepHOH MeTpmtM. 

3aMetia.H.Me: IlOJIHUM MeTpHtiec::tmvt rrpOC'l'Pa.IICTBOM Ha3UBaeTCR rrpo-

CTpaHCTBO, B KOTOpOM JII06aff ~ya.rr.ru~eHTaJihHaR IIOCJie.lf.OBaTeJihHOCTl> ero 

aJieMeHTOB CXO,IWTM K 0JieMeHTY 0TOrO rrpOCTpa.HCTBa. IIo.rr. 4JylmaMeHTaJil>

HOi rrocne.rr.onaTeJil>HOCTl>IO rroHKMaeT).fl rro~re.rr.onaTeJihHOCTh, y~oBJieTBO-

pmolltWI YCJIOBRIO 1 x"'- xlN\ 1 ~ o , H.f'-l J.1., LM ~ o0 

§ 2. 3a,n;aqa OIITHMaJIKIOrO ynpaBJiemtR 

I 0 [C(j}OptJIY'JllilpyeM aa,n;aqy OITTHMa.Jll)HOro ynpaBJieHHR ( OY) B o6~eM 
BM.Jle. YpanHeime 

(2.I) 

6y.rr.eM uaaimaTl> ypanHemmM .rr.BUeHJUI, s.rr.ec1> P: X x'U. ..Jt'X, .X= C(!f, R~ ) 
. ' a U- HeKOTopoe, TaK HasHBaeMoe ;~orrycTHMoe MHOEecTBO yrrpaBJiemr:tt, 

aa,n;anaeMoe c rroMO~l>IO cJie.rr.yromero onpe.rr.eJieHRH: 

Onpe.n;eJiemre 2. I CeMeHCTBO :rnpaBJIRIOlltJiiX <.PYHK!Uf:ti U , ,n;eiicTBYIO-

nm:.x M3 :T B R.'L Ha3biBaeTCR ,n;onyCTHMhiM, eCJm , . 

':. I. ]J;m IIO't!TH Bcex t~ fT · 3Ha'tleiDie U. ( t) npmia,I~eEa.T BHIIYKJIOMY, 

orpaHHtieHHOMY H aa.MKHYTOIJJY MHOJKecTBY U E.. R "t. • 

2. ITo CJie no,n;cTaJIOBKH u. na (:.<, B npanyiO qacTl> ( 2. I) pemei-me 

cyme CTByeT H e,n;HHCTBeiiHO , 

3. CeMe~CTBO ~ ~eTCH BClO.lf.Y' IIJIOTHHM ITO,n;MHOXeCTBOM B KOM

IIaKTHOM MHOJKecTBe :r c L z.. ( Y 1 R 'l. )~ 
CJie.rr.yeT O'rMeTHTh, 't!TO B KaqncTBe c,PyHKIJ;Iirli H3 U MOXHO B3RTh 

WYHK~, yrroMfiHYThle B ~OPMYJUIPOBlte JieMMOI I.2. 
~pe.rr.emiM <PYHKIUIH 9 0 :X_... R ", ~ 

1 
: l: -.!f ~ R""' , · 9 z. : :X.~ R rn, , 

KOTopHe 6y,n;eM uaaHBaTl> c,PyHKmroua.:roM (liJIH ueJrenoit c.Pym<:mre:M:) H ~ymt
I.UmMH, 3a.D;a.IOIUMMH orpaHH·qeuHR ( WIU npo CTO orpaHE:qeHRRMH) COOTBeT

CTBeHHO. Bne.rr.eM TpH MiiOXeCTBa: 

13(U.)~{(X,"l)EX><'U I X::: f:(:<, U.) } (2.2) 

.J3
1
(U) ~{ (X,U.)t13(U)/ ~ 1 (X.lt;',t)€J/{t), ~z (X(f})= 0} c2•3) 

13z. (U)'~f (X, U.) €.J)( 'U) I ~1 (X(i}, t) E Jt, {t) J /3z. (X(t}) /t..f J ( 2. 4) 
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MHoJKecTBO B ( 'U) rrpe.n;cTa.:BJLR:eT cooofi :r,..moiKecTBo nap (X, u.), y.uoBJieT
Bopmommc YpaBHeHmO (2.I), a rvr.Ho:m:ee'l'Be. J!J"(?.Q PI.l)z.(U) rvmo:atecTBa nap 
(~, lA) H3 ]{U), y;~oBJieTBopmonm:x yn:asa.HIIRM orpamrtJeH:ruiM. MnoxecTBa 

vf( t) 11 v1/0 (i) HerrpepbiBHO 3a:BJiiCJIT OT /; t :[". 

3~a-q;q orrTl'IM~:&Horo yrr12aBJremrsr 3a;n;atJd OY 6y.n;eM Ha3HBaT:& 
3a.II;atJY MMHIDJlli3an,mi <fJyHRiniOHaJia ~ o Ha MHO.xteC'I'Bax l31 (U) It!Jm: t2~ 

Onpe,n;eJieime 2. 2 13y;n:eM roBO])lilT:&, tJTO sa.n:atJa OY o6Jia,n;aeT orr-
THMaJI:&HHM U-pememreM, eCJm cJ'll{ec~~ByeT napa <X~t- , Lt.*) E. .13(U) , RoTa 
pa.FI MliUIIDIIH3RpyeT ~o Ha MHOiKeCTBe j4I(U): 

~ 0 ( X Jr I u l) = iM.f ~ 0 ( j3 i ( u J) (2.5) 

ECJm 3a.MeHl?IT:& 2( Ha ~, TO 6y,n;eM rOBOpHT:& 06 OITTPIMaJ.I:&HOM ~ -pemeimPI. 
8JieMeHTbi IA.k t U H {-A- f. ~ 6y,n;eM Ha::.mBaT:& OITTKIVIaJI:OH:biM:R U- II ~
yrrpaBJieHID":I:rvm:. 

Orr:Qe,n;eJieJm:e 2. 3 IIoCJ.Ie,n;oBaTeJI:&HocT:o { (XK 
1 
UK)} E.,B (U) , 6y-

.ueM uas1IBaT:o rrpn6.nJ1'JiteHirnM U -pemmmeM, eCJm, HatJ.HHM c neRoToporo 
HOMepa Bee SJieMeHTbi STOll ITOCJie,IJ;OBaTeJI:&HOCTR 6y)JyT ITPHH8.1(Jie.xtaT:& 
Sa.( U..). lipR6JrmiteHHOe <U. -pememm ( xkK, it* K. ) 6y;7leM Ha3lD3aT:o orr
TRMa.Jl:&HhlM rrpR6JIIDiteHHbiM U -peiiieuneM, eCJIH cymecTByeT ~~~o(X~,,.}.t1 ,J 

H !;.""' ~0 (X It~ u. '* 1(.) ~ ~ ~0 (X~ J L.t "-) 
lt...-l~ J K.~OO 

,IJ;Jlff JI.ro6oro rrpROJIIDiteHHOro '2( -pemt~mtff { (X~ 1 U.K.) J 
Bes .n;oRasaTeJI:&CTBa rrpHBe,n;eM :TTBe~eimH, .n;axmme YCJ.IOBRH cy

mecTBOBaimJI OIITIDvreJI:&HOro :l -peme:tRH R OITTI.rMaJ.I:OHOro ITpE:6JIIDiteHHOro 
'U.. -pememm. · 

Jle:tvJMa 2. I IIycT:& MHOJKe CTBO .J/ (f) sruvnteyTo 'til ~ S" , J3 1 (X) He 

rrycTo, S 1 ( ~ J ItOMTia.KTHO, cyxeH.:;ie cpymtmrf.i FJ ~c. ( i.= ~ 2.) Ha MHO-
xecTBO .13 1 ( ';() Henpepbi:BHLI. Tor,n;a .131 (';C) ROMlla.KTHO M cy-
ll{eC'l'ByeT OIITRMaJI:&Hoe Z -peme1:me ( X~o ) e.* ) . 

3aMeTIDJL, qTo eCJ.m B !POPMYJmP=>BRe JieMMH 2. I saMei:mT:& vV ( t) 
Ha J./6 (f) PI: .:8_, (';;!) Ha .2}2. (~z:') , TO ~ll.HOlteCTBO .232. ('X) Ta.It-
1\e 6y,n;eT KOMIIa.RTHbilVI. 

JieraJia 2. 2 ITpe,n;noJio.lKHM, tiT:> cymecTByeT onTn:Ma.JI:&Hoe ~ -peme-

rme ( X ~ ' e * ) ' u - ,n;orrycTHMOe M.HOlteCTBO R x. e)UffiCTBemroe pe
memre ypa.BHeHRH X:. j: (X) e*) .. Tor)la cymecTByeT OIITEMB.Jil)HOe rrpn-

OJIIDiteHHOe U -pemeime l < x * "- ) u. * ".)} , 



6. 

ITpnne,n;eHHHe JieM.Nihi .uaroT YCJIOB:rm cYIIteCTBOBaHIDI orrTHMaJII>HliX 

ynpaBJierm:il: .n;JIJ1 ypa.BHe:tiH.FI ,n;BEJKemm ( 2. I) • 8TH Y'l'Be pjE,I.J;eHY.JI RB.JI.ruOT c.r.r 

BCIIOMOraTeJI:OHDII'vnf ,1l;JIR: TeOpiiU cymeCT:SOBaHl1.ff OII'l'liiMB.JI:OHHX ynpa:BJieHRfi 

IIY"tffia.MM 'CJaC'l'IDJ;. 

§ 3. OnTmvraJII>Hoe YII.Pa:BJieime IJY"ttKaMii qacTm.:( 

r--~ 

\ Od:oPIHM 'l'eopE.a OY nMeeT ,n;eJio c on'l'liOOI38.I.Ufei1 B,n;oJI:o oT.r~eJI:oHofi 

TpaeRTOPlm cJla30BOit TO'C!KH. B lllE3:t-'llie IlY"CJROB IIpHXO,IUITC.F.I MMe'rl> ,n;eJIO C 

aHCaMdJieM "CJaCTm:J;, KaJK,1.1;M II3 ItoTOp1IX -0IIHCHBaeT CBOIO Tpaei<TOpmo B 

@a30BOM npoCT:PaiiCTBe. l103TO:My' B03H:IKaeT Bonpoc, npH RaRl:IX YCJIOBRSX 

MOJKe·T cymecTBOBaT:O OITTMMaJI:OHOe ynp<3J3JieHUe .n;JIJ1 Bcero ny"tffia B n;e~ 
B .D;a.HHOM rraparpatlle 6y,n;yT npEBe,n;eH.bt YTBepJimeiiWI, OTBe'C!a.roii{l:Ie Ha 8TOT 

Borrpoc. 

I 0 B03Bpaii~ruiC:O R ypa.BlieHIIIO ;~BIDKeHE.a <raCTHD; B aJieKTPOMarHHT

HOM IIOJie (I. I) , 3a.nmiieM ero B ID-ITe::'paJI:OHOM BH,IJ;e H TrOJIY"ClkiM 
t 

F(:t,U.)(t)~ Xo + f J(Xl't) 1Lt('t)1 C')•c.lt' Vl~<J (3.I) 
-to 

u R~ IlycT:o .-
0 

Bm.ryEJioe, 3a.MKHY'roe n orpaHH'IeHHoe IVIHOJKecTBo B 

( CJie,n;oBaTeJI:OHO H KOMIIaRTHOe) , Tor,n;a B C:VIJIY ypa.BHeHM (I. I) B 1\a.tit,IUllM 

MOMeHT BpeMeHH tE:T dy;n;eT onpe,n;eJieHO MHOJKeCTBO 

)A (A.. , u. /1:) ~ { x ( t) / J(( t):: x. ~ l~x.rr),l.lttJ ,'t )4't , x. 6JA.. f , ( 3. 2 J 

r,n;e lA t U. - ,IJ;OIJYCTHMOe !v'IHOJKeCTBO. Onpe,neJIIDJI paCCTO.F.IIme MeJK,n;y MHO

JKeCTBaMH KaR 

prt (J..t1 vU~) ~ MtLX { su.p pcx .,J.tz.), sup (tM 1 1x)} , c3· • 3) 
I ~~...u1 - XE: ..Mt 

s,n;e c:o p ( ~ ' ~) 1f ( &-l. f p ( X I X 1 ) 

x1 ~..u. 
Mrv1eeT Me CTO CJie,n;yiOIUa.H Teopervta 

TeopeMa. 3.I ITycT:o J(x,u,t.J y,n;oBJieTnop.r.reT yCJIOBHIO I.I, Tor,n;a 

Jd {J.(
0

, (..L 
1 
i.) HerrpepHBHO 3aBMCHT OT CBOHX apryMeHTOB. 

,lloRasaTeJI:OCTBO TeopeM1I 3.I O<~HOBa.HO Ha HenpepHBHOH 3aBECRMOC

TH peme:mrll ypa:aHeH.IDI (I. I) OT Ha'ia.Jr:&H:biX YCJIOBUH H napa.MeTpoB IIPH 

rrpe,n;IIOJIOJKEHmF.IJC Te 0 peMH. 

2°-®e.n;eM TaR Ha3I:J:BaeMOe OTHOI.UeHHe :31\BEBa.lieHTHOCTH B IIpOCTpa.H

C'l'Be cocTomm:f.t X.= C(:T, R"'). 



7. 

Orrpe,ueJiemre 3.1; Ey;neM roBO)HTI>, l:ITO X 1 (f) aKBHBa.JieHTHO Xz.(t) 
Yf;E..~, eCJm X. 1 (i), Xt.(t)E.vU.(~..U..o)A, 1 t), Ue U. 

11H.m.m CJIOB&m Mbi O'!'OJK;IJ;eCTBJI.fleM Bee TpaeiCTOpiDi, BWCO,If)IliW:e 11:3 

o,uHoro :v.r Toro JKe rraqan::&Horo MHoJKec~~na lt
0 

n rrpM o.mroM yrrpa.BJiemm t.teU . 
Bee TaiUie TpaeitTOpl1lii odpasyroT RJiaCG 8KBliBa.JieHTHOCTII, KOTOpLiti Mb[ 6y
,UeM HasLIBaTb ny"tD.tOM. MHoxecTBO nce:c Ta.KHX KJiaccon aKBIIBaJieHTHoCTH, 

rrp:a rrpoderaHIDi U... BCero ,UOrryCT1IMOl10 MI-IOJKeCTBa CZ(, CHa6JKeHHOe MeTpH-

It oil . Jf p c~~, ~ ... .) = su..p p*: (JA 1 {tJ J JAz. (tJ) (3.4) 
t6T . 

01 
~ 

6y,ueM Hasr.ma'!':& l!laKTOp-rrpocTpaHC'!'BOrll lW-1: rrpocTpaHCTBOM JJYtffiOB .J_,._j 

3,n;ec:& ~~ 8JieMeHTLl npocTpaHCl'Ba ;J , I1:M O,n;I-IOSHa'IHO COOTBeTCTByeT ~IJHO
JKeCTBO J.t~ (B (3.4) 3aBHCID~iOCTI> OT vU.o 1:1 U. OrryllteHa). MOJKHO ITOKaSaT:&, 

"t:tTO oTo6pruiteHHe I= , sa.n;anaerv1oe <iJopvryJio:ti (3.1), HH,JJyi.J;HpyeT B tflaxTop-

rrpocTpa.HcTBe '!J nerrpepLIBHoe oTo6pruteiDie ~=·~xu...,~ , TaKIDvi odpasoM 

r- :B"'iipocTpaHCTBe rrytntOB ~ Mhi rro.rryqamv1 YPaBHemre .I(BIDiteH:IDI, aHa.JIOrntrnoe 

L~fPi3.BHeFmiO ( 2. I) : Lt _ q ( 11 t.t) , ----, _ 
4' - .,J 4' } -_!__1 ( 3 • 0) 

c HerrpepLIBHOii npanoii qacT:oiO. BBe.neu <l!YHKlU'IOHaJI H orpa.HHliemur, ,n;e:ti

CTBYIOUUie yJKe B HOBOM IIpOCTpaHCTBe ~~ , CJie.JJ:YIOIUIDV1 o6pa30M: 

jo (~ lt)): J ~o (j.) ~X (3.6) 
..U.(fJ 

~1(~H)Ji)=S~A-p ~1(X,t)' ~2(~{-fJ)::Sup ~z..(J() (3.7) 
XfJAH) - XEvU(tJ 

3,uec:b 8.lieMeH'l'Y ~ ~ ~ COOTBeTCTByeT l\IHOjiteCTBO Jf. ,.2 ITOMO~:biO 8THX tflyHK

I.J,UM MOJKHO orrpe.neJlliT:& M1IOilteCTBO .3('lt), 1;1 ( 1.t.) , J3z.(7.A.) , I\O'l'Opue 3a,IJ;a

IOTC.H TaiOKe KaK l1 MHOJKeC'l'Ba J,.8!'~' eCJm B g?opivly-Jiax (2.2)-(2.4) 3~ 
MeHliTb rrpocTpar-rc·.rBo X ua ~ 11 ClJYHKI.Urn F , ~i ua WYHKIJ;IDI j: , F.: (C:.=0,2) 
IIpH c,ueJiaurmx rrpe,unoJioJKeiDimc crrpaBEl,IJ;JIHBLI CJie.DYIOIUHe TeopervW. 

TeopeMa 3 •. 2 IIycT:o MHOJKecTBO vtl{t) saMKHY''l'O Vtf.T, ~(~He 
rrycTo, WY~ .,f('X,«A,t) y,uoBJieTBop.HeT YCJIOBMIO I.I, 1't nerrpepHBHLI no 

CBOI1:M apryMeHTaM ( i.. :::0"';2) , c:; -HeiTPE~PHBHOe OT06pa.iiteHRe , HH,IT;yi.UrpyeMOe -OT06pruiteHHeM (3.I). Tor,ua MHOJKeCTBCI :i3('t:j I\OMIIaKTHO H CYllteCTByeT OII-

Tl:IMaJI:bHOe ;( -pellieime ( ~ jt , e*" ) . 
3,uec:& ~k- OIITHMaJI:OiruH 8JieMeET B IIpOCTpaJfCTBe :nytffiOB ~, liTO 

. COOTBeTCTByeT cyn(eCTBOBaiDIIO OITTl:IMaJ::&HOro rry-cma B rrpocT,PaHCTBe COCTO-

mmit A• 



8. 

ECJIR 3a.MeiiMT:o B qJOPIVJYJmponKe •reopeMbi 3.2 ~moJKecTBo J/(f} Ha 

vVJ (t) H MHO.iK8CTBO 3 (';!) Ha E;'2.(-;i), TO !JlHO.iK8CTBO .B"z.('~6y,n;eT TaiOKe 

I\01.\ma.KTHhiM. 

Teopervra 3.3 IIpe,n;rroJioDM, tr'ro cymecTByeT orrTMMaJI:oHoe 0( -peme

rme ( ~~ 1 !.~t ) , 2<.-,n;onycTmJioe MHoJKe ;Tno, d--*" - e.mnrcTBeHHoe pemerme 
ypaBHeHRfi ~: 3" ( ~~ e_*) , Tor,n;a CYII~~~CTByeT OIITHMaJI:OHOe rrpmeiJmlteHHOe 

~ -pemeume {( ~*K.,U..lc"IC.)}. 
)loKa3aTeJI:OCTBO 8Tli!X .IJ;BYX TeO}eM BUTeicaeT H3 JieNIM 2.I H 2. 2, 

a T~e TeopeMU 3.I. 
IIpe,n;rroJioJKeHHJI o6 yCJion:riJIX cYJqecTnonaurur onTHMa.n:orroro ynpa.BJie

HM.ff I:ty'IKOM (TeopeMbi 3.2 H 3.3) l1:MeJOT MeCTO ,n;Jm 60JIJ:>illHHCTBa rrpa.KTM

'IeCIGIX sa.n;a'I. 

§ 4. PemeHHe sa.n;atr OY Me·w,n;oM Q.Be,n;eHn.r.r me I\ sa.rr;a'Ia.M 
MaTeJ~.ffiTM'Ie citoro rrporpa.MJmponrum.r.r 

IIpeJIUJ;e, '!eM onncaT:o cnoco6 cne.n;enn.r.r sa,na'I OY I{ sa,n;atra.M Ma.Te

MaTli"C!ecKoro rrporpa.MMHponauHJI Ovill), cqjopr~zyJm:pyeM sa,n:aqy lVITI B o6meM 
n:rr,ue. 

3ap;a-qa MaTeMaT:u"C!eciwro rrpornn.rvll'v1MPOBaim.B: M.Hifi'nvroRponaT:o illYHK-

r.nno Cf>o ( w) rrpn y·CJioBlm.x 4>
1 

(w) ~ o , tf>z.. (w) = 0 J :HJJE: Kpa'l'I{O 

~t.\-1 { ~o ( w) / 4>1 ( w) ~ 0 , ¢·a ( w) = o } ( 4. I) 

OtreBII,UHO, 'ITO IIOHCI< i~-t.J He orpa.Hl'FUIBaeT 06Il{HOC'l'H 3a;D;atr, 'l'ait 
Ka.K H3MeH.H.f.I 3Ha.K y WYHKD;Im: 4>0 , rvru noJiyqaeM sa.,n;a-qy· rroHcita St<.f • To 
JKe Ca.MOe OTHOC:VITCJI H R orpaurrqeHIDilt B BH,D;e HepaBeHcrrB ct>1 (\V) ~ 0 
(- 4>., (w) ~ 0 ) . ECJIH XOT.f.I 6II o,n;na.:U3 fllYHl~ 4>'- (i: o:z_) HBJLFieTC.ff 
HeJIHHeihrofr, TO COOTBeTCTBYTOIUM 3a,IJ;Htia ~~ill Ha31IBaeTC.H 3a,IJ;a'Iei1 He.mnreii

HOI'O rrporpaMMllpOBa.IOOl. 

I 0 {l OCHOBe MeTo,n;a, II03BOJI.fnOIUero cc1JopMyJIHpoBaT1:> sa,n;aqy OY I<aK 

sa,n;a-qy ~vffi, JieDT H3BeCTH1Ii1: MeTO,IJ; Pl<TIJ;a [I] , I\OTOpW1 3aiUUOt:Ia0TC.H B 
anrrpOI\Cl?IMalU'IH MCXO,IJ;HOii sa,n:a't!R OY IICICJI0,IJ;OBa'l'eJI:OHOCT:OIO 3a,I~RY: Ml'IHIDII'Il-I3a

I.Jl'IH WYHIO.J;l10HaJia, sannc.r.rmero OT ROHE:<rnoro 'IHCJia rrapa.MeT.POB•· A :mvreHHO, 
yrrpa.BJie:rrn:e Ul: CU. Hll{eTC.H B BJUJ;e ROM6:n:ta.I.J;l~Ji \VYHKIWH { r .. .'<j , COCTaJ3JIS:£IOlltHX 

Ta.K Ha3LIBaeMY10 IIOJIHyro CRCT8MY B .IJ;OIYC'l'HMOM lVIHOltteCTBe ~J B I\atreCTBe 



9. 

'l'a.Itoil CHCTerm MOryT 6I:JT:b B:UOpamt clJ:Yrll{[~lli, YKa3a.Hime B (iJOPMYJIHPOBKe 

JieMMI:l I. 2. ECJil.r B I<atiecTne flJYHI:ti.Ur:t-1 1~ l." J B1I6paTI> KycotiHo-rrocTo.mm:bie 
q)yHKI.T,1UI, •ro BMeCTO ltiCKOMOM @yi-II\IJ;Vlli Mil 6y)~eM l:rM:eT:b KOHe'tlliO- MepHblH 

neKTop napi>Hpyerv!flX rrapa.MeTpon w , rrepnue j : I<or~moHeHT IWToporo 

onpe.n;eJI.fii<Yl' BbrCOTY CTyneHeK, a BTOpEe j -I .n.miHY 8TIDC CTyneHeK ( IIOJIHM 

,IJ;JIHHa T HHTepBaJ.Ia Y {j)HKCHPOBaHa) , I',l(e j - 't!HC'.JIO pa36HeHHi-i HHTepBa.Jia 

~. 0Ka3ImaeTCJ1, liTO IIplii y-BeJmtieimll: j_, oO Mli IIOJ.IY'laeM CXO,U::VIMOCTb llO

cne.n;oBaTeJII>HOCTH peilleHHH, IIOJIYtiaeNffiX KOHetiHOMepHUX 3~a-q K pellieHRID 

n:cxoJJ;JiOM sa.n:a"tlll OY. B cnytiae Hamit:I¥.JI orpa.I-mtieHRii 3-t n: 3z. cymecTBeH

HYIO rroMOillb npR pea.Jmsa.IJ;IDI sa,na-cnr ML cKasbiBaeT To o6cTORTeJibCTBO, tiTO 
B .I(eHCTBHTeJII>HOCTH HeOOXO,I(HMO UpOBE P.f!Tb BLIIIOJIHeHRe orpaHHtieiWH He 

,T.l;JLfi KaJK.D;OrO t~ !T, a, Haiipmviep, B · H€ItOTOph£e ((JHKCHpGBa.HHLie MOMeHTbi 

-Lw...€. !T. Bbi6epeM pa36Heime IDITepBaJIE. ~ Ta.J:GIM oopa30M, tiTOOh£ MOMel!'ri:J 
tiC.. .ff13.7I.fi.JIHCb o.n;mnvm H3 ysJIOBLIX •rotiE K aT oro pas6HeimR, orpaHHtieHIDI 

B 8TOM CJIY11ae IIpJdMYT BII,Il; 

~1 (X (itL) /{; 1(.) ~ 0 , ~z. (X (i~<.)) :: 0 ' (4.2) 

trTo nosnoJIReT uarmcaTI> orprum't:leHHR Ha rrapa.MeTphi ~ (w)fo, 4>z.(w}=O . 
AHanorH'tiifYIO npou;e,rr,ypy MO.fKHO rrpo;n;eJic.Tb c orpamitie:tmmvm Ha nec:o ny'!OK 

(3. 7). liTai<, M8TO.IJ; PRTIJ;a II03BOJIHeT CTpOHTl> CXO.n;mJ.lYIDCR rrocne,nona•reJI:O

HOCTl> perne1mfi sa.u;aq MII. 11cxo.n;R H3 c:rreu;r.npmcH wrrsnqecKoli sa.n;atiH, qac

TO of<asi:JBae•rc.a B03MOj[HhiM HOJIY't!H'l'I> xopomee rrpn6JIIDKe:tme K orrTIDJia.JI:&Ho

MY peme:tmro sa,n;atiR OY ITpH He O't:leHb CiOJII:illiOM 't:IHCJie pa36HeHHH HHTepBaJia 
I 

:J". Bbl6op <iJyHKI.J,Hr!, COCTa.B.JJJ1IOII.tRX ITOJ.:HylO CHCTeMy, orrpe,n;eJIReTCR B03-

MOJKHOCTbiO HX pea.JIR3au;IDI B ~H3H't!eCKC•M MO,IJ;eJm 3a.TI;a"CIH. 

2° B o6meM BM,IJ;e @ymn:uroHan: ,fo srummeM C.J1e.IJYIOIIU'Ill.<1 o6pasoM: 

io [ ~J =.loS ~ ( ~{-f)/l:) ,/{ + £ J. K G11- ( ~ ( iK.}) (4.3) 

X. . 
r,n;e cl~ -Beconhle KOaqxpm:r;HeHTR, J; f. 7 n :r ~ ~ . 3,n;eci> nepnoe CJiarae-

Moe rrpe.n;cTa.BJI$IeT C060H HHTerpa.JILHill: 1\PI-ITepUH I\a't!eCTBa, a BTOpoe -

cy'NfMY WY'HKIO'IOHaJII>HHX KPH'repneB, sa,r;aHH1IX B @MKcnponaHIIhi.X TO'lliax RH
Te pBa.n:a T. B COOTBeT C'I'BHH C ( 3. 6) l:PYHKIJ;HI1 ~ , ?" tc.. IThieiOT Blii,Il;: 

f. ( ~ ( t) It) = s G 0 (X I t ) d f ( 4. 4) 
vt.l(...U.o }.t ,'t) 

G~ ( ~ ( i K.)) = s c; K. ( ~ } ol X (4.5) 

vlA ( vU.o ' U J ,:_ "-) 



IO. 

3,nec:o (;o, ""- - ITOJIODTeJI:OHUe, IIH'rerpnpyer·.rue tlJYHKI.U11I OTHOCll

'l'eJI:OHO apryMeHTa X, Go rro t.. - II3ME~pnMa Ha :[. 

HanpMMep, ,1I.Jm: sa.n;a•ur WOicycmpoBKff WYHKI(liOHaJI (4.3) npMilliMaeT 

IIpOCTOH BII.D; 

' 
(4.6) 

r,ne J.t BbLX - BbiXO,!J;IIOe @a30BOe MHOiKE!CTBO, 3aHIDJiaer.me IJY'IKOM Jii {;(X) 
<!JyHKu;ru:r @asoBoro pacrrpe,neJiemrn: qac:Tm.J;. .1lJr.H sa,n;atm corJiacoBa.HIDI qJa-

"'" 30B1L"'C MHOJKeCTB <lJYHKIUIOI-IaJI 3o ITpliHIDv'!aeT DI1,IJ; ( 4. 6) , HO cflyma:r,IDI ~(Xj 
mvmeT .npyroii CMDICJI, a mv1eHHO 

G ~) :.{ 0~ "'X €. vtl~:~ \ J,.t.,._. ( 4. 7) 

\J "' E.. vU. k4-~ () vU k ' 

r,IJ;e ~ - MHOJKeCTBO, COI'JI8.COB8.Inifl C: IWTOp1IM Heo6xo,znnJIO ,IJ;OCTHI'HYT:O. 

HHhiMll CJioBru.m ME xoTHM .no6MT:Oc.R: BHIIOJIHeHIDI yCJioBM ....U~kx. c JJ.~r , 
ECJ!ll rrpe,IJ;IIOJIODT:O, 'ITO WYHKII,IDI Go , G ~ y.noBJieTBOpmoT YCJIOBMIO 

Jhunrmna., To ecT:& 
II C. 4Jt~ 1}) -G-o l~t.,i) lie. ~ L o·ll ;4.1 - X2.ll c If c;K.. C.X.)- 'K (Xz.) If~ L"-' II X.- Xz. If c , 

TO ).T.JUJ. clJYIIKIJ,l!OHaJia ~ 0 [t.q 4! ~o(~(ll)] , rropoEJJ;aeMoro (4.3), crrpa.Be,n;

JIHBO HepaBeHCTBO 

ll~.(lt,)-Mu..._Jflc. ~f~·L. +._~ .1-._·L .. J·K.·/ItJ.,-ildiL,_ C4.8l 

r.ne'' I< -=J:{txp(Lx·T)Yj}, IAi. E. U, L'(, L"' - rrocToJIHH11e lliiiTIIIm~a ,n;m: 

WYHKIJ,l1H ~ (x, L\. ,i) . AH:aJIOTII'!Hble Hepa.BeHCTBa. HMeiOT MecTo H ,IJ;JIR or

prumqemra, sa,n;a.BaeMI:lX <llYHKIJ,IDl'MLI ( ~~. 7) 

~. (Lt,{) ~ r" (1((;(.J,i:) , 1z.(•.t) ~ rt.(J.(L,t}) (4.9) 

IlpH rrepexo.ne K sa,n;a.qe I~ffi BMecTo i.PYHKUROHaJia io 11 orpaunqemtii 

~~ Mhi ITOJIY'laeM IJ;eJieByiO WYHKI.UUO ~c II orparm:qeHIDI £Pt: , 3a.BHC.fiii.tKX OT 

KOHe'illOMepHOI'O BeKTOpa Bap:oHpyervruJ: rrapaMeTpOB W • Ta.K Ka.r\ HMeeT MeC-

TO Hepa.BeHCTBO // U,-U.z../{L..z_ ~ Q .I W, -Wz.( 1 Q 70 

TO o'IeBH,IJ;HO, 'ITO I! IJ;eJieBM WYHKI.UtH -'Po H Ol,pa.rurtiemr.H q>. y~OBJieTBOPJI-
"' lOT YCJIOBHIO .lliiiiJ.TI.HIJ;a C He.KOTOP1IMH KOHCTUHT8.11J!ll. 

c 2..] 
§ 5. MeTo.n CKOJIL3.fi.Illero ,u;onyc.Ka 

K H8.CTO.mi.{eMy BpeMei-IH paspa6oTa.HO H liCCJie,IJ;OBa.r:IO Ha CXO,Il;HMOCT:O 

,IJ;OBOJI:&Ho MHoro MeTo.noB Mrurm.msa:o;mr q)yrmiJ;Hii r.mor.vi.X rrepeMeHHbLX rrpH 



II. 

namrtmH orpruu·rqeimit. Ilpn ou;emte Mt~'l'o;n;a BrurtHoe sna"t!eHHe HMeeT He 

CTO~bKO CKOpoCTb CXO~OCTH MeTo,:n;.l, CKO~:OKO 06DWH o6~eM Bll~~eHIIH, 

Tpe6yeM.flli ,If.JISI rro~y"t!eHIIH pemeHII.it C 3a,IJ;aHHOH TO'IHOCT:&IO. A 06IUMH o6~eM 
BH~~eHHit 38BHCHT He TO~:OKO OT -q~~a HTepauHH, HO H OT Tpy,:n;oeMKOC

TH BhitmCJieHHH Ha ItaJIU(OH HTepau;Im:. qaCTO 6LIBaeT 60Jiee BhlrO,:n;HO npmvre

H.fiTb MeTO,U:, KOTOpbiH CXO,Ir;HTCH Me,IJ;JI9HHee (Tpe6yeT 60~:&Uiero tmCJia :viTe

pau;:H:fl), no pac"t!eT Ka..tK.noro mara ocymecTBJIJieTC.ff npocTo II Tpe6yeT He-

6o~billoro "t!HCJia M8.Il1HHHI:l.X onepa.:rnr~l. KpoMe TOI'O, He06X0,1UIUIO y<m:TbiBaTb 

YCTOH'IIIBOCTb MeTo,:n;a ITO OTHOllieHmo K onm6KaM, Tpe6ye:M1IH o6~eM lla.M.f!TH, 

y;a;o6CTBO peamrsar.nm Ha 8BM H T.,IJ;. Ece MeTO,IJ;hi MRHHMH3aumr MOXlliO pa3-

;a;emtTb Ha ,Ir;Be rpyrrrru: HCIIOJI:&3YIOII~ e BLitmCJieHR.f! Tip0113BO,Ir;HhiX ( rpa,IUieHT

Hhle) H He H CIIO~b3Y10mHe ( IIp.f!Mbte M€ TO,Il;hi) • 

B .n;a.HHOH pa6oTe Bbl6parr MeTc.n; crto~:&3.fflltero .n:onycrta ( C.IO rrpn pe

anR3anHH KOTOporo HCIIOJI:&3Y0TCH O~~lll 113 MeTO.IJ;OB l~HHMM3aiJ;HH, He HC

IIO~b3YIOiltHH Bhl-cm:CJieHHH IIp0113BO.IJ;HI:JX, Ta:K Ha3hiBaeMblH MeTO,Ir; .n;e~opr.mpye

MOrO MHOI'OI'pa.HHHKa (Nl,llM). Ba6op 1\leTO)~a Cn CB.ff3a.H C TeM, tiTO OH II0-

3BOJI.HeT YJIY'llllaT:o snatieHKH ue~eBo:H qJyHruum sa c'leT IDI<JlopMa.n;ID!, IIOJP.f'

qaeMoH He TOJI:&KO B ,Ir;OITYCTliMbtX TO'CKax npocTpa.HC'l'Ba rrapa:MeTpOB, HO H 

B TOtiitax, ~ejK8Jl{HX BHe ,n:onyCTHMOH OMaCTH, O,Il;Ha:KO ~eiKail\HX B HeltOTO

poM CMhiCJie MH3KO K neit. ITocKO~bi:y Ha nepBhiX marax noncKa orprumqe

HH.ff 3a.D:atm ,Il;OJDKHht BhiTIOJIH.B:TbC.ff BeGbMa IIpE:6JIH3HTeJI:&HO, H mmi:O npH IIO

Hdtte B Henocpe~CTBeHHOH 6JIH30CTH OT MCKOMOI'O pemeHWI Tpe6yeTC.H 60JI:&

lliafi TO'UIOCT:&, TO IIOJIHI:f.ti 06'.beM Bhi1lliCJieHHH B npou;ecce OIITI1l.Jrn:3a.I.Um IIO 

CpaBHeHIDO C .n;pyi'IDVIR MeTO,If.a:M.H CYU\HCTBeHHO COKpamaeTC.ff. 

I 0 vf3JI0j!G!M BitpaTIJ;e MeTO.U en H c<J!opf.'JYJIMpyeM YCJIOBM ero CXO.Inl- · 
I 

MOCTE:. BBe,U:eM q)yrmrnno "'¥ ( W) : 

\.V( w) ~ { ( ~2. )ct'z.) +- ~ X/ ~"'J} (5.I) 
k..=1 .. .f ' 

3.n;ec:o ( q,z., ~2 ) 
I1.11H Xe BlrcaAn:a: 

cKarmpnoe nponsB ~,n:eime 

):(x) ={~ x.>o 
(~0 

l1 4'_,K. - K-aJI KOMIIOH6HTa B6ItTOp-J!ymtu;HE: ~ • 0-qeBlf,Ir;HO, "t!TO YMOBHe 

'"\((w)zO 11 YCJIOBIDI cf:>.,(w)f.O ,4>2-(w)=O 3KBHBaJieHTHbl. BBe,n:eM ~YHK-
IJ;kiiO ¥C w, E.)='\(( w) - f_ ' Tor.n;a Y~OBHe "'/" (w, f J = 0 oy.n;eT 

31\BHBaJieHTHO OCJiaMeHHmJI orprumGeHH.ffi\11 B]J.II;a 

~ (w) ~ ~ (E.) 
' 



I2. 

IlycT:o sa,:n;a.Ha rroCJie.n;oBaTeJI:OHOCT:O {t"} ~ 0 , orpa.mrcwruie "o/(w) = o 
sa,n;a.IOil{ee MHOJCeCTBO w B rrpocTpa.Hc'rBe rrapa.MeTpoB, Tor.na orprumREHU.H 

"'V(W 1f):. 0 3a,:n;aiOT :MHOJiteCT~a "WE~<. , Tipli 3TOM IDVIeeT MeCTO IIOCJie,n:o

BaTeJI:OHOCT:O BRJIID'tieHH~: 

w£0 .::> ""s, ::> • ~ • • ) -w;_l(. .::> •• ' w 
3a.Meirn:M MCXOJJ:HYIO sa,n;a-qy rvmH;nm3aJ.J;l111 WYHKIUU:t cpo(w)ua MHOJitecT

Be W Ha ITOCJie,IJ;OBaTeJI:OHOCT:O 3a.,Il;8.'I M:ruiHMH38.UIDI 4>o (w) Ha MIWJiteCTBa.x 

WfK.. llyCT:O { WJ. K} TIOCJie,1lOB8.'1'eJI:OH)CT:O pememdt Ta.J.tliX 3a,I(a'I, TO eCT:O 

cpo (W~~) = l-~At <Po (w) 1 ·f4""' EK.. = 0 
(5. 2) 

WE. 'W'~"'- K....,~ 

MeTo.n; IIOCTpOei-m.fi IIOCJie,D;OBaTeJI:OHOC r.n {W* 1£- J Ii HOCHT Ha3BaiDie MeTo.n;a 

CKOJILsm.ttero .n;onycKa. Mo.iKHo noKasai'L, 'ITO eCJIH t]?yino:nm 4>i y,n;oBJieTBo

PfllOT YCJIOBHIDVI Jlliii1lll1l(.a, TO M "1{f(w) 06Jia,n:aeT TeM JKe CBOMCTBOM. 

Tor.n;a HMeeT MecTo CJie;rr,yrontM Teopervffi. ( 6es .n;oi\asaTeJII>CTBa): 

'reopeMa. 5. I IIycT:O wf.o KO:VIIIaKTHOe MHO.iKeCTBO B rrpocTpa.HCTBe 

Bap:oupyeMEIX rrapa.MeTpoB RP (p - pa.3MepHOCT:& BeKTopa w) , 4>0 , 4>" , 
4:>e, y.n;oBJieTBop.aeT y CJIOBHro JI:vnnmu~a, Tor.n;a MeTo,n; ci\OJI:&s.rrmero .n;orrycKa 

CXO.n;HTC.fi, TO 8CT:O 

tk""' 4> 0 (. W * "- ) ::. 4>: = (.;~~ 4> 0 (w) 
ll..~oO Wf:."U/ 

cp (vJL) :: ~IILJ 4>0 (W) 
0 n Wl:.-w 

MHoJKecTBO Wc.o MO:atHO orrpe.n;e.JmTI") K3.I\ lVIHOiKeCTBO B R/, IIOJIY'tieHIIOe rrpn 

IIOMOnta JIID!etilrnx H KBa,TI;paTU.'tHhiXOrpatm'tieHHfi Ha rrpe.n;eJIIJI H3MeHeHM.fl 3Ha

qeHH~ BeKTopa rrapa.MeTpoB vV. 

2° Pa.CCMOTpHM BOIIpOC 0 ITOCT poeHHH ITOCJie.n;oBaTeJI:OHOCTH { W*-1<. J• 
llpo:u;ecc IIOCTpOeHIDl ITOCJie,rt;OBaTeJI:OH::>C'l'H {W~<.~ 6y.n;eM Ha3IJIBaT:O peJiaKCauH

OHHHM, eCJIH Ha Y...'lHOJKeCTBe vJ lllJieeT MeCTO Hepa.BeHCTBO: 

4>o (wl(.+d ~ 4>o (wK.) ) w(. ) \VIC.~( 6. w ) "-:: o, 1/ 2.. I ... 0 

B Ka"<!eCTBe MeTO,n;a., pemaromer::> sa.n;a-qy· MHH:VIMH3a.IJ,1illi Ha MHOiKeCTBa.x 

We." BIJI6pa.H MeTo.n .n;ewoprvmpyeMoro VIHororpa.HHRKa, ItoTophlli JIBJI.fleTc.a 

peJia.KCa.ro;IOHHIJIM MeTO,IJ;OM • .V!sBeCTHO, 't!TO ,UJI.fl orprum't!eHHOH CHH3Y fllYHit

IJ;m1 4>0 ( VJ) JI1060fi peJiai\Ca.:u;HOHHb!H :vleTO,rt; CXO,IUITC.H, CJie,n;oBaTeJI:bHO, M)JM 
.f!BJI.fleTC.H CXO,Il;JIDUIMC.fl MeTO,ll;OM ;LT,JI.H 0 rpamrcreHHH.X C1ill3Y' 4>o (w) . B rrpo

:u;ecce peme:mm sa,n;at.r.H MHHHMH3a.IJ,lilli .:-Ia HeiWTOpOM MHOJKeCTBe W£. t<. MOJKeT --B03HIDUIYT:O Cl:ITYa.I.U1fl, Kor.n;a TeKyll{e9 sHa'Ieime rraparv'leTpa. wE: We:~ 



I3. 

To ecT:o Y (w, cj{_) '7 o . Ta.Kne 'l'OtmM 6y.n;eM rra3l:lBaT:o He,n;onycTIDv1:bi1Vll1 • 

.1J.:r.ui rrpo,n;oJDKeiD!SI rrpoiJ;ecca rroHcKa fiiiDIHM,.,..a Heo6xo,Il;RMo ns He,n;onycT:kiMOH 

TO't!KH ne};B MTH K IIO'ITH .UOIIYCTHMOH (TO 0CT:O npHHa.nJ]:e~eil "'We_~ ) , Jm-

6o I\ ,Il;OIJYCTHMOll ( IIpli!HBJlJ!e~eii ""W"). MOJKHO ,Il;OI\a3aT:O CJie,rr,y10II{ee YTBep

JO];eime. 

JleM:Ma 5. I ECJIH IvlHOJKe CTBO --vi€. He rry CTO II y ,Il;OBJieTBO pRe'r y CJIO'

BIIIO peryJIJipHOCTli CJieM:Tepa, To M.illd sa ROHe~m:oe ~CJio maroB H3 He.n;o

rrycTHMoli TO'!KH TIPIIBO,ILH'l' K IIO'iTli )(OrryCTHMOit TO'll1:e H3 WE • 

3aMe'irunre: roBOP.R:'l', 'ITO 1\ilHO~eCTBO Wc Y.UOBJI0TBOP,H01' YCJIOBHIO 

peryJI.FipHOCTH CJiei1:Tepa, eCJIH cymeeTByeT XOT.R: 6bi O,IJ;Ha TO"tffia W elAfc 
Ta.Kaff, 'ITO 'V(W,E) L.. 0 . I 

Ta.K Ka.K corJracHo JieM.ro/le 5. I sa IWHe'IHoe ~lliCJIO maron MH 113 ue.n;o- 1 

IIYCTHMOJII 'I'O'llil1 nepeXO).U1M R ITO'ITH .I(OrryCTIDAOti, TO He Te.PJ1.H 06II.tHOCTH 

MO.iKHO rrpe,n;IIOJIODT:O, 'CITO BCH IIOCJW,I(OBa'l'0JILHOC'l':O { W ~ J e vJ€..1(. 

TaRHM o6pa30M, MeTO,I( )]VI II03BOJI.R:e~~ CTpoHT:O ITOCJie.UOBaTeJI:OHOCT:O { W ~ } 

Ta.KyiO, 'ITO 

~()D 'IJ ~ = wlr I( ~ ct>o (""*"-)== ~ 4>o (w ~ } =~t-tf 4'o (w) 
" t. ~oO we. w£-c 

IIycrr:o W\ 1 - "CIHCJIO orpaHH'IGHHH B Bl1,IJ;e paBeHCTB, l'nz. - B BII,TI;e nepa-

BeHCTB, Tor.n;a, eCJIM 3a;D;aT:o £ JC.. g)opu.~yJroit 

1-'iz.-"4,+1 . 'iT ( 5. 3) 
~ll = ~c:."'--{c"-_1 ~.-tl ~ iiW"-~' -wK:. H } 

J ~z..-M 1 +1 J::.1 

s.n;ec:o w:·r. - TO'!Ra B R..p , COOTBeTCTBYIOIUM D;eHTpy T.fDKeCTH MHOro-

rpa.mnnta, paccrllla~pHBaeMoro B MeTo.n;e ).Uvl, W/_ 1 - KOOp,IUIHaT11 j -oi:i: 

nepmn:HH aToro MHororpamoota Ha It·-1 mare n noJIOJKHT:o 

(5.4) 

r,n;e ~ - rrapa.MeTp, onpe.n;eJim:OIItLi:H )a3MepH Ha'IaJI:oHoro .rvmororpanmma, TO 

MU ITOJIY~ ITOCJie,n;onaTeJI:OHOCT:O 

C.o ~ E, ~ • • • .. ~./ E." '>,.. • • • • >,. 0 

ilpE: 8TOM OKa3HBae'l'C.ff O'IeH:O y,n;o6HO E:CDOJI:030BaT:O BeJllitiHHY El< Ka.K RpH

TepE:it OKOH'IaiDI.ff ITOHCI<a, TO 001':0 :3a,Il;aBa.R: 0~0 , ITpOIJ;0CC Oy.n;eM 3aKaH

-cmBaT:O rrpH BHITOJIHeinm HepaBeHCTBa cK. 4 o , B aToM CJIY"t!ae BHITOJIH.FIIOTc.R: 

CJie.If..YIOIIUie Y CJIOBH.f!: • 

~0 ( w,t ) ~ cf:>o ( \AI* ~ [;f) 

V(w) L. J' 



14. 

Ta.KliiM o6pa30M BeJmtmHa ~ 6y,neT orrpe,n;eJUIT::& Ka.K TO'tfl!OOT:& ,no

CTIDK0HH.ff MHJmM1(~ D;0JI0BOH @YHKI.T;HP.., TaR H 'l'Ot!HOCT:& BhiiTOJIH0HRfi orprum 

qemrH:. CJie,n;yeT OTM0TH'I'::&, qTo 3a)J;aF.li0 ITOCJie,noBaTeJI:&HOCTH { Cl(. t <jjop

MYJIO:ti: (5.3) o6ecrreqnaeT y.nytiDieiDie (yMeH:&meirn:e) 3HaqemtF.£ ueJieBoti 

cpyHKI(l1:H TOJI:&KO rrpH rrpH6JIIDKeimH R .JJOilYCTHMO:ti o6JraoTH. 

3a.Me'l'IDIL, qTo MeTo.n .ne<llopr.mp:yeMoro MHororpamurKa He RBJUieTc.rr 

0,1UIIIC'I'BeHHblM: MeTO,TI;OM, IT03BOJIJII01UIDVI OCY11~0CTBJI.fiT:& CTpaTermo M0To,n;a CJL. 

Ho rrpocToTa ero pea;maa.r.unr, ue qy:toTBMTeJI:&HOCT::& K MeJIKHM HepoBuoc

TRM peJI:&e@a n;eJieBOH ((lyHRIUm, .1J:00'1'8TOqHo XOpOillM CXOln!MOCT:&, OTCYT

CTBHe H000XO~OCTH BJlq}IOJieHHR ITpCHSBO,n;IlliK (qTo O~HO OCJIO~O Obi 
Bhi'IHCJI0IDIR: ,n;.7ISI 60JI:biimHOTBa IIPai\TH"C:JeoiW.X 3a,IJ;aq) R ,npyrHe ero CBOH

OTBa II03BOJimOT OtmTaT:& ero O.lJ:lillM :03 Ha.HOOJiee aiWJei\THBHblX. 

§ 6. MeTo,n rrorpyiKeHIDI B IT.POCTpaHO'l'BO <jja30BHX MOM0HTOB 

BBe,neM o6oaHaqeHHe IKI J 
J (Xi) ~f 'J t (X,.t) 1 (6. I) 
t ' K. I - 0 X~· ..• 'd X ~"' 

r.ne K. = f K,, ·· · 1(11 } MYJI:&TMIDI.I(eKc, I Kl ==.f. K.t , n-paaMepHooT:b @aaoBoro 
BeKTopa X. / ~~~ 

YCJioBHe 6.I il>yHI\I.J;ID1 Jc-x,t) 6eor<oHeqHo .n;ncl!@epeHIJ;HpyeMa no rre

peMeHHoif X, H3MepHMa rro t.. , cymeoTBYIDT v c R" :a rroJIOJKIITeJI:&Hru:r CYM-

MHpyeMrui <JJyHKD;:Wr ~(i) Ta.KM, qTo I ~J K (XJi.) I<. l:f Ci) , rroliTH 

Boro.uy Ha T 11 VX E. V c. R.. n . 
' 0603HatniM ( K.} ! ~ 1<.1! or t' K.., ~ . 11MeeT MeOTO CJie.nyroman .i'I0!VIMa. 

Jler~'li\IIa 6.I ECJIH ~(x~+J y,r~oBJieTBOPfieT YCJIOBliiO 6.I, t(oJf:): O , 

TO \IX€. V C. ~" HM00T M0CTO pa3JIOJK0HHe 

0.0 1 )I( J ( ) ~ ( '/. 1 i J ::: [;_, ~ ( X, '\/ t ( oJ 1:. ) 6. 2 

3,nec:o '\1 - rpa.nneHT B rrpoc'l'Pa.HOTBe R h H ( 

H3Be,n;eHHe B R, II\ • 

• Uauo .n;B(ixlJe peHD;Ma.JI:&Hoe y pa:aHe r-me 

x'= 1Cx,i) 

) - oKaJIRpuoe rrpo-

(6.3) 

CJie,r~oTBHeM JieMMLI I. 3 rrBJIJieTo.a YTBe pJK.D;eHHe OJre.n;yrome:fi JieMMLl. 

Jierv'fMa 6. 2 MHoJKeoTBO pemeHHti ypaBHeHH.rr ( 6. 3) o npa:aoll qa:c·r::oro 



I5. 

y,TI;OBJI6TBOp.HIOJI{eM YCJIOBmo 6.I, o6pc.3yeT ITOJIHOe MeTpH't!eCIWe rrpocTpaii

C'l'BO OTHOCHTeJI:bHO paBI:IOMepHOll Me'IpimM. 

CorJiacHo YTBep»i..I;eHMIO JieMMJ:>I 6. I :v.mn:eeT MecTo pasJio.iKemre 

~ ex>' t.' 1 o0 x,'' .. --· x:'1 l (X It J ::. L uq l l J I{ ( o, i) -= L. Tt .. ~ K I t K. ( o, t) ( 6. 4) 
114:: t I lr..f-:= I I • " • ) 

BBe.n;eM o6osHa't1enue ll 

""' X '• X ., t h1 ( )( t} = 2::. I . • 
1 

• "' 

7 I~·= 1 K, ! ... K ... ! 
s.IJ;ec:o 'fG ·H)MaTplm.a ~-tx~("-J 

1 1 
K 1 .,K:.,t J1 "- ( 0 1 i) , ~ BeKTOp 

•· '3.n:ec:o q {I!J = Cn+tc..~ll. . 
HOB B· pa3JIOJKemm: ( X,+··~ -1- X., 

HeHHe (6.I) 3arrHmeTCH B B~e 
IV 

x' :::: ~, 77;1( (t} ~~ 

,...., 

~ /< ( 01 i) = L rr (-f) ~I( ( 6 • 5) 
) • K..=-1 11( ) 

, COGTa.BJieHHM H3 3JieMeHTOB BJ!.Ua IK/ 

~"- - 113 'UieHOB pa3JIOJKeiDIR (X_,+·· .. +Xc..c) • 
' ' • •• - ' • ' - l 

- 't!HCJIO 'Uie- [ 
I k./ .. 

) • ITpi:IHHlVIM BO BHEMaiDie ( 6. 5) , YpaB-

+ p~ (X -f:.) 
'--- Nt-/ I ' (6.6) 

,....._, 
I',I!;e ..=_. IJ+I (X 1 t) OCTaTO'tiHIJ!H 'UieH B pa3JIO.iK6l:UII1 ( 6. 4) , CO)l6piiWT 'UI6H1I 

fJ+ 1 - ro ITOp.H:.IJ;Ka ITO X H Bhillle. EeKTOp l "- 6y}J..e1!li Ha3hiBaT:O BeKTOpoM 

clJa30Bhi.X1 MOMeHTOB K-ro ITOPJI,I(Ka. Bbl'tiMCJIJIJ1,1 rrpol13BO,I!;HYIO ll( ITO i, ITOJry-

1:!IDJI w .--, 1 

·~. ;4-lK.. = ~ 1r't:; l"- + ~J./+1 (X,i) (6.7) 
~ J=l<.. 

BBo.zm BeKTOP Y,.; -:: { _;' t M o6'I:>en;nrLH.H ( 6. 6) n ( 6. 7), IIOJIY'lHM 

l£1 r , 
I ~~ (6.8) 

Y~-~ ( t.) -=-IP AI ( -t J '("' ( t J -+- ..::.. AI+ f {X I t) 

r.n;e f !Pw lt) Lj =- 7rii (i) , (j::: 1-;--N ; ~i (t)=o , J"l. i. ~j 
M'TaK, BMe CTO He.JniHef'rHOI'O Y.PaBHeiDISI ( 6. 3) MU ITOJIY't!HJIH ITOCJie,n;o

BaTeJI:OHOCT:O J.mHeiDrux ypaBHeiDIH 

y ~ (f.) -=~ (t) YAI (t) 
) ( 6. 9) 

aKBHBaJieHTHbiX YPaBHeHim (6.3) c TotmocT:oio .n:o 'UieHoB,¥-ro ITOp.ff.I(rta 

OTHOCMT6JI:OHO rrepeMeHHO.li X. YpaBHeHRR (6.9) ~eHCTBywr B rrpocTpruiCTBe 
w 

clJaSOBIDC MOM6HTOB, pa3MepHOCT:O KOTOpOI'O pasHa~ 4(j) 
J=l l 



16. 

Pemeime ypa.Bnerm.FI ( 6. 9) sanmueM c noMoru:oro MaTpm~aH'l'a 

Y,., (fJ = fR.N ( t l i-o) YN (f") , (6.IO) 
N 

r.n:e fRw (-fo li.o J== IE - e,IJ;HHH'lHM MaTp:ail;a rropJUJ;Ra ~ i li) . IvlaTp:vruauT 
fR "' HMeeT ne pxne,JJ;HaroHaJI:OHHii Bl!I)l;: J _, 

f 
fR. If fRI t. • • • fR. 1 AI -~ 

fRw = o fRz.z. , ·' rrz~N (6.II) 
• • • • " ' " ,. (/Ill 

0 0 t C I 0 rR,Vt\J J 

s.n;ec:o fR" ( i I {o) - MaTpHI(aHT JIREe~oro YPa.BHeHM x' :7r, (i) X • i 
IloCJie rpa.M<?~Jn\RX ~I\Jia.n;OK MOJl"J-10 r.·oKa3aT:O, 'lTO ,n;JI.fi .rtHarOHaJI:OHbiX 6JIOK1 
MaTp:ml; fR.JJ (j=: 1,N) MMeeT MeCTO ILipaiKeHRe i 

t { IRI'l f Ill 
L=t JILt e ~ • & • fR. J' 

f rrz"t rR'' 2 , J~,t ... f JK..t. 
1,. 

BBO.n:.a: ooosHa'lenne 

B CJIY'iae, eCJin cpe,II;li KOMIIOHeHT 
rvtyJII:>1rliHH,UeKca e eCT:O pa3Jm"Cffible 

BCe I~OMIIOHeHThi lVfYJI:OTliHH,UeltCa t, 
pa.Bnu .n:pyr J~pyry ( 6.1 z) 

QtJ (t(i.o) ={fR 11

(t{to) J • •, 
1 

/R.
1111

(f /io)} ' (6.14) 

MOJKHO 3a.J.mCaT:O 

) 
(6.I5) I 

I r.n;e X fJ ( t) -BeKTop, cocTaBJieHHHfi :as rrep:Emx 11. I<oMIIonen'r BeKTopa f: 

Y N ( -1:.) • OIIHcaHHLill: MeTo,n: noc~~poeH:a.rr noCJie.n:onaTeJI:&HOC'l'H XN (t) l, 

H COCTa.BJI.fieT CYTb MeTO,Ita rrorpYJKeHH.fi B TipOCTpaHCTBO (ila30BIDC MOMeHTOB.) 
1 

M.MeeT MecTo CJie.n;yiOIUa.FI TeopeMa. ' 

rl'eo'Qe:Ma 6. I IlycTI> ,n;JI.fi tPYHKJJ,J:m I (X, i) cnpaBe,IT,JiliiBO YCJIOBHe 
6. I, Tor.n:a rroCJie.n;onaTeJJDHOcT:o X"' (t) , orrpe.n;eJI.fiel\'Iafi paneHCTBOM 
(6.I5) cxo,rurrcJ:I K pemeHHIO ypa.BH~Jrn:.rr (6.3) pannoMepuo rro tE :T H Xo~.J\·: 

,lloKa3aTeJI:OCTBO: 

Jf.oKa3biBaT:O YTBePJR'.I(eime Teo)eMJl oy.n;eM B .n;Ba STana. Ha rrepBOM 
STarre .n:oKruKeM, 'lTO noCJie.n;onaTeJI:&>IOcT:o X.w .f:IBJI.fieTc.fi g]yH,n;a.MeHTa.JI:oHofi, 



I7. 
' 
I 

Ill 

a Ha BTOpOM, IIPHMeHJUI JieMMY 6. 2, JI;OKEUKeM YTBePJIU(eiDie TeopeMhl. BBe-
f ~eM o6o3HaqeHHe 
1 
I 

L elf.:;~~~~ ~ /{ /R.
11
(t(t:JLj I<. +oO (6.16) I 

CJie~eT OTMeTHT:&, qTo Bee Bemrtnn-r:t 6e3pa3Mep:ml (Bee ;n:JIHHU OTHeeeHu I 
<.) u l(.;lo l 

K HeKOTOpoM STaJIOHHOH ,n;mme, B Kat.J:eCTBe KOTOpoM MOT!HO, Hanpmmp, i 
B:LI6paT:& ,IT,JI1iHY cHeTeivru) • 113 ~OPN(YJI ( 6. I2) , ytm:THBM o6o3uaqeim:e ( 6. I6~ 
IIOJIY~ OD;8HI\Y • 

II !R.j1(-ttto) II f: j ·L' (6.I7) 

113 orrpe~eJieH.:WI :Ma.TPHI.J; 7/lj (i) , :1 TaroKe R3 YCJIOBM 6. I CJte,rryeT, qTo 

II 'lT'.j (-tJ II ~ (j~;j7 (6.18) 

BBo,n;R o6o3Ha'ieime 

M cit~ <1 (tJ dt , J(LJ df {£ ( :~1[ .,_ 1) C6.19l 

M HeiiOJI:03Y.A: Hepa:aeHCTBa (6.17), (3.18), e IIOMOIJ.U)IO MeTo.n;a :Ma.T8:Ma.TH-

'ieCKOH :VIHJJ.YRD;Ji!H IIOJIY'lliM 

/1 rR.'j ( t Ito) II 6: zRJ! L!_+t ·tvtti A.2• J ( L) 
(6.20) 

) 

r,r~e 
1 ,npn M L ~ 1 

A= 
M ~ 'IIPH M L ~ 1 

113 ( 6. I4), ( 6. I5) H ( 6. 20) rro.ny-cmvl ( Nz. 7 N
1 

) 

11 x~~, -X11 11 f f lltR'it tlt.)/1 ·1/Uf.J/1 !:A-~£ J(L)-f. (j~.la.:r.} c 6. 21> 
2. .1=/J,tl J j = N1+t 

3,n;ee:o fl X0 It ~ L ( B mr;;ry orpa.H.HtiemroeTH Jl.o ) . Tar~ I\aK rrpH N./V?..~oP 
H3 ( 6. 2I) CJie.ny·eT, qTo II X.,;, - Xwt./1...., 0 , To rroCJie,u;oBaTeJI:&HoeT:& XIV · 
SIBJIJleTe.H ~Yl-I,1J;aM8HTaJI:&HOH ( Sa.MeTIDJl, '-ITO eXO,IJ,liMOeT:& I\ HYJIIO JIBJI.f.Ie'l'e.H 

pa:BHOMepHOM OTHOeHTeJI:&HO Xo~JA.o :ii f€ J"). 
Tax Kax XN .fiBJI.fieTe.H pemeinBM yKopotieHHoro ypanHeH.:WI 

IV 

X' :::. L 7f' .. ( t). I . = .(. ll (,(I f.) 
j=f C.) j IV 

( 6. 22) 

i 



IS. 

:vi WYlUt!J,Rff /"' (X. 
1 
t J y,noBJieTB::>pJieT ycJionmo 6.I, TO XN np:anan:-

JieDT rrpocTpaiiCTBY pememrii ypaBH9HIDI (6.3), IWTopoe corJiacno JieM.Me 

6. 2 RBJIR8TCR IIOJIHIDJI MeTp:vi'ie CKH.M IIPOCTpaHCTBOM. CJie,T~OBaTeJI:OHO, IIO

CJie;D;OBaTeJr:oHOCT:O XN cxo.IUITCJI. IIy·cT:o 

~~ XN ( tJ = X (f) (6.23) 
""~~ 

IlmwlteM, liTO X (fJ JIBJLFieTc.rr pemei-meM ypannemi.rr 

3amiCI:lBM ( 6. 22) B liH1'erpaJI:OHOfi ~OpMe 
t 

XN{t) = Xo + J IN (X"'(1:), t) P!T 

(6.3). neHCTB:viT8JI:bHO, 

(6.24) 
fo · 

:vi nepexo.n:.rr K npeJ~eJIY rrp:vi N~ot:>, B OWlY HerrpephiBHOCT:vi 4N PI (6.23), 
IIOJIY'IIDII: i 

X7TJ :::. Xo +~I t ( X(T:) /l } e/ 7: 
(6.25) 

~(X{fJ,i)-::: ettA-\ ftv (X(fJ, -l:} 
tV~oP 

r.ne 

Tart Ka.I\ ( 6. 23) 81\BPIBMeHTI:O ,IUI<MJe peiii.J,1ilaJI:OHOMY ypasneHPIIO ( 6. 3) -
,n;JI.fi X ( i) , TO TeM ca.MHM MLI .n:ortasa.mr YTBeJ_)jl\I(einm TeopeMH. 

CJie,n;cTBHe 6.I MMeeT Mem·o CJie.n;yromasr onenRa CI\opocTM cxo.n:n-

MOCTH noCJie.nonaTeJI:onocTH X"' K pememrro X : 

II Xw-X 1(6 8·{e'-J: frK }f2 (6.26) 

s.nec:o 
f = L"LA 

Or~eHKa (6.26) BhiTeKaeT PIS (6.2I) rrpn: rrepexo.ne It rrpe.neJIY N ~oO 
2. • 

§ 7. 0UTHMJII3a.IJ;IDI Mlr:Kp030IUJ;a 

I 0 l3 Ka'ieCTBe rrpm~epa II}ai\TH'18CI\OM peaiDI3at(mi BLilll8H3JIOiK8H-

HOi1 TeOpHH paCCMOTp:t1M sa.n;a-g:y 0II'rHMH3a.IU1l1 HeJIIDrefmoro npoTOHHOI'O 

Mmtp030H,n;a. CcJ!OPMYJIHpyeM ItpaTKO CQU3litieCRYIO sa.n:a-qy R ee MaTeMaTR'ieC

l\YIO MO,l1;eJI:O. !tiTa.K, ,na.Ha CHCTeMa :~3 'ieTHpex 1\Ba,n:pynOJI:bHhiX JIHH3 O,n;mia

KOBOll .n;JmHH, Ha'iaJI:OHOe MHOJKeCTB:), 3aim:MaeMoe IfY'Il\OM, orrpe,n;eJIReTCR 

.IJ:BY1\ill IIOCJie,TI;OBaTeJI:OHhitvtn ;uuaf»parW3.MH. Tpedy·eTCR HaHTH Tai\lie rrapa.MeT

p1I CHCTeMbl ( rpa,u:aeHTbl JmH3, llX ,r.r,.;rmny, M8CTOIIOJIOJK8HHe JmH3 H .IJ:HaiiJ
pai'M, pasMepH .n;naiiJparrJI n T.;u) ; rtoTopue ooecne'iliBami ou MHHHMaJI:OHLie 

·-
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pasMepht H3o6paJKeHRf! nyqxa Ha 1VIllllieHJI. C y"tieToM TpeTI>ero rrop.ro:uta 
.rr.Htlxl)e pemura7r:bHhte ypa:sHeHRfi .IT.BIDIWHRfi ny't!Ka B eM cTer,.'!e KBa.n;pyuoJII>HhiX 
JII1:H3 rrpmm.MaeT BH,JJ;: 

II K.." t( 2. z. I . 
X+KX= tz. X(Xz.+3~z.)-zX(3X' +:f'J+KXjJ'+#(x~~'+O(sJ (?.I) 

, K.'' 2. /( 2. ( 7 2) !J -K1 =-12. !J(!J +3X')+ Z j(3J 1 +X1 z.;-~1 'JXX 1-I('J 1XX 1+0(S) • ~ 
,UJJ..fi Mc'lrln:ITH1IX JlliH3 H 

X"+t<.X::. ~, x. 3 +K.z.X{j-2-X}+~'(x~-:Jz.)x- K (;<' ~J'JX +OCs) (7.3) 

, I(" 3 2. K.' . l. 2. y -"-. ':1:.-6 ':1 +K. ~(Xz.-'Jl-) -Z: (Xz.-~')J. -K{x' +!f?~+Ot5) (7.4) 

~ sJieKTpocTaTHqecKKX JTinrs. 3.n;eci> K = K(S) - 6espasMepHUH r~
eHT JIHH31I, K ,.. 0 .rr..mr ciJoxycMpoBI~· JIJIH3I:l, IC t.... 0 ~ )~e~mty·cHpyromeft H 
K = 0 .n;JHI cno6o.n;Horo rrpoMelcyTKa. B KaqecTBe He3aBMCHMoro rrapaMeTpa 
Bbi6pru:ra 6espa3MepHM ;rr,JIEJia, H3M€pJI8MM B.IT.OJ.Il> OIITH't!8CKOM OCH Cl.tCTe- . 

MH -s. 
1° CJie.If.YJI M3JIOJKeilliOMY B § 6 MeTo.rr.y· rrorpYJKel-OOI B rrpocTpaH

CTBO clJa30BhiX MOMeHTOB, BBe.n;eM B8KTOp y3 , COCTOJIIInti1 l:I3 TpeX BeitTO
poB: 

(5.5) 
1 

) ~'3 ::: 

Tor.n;a .:rmneH:Hoe ypaBHeHMe, srmHBaJieHTHoe c TO'tiHOCTI>IO BIIJIOTJJ .n;o 
TpeT:r:,ero rropR,UKa ypa:sue:tm.H:rvi (5.1), (5.3), rrpHMeT nim 

rP~' 
0 

0 

.lJM MarHMTHHX JIHH3 ( ypa:mrei-me ( 5. I) ) 

,, {0 1} 
IP, .:: -1( o ' 

(5.6) 

t3 ro 0 0 0 0 

~ = £' K.' -! '1 z 0 I( 



2.l.. 0 2. 0 
fP - -1( 0 2.. 0 

3 - 0 -2.1( 0 1 
0 0 -31( 0 

() 2 0 i 0 0 
·~ 0 1 0 1 1 

:n o ZK o o o o 
, IP3 = -K o o o z o 

c -K o K o 1 
(I 0 -K. 0 ZK. 0 
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(5.7) 

B CJ.rY'Iae wreKTpocTa.Tn-qecrorx mm:3 (ypa:BHe:tme (5.3)) H3MeHRIOTCR TOJI!l-

KO IP~z. H IP~ 3 • 

JP~l ={-01( 2.+!:_'' ~' 0 0 } ' 
6 2 -1( 0 

13 {0 0 0 0 0 0} 
~ = K z. o -K -!' o o ( 5• 8) 

z. 

qT06hi IIO.nytmT:b ypa.BHeinffi, 8ItBim9JieHTI-Ihie ( 5. 2) li ( 5. 4), HeOOXO,J:UIMO 

IIpH orrpe,n;eJieiiiD1 BeKTOpa Y3 38.\1CimT:b X Ha 'J , 'j Ha X, a B Bhipa

JKeHRHX ,IJ;JIH. c5Jrmt-Ma.TpiDJ; rp3~1 sa.MemiTI> K na. -K. 

2° BBe,I(eM Ma.TpiDJ;aHThi ypaBHeHHH BU,IJ;a (5.6) B ,n;Byx MOCIWCT.ffX 

X li 'j : 

Y:(.s) :::H-/3(5/So) ~1.(So) J Y3j(.S)=~ (SJSo)Y{(.so) (5•9) 

BJroK-Ma.TpiD.J;a IH 3 , o/ 3 wm rrp.ff.MoJrroJII:>Hoii Mo.n;emi mumu 
(TO e CT:b K = c.o;z5 t B JIJiH3C H R = 0 BHC ee) HMeiOT BM,IJ;: 

H-/3 ( S I So) - K · 1 W (S l5o)::: "- ··. ' ' . -{~ ~ S.:~ '"f j"" 
11 

. ic4'i s~ ··J~ .. 5. IO) 

-V( · ~"' ~ 4>S LS 3 \fish~ vlt'/ 

111 2l.. '1 =-..a: ( S- So ) • MOK-l.'18.TJ>J.iii.J,U m 3 
(~ 060HX THITOB ~3): 

l ·2. 
~ ,, ~ ~ •• ~2.t. 
LLL h,,(~,,~~z..+2h,. ~~,) 
V\ '' VIz., .. -

h., ~~~ h-z./Zh,, ~z.L +h,z. h;~,) 
h :. 3 ~ ~. t, 2.7_ 

111 H 
' rn 3 3a,D;a.IDTCJI BhipB.XeHH-

( 5.11) 



h,, U',~ L, ,, 1),; 2I. 
2. ~ •• v,, 1J, 2.. 

h '' 'lfu V' u "' I I ( 1f, I Vi t. -t-1.1, 1. 1f2.1) Itt II V,z.. Vz. t.. 
IHl~- ~ •• '\I .t, 2. ,, 1f~, 1fz.t.. ~., 'lfz.~ 

3 - J, 2.f 1f,f 2. {., 2..1 1Ji I \Ji z.. 
L,'LI 15,:t h 2..1 1f, I 'lf 2.( 1-t 'l-t (11,, V·zt .. tlJit 1fu) 

~1.( vt, ~ 1..1 v;~ ~'l.. 
l ~ ~, '1fz.., 1fl.'t. h 2..1 v-z. \ 
~ I 2. 'tf,, 2. L ~IZ. ~ tf,z_ h,z 'lf;t-z. 

k 11. V,, 'Vz., ~I z.( V,,?fz !.1-"lJ;Z. 1.l;.,J ~It 'lf,t. 1fz..t. 

~,'L v2,~ 2. ~~~ ifz., 1fz.t ~.z.. 'lftt 
~2.Z. 1f,,z.. 2 ~ Z.t. v;, 1f;z. ~ 'l..t. v,; (5.12) 

/., z. t.. 1,, vz., h t.z. { 7/i1 t'zz. + V,l. tfzJ ~ 2.7_ 1/,'L v; t. 
hz..z. v~~ 2. h Z..t 't1~, 1Ji 2.. ~ z.z. Vz.~ 

~ 

MaTpmm v~z. H v;~ IIOJIY'Ia.IOTCJI Ii3 ( 5. II)-( 5. I2) B3aHMHOM 3a.Mei-10H 

i 3 I ll('' \V II V\ ~t.. II V~ K. • ,n;e CL , t' ~, "\f; I( :xreMeHThl Ma.TpliD; rr, 3 H 
3 

COOTBeT-

C'l'EeHHO. .1lJm IIpmviOYl,OJI:OHOH MO,IJ;eJIJI BhlpruiteiDie ,nJI.f.I SJieMeHTOB. MaTpiDJ; 

114 ~2. , IH ~~ B c.nyqae MarHHTHLD: m.tH3 rrpnne.n:enu B [ 4 ] ( @o PMYJil:l 

Ta6JI. 5 11: 6). 
,117m SJieKTpOCTa'l'Hl!eCIODC JIHHB 3JieMeHTI:I 3TIDC MaTpiDJ; ITpl11:IIDJia.IOT 

( L 1
'- I 13 12. /H'3 ) BM .,,. Vlt" . - aJieMeHTLI MaTPXIU 1H .,_ H 3 : 
) J J ~ 

. 11... 
~,, =. -K(/2. 'i (A~~ +~ lf - Cc1 3 ~~)I 12. 

h',t.2- :: -V"K ( 4 ~ ~ ~ - 3 ~·~ ~ + ~~ 3 '1) I a 
h·~ = ( ~ '1 - ~ 3~ +tti S-,;c-,. 1 ) 18 

12.. 

"' I '1 -=: ( {5 ~ ~t -42.:~ (&.~ ':} -~ 3':?-J I 2/.t fK. ( 5. I3) 
I I~ . 
"''Z..( :: K JK ( 5 ~ ~ 3 '1- s i..!-1 ·'1)- 3 i.j C-o1 'j) I 6 
I 12. 
t'\z.t. ::: K ( ~ ~ - ~ 3~ - 2..~ ~"'"~)I '1 
,_l't. 
VI L~ :: \f"K. ( 12. ~ ~ ~ - 1 3 ~·..,. '-j ·- 3. ~·~ ~) I 12. 

"' ~~ ~ ( 6 <.j ~ 1-\. '1 T ~ 3 <.j - (~ 4 ) I 1 z. 



22. 
I 13 1 ~ 
..,, =- K. '1 ~&A.'-5/2. l,z.,= r<..w<.(3~~lJ+Z'-llt>1~+~' .... '1d.zq}/tt 

h?t--= 0 h~~t..-= K.. ~~~· ~ z~ / z.. 

~~~~ = - '1· 5ti~A. ~ (2. _ h ~~: JK(-3~"'i-Z.'f~~+~~ ~ cl, z.~.;J) / 't 
4,'~ _= IlK( Z s,'q 'i -':!· ~ ~) j z_ ~ ~ :: K.( z~ S< .. 'J- C&l q(cltz~-1!) f.t( 5. I 4) 

h,s-- o 1-,'-f~- ::-Ji ~ ~ ~ -z,i I z. 
~~~~ -:.(~~~-~~~)/z.v-K. h~ =-(Z.~~~UJ--t'Coj'f(c4z.~-1))/4 

BHpa.iKeiiHR .UJIR MeMeHTOB Ma'l'PIID; o/~l l! \'~3 ITOJIY'Ia.IOTCR H3 

(5.13) ,{5.I4) sarlleHOH fR Ha ~ ~ ~11\. "j Ha cSlti1 Co3~Ha c.,h"j H 

Ha060poT.. }lJm CB060.UHIDC rrpoMeJicy'l l{OB ;n;.IDIHOH f_ IlOJIY'I:ID.1 

1/(=:.W~' ={~ n LL lf/~z._o/~2. 0} JH2-W~3 
0 (5.15) 

3° McnoJI:osy:r.r rpynnonoe or oficTBO MaTP:Jili\aHTa, san:mueM 
2iotH 

/R(Stot fso) = n ff\(S·/5._ 1 ) (5.I6) 
j:1 J I J 

3.IJ;8C:O Yl. -':IHCJIO yttaC'l'KOB ITOCTOJIHCTBa 1{(5), S;::: So+(f-1) AS/ 

(AS j - ,n;JIHHa j -ro ytiaCTKa ITOCTO.ffHCTBa), 5 2 .,+1 ::: S~t . 3.n;ec:o 

rro.n; II\ ITOHHMa.IO'l'CJI MaTpmJ;aHThi IH 3 H v3 . B neJfRX 9ROHOMIUI lla:M.ffTH 

3BM H yBeJIH':IeiDI.A: CROp0CTI1 BLI"CffiCJieinrti: npu op:rrum3a.J.1,1m 131I-cmCJieHIDI 

nponsne.n;emm ( 5. I6) MoJKHo HcrroJI:osonaT:o OJiotuzyro CTPYitTYPY rvra.TpH

nanToB, Ta.K I~a:It UIOJP'J:IO 3aJvleHHT:O YMIIOJKe:tm:e ITOJIHLIX MaTp~aHTOB Ha 

Bbi-cmCJieHHe 6Jiorc-rJia.TpmJ;, HX cocTaBJr.ma.n:mc, co:rJiacHo CJie,nyiOllt(IIM peeyp
peHTHHM WOPMYJiaM: 

II II( ) II . 11\ (Sj / Su) = fR S; /S;_ 1 /R (~/'/So) (5.I7) 
IZ. · II 12. 1'2. . 22 , 

11\ (S; /So)= fR (S; IS/_,) fR (S/··t/So)+fR (s/ f~·_,)/R (5/-t So) 
IR

13
( tD ''( 1 ) 13 , m'3~c IP H Silso)='" S; S/-' fR (~·- 1 /So)+'" lS//~·-1)tl\ {5/_,(so) 

B1I'ClliCJI.fi.fi rvra.Tpi1UariTbi IIOJIHOH JIICTeMLI l1 3a,IJ;aBaJI Ha''IaJI:OHOe MHO

irteCTBO (HarrpiDviep, B B~e MaTp:HIJ;bi HatiaJI:OHH.X: ,JJ;aHHiiX), MLI MOiKeM ITO.JIY

':IH'f:O e:ro o6pas Ha MIDIJe~. 'raK Ra~ neooxo.n;MMO Ma.Itc:mv18Jl:OIUJM o6pasoM 

CJKaT:O IJY1IOI\ B peaJI:OHOM rrpocTpaHC'rBe, TO B I\atieCTBe M.HH:m.m:3RpyeMO:rO 

ciJYHKIJ;HOHaJia MO:ryT BI:WTYTiaT:O CJie,U,:riOIInW BLIPc"UKeiilm: 

jo = t11ctX f su.p X , sup ~ } 
X G vt{fot ~ E ~ ~t . 

- MIDH1MVI3a.IJ;M MaKCI.fiVlaJI:OHOrO 

OTKJIOHeHIDI 



~o = SUf V X 2.. + ~ £1 
'i,~f ~t 

OrprumtieiDIJI sa.,n;a-cm :mv1eiOT B.ll)J;: 
w~ ~ VJ, !:: W. 
- " I. 
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- MI1:HlllviD3ai.Uiff pa.zucyca OKPYilt
HOCTU, B KOTOpyiO BimCaHO KO
He\ffiOe MHOX6CTBO 

~ct.x f I X(5J 1 , 1 ~CsJ 1 t ~. Gt c 5) 

~, (2./1)::: I-Wz.z.(Z./1) 

(5.I8) 

(5.I9) 

(5.20) 

Orpamrcrerm.H ( 5. I8) rrpe,n;c~ra3JllliOT co 6oft orpamrqeiDIJI na rrpe,n;eJrn 
H3M6H6HRJI I<m.moHeHT BeKTOpa rrapaMeTpOB W , (5.19) - arrepTYJ.>HHe 
orpaHH'leHHJI ( a(S) - rrepeMeHHM a.rrepTypa CHCTeM1!). Orprum'leHH.fi B BH~ 
,n;e paBeHCTB ( 5. 20) CB.fi38Jlli C Tpt360BaH1IeM pa:BHOMepHOI'O CXaTH.fi nyti.Ka 
B o6eHX ~OCKOCTHX [5] , [6] . 

3,n;ec:o h'\ ~ ~ (2ji) - SJieMeH'rLI MaTpHI.J;B.HTa CI1CT61V11I 4-X ItBa,:n:py
ITOJI:OHLIX JlliH3 Cie3 y-qeTa H8.'la7I:bHO::o l1 KOHe'lliOrO CB000,n;I-I1TX IIpOMelcy'T
I\OB (KBa,upyTIJieT npame:rm:JI). B neJwTopHX CJIY'tirurx STH orprum'le:tmJI 
onycKaiOTC.fi. 

4 O Ilo IIPRBe,n;eHHJ:JM B1I.I1Ie @op:M:yJiai'v1 COCTaBJieH ITai\eT IIO,n;rrporpaMM 
ZON[J, c rroMont:oiO KoToporo BLI'llrc.rmOTcJI 3Ha'leiDI.fi @YI-IKIJ;HOHaJia ~o H 
orpamitieHnit ,n;JI.fi HeKOToporo BeKTopa nap:r:,npyeMLIX rrapaM:eTpon w . C 
ItoMom:oro orrTm.m3a.I.UIOHHoro rrruteTa rro,n;rrporpa.MIV£ M IWI M , cocTaBJieHno
ro ua ocnone MeTo,n;a CKOJI:b3ml(ero .n;onycrta, rrpono,n;rurac:r:, orrTHMR3a:o;IDI 
HeJIHHelh!oro (TO eCT:b C yqeTOM HOJiliiHei1HHX ~eKTOB 3-ro ITOPfi,IJ;Ita) 
MlmP030H,JJ;a. CJie.IzyeT OTM6Tl?ITL, '1~~0 Kai< OI.J;eHKH, ITOJJ:YY6IiHbfe -cmCJieiDiblM 
MeTo.n;oM ( cpanHeime c pemermeM rroJinoro HeJmHei1:noro ypannenH.H) , TaK 
M oueHKn, rro.nyqeHHLie c rroMOllU>IO OoPMYJIH (6.26), rror-cashmarorr xopolll?Ie 
COOTBeTCTBHe pellleHIDI, ITOJIY116HHOJ~O C IIOMOII.t:blO M6TO,n;a rrorpyJKeHRF.f H 
perueHH.H rroJIHoro HeJIHHemroro ypamieH.IDI ( tmcJieHHo cpanHer-m:e rrpono.n;n
Jioc:o ,Il;JIJI HeCKOJI:bRHX TpaeKTOpnit). 
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