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IIP~CJlOBVIE 

llpe,n;JiaraeMbiO JIOID._\tU1: nocnm~eiThT ITOCJI8,1J;OBaTCj1bHOMy rrpnr.1CHCIIt1IO LIGTO­

~OB lv!aTpllltJHO~i a.,1rc6pbi l1 TC0pnl1 l-WJ:t)llepoliT.J;t1a,~JbHLIX ypaBIICIIVI~ l.:l;J1R ormca­

HMJI ,1:~UiaMl1:Rlll aap.FDKSHHbtX tJaCTIIIL~ B CI!CT8Ma.X ynpaBJI8Iffi.FI rrytiR8.N!R. Tio,n; 

c~cTeMOVi yrrpam1eimJI ITY'IFE.MH nt)JIVIMaeTC.FI cono:eymrocTn paa.~M'IH11X ycT­

poi1cTB I aJieMei-ITOB Ct1CTeMbi/, coa,n;ar~mc a .. 1CRTPt1'!CCROe M MarHVITHOe noM, 

BIV1IO'Ia.fi ,n;peiicpoBbie npoMemyTror. BoaMOlKI-IOCTM ynpaBJ18HM.FI ITY'IROM orrpe.n;e­

JUilOTcCJ! pa3JII.PIHiiMM COtJeTaHH.FIMH 8TIDC ycTpOWCTB 1 saKOliaMH III rrpe,n;CJ10.t.IM 

Iii8M8H8HRff I10J1R B RalK,II;OM lll8 H~C. 

B IIOCJI8,IU-IH8 r0,m1 M8TO,IJ;L1 :MO.TpVItniO~l O..i'TrOOpbt BCC OO.i180 mre,n;prriOTCH 

B ITPIIIK.Il~S uaymt, 'ITO, IIOBVI;J,VIMOMY, CBJI3a.IIO C PJI,T.I;OM CJ10.rr,yia[\1tX 06CTQ­

J!T8J1bCTB. :NfaTpllltJI-IO..ff r{lOpMa 8UI1JICvi rrpt-t,n;aeT IWM:riUI\Tl-IbM Iii .ffCHLTii rmr, rpo­

M03,1J;T\VIM 11 C.i.tO>RI-I'olM Bupaurei-rnJIM. HB.TIRJICb Y:H111IWIIJ;M:pOBUHHOii, Otra 06JIOI''IaeT 

t1CII0,~1b30BaiiH8 peay.,1nTaTOD 1 rro;-zytiEH-IHLIX B 0,1J;I-I011 00J1aCTYI !Iayi:;I[, ll;Jl!I 

ana,~JOrt1'Il-ILIX ITO MaTCMO.TH'IOCKOfif IIOCTOJIODI-i.O 3QJJ;a'ti .t13 ,n;pyroti 00J1aCTVI. 

VIcrro.i1n30Dai-me MaT pH~ ,n;e;,1aeT B03.MOmr-IbiM 'I~e OTB8'IaTo ua norrpoc, liHCT­

libiM CJJY'Ia8M 'Iero RBJ1.ff8'I'C.ff rroJ~rtreHHhrn peayJioTaT. Be coMa Bamr-mM rrpe.n;­

CTUBJ1.ff8TC.ff TO OOC,TOJIT8J1bCTBO, 'ITO arrrrapaT MaTp.VItJHOM a;rre6phl XOPOTIO 

rrpJticrroco6JieH ,ll;J1R po.ctreTOD ua DBU. 
ConpeMeHI-rue M8TO,Il;1I paCt!OTH rrpmrcrropTt1POBTM t1 ~110eycvrpOBroi 3rlpr!­

IK8HHbiX 'IaCT:£1~ t1CI10JI:03YIOT r~,raTpHLI,hl rrepexo,n;a, KOTOpbiO COIIOCTaDJIHIDTC.IT 

TOMY HJ[III MI-IOMY a;reMOHTY CMCTer,ru yrrpaDJ10IIH.ff. ITpM 3TOM rrpe,D;rio;rn.raeTcJI, 

'!TO ITOJIO /VI.o~1lll rpa.n;vtOHT IIOo~1fi/ II ,IJ;aHHOM 3J10M8HTO B,Il;OJib OCH CLICT8Mbl 

hvrn ocenoii '.rpaei<TOPt1Jti/ He MeHrreTCJI. 

llpO,IJ;CTaBo~1R8TCJI 11;8JI8C006pa~ll-IbiM BDO,IJ;VITb MaTptfliHb!0 MOTO.D;bl, :-Iat!VIIIaA: 

C 3aDVICVI B 1111a.TPVI.'!H0Vr 4?c>PM8 yp[~BliOI-It1fl ,IJ;Bt11KOI-IHR 'IaCTVI~ H ypaBHOHVILI 

MaRcne.~1.~1a. Jlvr.ueap.vray.rr ypanHei-fi':JI ,n;nmKer-rn:JI, rrOJiytiVIM B .MaTpvrtnroM Bir!.L~e 

Cti[C Tc r.ey- o 6hlro-ro Be I-II-:tbiX .~1t-ttre L1HbiX .n;vi,IxlX3 pe I-Ilzy7aJ'Ini-IbiX ypam re mrw , KO s:) )t1u;r1-

ei-ITLT I-:OTOpblX xapaRTSPH3yroT pacr:pe,n;8J18I-IVIC II0J1JT 1t.m1r ero rpa,n;uei-ITa B,lJ,O.i.t:O 

onopHoti /oceBot:i/ TpaeK'rOpVIVI.. J:Hl-Ieapw3a.LU1.ff ypaBI-Iermw MaRcne,~1J1a .n;aoT 

B O~SM CJIYtJae BOCC.Mb o~1VI.H8MI-IblX orpD.l.tt1'I8Imtl B BVI,IJ;C paBel-ICTD, liO.J18.I'O.­

eMHX Ha KOatlilJUI,t18HTL>l ypaBHSliHV. ,ll;Bl11K81It1JI. 
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3a,n;atJy CI11ITC3U CVICTOMLI ynpo..BJTG!fiii:.FI B JMireih-IOM rrpM6JmiK0Irt'IV! MO~T\lro 

IIOHHI'vlaTb J\aR CJ1C,n;yiaJ.I.YIO 3D.,n;atry 0IT'l1V!MaJ1bHOrO ynpaBJIOHV!J! riY'JI{OM. Tpe6y-

8TCJI Ml1:liHMH3V!pODn'llb t1J"M M:1K~V!l\'M3MpODaTb liOI\O'l'Opyro rlJY1II{LQ1IO, Ha:JUTJ8.eJzy10 

l.\Oo~1CBO~i ltJYtiKI.l,V!CL-1, KO'ropaJI o :Ipe~e .. JJICTC.FI Tpc6oucurnmm !': fiY'II\Y 11 .. 1t1 R 

CV!CT0M8 yiipaBJI81-II1:R. B l:E.tJ8C't'D8 rrepCMOlilibiX, ITO I\OTOPLIM rrpOHCXO.JJ;li'r OII­

'rVU:!M38.LWIR, .ffBJ1.A'f0TCJI ro1CKp8THLIC ::lHalJelniJI llOJm ./'VJ.J1JII. ero rpa,TU10H'l1U/ 
B,D;OJ1b oceBott TpaeRTOpV!ti. IIa rrepeMeHHbie HaJJararoTCJI orpaiiVI'ICIMJI n BTti.n;e 

paneHCTD, BbiTOI\DJClT\11:8 V!3 ypamrer-rntf f.:1aRCBOo~1J1a, II Orpai-fi!IliOJ-nt.fi B Br!JJ,O HO­

paBCI-ICTB, orrpe.n;cJIJ-IOl\ffiiO K0HR}l0T1-IOi1 J\01-ICTpyro.zyrc~I 3J18MOHTOD CVICTCI.Q yn­
pan .. 10 Hlitff • 

lfT06ot pemaTb 3~a'JY OIITVJMUJioiiOrO yrrpaB .. JOI-Hffi rryt!KOM, I-Iyr.UIO vr;,~eTJ? 

StN'eKTLIBHhte MSTO~I peiiiOHM.R SDJJ,UlUJI TpaHCIIOpT!'!pODI\fti ITJ'n~a, 'rO-OCTb» pe­

mei-IM.F! ypanHei-m~i ~BIDKei-IM.FI. TiocJIO,D;liF.IJI 3a,D;atJa vrMeeT Tti 60J1bmoe caMOCTO­

.rrTeJJT:JHOe 3Ha'IOI-IMe. ,ll.n.FI rrpOIII3BOjJDHOro pacrrpe.n;e.JIOHl'IJI rro .. 1JI /I!IJM cro rpa­

.nviCIITa/ B,ll;Oo~lb OCV! ypam-remt.R ZJ;BI1JKCHM.FI He06XO,D;MMO pemaTb TOM V!J1Lf 111-IL!M 
' 

tmcJJOHHblM MeTO~OM, I-rarrpvtMep, O,L(HI1M MS Me•ro,n;oa Pyure-T{yTTa a.~m rvre•.ro.n;oB 

rrporuosa ~ KOppeK4V!vt. MomHO .9eiiiaTh MX peeypcvtBHbiML1 Me•ro,n;aMH /; .. ro•ro,n;a.MM 

'IC .. T:IOI\-Cywl}, rrpe,n;.,JOiK8HIThtMM :lBTOpOM. fiOCJIC.D;liUC Tt!SJ1D.rarOTCJ! !3 .rr::urifbiX 

J1C FlJ.lUIX. 

0Ti.IOTtJIM, 'JTO 1<"11R TO'IHHO, TD.T\ l'I .iii1:HOapi1:30DO.i-flibiO ypaBIICITIUI )J,T'lt-r:fWintff 

BCer.n;a MO'lKHO 3amrcO.Tb ,IJ;JI.FI TO.l\OPO \lU80DOrO rrpOCTpG.IICTBa, B YOTOpOM 

r[.U30BIDI 06heM, 3ffiUIMa81\1:bil1 Ml-ICt:ICCCTBOM tJaC'rLU~, B T8liOl-IM8 .n;mr.KCHI'IH liO 

M8HJIOTC.ff. PeeypCHBJ-Ibi8 M8TO,z:r;ui VIHTerpMpOBal.rH.ff OT M8'1.10,D;OB Pyure-T<:yTTa 

M.iiV! MSTO,D;OB rrpOrH03a V!JIH R0Pf 1C¥l.¥tt1: OTo~'IltitiaeT F.a.R pas TO 06CTO.fiTGJ1bCTBO, 

'ITO ([a30Dblti 06beM OCTaeTC.ff CTpOrO ITOCTO.fiiD!blM Ha Ra'R,ll;OM mare rrp:vt6Jm­

lKeliHOrO ~I-ITCI',PMpOBaiDUI. 

TIMCJil1M, 'ITO TaRoe peeypcvr.FI. EcJm I1:I11IeeTCJI rrocJ1G)~OBaTeJ1hiiOcrrn orre­

PaL.U1W, M J<alf{,ZJP..fi 110CJ10.n;yl~OJI O]Opa:L~VIJI Bbipa}ItaeTC.ff tropes p.rr,n; rrpO)~LIIOCTDy­

ICII{MX, TO 6y,n;eM rOBOpiiTb, tiTO >IMGOM )J,8JIO C peeypCI'IBIIOii OIICpOJ~t1GM. 

Peeypci'!arrue MOTO.n;LI po,n;tl[.iTI/J\~b :v~s aua;,1vrsu pJI,JJ;a 'lM3lii'IGcronc rrpoJJ;eccon 

D TD.K!DC o6 .. 1aCTRX, KaR CTCRJ'I.fflDia.ff tJI a .. JOK'rpOln-Ia.FI OIITHI.."a, rOJ10Ppa)tf:I, 

TeOpl,I.fi u;erreit, :Kalfr,n;Wi 1'!3 ROTOpbiX MO}RHO Oil!-ICD.Tb C IIO~~TOl!\biO amm.pG.TO. CR0-

601\ Paycca. 0Tcro.rr.a B03HI1IW11 MnTO,D;bT vrrrTcrpvrpono.rrvr.rr cTtiCTOM o6HT{]f0110iiiiL1X 

JlS!i!Othlb'DC ,tl)t~pt)l-ttzyltlJibl!LOC ypaiH!SHMtt l3'1'0POI"O riOpH)J;IW. Jia OCIIOBC CI~Oc50R 

raycca. /J,a .. J:oJ-reilmee o6o6IT\orme r:oc.Jie,ru-rnx rrptJino .. Jo r-c rroJinJTOHI1IO armapaTa 

tJe.mrOK-CYMM. 3,n;eco yMeCTIIO BCLOMllMTb CJie,n;yicri\V'I:8 3aMetraTC .. 1bHLI8 CJ10DU 

II .M. Jloc>atrescROro vta aro petm " 0 na;KHSt'!I!IIV!X rrpe,rv,.roTax nocrrvrTaHL'IH": 
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" OcTaBoTC TPYlU!lTE>CJI HarrpacJio, c'rapaJict> H3DJ10'Ih vrs o.zuroro pasyur<a a em 

;,ry,l~pocTo; crrparrrnnaiiTe rrp11:po~y, orra xpmrnT nee t1CTmru VI na ace norrpocu 

naiTIM 6y~CT OTDCtJUTh BaM JICITpCUC!IIIO VI y~OB.i10'fBOpiiTOJ1hiiO." 

PeeypCLIBII1IO MC TO,JJ;bt ilHTOPpt1pOBD.I·IL1:.fi 06biJ{[IOBOIIHLIX ,IT,I1•IlDe pCI·ILU1QJfbiiLtx: 

YP:J.BIIeim:iii: COOTBCTCTBYIOT MO,JJ;CJMpOBamno t1CCJ10,ZJ;YCMOPO peaJ1bHOPO Herrpo­

pumroro rrpo~ecca peaJ1hlibiM ,ZJ;LICRpOTHbTIII1 rrpo~OCCOM, a He CJ18,JJYIOT VI3 'fOM 

l'lJTII t1l·IOL1 pa3HOCTIIOli CXOMH, COOTBOTCTBYI~CM CVICTOMe ,IJ;VIr'fl~p8lf4I1UJ1biiT.:DC 

ypan1retmtr, ormcunarartei1 ~amrffii'r 1POIJ;ecc. Tax, HarrpvrMep, rrpe,JJ;cTaBJ1CHLie 

TOJJC'l'OH JIVIII3bl B BH,ZJ;C ,JJ;Byx TOHKriX J1l'lH3, pa3,ZJ;Oj!einrwc ~pewcpOBbTh1 rrpOCTpa­

HCTBOM, .fiBii.fi8TC.ff rrpr.tMepO!Vf ITO,TJ;O JI-IOPO MO,JJ;eJIMpOBa1m:.Fr. TI08TOM:y MeTO,Il;bi ll.n-I­

Terpi1pOBal.£H.fi C IIOMOU~hlO arrrrupaTa lie.HHOit-CYMM MOR:niO Ha313D.Tb TaFft\8 !)I'13M­

treCI<!1MH MOTO,ZJ;e.MM VIl·ITerpt1pOBai:m:a. PeeypCtiBI-Ihle MOTO,l.U:li MO~HO VICIT0J1b30BaTb 

H ~Jw: aHaJ!t1:Ttt'recRoro pemmrn.FI .nmiiJ!epm-ru;raJJol-IbiX ypamreJ-rnft B Tex CJJYlia.FlX, 

I<Or~a TUROe pemei-rne C~OCTBYOT, 

ffiaTe p:vrao~1 Jie~n:ti COCTOIIIT VI3 ITJITJ/I I"JIUB VI J1plt.IJ10iK8HJ/I.ff. 

B rrepBOH I"J1aBe paCCMaTpLIBaOTC.ff ITOH.ffTVIe ROpTema - MHO'd\eCTBa, Ha 
KOTOpOM CTPOJITC.fi peitypcumnm orrepacyrll! 'Ie.m-rox-c~..wt1pOmli·rn.Fr. ArmapaT 

lJO.J11I0I{-CYI•IM 1-IC06XO,IU1M 7-\JI.ff IIOH1E.IaHVI.Fr pe eypcviBitbiX MeTO,D;OB J/II·ITei"pL'lpOBD.HvtJI 

.Jmt{xJx3 P8ltl\HUJ1blillX ypaBJ-IOl-IJIIM. 

Bo BTOpOH r'.J1aBe C006tqaiOTC.ff HOROTOp1I8 CBO,I(CHJ/I.fi L'13 TeOpL'liT ,ZJ;Vrtl1IJopcH­
l.J,IIID.J1blihYX ypaBHeHt-ti-I, ueo6xo,IJ;VIMr...Jc ,JJ;Jm rrpaK'rL'llJeCRMX rrpi.fJ10:Reirnw. I1cnoJib3Y­

eTCJl ITOHJIT119 MUTpt11,\UHTa /uoprvrupOBai-IIIOW (lJYH,D;aMeH'l'UJlbiiO~I Ct1CTCMU pO!liGI-ItiH/, 

,D;J'IR HaXOli\,ZJ;OHRJI KOTOpOI"O rrpC,ZJ;.J!araiOTC.fi UJ1I"OpLi'l'M1I ua OCHOBS armapaTa tJeJI­

HOR-Cyi.IM. J10R.a3UiiO, tJTO BWII1CJ10HI1C I.IaTpH:~UIITU C IIOpOMOHHbiM OITPOlCOJ11I­

'l'CJ10M BC8I",IJ,a MOmeT 61ITh CBS,D;SHO K BWHIC.IIOI-nno Ma.TpJIIIJ;a.HTa C IIOCTOill·lliblM 

I e.r.ufm~ttnlbiM/ orrpe,ZJ;e.mrTe JICM. 

B TpeTt>eii rJ1ane cogepmiTCJI Ma.TepL'!aJ1, ueo6xo,IJ;VI.Mhli1 ,IJ;J1.ff MaTPlii'moro 

IT0,1J,XO,IJ;a R paCCMOTpeHHIO ,ZJ;Bl!DK8mt.fi tJaCTJ/!1..\ B RPVIB0J'Th!I-I8~1HOW CLiCTSMS ROOp­

)J;IU-IaT • 

B 'IOTBep'.row rJ1aBe B :tviaTpatJHOM BVI,Il;e aarrL'IChlBalOTC.ff ypaBuerrnn .r~mu:e­

HH.FI '!aCTIU~ HbiOTOHa-8Vu-tmTei1ua H ypanuel·ILI.FI Mar~cneJ1.11a Ka.R B ,ZJ;oY.ap•roBoi1, 

TaR vi B Rpli!BOJ.Ml-IOIDIO/A CHCTO:Max f~OCp,IJ;VLtiD.T • 110JzytJOlll-1hl8 ypaBli8lrn.fi JII1He­

apH3YIOTC.fi B OKpecTitOCTH onopuoQ.[ /oceBow/ TpaeKTOpHlii. 

B IIII'l'O~ I'o~'IaBO C06,PaJ·W OCHOBl:We pesyJI:&'!'a'l'U rto 'l'SOpMH OI"Hc5G.Kll4IDC 

ceMeVicTBa pemeHH'K o6b1KliOBel.IHlXX .iiHHemrmc ,qvxqxJ.'JSpe:m.zyraJlbllbDC ypanHmmii 
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,n;.~1R o~cro Co~1Y'JM I-Ie~CIITpa.~1hll oro (IaaoBoro nopTpeTa. 11oi\a3aiio, 'ITO .zt,lH 

rrepuO,IUi'JSCKKX CHCT8M, Olli'lCHBaeMWC KWIOI-llltiOCroiMH CHCTOMaMH .ill1:liCt:h-II:DC 

JU1ll~per~a.~1hiibDC ypaDI-ICI-nti1, ypaBHemreM rpa~ o6.~1aCTJ1I ycToi1tmBOCTH 

B npOCTpai-ICTBO napaMe_TpOB C.~'JY>KJIIT IJD.B8HCTBO ey,~no Onpe,n;e.~'JHTO.~'JR liOKOTO­

pOW n.IaTpJ/Il.Ull, orrpe,I.(e.~moMow CTPYKTypoti nepao.n;a. 

l3 llpl1o~10}f{QllitUt npviDC,ZJ;Cl-I a.~1rOpJIITM rrporpaMM::bl pomOHH.fi Cl1CT8.Mbi o~'illJIOti­

H:UX ,1]Jii'Jl'tJeper~UJ1hlibOC ypa:BHSHH:1 Ha OCHOBO peeypCl'IBHOrO MOTO,n;a. 

Vl3o~10>KOI-IHe BO BCSX ro~1UBax :30,D;8TC.ff ~'aroiM o6pa30M, tJ'l'0611 tJ.H:TClTOo~1b 

MOr He o6p~aTbC.ff R ,ll;OliOo~TI-ffiTO.iibHbiM o~'illTGpaTypHbiM JIICTOtii-IH~l. B KOH49 

o~l8~~ rrpe,D;CTaBo~18Ha BOCbMa. I\pa.T·Kaft 6vr6o~1HOrpa.r.fMJI, OTHOC~MC.ff K MUTe­

MaTHtieCI0014 MSTO.n;aM, HCliOJib3Y8141IM B TSKCTe o~1e~i1. 

A.BTop 
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HJJIIo. D 0 cne.~mo;o aun.ll!cb )~n.FI ~ o6utiHO HaBHBaTOT peKyr~iGHTHoL 
1 

lr1JI1'1 penypcVlBIIOti. D )\UJibHe~meM onepm~llllu Ht.V\ K ::>Jreuei-·'I'aW'l, KO-
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HO npeAill0CTB.}'lO~VlX onepaiJ,lr1Vi i 

6) JIHH8MHU.FI pOKJpClllBHU.FI onepa~lll.FI - OnLpU~M.FI, JIJI!H6~n~R OT­

HOClr1T0il.bHO np8All\6CTBJIO~JilX onepaLHVl 1 

B ) H6JIY1 Hd1 Ha.FI p 8KJp CJilBHCl.fi onep ~1/l.fi - on ,,p ,~lJ,JilR 1 He .}' )J. 0 BJlEiT­
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JlerHO Bl'l,]\CTb, 4'1'0 onepall,l-IJI (1.4), .RBJIHRC.b J1VIHvVLH011 OTIIOCN'l­

TCJlbHO npLAill8CTDJDU~X ODLpa~N'l~, HO flBJIR€TC.R JIWH0~HOA ;THOCN'l­

TEJjlbHO anc:MOHTOD a a ... I CL • 
11 2.1 n 

1. ~. JlJIIHeii1HHi1 HOpTex. flplll onpe,n;enem-u1 p1 Kypcl1BHHX onep a-

l.l,l1Vl lr1M€10T ,.ll;G.llO C ynop.R~O'li€HHHMV1 MHOJIOCTBUMlll, lr1IJ€HJt1U.lMVl 

1{ opTt~X aul1. YnopRl\OtieHHJ n nocne,LJ.OBaTen hHoc T.b aneueHTOB 

Q. a. ... , Q 
I< I K+-t J m 

(viJIVI 0)\HOMepHHM) KOpT8J.OM, a til1CJIO 8Jl€M€HTOB DOC 1L,ll,OBaTeJI.b-

HOCTJ.1 dyAeM l1M€HOBUT.b ,lVIl1HOVI KOpTexp.. 

Jllr1HeilHH~ KOpTe% ,.ll;JllflHH s 1 nepBHR 8Jl6M€HT KOTOporo 

ecT b CL , BTOpo.R - a s -HVI, nocne,n;ID11ii , SJieMeHT 
I( IC+1 

a , r,n;e m-k~1:::: 5 d_y,n;eM o-:)03HU'liUTb qepea 
m J 

rn 

<a a a.)=(a >. 
K I /H1 I "'I m K 

(1.5) 

3JI€M€HTUMIII JllllHCVIHHX HOpTeJ:Et:J/1 MOrJT ChiT.h JinCHe 11 TIOilRTHH0 11 

06'beKTH, B TOM tiiiiCJl€ - MHOJli:€CTBU l1 Car.Illl Jl.lllHeP.iLH€ K0pTE:JU1. 

Cyl!lecTBeHHO no,n;qepHHJTb, qTo: 

1) 3JlElMeHTH Jlli1HEli1Horo ltOpTE:lta C'!O.HT HU Ollp6,ll,EJJ18HHHX MeC­

TaX, npMt18M yKaOaHO, KBKOe M€CTO .RBJI.H8TC.Fl nepBHM, KarlO€ 

BTOpHM Ill T .,n;; 

2) 8Jl€M€HTH, CT0.Hlll,l1€ HU paEHiiX M€CTaX, .MoryT COBDG,ll;O.Tb. 

< a .. I(--{>' By,n;eM roBOplllTb TaKxe o nyc10M JilllHe0Ho.R KOpTexe ~ 

VIJIIII, KOpTexe HyneBoi1 AJilllHH. TahlllM odpuaou, AJilllHOR KOpTexa 

MOJteT 6HT.b JIIOOOe l.l,6Jl06 H80TplllL,aTeJibHOe t.IIIICJIO. 

Y CJ10Blr1MCJl rOBOpVIT.b TaiUte 0 deCHOHet.IH0 . .\1 JllllH€1-lHOil l·:OpTe:a:e 

(Uopr.re~e dt!HJltOHfilt.IH6~ )l;Jt~Hltl), Cl1(W1>'1 \til'!o,Uo tjJlCU.itli'4~1 t:)L 

HcorpaHllllleHo, 11 oc5osHat.IaT& ere· 

YcJIOBIIIMCJI Cti11TaT&, tiTo HOP'I'e:a:IIl 

<aoO>· 
- OC'> 

<a.""> 
K 

h aporolt u 
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eCJU'l oda llOpTcltn 11MOJOT O)~YlHdKODJlO ~JIIr1H.Y ],1 a/.gi U=I<,K+-t, ... ,rn). 
m 

itopT6J: < Q.K > HUeHBU8TC.fl JIJtlH8i1HHM HOpT8X.C1I H~ MHO:lGCT-

BOM M 
M , T.e. CLciE M, i = I<,K.+i, ... , n1; B ,.C(aJibH6ViilleM ME. 6y~ 

~eM HMeTb ,.C(cJro 'I'0.1tbHO c TaK:VliJlll l;:HoxecTBaMY1 M , KOTopae 

RBJIRIO'L' CJI ac CO 11,111 a•r Y1 BHH MJtl K OJI b II. UMVI • 

1.3. E~lliUpHHe onepani-tvr. }(oJibL~. HanoMHHM, tJTO TaKoe KOJI.bUO. 

Toti Hoe onp e,.C(e neHIIle aToro o6'beKT a CBRS aHo c n OHRT111eM 6vmapHOVi 

on ep au.~~111. 

PaccuoTpirlM npo1-1SBOJibHOe MHOltElCTBO M . By,I~eM ro1:op111Tb 7 

wro Ha He:u onpe,n;eneHa 6hHapHu.JI onepaUHR, ecn11 yeT 'iHOBJie:io 

npaB:VIJIO, no HOTopoMy nro6HM ABYM aneue~-l'l,UM Cl 111 g JtiS M 
CTaBYlTCJI B COOTB8TCTB:VIe Tp8Tlh.:L'l aJiel.l8HT C Toro Jte MHO:it6CT-

Ba M. 
Konbu,O - 3TO MHoxecTBO M C COBOKJ11HOCThD AByX cne11,111-

qJ11Q6C KJIIX rJlllH apHHX onep UI.J,:WVi • q,~~H.)' VIS Hit. X 11pli1HJr~· 0 Ha3nB d'l' b ( a6-

C'l'pUKTHHM) CJIOl:bH116M 111 0603HUtia'l'b 3Jl8M8HT, C)liOCTU.BJIRClJJ..ltl na­

pe (Cl,B), qepea Q-t-~ 1 npltl aTOM lt CJIOltOHltliO 11p8.L{'b.FIBJIRiOTCA CJie­

~JDin116 T p u6 OBUH:VIR: 

CnoxeH111e ,.C(OJIXHO dHTh KOMMyTa~ItiBHHM 11 acco~MaTlllBHHM, To ecTb . 
,.C(JIJI BC8X nap (a, g) 11 AJIR T p08K (a, e, C) 3Jl6MbHTOB 118 f'1 
~OJIXHH lllM6Tb M8CTO paBeHCTBU: 

1) a-r6= 6+a; 

2) (a~~)+C=- a~(g+c.); 

3) B MHoxecTBe M ,n;oJIXeH cyr~eCTBOBaTh Tai<OV.i anet.v-EHT 0
1 

a_..,. 0 ::C<. np111 BCeX Q. ItiS M· 
J 

3'r OT 3J1 e!,I8HT 0 11 p:vr 

HJITO Ha8HBaTb HJJICM; 

4) ,D;JIJI Kalt,.C(oro Q.. ~a M ,;~omteH cymecTBOBaTb TaKoi-i ane-

ueHT 11a M , liTO a +C =- o · 
I 

8JI EiMt HT C HQ.8 ti B a tOT : 
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DpOThBDDOJIOZHHM anuMSHTJ a 111 qacTO OG08Hat.taiOT qepea -a. 
( c -::- a.). 

)(p,yryD onopaU11iO npv!H.R'1'0 HaOHBUTh \ a6c•rpnKTHHM) .)'MHOX6HV1CM 

H odoaHat.ta·r:o aJieMeHT, conocTannneMf,,ii'l nape (a,&), qepea a·&. 
0T J!.IHOlt 6H11R TpedyeT CR JIHIIIb O,li;HO: OHO ~ OJilt HO 0HTh ~HCTpTflCJTHB-

HO CD.R8UHO CO CJI0lt6HH8M, TO 8CTh ,li;JIR JIDdHX a, (5 H C 1118 

M ,n;OJIXHH ff1MeT:& uecTo ptiBeHCTBa 

5a) a. (6+c):. aB + ac; 

5o) (~ --rc.)CL = ~Q -t c.a. 

K onepauH111 ( adcTpauTHoro): yMHoxeH11R l1Hor.n;a npe,L\'bRBJI.RIOT H 

HHH6 1'pe6onaHVl.R: 

6) .)'MHO:l6I-IH6 l<OMMJTaTIIiBHO, TO 80Th af>: {5Q. I1p!t1 BC8X a V1 &; 
7) JMH0lt6Hl16 UCCOIJ,11IaTV1BHO 1 TO HCTh ( CL-8)C.: CL(f>c} np11 

BCeX CL, g' t; • 
8) B l<OJiblJ,6 CJll{SCTBJlOT TaH118 :3JI81.!8HTH 1 HU8I:IB88MH8 J18BOVl 

< I J H npunoVi J I) e,n;111HHl.l,auJti, t.tT o 

Q..·/1> ::. <I I. ct ,llJIJl BCSX CL. 

EcJm KOJibl(O M J,i.l;OBJISTBOp.ReT .)'CJIOB1110 6), TO ero La8HBa~ 

IOT HOMM.)'TaT11BHHM; SCJIH OHO J,ll;OBJieTBOp.RST ,YCJIOB11IIO 7), '1'0 ero 

HaauBaDT accou11aT11IBHHM; HaKoHeu, ecnH M 
JIOBHD 8), TO ronopnT, liTO M oc>na.AaGT I<al< npano:ti /I) I 

, Tan 

H nenot1 <II MJJI:&TIIlnJIHKaTV!BHIHIJti e,r;HH11II.4aMJti. 

npV1IJ8pH MH0%6CTBa BCeX USJIHX tr:MCeJI, MHO:HWCTBU BCSX pUJJ,JilO-

HO.JlbHHX t.t1108JI 1 MHOXSCTBa BCSX nOE£1HOMOB C BG~eCTB6HHHMJt1 K03clJ­

'IJ11.UV1 6HTaMYI - 8T 0 Dp11I Me pH K0Jl6l..i, I\CIMM.)'T aTitlBHHX 1 ac COIJ,Itl a TI-l BHHX 

Vi odna,qaD~MX K&K Jie:eo.ti, TaK 11 11pL~BOPl El,lU1HV1t.J.6V! 1 npi.1liOM 

( r I:. I I> :. I. ITp11MepOM uc COIJ,haTHBHl:iX K OJISIJ, c eA~lHirl.Ueti cny­

XlflT MHOX6CTBO KBa,II;puTHHX .MaTpVll.~. 
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,J\cc; OQ:v'I aTHDHH6 ICOJI bll, a C e,n;vll·i VIL,ei1 6 .)',II; 6M 06J 8HU'll a•r b Oy ltBOti 

K . ulH, Ralt I.pam1JIO, 6y)~eM VJCTIOJiboOBUTb KOpT6XVI Ha,n; KOJib-

uaMH K. 
l.IJ. l~ia•rph4HHVl HOpTOjjt. MHOXCCTBa, COCT0Rl1\VI6 ¥13 ~ ·JIJtlHGW-

HHX KOpTeXeR O,ll;HaKOBOPl ,ll;JIV'IHH C 1 6y,n;eM HU3HBO.Th MaTpHliHHM 

(HJIVI ,n;ayuepHHM) KOpTeXeM mHpHHH I H ,n;JIHHH e H o6oaHatlaTh 

qepea 

r,n; e m-t<-t-1:. e 
} 

K - HH,L\~KC TIE~BOrO 3Jl6M6H~a B DV'!Hb~HOM 

KOpTexe, m - HH,n;tKC nocne,n;Hero aneMeHTa. 

3JI6M6HTl:i MaTp:WtiHOJ'O ' 

JIUT:v'IHCKvn.m 6yKBaM:v'I c ABYMR V'lH,n;e:r:oarJJh BHVIoy - a ' r,n;e Jie­
'l..S 

l3Hvl VIH,L\6ll0 'l. 03Hi:ltiaeT nop.R:AKC•BHP1 HOMep 3JIGM0HTa D Jl.l.lHeVlHOM 

HOpTeJ: e 1 a np alHliii V'l~e KC S pi:lB6H p 0.3H OCT VI M6A,L\.)' H01Wp0 M 

7. ,n;aHHOrO 3JI6M6HTa B Jllt1H6M.JCIM KOpTeJte l1 HOMepOM CUMOJ'O 

JI:v'IHei1Horo KOpTexa i , ·ro ecTI• S = 'l.-i., i. = 1, ~ ... , J· 
TaKHM o6po.aoM, 6CJIH aJI6M6HT a . nplr1H~JI6XHT MaTpVI'liHO-

m ~~~ 

MY KOpTexy ( At<, I), 

m 
a. E (A ), 

't, 't-l t<,' 

TO 3TO oaHaqaeT, 
\ 

liTO ItlH,n; e K c 't npo6eraeT 3Hall6HVIR OT K ,L\0 

I 

1 )\0 ;, m ' 
a JtlHA CitC I.. -OT.' 

• 
'Z. E: { ~,m }J • 

{ 1, ,]. L G 

3al{6THM, QTO cpe,n;n 3JIElM6H'l'OB MUTp11llBOJ'O KOpTeXa 1WryT 0HTh 

aneueHTH, ·r o;r,n;cc'l'BeHHO paBHHe APJ' r AP.Yry • 

.4B a MaTpHtiHHX KOpTeJ: a O,ll;HH UKCI BO}i ,ll;JIJtl HH H Illvlpvl HI:i 6 y,n; eM CllH­

TaT b p aBHHM11 1 6CJIH lta.%,ll;l:ikl H3 JIHH Elii:HHX ltOpTe.JH::.it, 1 COCTUBJI.F.i D~HX 
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nepBHVi MaT fllllt!HHVI HOp Tel:, p UBL H OOOTB6T CT BY Iom eMy Jll1HEJVIHO MY 

HOpTCJ'.Y, BXOAJIII(eMy BO BT opoti MU~~pl14HWI'! HOpTe:t. 

A1aTpV1tiHI1.i1 HOpTeX, B HOTOpOM nee fl JIJIIHbLiHHX KOpT E;_XOlft 

l1M0DT HeurpaHltlti6l·lH.J10 AJI~1Hy, 6yAeM HUSHBuT.b 6eCKOHe4HHM MaTpl1ti-

HHM HOpT exeM 111 or)oaHatzaT I> ero qopea < A::>· 
liyCT.b MMeeTCJI MaTpVltiHH£1 

aJielleHTOB KOpTeJ.a <A""s) 
K,,-

KOpTeX <A m ') 
tc,p • Oopaayeu 11 a 

-Tex c aneMeHraMJti · CL • , 
.. ~ 'l-L 

I 

--<"t<.Oo 
I i.. ::. -1, 2, l "1 ,fl, 

B BHAe 

Q., - ct . 'Z.c { K1ni} i. ~ { t, j3]. -OZ, 't- L 'tl '1-t. ' ' • (1.6 

a = d(l) p)) 't < I( :• tz. > m. .. 
'Z. "l-L 

I 

d( L,f) - ClfHlBOJI KpoH.eKErpa, oaHatzaDII(IIliii 

6 ( p, p) =I, 

d ( L, f)= 0 7 
(1:.7) 

·I 

BecKoHetzHHV1 KOpTex c aJieMeH':OaMIIl B Bl1,[(e ( 1. 6) 6y,n; eM HaSHB dT .b 
,.... 

paCiliiiipeHHHM KOpTeJ:eM ,ll;Jl.fl KOpTeJ:a <A ~<,f') lr1 0003HdtiiiT.b ero 

t~epea 

Ten ep b .f· K or A a BB e,n; eHH 

xeiii, nepE:.Vi,n;eu· K onpe,n;eJieHM'!IO penypcHBHHX onepauwPl Ha KOpTexax, 

yttWr.biBa.R, tlTO 3Jl€1Mlll-ITbt ltOp'l'eJ.e~ npvlHa.LtJleXa.T aCCOLJ.I.1UThBHOUJ 

KOJI hl\Y c e,n;HHI.1Uei1 K. 
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§ •) 
~.:... 

~.1, JlvmeiliHHO 48JUIOI<-cyr..IMH MUTPJ.IlllHOI'O HOf·TEJ1tU. JlyCTb 1.11J66T-

C.R MU'l'pvlt.IJ-Inili KOpTe~l< < A 't ) vl coOTDeTc·ray:o1141.1h er.ty puc-
- ... fl., I' 

m1.1peHHH!1 ROpTe:r. < A ) . Onpc-~eJII.1M Ha pac:n1.1peHHOM (dec.:.. 
~,p 

ROH GtiHOM) MUTp1.1tiH0M ROp~exe Jllt1Hei1 HH6 peRyp CViBHli0 onep UIJ,VIH, 

Ha8HBaeMble· HUM11 JII.1HeiilHHM tl6JlHOR-C1IOX6HVIeM VIJllll JIIIJ.HeViHHM qeJIHdR-
' 

cyMMI.1poBaHJIIehl. By,.qe1.r paanJIIt~aTh nesoe qe.JIHOK-cnoxeHJIIe H npaaoe 

qeJIHOR-CJIOlt6H~e. 

. 
Peay JibT aT onep ull,1H1 nea oro JIII1He:71Horo qeJIHOR-c no:teHI.1R H aaoaeu 

~ 
neaot1 JIHHeMHofi qeJIHOR-CJMMOt1 MaTpAt~Horo ROpTeJ:a < A ) 

aA-,f 
OT 

m H 0008HaqHM ee qepea 

m - ~ < A I s 
r:J.,p 

I( ' 

r ,.qe nocne,.qHRR onpe,.qenReT OR cJre,n;yJOI~HM o6paa OM: 

-¥ 
( A 

(/..' p 

rn fl 

Is =L 
I( • 1 L:: 

- 1r 

< A I (~.d!) 
rJ.,p 

QJl€M6HTH ROpTeXa B Jl6BOM ti6JIHOR-CJ"MM6 JMHOl'tUJOTCR Ha npeAID6CTBJ­

Dml1e qeJIHOR-cyw.ta cneaa. BupaxeHl'IEl (2.2) onpeAeJIReT nepBHe 

j3 HatiaJI hHue qeJIHOR-CJMMH, Heocixo~MuH e ~JIR a anY! c1.1 mo6 oiil: , noc­

Jie,.qyJOn(ei1 tieJIHOK-CJMMH. i 
I 

I 

PuayJihTaT onepUI.tV1J.1 npaaoro JlvtH€~:£1 HO I'O 'lJ 8JI HO lC -C "0Jitf-lH11R H U C-3 0-

( A 15' ) 

""'' 
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• 

OT f<' ~0 m l1 oooaHaQHM ee tlepea 

- ~ m 

I A >S 
o~-,p I( ) 

r~e no en ~HRRR onp ~enneT en B BU,l( e 

f3 ~ m-·~ 

I A 1( > Sm = L I A > S · 
. rJ.. J p K i •1 . do' j3 K 

a 
m-p+~, m-p+2.-i , 

(~.3) 

(~.4) 

B ,n;an.oHe11meM CSy,n;eM nonoaoBaThC.R o6oaHaqeHV1RMltl 3YiHIIITe.t'H·Ia 

,n;nn cyMM. HariOMHHM, QTO npiti aTitiX oc5oa~uqeHitiRX, KOr,n;a CSyKBeH­

Hl:l.ti ItlH,ll;0RC nOJIBJIR6TC.R ,n;BaYi;J;l:l B O,J~HOM VI 'l'OM :te npOlll3BGA6HV!k11~ 

aB'l'OMaTitiQ6CKvl CJie,n;yeT DOHitiMaTh, 4TO npOlll.8BOAitiTC.H CJMMI1pOBaHiti6 

no S'rOMJ l1HA6KCy. ViH,D;OKC, no .KO'I'OpOMJ npOhCXO,ll;ItiT CJMMY.ipOBUHl16 7 

Ha8l:lBa6TCJI HEi.Ml:l.M 111H)~6KCOM, l1 ero MOl:HO 8J.M8Hltl'l'b JIDOl:lM ,~ipyritiM 

JtiH,n;eRCOM. Heuovt HH,n;eRC MH CSy,n;eM o6oaHo.4aTb MaJil:ltiltl naT •• HCHl1Ml1 

CSyRBUMl'l. EcJIH Jti8 l18Jioxeu:v'IR He RC:HO Iti Tpt:;6yeTcR yTOlJHitlTh, Ra­

KHe 8Ha46Hl1R npoCSeraeT Jt1H,l(6RC CJ'MMitipOBBHl1R, 8Haq6Hl1R STOrO 

HH,n; eRe a a aKJIIOq a eM B KPY r Jil:l e CH oC: Hl1 , na H, H anpYI Mep, 

j3 

~ a. g =a g. 
~ 1.. l L 1. 

(~.b) 

i.: 1 

Ec Jil1 xe ao·r pe qaeT en .~ B ax,n;l:l rp eq e:c Kv!11 VlH,J~c HC, '1' o cy MllfltlJlOB aHv1e 

no Heuy He npOIIt9BO,l(WfC.FI • .ECJlVi. HjiXHO .Y':rOt.tHWl'b, Kt:U:t~e 8H.UQ6HL1.R 

MoxeT npoc>eraTb rpeqecKVlU ItiHAeHc, aaitnlOt.IaeM ero oHaqeHv!.R B 

y;r.aoa:ae CROOHYI. Hanp:wuep, BbpaxeHVIe 
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08HatHl8T O~HO 118 CJiaraeMHX (C I1H,C(0Itc0M rJ. ) CJMMH (~.b). 

B o6oaHdti8H11.RX 3PlHIIITeUHa neBafi .1.1 npasa.R qeJIHOii-CJMMH MaT­

ptt!t~HHX HOpTt::Xd-1 aunVlmJTC.R B BVI~e 

lJVlCJIO j3 , KOTOpoe pUBHO UH'liH1HH MaTpllltiHOrO KOpT CJHl 

B Onpe~eJieHVIlii ti8JIHOK- CJ.MMli, 6 y~eJJ H U8UB \J.T b ee _tJOp.R,.u; HOM. 

TaM, r~e STO He ~OZ6T np11IB6CTI1 K nyTaHVIUe, dy~eM COKpu~eHHO 

odo sHati aTh JI emile 11 npasHe qeJIHOK··CJMMH B Bl-1,1\ e 

_¥ m m 

<A I S - sl< - ) tJ., ~ K 
(2.8) 

-~ m vm 

A > 5 - s -
d.,f I( I{ 

B KaqecT se npVIMepa aanliimeu HelWTOpHe tieJIHOH-CJMMH. 

1. V-::.3 
0 '. I 

2.. 

S :. T 
. 3 -· 

l 2. . ., 0 _, . . s = a s + o. s +a s -1- a s =- a : o 
.3 10 3 1,-1 3 1,-l.. l 3 1,-J. 3 10 . 

'f 3 ~ - 1 0 

. ·c =a S T a S 1' a. g -ta S =- Q . ,.;3 21 3 2.0 ~ 2,-1 3 ;-z. ) 20 

,r s : Q3.2. Q20 + QjO' , 
3 

i 
i. 

(~.9) 
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~. '6 = 5, . ~ = 2, J3 = 4. 

b 

sl = a a a -t a a ·~ a a + a 
C( 3 .S2.. 2.1) If~ 3 () ".2. .10 "0 . 

a a. a + a a + a o -t a 
2.C 32.. 'l3 30 'r';l 2.0 'tl. «tO' 

3. 

S" s = .., 
aaa +aa. 

12. ;tl 1,-3 3t 1 .• -l 

v S' . s = 
"' 

Ynpa~HeHHe 1. 1. noxaaaTb, 4TO AHR MBTp~4HOro HOpTbXa 

< A;, p> HM KOlnzyTaTIIIBHb:u KC•JIDuow K JieBaJI qeJiao~<-cyr · 
MB paBHa npaBOiil ti6JIHOK-CJ.MM6 C T E:Ml1 Xe l1HABKCaAW 

v m v M 
- Q - I - II \ f' < A I s - A '? ..,) "' . 

r~.,, I( r/..,p " (~.10) . 

AJIR 4eJIHOR-CJMM uaTpWtiHoro KOpTexa nopnARa 2~ B KOTopoM 

BCe 3Jl6M8HTH BTOporo JIMHeRHOrO K0pTe%a paBHH 1, B 3fl€M6H~aX 

nepBoro Jil1Heii1Horo xopT ex a dyA eM o:1ycKaT I> BTO},ott l1HABKC. Doc-

. HOJibKJ TUKl1e 46JIHOK-CJMMH B6CbMB ;.zaCTO BC'l'p6"1:Hl.iOTCR B npl1JIOZe­

HHRX, BBSASM AJIR Hl1X OTA6HbHH6 06J8HB46Hl1R 

_m m 

(A-12.,/ SK --
I • 

"" m 

I A1~> SK -
I 

M 

F 
I< ' 

vm 
F 

' I{ 

a. =- T -. 
fl., 'Z-2 

- - r a .., - -· 't., 'Z.-""' 

(~.11) 

( ~ .12) 

Onpe.rteJiellHe .ztJIR TaKl1X qeJIHOK-CJW& nToporo nopR.ztKa M01tHO aunH­

caTb B BHAe 
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m 

F 
I{ 

'1/ I'Y'I 

F 
K 

v m-1 v m·~ 
-=- F ·a ..- F 

I( Ill I( ' 

lc·1 

F -=-I 
I( ' 

\1 "-f 
F -=I, 

1<. 

1<-4 
F :0. 

f( 

v K-2 

i= : 0. 
K 

(2.13) 

(~.14) 

qenHOK-CJMHH MMOIOT paaJU1tiHHe rJPHJiOlt6Hv1JI. B qacTHOC'J.'H, c 

HX n OMO~bD y~OGHO HH'l' erplil P? Ba'l' b 06HRHOB6HHH6 ~Hcj)cpepeHl.J,H~JlbHH6. 

ypaBH6HMR KaR aHaJIH'l'Htl6CRH, TaR ~ tlHC116HHO. 

3.1. ApHdlMt;THtl6CRIII6 l!l reoMeTp~1qecKwe BOI{TOpB • 

. 
Hac5op Vl8 n QHC611· l!l8 n -MepHoro UPHcpMeTVltlOCROro npoc'l'.;. 

paH~TBa Ha8HBa6TCR n -uepHHM apiii~M6Tl!ltl6CKIIIM BORTO[OM III San,~ 

CHBaeTC.R JIH60 B BH~6 CTOJI6I.J;a. 

X 
1 

X (3.1) 
X - 2, -

X 
n 

' 
JIY.IdO B BH~e CTpOtlKH 

I'J ::: ll x., l ... , xniJ. X x2, 
HyCTb l!llJ60TCR n -MepHOb £60M6TpWti6CKOO npocTpaHCTBO. h.aR 

V18B6CTHO, reOJd6Tpi1Itl6CKV1M B6HTOpO.M Ha8HBaeTCR HanpaBJICHHHti OT-. 

pC80K, COS~WHJIO~Vl~ ~Be 8~aHHH6 TOq}{:vl - HaqaJIO III KOHUU BORTO­

pa. TiycT~ qepea HOKOTOpyD TOqny reOM6TpwqeCKOrO npOCTpuHCTBU 

npOXOAJ.1T n pa8Jll1QHHX npRMHX) &-1 1118 3TO:i1 TOQKJ.1 no KaXA0:£1 

· H8 npR:t.WX HanpaaneHo no o~Houy DeKTopy. Tat, oPi Hu6op reo:ueTplil­

qecKl!lX B6UTOpOB dy,n;eM TaRX6 8Bnl1CHBaTb B DlllAe C'l'OJI6Ua 



- I5 -

fl • 
1 

.... a a -- ,2.. -
a ( 3 .. 3) 

n 

~ I a= - ·~ an r· a.-t, a,2,,."', (3.4) 

Ananor~IqHQ 1 Ha6op M8 n KBa,(paTHHX MaTp:Vll~ OAHOrO M TOrO 

xe nop.FI,n;Ka dy.n;eM aarnlCHBaT.o Halt B BIII.n;e cTondua 

(3.b) . 
Bn ' 

Ta H M B BM,n;e CTpOqKIII 

(3.(;) 

B .n;aJihHei1meM 6y.n;eM IIICTIOJib80Ba'l'.b cne.n;yrOI.qllle Ha:w.MeHoBaHlllR: 

N 

X - qJIICJIOBO~ B6KTOp, X - 'l'paHCTIOHIIIpOBUHHHVl tiiiiCJIOBOVl ,.... 
~l -+ BeHTOp, '-I -BeKTOpHI:lVI B6KTOp, Ct. - TpaHCTIOHIIlpOBaHHHVI 

B6ItTOpHH11 BeRTOp, t - MUTpiiiqHt::lii B6KTOp, l - Tpi.iHCTIOHIII-

poBaHHH.i.1 MaTpk.tiHBU BeHTOp. CocTaBJIRJO~IIIe TaK:WX B6KTOpOB oy.n;eM 

Hi'J.8l:lBaT.b KOJ.lnOH6HTa.MIII, a COCTaBJI.HlOl.J.tiii6 MaTp:V1U - MaTpiii'<-IHi-iMIII 

SJI eMeHT aMVI • 

SaweTHM, qTo npoMaae.n;eHVIe ~ aeT 4MGJIO . 
( i = ·f, 2 ... n) 

I } ') 
(3.7) 

I -a npO.VJ8Be,IJ;eHVIO X~ - MaTpliil~J nop.FI,n;Ka n x.n ' 3Jl6hlEiHTH 
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K OT OpDiil onpeASJI.R JOT C.R B Blll,l{ e 

II X q II . -= X; ~I( ( i> K = 1, 2, ... ; 11). 
fl<. , 

,.; ..., 
AHanorH4HO, np0118Be,l{eHHe a g ,l{O.GT 411ICJlO 

~ 

a npo111a~e,.qcHHe Q 

aneueHTH II a g II. 
JK 

-g - MaTplU.\y fli)PMKa nxn 

KOTOpOti aanVJ. CHBalOT C.R B Blrf,l{ e 

~ • a. & 
J K 

( J ~ J<. = 1, 2, ... , n ). 

(~.8) 

(3.$) 
I 

(3.10) 

~TO HaCaeTC.R MaTpH4HHX B6KTOpOB, COCTaBll.RlO~lllMH KOTOpHX .RBH.RDT-
~ -~ . 

CR M<:a.TPHL\H j3x f3 , To npor-~aae,ztEHU'le {, e ,ztaeT uaTpr-~I.J.y no-

pli,ztHa ~ 'l 

8. c. 
1.. L 

(3.11) 

~~ 
a np0118B6,1{6HHe g C. . - MaTpHI.\y nop.R,l{Ka fn>cjn , COCTO.Rll!JD 

.t 
118 n MaTpHtiHHX dnOKOB J3x} I np.T.148M 1--J MaTp:vm.a-6JIOK c 

. }I. t fn. = B. c ( · 
IIJK J '< J,1<=t1 2, ... ,n). ( 3. 1~) 

B BHpaxeHtUIX (3. 7), (3.9l {3.11) MH Jl.cnonl>aoean:vi o6oaHa4eHIIIR 8.t1H:-
I 

InTStiHa ,LtJIIi OJMM 1 TO eCTb IIIH/~6HC I- RBJIJISTC.FI HeMHM VIH,l{CKCOM 

CJMMVlpOBaHIII.R. 

H tld op rt~ow C'1' fJVI l.l80 JUt1 X 11 Ott up HO up't'ol"Oii fl.JtlJHUX tJ {jl(ii' 0 f.lOB 6AMHHllHOU 
7' ":" .. 

,l{JI~1HH t. 1 , l-1 , ... , L11 Ha8HBae'I'C.R Op'l'OHOpMVlpOBU.liHUM p€DE.'JJOM (Y.iJlH 

OpT OHOpMHpOBaHHHM 6 a8J.1COM). WeBH,l( HO, 4TO ).J;H.R Op i' OHOpMlllpOB aH­

HOrO pen epa B bil OJIH.ReT C.R y CJIOBHe 



- 17-

,.J 

'-=-' 7" I . L l.. = 
n ' 

rAe I, - e,l{HHYlliHaJI n '(n MD.TpHu.a. 

l:h160peM B n -uepHOM npOCTpanCTBe 

(3.13) 

, 
R. CVJ.CT6MJ ltOOp,l{VtHaT t 

OpTal&l HOT Op ott JIBJIJilOT CJI ltOMnOHe Hr H OpT OHOpMHpOB aHBOrO penepa 

• TorAa npoeK~11H KOMnOHeHT penepa 
7' 
L Ha OCH ltOOp,If11HaT 

COCT8BJIT 6,1:{ l1 HH liHH e liHCJIOBHe B6KTOpH i ( >.) ' rAe 

. 
1 0 0 
0 1 0 

i ( -t) ii 0 i. {2}::. 0 L{n)'?= ' , . . ' 
' 0 (3.14) 
0 0 ... ' 1 , . ) 

VlHaqe onpeAeneHvre (3.14) MOJJtHO a•1n:vrcaTb B B:vr,l{e 

( ;: I( :~ -t, 2, ... , n). ( 3.15') 

·Ha6op e,D;l1Hl14HHX B6HTOpOB (3.14) HOC:viT Ha8BaH:vre OCTeCTB6HHOrO 

(HJIV'l ltaHOHVi.li6CKOrO) 6aa:v1ca. -CL , npo-

6Kll,Hltl HOTOporo Ha OC:vi BHupaHHOti H8MVt C!IICTOUH HOOpA11HaT o()pa­

ayiOT ll:viCJIOBoti BeitTop a. . · TorAu ,l(JI.H reoueTpv1ti6CKoroBeKTOpa 

Ct.
_,. 

WO.XHO 8ai1vlCaTb 

';t ~ ~ .... -;+ 
u.= l·Q. =-LO -t-l a. +···~+La 

11 2.~ , n· 
(3.16) 

(~.17) 

BBe,l{eM e,D;V'lHIIItiH.YD MaTpV'lll,Y ( nrn) I (A): 
n 

I;. t<. f >.) = o t ~, t{) f ( i, >.) ) (3.18) 



- 18 -
I {~): 
" 

lite{!<)= d(t
1
K)· (1-d{i,A))

1 
<.i1 t<,~:1,2) ... ,n>. (8,19) 

QqeB11~HO 1 'liTO 

I = I f).) + I { ~). 

Bae~eM TaHxe BeKTopH X().) 11 x. (~) , n OJIY qaeMHe 118 BeK'l'O-

pa X C llOMO~bD MaTp11U pox~eH11R 11 yH11'llTOX6Hl1R 

X ()..) = I ( A) ·X) 

X { K) = I ( ~): )(' 

Cy:u:ua KOTOpHX pa.BHa B6KTOpy X. 

X(A)+ x(i\')= x. 

(3.21). 

(v .22) 

(3.23) 

B TahiiiX cJiyqanx, Kor,n;a HJJtHO yuaaaTb nopnAOK e,l(ViHhtiHOVi 

n'Xn MaTpiiiUH lt1. H,yJieB0:£.1 n. xn JJaTpiiiUH, 6y,l(6M COOTBCTCTBeH-

HO llY108Tb In. 11 onn. • HyneBOVl n -MepHHiil tii1CJlOBOi1 B6KTOp 

6y,l\eM aamtLCHBaTb B B:vl,l(6 on . Onpe,l(6JI:viT8Jlb MaTpl1D,H B no-

pR,n;ua J3-.j3 6y,l\eM nHcaT b B BI1Ae I B I , JIYIG o B BJI1,l(e /Jet Bi"'·' 
a en~ uaTpHUH B 6y~eu o6oaHa'llaTb JIJI16o qepea ~ 8> , n116o· 

qepea Sp B. 

fi 
= Sp 8 =- 2: B ..• 

l. :;-{ (... (. 

JlJOcJyD cTeneHb MaTpl1UH B · BHme aTopo:Vi MOXHO BHpaaYlTb tie-

pea nopBHe ,!\Be CTtneHJ11 MaTpYll.\H 13 :vi e,l\JilHJtitiHyro I no c})opMyne . · 

I' aMH J1 bTO H a-KaJI:vl 

l ~ 4 
B ·= <B> B- f [ <B> -<B)) B +JBJI. ( . :,.·5 

.::> .•. G 
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3.~. CodcTseHHHe aeHTOpH J.1 codcTBeHHu e UHaqeHYIJI MaTpVU.\. KaK 

HU3HBU6TCJI 006- · 11BBeCTHO, BCJIK11M Hyneao11 'll1CJIOBO.t1 . B6RTOp X -.· 
CTB6HHHM B6KTOpOM NUTp11UH B , OCJI¥1 Ha11~eTCJI TaHOe 4J.1CJIO 

~ , QTO 6y~eT BHDOJIHJITbCR paB6HCTBO 

B.x =AX. ( 3. 26) 0 

· ql'ICJIO A B TaKOM CJI.}''llae Ha8HBaerCJI C06CTB6HOHHlJ 8H8'll6H116M 

fa!aTp111I-4H 8 · , cooTaeTcTBJD~HM co~~cTBeHHOMJ BeKTopy x. 

YpaBHeHHe 

n n n-1 n-:1.. 

I B ->..I I = (- 1 )' A -+ o£ A ... ~ A .,. ... + o(1 A. + oL = A ( >.) =o ,' 3 • ~;:; 7 ) n-1 · n-2. . o 1 

r~e n. 1 - nop.RAOK KB~paTHOVi MaTp;llUH 8 , HuBHBaoTc.R xapaK-

Tep¥1 CTV! qeCKHM yp aBHeHHeM Ma'I'pvlUH B 
'll6CKOrO ypaBH6Hh.R .RBJIJIJOTCJI C06CTBI3HHHMir1 8HaqeHl1.R11k1 MaTpHD.H 

B· 
Cy~ecTayeT TeopeMa faM11JI.bTOHa-.{an11, :KOTopa.R rJiaCvlT, 'liTO 

B C.RKa.R RBa,n;p aTHa.FI MaTp:Wll,a 8 y,n;0:3JI 6TB Op.FI6T CB06MJ Xap aKT6-

plr1CTJ.146CROMJ ypaBH6HV1l0 1 T~O 6CTb 

n. ,.. n-1 n-2.. 
A (B)= 1-1) . B + ~ . B ...,.. d. . 8 + "' + « B + « I ; 0. r t'l-1 n-2. 1 ° (3.28) 

3.3. BeKTOEHa.R MaT;EVlUa. BoabMe:ll TpeXMe-pHlie B6KTOJN. 

g1 .'I 

a..-1 

t:J.. - CL:t .g - g -0 - 2.. (3.29) 
o., • ~3 

' ' P(a.) P(o, &} 
o I 

H coo.'1' asHu Me !lHX U 8'1' p vt.J.Ui l1 0 .11 f.!JAY lOtitH M odptU':tOU! 
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0 a -a 
3 2. 

p (a) - - Cl 0 a1 ~- p (CL) =.;_ P (-o). - .l -
a,l. -a-t 0 

0 a3 -a 2. t., 

-a 0 a-~ g~ P(a) & 
~ 

=- P (-a, -15). P(a,f>)= = ,... - ~ 0 ·a -a 0 gl ~ 1 
• 

TaKllle MaTpHI\H dy,n;eu cooTBeTCTDeHn:o HaaHnaT.b BeKT opi-Io:L1 

OT B8KTopa Q H BOKTOpH0.£1 MaTpVID,eiil OT B8KTOpOB Q. 

Ynpa.xHeHHe 3.1. DoHaaaT.b, qTo onpe,n;eJIIIIT.eJm MaTpiilll, 

P(~ &) paBHH cooTBeTcTBeHHo: 

/ P{ a)/ = 0, 

2 ...... 2. • 

I p (a I g) I : - (a g) = - (l~ Q) . 

(3.30) 
I 

I I 

(3.31) 

MdTp111ll,8Vl 

Ill g . 
P(o) Ill 

c 3. a;:;;'· 

(3.33) 

1npa%H8HH8 3.2. floKa8aT.b, llTO XapaKTep~CTIIltl6CKII18 ypaBH8HHR 

MaT pHD, P( a) H P{ a, ~) IllMeroT Bill){ 

1 P{et) ~AI3 1 =- >..
1

- A a a.= o, I 3 r i) 
! ( • 3 ~ 

I P(a,g) -Ail( I-= A 
4 ~X.,_ ( g g-ao.) -(a c)'= o. (3.3b) 

Ynpo.:a:HeHVIO 3.3. noRaaaTb, llTO MaTpYill,H Pta) l1 P(a,f!,} .YA.OB-

JI8TB0pRDT CJI 6,LtJlOIIll1M MaTpltlt.IHIBl ypaBH8HVIRM: 
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llli' • 

. 1.. 

P'i(a,8) = P2.{4,B) ( gg_a.a..) +I~(Cig). 
(3.36) 

P ~ ( 03 , g) = P ( o3, ') • l ~ . (3.37) 

P (a, g) • P (- g a) = 0. 8 ~ = fa. .I'1 . , . (3.3.8) 

. . 
YnpaxHemie 3.4. AoHa~aT:& cnpaBBAHVIBOC'l':& paaeHcTaa: I I 

I 

) ' 

P (P{c)·~) =- P(c)P(8)- P{&)Pic). 
( 3.::39) ! 

nw.-1Mep 3.1. lloKalteM, KaK c nouom:&D MaTpllll.l, P(a) Vl.HIII p (i,) 
..,.. p1 

M0:£HO aanVJ.CaT b B6KTOpHOe np0118Be~eHVJ.e a K o. 

flo Onpe~eneHVJ.IO HM66M 

B CiflC'l' e Me }{ Oop~Vl.HaT, OpT UMH HOT OpCtVl RBJIRJOT OR HOMnOH8HTH OpT 0-
t 

HOpMllpOB aHHOrO pen epa I. I 

(3.41)" 

fl OST OMJ nonytH1M 

(~. 4~) 
I 

Ma (d.39).cnaAyeT, 4TO 



........ 
- ~t::.J -

d)( P(c)F = .a·P (Pfc.)g)C-= ~(P.ft,}P(c)-P(c)P!R))r=-
• \ 

= a(P(~)P{c)- P{c.)Pf&))L= l(P 1c)Pf6)-PfB)P(c))a, (3.43) 

P(c)a t ~ = l (Pfc)P(a)-P(a)P{c.))t= 'f(Pfa)P(t)~P(c)P(a))~. (3.44) 

ftaK 6y.I(eT noKaaa~o HHxe, MaTp¥I.l.J,H TlAna P(a) :w P ( 0, 6) onJIIc-a­

BaJOT 3JleHTpOMarHIIITH06 TIOJI9 B ypal1H9HIII.RX ,l(BHXGHH.R aup.RXE:HHHX 

q aCTIIIU • 

3. 4. BeKTOpHo e npovw se,.g eHH e. ~~JI.R ·rpexMepHHX BaHT opoB cy­

~ecTByeT ,l(BU DH,].\a JMHOX9IUi.R: CHaJ.:.FifJHOe 11 B6HTOpi-IOe. (_ilopMaJibHO 

B9_KTOpHO-MaTpJr1qi-Ia.R 8rU1HCb f\Jl.R peciJJibT aTOB 009:£1X onepaD,l1t1 .RB­

JI.R9TC.R OAHO~ Ill TO~ Xe ,.go T9X nop, DORa M~ He paCillH~pyeM, 0 Ka­

ROM JMHOZ6HIIII'r1 Ill,.geT peqb. 

n 3 
-;t _.... ~ -~ 

p~i.{np .2. PaccMOTpJ.1M onepar,J.1H L·ui Ill L KCtL 

.,.. ~ 

L;a.~.. L~a3 

~ ~--;' ~ ";-' ~ L .n .,_ + L .a L + L
1 

a. L 
..,~ 1 1""1.:z.. ;oJ 

"t" "'i;t 

(.1.•02. L1·~ 
=a.. 

--

_, ~a 
t-3 •Q2. L, J 

= 
o - aj ol. 

a o -a 
~ 1 

- a2. o1 o 

( 3. 45) 

--

...... . • (.. -= 
-.J ..., 

p {a) i. . (3.46) 

I 
. i 



I 

.I - 23 -
I 

iia (3.46) CJie~yeT, tiTO q).opMaJibHO L!O:lHO onpeAOJIIi1Tb onepi.U.J,Ii110 :Seit-,1 ,.,.. 
T opHOrO YMHOX8Hii1R reoueTpVitieC ROrO BOKTOpa L Ha apli1rJlM€JTii1ti8C.;. 

. ,..; 
IU1i1 BSltTOp a c.neA,YlOll\HM Q:;pa30M: 

flpviMep 3.o. PaccuoTfHM Taxxe or.epaD,Ii1IO 

"f',..J ~ t.a ~ 1.. = 

--

... -=" 
L·O 1...;02 

1 1 

"""' ":"" 

Li. o-t L • "'-
l.. 

-:- ·~ 

L .. a L;01 :!r ., 

-;-+ ~ 

a~ £.3-aJz..~ 

l' " - Q1 L.l -t-03 L-t 

~ ;!' 
CL1 t1.- 01 L1 

..... ~ ~ -~ " ~ ~ L.t ()_t c. o w.L
1

-+ La l(l,_ ..- t-tCI3 1("~ 11 1L. l. 

... . -- -- ~ _. .... 1 .. 
t 1• a1 

. -XL i. a < t -t i a I( L -+ t,. Cij "'£1 .t'1 . ., .t1.. ;t 

~ .... ~ ..,.. '""" " '" 1..3'~ t
3 

Q
1

K i
1 

.f- t
3 

Q1.tt il. -t l.3 Q3.,L3 

N _,. 

= P(o) i. 

(3.4'7) 

--· 

L1a A B.Y x no en eAHii1X npv1uepo B en e,~yeT cJieAyiOll.\68 npaBVIJI o n epee- 1 

TaHOBRH BHaKOB CRaJIRpHoro M B61tT)pHOrO JMHOXeH~~: 

(3.49) 
' • I 

YnpaxHeHHe 3.5. nonaaaTh cnpaBSAJIHBOCTb paBeHCTBa, TpaHcno-! 

HHpOBaHHOrO no OTHOillSHHIO R (3.49): 

( 3. 50) . 

3aueTHM, tiTO npw TpaHCTIOHHpOB8HJIIJil paBeHCTBa RaJ.I.,I\Hlli 3Jl61WHT 

paBeHCTBa 8UMOHR6TC.R TpaHCTIOHHpOBaHHhM 8JI6M8HTOM, li1 nopMOR 

CJISAOBaHH.R SJISMSHTOB 6a.MSH.R6TC.H Ha npOTViBODOJIOXHH:Vi. 

i1a (8.50) !HJ'l'eKaeT 'l'paHOnOKHpOBfJ.lUlHPi DUp:VHlH'l' puBeHOTBU 

(3.47): 
~ 

Qx i = P(a). (3.51) 
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4.1 Ma'I'p11I~H aJieMeHTapHoro CABH ra 1II aJieJ.WHTapHoro 

ilycn I!MeeTCJI pacm»peHHHli KOpTex ( A:, ft). v,a 8Jl6M8HTOB 

~/-i j -ro PM a If l.J' $./') n OCTp Ollll Cli!')IIY lllllYD II aT p»uy 

' . . ... -

(4.1) 

I 
I 
I 

Bee 8JieMCHTH uaTp11IUH B { ~), He TIOKaBUHHl:W B (4.1), .RB.~ ' 

. 
JIRIOTC.R HyJieBHMJII. B MaTp11Iu,e B(~) J' -yro CTpOl{J 8UTIOJIH.R:OT SJIO-

U8HTI:l HOpTOJita et,j,i~i (B oc5meM CJI,yqae, KB~paTI·Ihle MUTPIIIUH) 

T'aityD cTpoity dyAeM Ha8HBaT:& npoV18BO,n;.Fime.t1 cTpoJto~. MaTpHuy 

B (~,) dyAeM Ha8BBUT:& MaTpHuet1 sJieMeHTapHoro C.J~BHra. 

YnpaxHeHHe 4.1. PaccMOTpeTb ,n;oqJOpMaD,HIO j3 -MepHoro Kyda 

c e,n;HHHtiHI:iMH pedpa.MH no,n; )(ePicT BHeM oncpaU11:YI, Ma'l'PHL.eil onepaTJo­
: 

pa RO'l'Opo:£1 CJI,.f .I.HT MaTpitiua B ( q,) . TioK aaaT:&, qr o OR an.FipHHe 
d . 

sJI eMeHTH O.,J,i-i ( i-:;-J) OTBeq aJOT a a ,L(ecpopM auJtiiO c,n; BI.1ra, a sJie-

MeH'r QJ,i-p - aa AeclJopuau:vuo pacT.FIA€HHR. floKaaa·r:&, liTO np11 oT:... 

CJTCTB:£111 C,L(BHra Q..,J~i-L '=0 {~-:t:j) , a np11 OTCJTCTBitlfll paCT.Rlt8HJII.FI 

ai,l-p = 1. • 
i~aTpiiiiJ,y aJieMeHTapHoro C,L(BJIIra ldOltHO aan:YICaT:& B 6eaHH,L(8KCHOM 

BH,qe: 

B (~)-= ~ -~ ~ (j) W{~)i· 

B {~-) = Ip -t ifJ) it fi>f), (4.3) 

, I 
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r~e 

W. (a.)=al((i,B'=O. (K=""2, ... ,i-t). 
dK J F/ (/)K '/ 

~J (a;-):= aJ (j,f) = a1,J-j3- I, . (4.5) 

wb. ( aJ) = al( (j.f) = aJJ''-J ( 1(:. j .. tJ•2.,. .. , f/ ( 4.6) 

Ynpa:m:HeHH e 4. 2. ilo~taa aT:&, tiTO onp e,I.teJIJtlTeJI:& MaTptUI.H 

paBeH onpe,I.teJIHTeJID 3Jl6:Ll6 HT a Q_ j) i -~ • 

(4.7) 

YnpaxHeHHe 4.3. DoiH1.8aTh, \ITO MaTpHI.J,a, oc5pa'l'Han MaTpwi.J,e. 

aneMeHTapHo ro C,I.tB i-'lr a, paBHa 

... 

Bh)== a;~ ... , [ IP- r, fi) w I~)I1 (fij = ~~-f> [Ip-LaJ5fMJiftfE( 4.a> 

I 
I 

.. .. . 
' ' . 

I fL. " I J,J-: 
·Q (J,l-t 
a, .. I 

' J,J-J-+1 
' . 
' . . 
Q~ 

, J,O 

(4.9) 

.. .. 

.I 
' I 

HS80B6M MaTpHI.J,efii 3JieMeHTapHoro H3rl16a C d- HH npOH3BO,L~Rlll,~M; 
• I 

I 
I . 



CTOJidUOM. JneM6HTH a,,. 
J7J-L B od~eM cnyqae cyT b 6JIOtii-We 

MaT pl1UH, np Jtrqe:M acj,f~Jl 

ue~. B npaHTl1qecKVIX np11noxeHMRX STW 8Jl6M6HTH qacTO RBJIRDTCR 

c K annp aMl1 • 

· B deaHH,IteHCHOM Bltl,Lte uaTpNU.\a C ( ~) BHrnn,.qwT cne,n;yrorqwM od-

paao:u: 

• "'-J • 

c {~) = r, + Q{i,tJ i fi)) 

r,Lt e 

( 4. 12) 

V (a.)= a {J,;) = a. K-B ( ~<. =-ji:t, "'J ;J. 
Kj J I( J, I • (4.14) 

YnpaxHeHiie 4. 4. DoKaaaTb, tlTC uaTpHl.J.a C (~.) o6na,.u;aeT cnt:--

.Ltynn.u,1MH CBOtiCT B8Ml1! 

I c r ~.JI=Ia~,i-JI .. 

{(~) = fr,- T_p {f)V(~).T(Jg a;,:~-~~-~~ (f) a(MJ taJ) a.:.:·-;· (4.16) 

4.2. !JMKJmqoonMe noo.ne,.goaa'N~whMOOil'JA. UnepttqMH L,HRJillitieouoro 

C)lBVIr a ( H8rM0a). flycT :& MHOXeCTBO { 11 f J - MHOX ecT BO BCeX Ue-

JIHX tiWCen OT 1 .n;o , .• CocTaBHA· TIOCJI€i}\OBaTeJibHOCTb n.,,n).)"''n, 

'· 



.,,...., 
- e:J( - • 

11~ 8 neM8HTOB MHOlteCTBa { -f 7 ~ J 
anmJeHTH CSHnH puaJIVltiHH:r..ru. TaKaR nocne.n.osaTeJibHOC'rb, KuK ¥18-

aecTHo, HOCVlT Ha8BaHH8 nepecTaHOBKVl HO).\ MH0~8CTBOM f -1,p], a 

BCero CJII\8CTBJ8T j31 pa8JIJAlJHHX nepeCTaHOBOK H~..( MH0Jt8CTBOM 

{ 1,11 • (J,Il.HJ :£118 B08:WOl:HHK nepeOTUHOBOK Ha,Lt MHOX8CTBQM, f -t,-p} 
C)y~eM 0008HatlaTb JIV100 fiOCJH3~0BaTeJibHOCTbD SJ18M8HTOB 1 8UKJ110ti8H­

HI:iX B KBa.n,paTHHe CKOOH:£11, n116o conpameHHo [J3i.] , r.n.e 

B:adepeM HeKoTopyiO nepecTaHODK~' [J,] Jti 6yAeM oc>puGOBHBaTb 
1 

TIOCJ18,Il.OBaTeJLhHOCTJtl Jtl8 SJ18M€HTOB ~ITOkt nepcCTaHOBKJtl CJI8,L\JI0llll1M · 

oc>p aoou. Ec JIH 1{0JIJtllJ8CT BO an 8MbHTCtB e B TIOCwTie.n;oBaTeJibH OCT11 
I 

MeHhme f , TO sTy nocne..u.oeaTeJlbHOCTb oopaay JOT nepr::ae e. ana·- ' 

M8HTOB nepeCTUHOBim, CTO.RillJtl8 B '1'C•M Jlte. nop.R,Il.IC8 1 tiTO B nepecTa~ 

HOBKe. Ecn:£11 It on11 qecTBO sneMeHTo ri B nocne,rtoB aTeJd)Hoc T¥1 paBHO 

j> , TO OHa JIBJ1Ji8TC.R nepecT UHOE KOvl r f;,] • ECJI.Vl KOmr1tl8CTB 0 

SJI8M8HTOB B TIOCJ18,Il.OBaT8JlbHOCTl1 0CJibill8 J3 1 TO ll0CJ}:8 f ... ro 

SJ18M8HTa Jtl~6T nepBH:Vi 3JI8MeHT nep€CTaHOBRl1 [},:,] 1 8ClT8M 

BTOpo:Vi :£11 T.~. TaKyTO TIOCJI8)10BaT8Jlbl:iOCT.b HCVJ; MHOJlteCTBOM f -t)ji}. 
C) J,lt eM Ha8HB ~~Tb .IJitiRJil1ti8CRO:Vi no CJI8,11. OB aTe Jib HOOT .b IO, a nept~CT aH1BRJ 

[,fli] 1 yqaCTBJIOillJlO B Oopa80BUH.Vll1 ~VlRJllllt18CKOt1 TIOCJI8)40BaT~Jlb­

HOCTVl1 HU80B8M nepeCTaHOBRO:Vi-UVIRJIOM. 

YcnOBJtiMCJI Ul1ItJIJtiqecKyro no CJI~ osaTeJI.bHOCT.b c KOJIJtitteCTBOM ane­

MeHTO B m , co cT aBJI oHH.YJO Jti8 nep ecT aHOBKVI-IJ;JtiKJI a [ f,:.] , oG oa;.. 

HaYaTb trepea [A. (m)1 • TiycT.b ItiM6eTC.R ROpTex (A rn > , ane-r, J . ~,p 
M8HTH a$ S-i ROTOpl)rO odpaayiOT UaTpVI~J 3Jl8M8HTapHoro CABl1ra , 
(110rH6a) c i -oPJ. npo1110BO~Rilleli1 crpoKo.Vl (c·roJIGll,OM). Tun,yJO Ma:r-

pVIU.Y C~B:rtira 6y~eM odoaHa4aTb qepea 8 ( 0
5 

(i}) , a MO.TpitiUY, 

l18rl10a qepea L ( O,.(l)) • VlH~ eKC s M8HR8'l'CR OT 



- 28- • 
. 
J COCTUBJlRlOT IJ;MHaliitieCKJD. TIOCJIE9~0-

e - AJ111Ha liOpTexa <.A rv. > 
.:,p' .) 

BaTeJibHOCTb [ j\ {t)j , r,n;e 

• 
TO eCT b III ll~ EJH C · J paBeH 

( 4. :17-) 

I I 

r~e n(s) na.nneTC.R ~eno~ nepMOAVIt~ecKo:vi <I)YHHl.J,V1et1 oT uenoro 

apryueHTa S · • qTOChi He HOB'rOpRTb ABa puaa l1li,I1;6HC S ,dy-. 

~eM n11c aT:& B {a(nts))) lii C( o{n.tt)}) • 8ocT aBliiM cne.ey1:xqwe npowaBe~ e- : 

HliiJI MUTpliiU 

B {a(m/~<)) = B (a(n.(m)))· 8 {a(n(m-t)~) .• , B (Ct(n{KJ)), 

C (a. { ~/m))"' C { O.(nMJ) • C ( a.(n(l(•t)}) • • • t (a. ( n(m))). 

(4.18) 

(4.19) 

COOTB6TCT-. · 

B6HHO MaTpV1IJaM11 C,YBvira 1-1 III8rlii6a, 3. MaTpliiD,r~ 

' C {a. ( K /m)) , rAe .t<>1' .yceq•3HHH MY! MaTp11IJ;UMlii C,Il;BYira Yl 118- • 

r116 a. 

llycT :& M'IM66'l'CJI moci oe uen oe HeoTp11UaTe.JI b Hoe 'llliicno n? ( m>,. 0) 

M'I n.odoe ueJIOe noJIOXJ!ITa,....-n:oHoe tiHCJit) j3·(J>O) . Paa,n;eJIHM n1 Ha 

J 1r1 ueny:o qacT:o qacTHoro OT ~e;IeHHR n7 Ha j3 oc1oaHa'lll1M: 

qepea !!! , a ocT aT OK, nonyq aiOlllV1H en npH ~ eneHHH m Ha f, 
yseJIHtl6HHH~ Ha 1,- qepea m I 

M m '~"f. · 
I 

. I 

t 
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JI6BHX (npaBHX) qeJIHOK-CJMM. flpJIIBe~eM Oea ,1J;OKa8aTeJlh-

CTBa cne,nynmy10 Teopeuy. rn . 

T e o p e M a 4 .1. nycT:& Ir1Mee'r en MaTplr1tiH~~ H opT ex ( A B) 
K,r 

Ha~ acCOUli.IO.TVlBHHM KOJI:&UOM .K , 8Jl6M6HTH ltOToporo or)P,c.ByJOT 

npo1.1aso~.RIIli.1e cTpOK:£1.1 MaTplr1U 8 {a(nts)»JA C(a(n(s))) , rAe 

S= K, K+1, ... m , a tiir1CJia n(.s) aa..qaHH JA o6paayur l.J,VlRJIJilqec­

KyJO DOCJie~OBaTeJibHOCTb . [J,: (t}] ,. r~e e .... ,D;Jll1Ha MaTpJiltiHOrO 

KOpTexa ( e:. 111-K +1). Tor~a MaTpiiitiHl:le SJieMeHTH ycetieHHHX MaT­

pli.II.J, c,n;m.ra B{a. (rn/K)) JA 118rJ116a C (Q(K./m})nBJI.RrJTC.R JIIIIHeiiiHHMIII 

qeJIHOK-CJMMaMir1: 

. I 

B (a (m/~<)) 
fl{P), ll {t) . 

m-tp- m+J-P- t 

= s . 
l<+jJ - i-~ ..,..-,--~1; ' 

(4.G3) 

TeopeMa ~OKa8HBaeTCR ueTo,n;oM Jll~,YKI.J,IIllll. 
m 

~Jie~CTBJile 1. EcJIH aJieMeHTH ROpTexa <A" 
13

) npv.H~Jie:m:aT 
) I 

KOMMJTaTVIBHOMJ KOJI.bl.J,J 1 TO cnpaBe,n;JiliiBO paBeHCTBO 

(4.2:4) 

B CVIJIY paBeHCTBa tl6JIHOK-CJMM 



t, 
i 

~-~. 
b~ 
t 

r, . 
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• 

S rn-rt - m 'f-t -1 

. . 
l<"f"j'>-K+j-p 

CJie,llCTBHe ;G. Onpe,.qeJI~TeJIH MaTp:tiL, c,u;BIIU'U H 111ar:v~6a AJIR O,J.tHoro 

/Am ) H Toro >Ke xopTe:z:a , ,.,p paBHH npo1.18Be,J.(eHH.D onpeAeJIHTe-· 

ne~ scex aneueHTOB j3 -Toro JIHH•91i1Horo xopTexa: 

/ C (a ( 1</tn)) / =- / B ·( ct { m/K)) / = 

Ynp llXHeHJII e 4. 4. ~OH aaaT b CJie,.qyDIJ{ee CBOPl CTBO qQJIHO K-ey AIM~ 

m~l-t~ 

s ( 4.28) 
K-t-tfJlt,Z)-t-'2.. I . 

• 
3,.qec.& 1 'e5 K~ m-1J L)J'W:: -t, 2>'"' ,13; 'Z.r H6MOt1 ItlHA 6KC cyJ.,:t.mpof~HM;,r 

2 • qeJIHOH-CyMMH JIIIIHeMHI:l OTHOCIIITSJI.bHO JII06 oro 1.18 nepBBX SJie- . 

MeHTO B MaTpHqHoro K!JpT.eXa 



• 

(4.G9) 

( 4.30)· 

3. \.IeJIHOK-CJMMH JI:WHei,.LHI:i OTHOC:WreJI.bHO JIIOOOrO VI8 fiOCJle,LJ;HVlX 

aJieM6HTOl3 ua'l'pk1'llHOrO KOpT elta 

_ m m~2+i _ m -1 m-J. .... L -~ O{t.,f) 

< Ae A I 5 . = (1- d{i, 1/\ < A e 8 I S . + 
. .,r . t·fTJ I )r e-t-.:d 

(4.31) 

( 4. 32) . 

4. qeJII-IOK-CJ:MMH JIV1Hei1HH OT HO C:ViTeJI.bHO JII06 oro 3Jl8MeHT a MaT...;. 

. p11ttHoro KOpTexa 
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• I 

• 

m. · m-l+L I< t<-2+jJ-n.. m rtH~.,.c:. 

%/A >S =/A >S. ·~ ·/A >S + 
i' e, J e-., ... J e,f e-1-ti ~<, ~<-n. K-t1,f1 K-1-tJ , 

(4.34) 
- rn 

/A > 
1<-+~, J 

4 • 4. {Jpe,LtCTaBJI 6HJ.1 e MElTp11I.l,Ii B BYI,If, e MaTpJ.1I.J,H qeJII-J Olt- C,YMM. 

06paJU6Hl16 MaTpJ.1IJ;. flyC'l'.b J Hac J.1M6eTCJI HeocodeHHUR KBa,D;p&TI-IaJI 

j3xJ MaTpHIJ,a f1 11 nycT .b a 1J.l{ aHH q11cn a 

JIR!O~J.1e TIOCJI0,LtOBaTe:I.bHOCT.b [A(/;~ , TO 6CT.b 

06paayeu 11a aJieMeHT~B MaTpHIJ;H M uaTpwuy ~ 

~eMy COOTBSTCTBYID 

n(p} 1 COOT clB-

p, n (f) :. 1, ~, ... , I· 
COrJiaCHO CJlt;li;JD-

( 4. 35) . ·. 

Vla. MaTp11IJ;l:l JJ . dy~eM ILooOJiyq aTh HO :JHe MaTp11IJ;H TIO CJIS,LtJ IOIUElMJ pe­

HyppeHTHOMJ COOTHOIDSHM~ 

(4.36) 
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r.n; e 

'iJ ( 1) = 'iJ. (4.37) 

C noMo~:&D uaTpHUH 7:J cocTaBH:M MaTpVltiHI:.iii.i KOpTex (A fJri (JJ)) 
-1,f1 

cne.n;yDmHM oc>paaou : 

1. et ·=- Q-
1 

• IJ r~) a. ('l>t,, a -:.·a -1
•

11 
~1 ft). 

'Z+-~,1 rz.,rz-1 11 'l-t I 21 -t,'~i- 1 

( 1 ~ 'Z ~ S-1 ~J··t). 
-1 ~-1' 

a =·a 7J t-t)- z a ·IJ (1) 
1,~-J 5+-11 1 .55 l~-t S+11 ~,..1-L s-L,.s · 

(J..~S~J). 

4. 

YnpaxHeHHe 4.5. Do:KaaaT:& cnpaBe.n;m1BOCT.& TO]:,L{SCTBa 

' 

( 'J. 38) 

( 4.3~). 

( 4 .• Lj Q) 

' 
I 
I 
I 

('J\.41) 
I 

(4.42) 

8JI6M8 HTH 0."1,1 -}3, Ql.,l-J 7 .... J QjJ, 0 MOltHO BHOJ/" paT b npOlll3B0Jlbl-10 1 Han- : 

p11uep, paBHHMH e,l4HH11D;e. TaKHM odpaaou, j3:J.. c;JieueHTOD MaTpH~. 

UH onpe.n;eJIJIDT , j3 {J-i) +j3 ·= J2... 3Jl6M6HTOB MaTpHtiHOrO HOp- ' 

Tex a. 

TeopeMa 4,2. SneueHTU KOpTexa 

tl 6JIHO K-CYMMH, .fiBJIJIIOIIWl 6C.fi 

s p-:Uf1-+JJ"(1,J>) 

t·1+!Jd{t,t:). ( 4 e 43) I 
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KaR 1r1 npe,n;H,n;ytnan TeopeMa, TeopeMa 4.2 l\ORaaHBaeTCR ueTo,n;OJJ 

1r1 ~ y 1t I.{vl 1r1 • 

Cne,n;cT BJfle 1. Or1pe,n;eJI1r1TeJib MaTpJfll~H M paaeH 

J M I = CL A +-1, 1 • a.P o .. . CL a . 
r 1 214-J 1,1-J (4.44) 

B TeopeMe 4.2 sneueHTH HOpTexa Uti ]l.JJfiTaeM Bell\eCTBeHHHAM tn1cna-

W1. EcJIJfl aneueHTH a ' a , .. , a A,O BHOpaT b paBHHM¥1 e,n;Jfl-1, 1-} 2, ,.._, r 
Hlr1Ue, TO 

floCH0J1bltJ :MaTpJfiUa, OOpaTHUR MUTplr1ll,•3 aJieMCHTUpHoro Cl~BIIlru, HM66T 
i 

npOCTOM BJfl,11; 1 TO JierRO TIOJiyqHT:b BT0:?06 CJI6,11;CTDJ.16 H8 TeopeMH 

4.2. 

Cne,n;cTBHe 2. Ma'1'p:1.1ll,a, o6pa·rHaR fYI , p aBHa 

-1 

M 
rt(p), n/1:) 

j3+1 
r,n;e ROpTex < 8 A{a.J) nonyqaeTCR 11a KOpTexa 

~,r 

,n;y DID;li!M OOpaa OM: 

1 

( 4. 45·) 

( 4. 46) I 

(4.47) 
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TipJII.MOp 4.1. C nOMOII\.biO c'ne~CTBliJJi 2 HaVi~eM l.laTpviiJ,y, o6paTHJD: 

uaTpJII~e M , r ~ e 

.M = 
3 1 -~ 

4 ~ 1 

3 -1 5 

Onpe~envx:u qvxcna n (s) , r~e S = 1,2,3,cne~yiOIJ(VIM oCSpaaoM: 

rt{S):.5. 

MaTp:VU,4a rp npH STOM nonyqa_eTCR nepeCTaW.)BHOi-1 CTpOH! 

4· 9l 1 

.'Jj = 3 - 1 s - IJ { 1). 
3 1 -z 

1.( . 

CHaqana Hat!~ eM aneMeHTH uopTexa ( A
1
,
3 

{'iJ) > , onpeAeJIR6MHe 

cpopMyJiaLW (4.38). 

TionoxHM 

a :.a. :a =1 
1,-4 .2 -1 3p . 

' 

Q. =~ {1)=4. 
2~ 'f1 

7J {2):::.2) {1)-/J (-t)'7J (t) 7J.- 1
{1)=-1-3·2·it-1:.-S"/2· 

·f-1 l.2. ' 21 .,~ f-1 

a3t =- '2).,1 {2.) a.:z1 = i · 4 = to. 
. -1 

~,., r 3) =- 024 (2.) - V
2

., ( :2.) 0(2..{ 2) 0
11

. (l). 

-1 
'2) (l) ~ 0. {-t)-1) /-t)JJ.,3(1) ~ -=-.2-3·1 t; ::~ 11. 
~1 13 11 . ~ ~ 

•1 
';:) {l) = f) (t}- 7)3: (-f) 'i)t:l.. 11 ~11 '= 11 - 3·2 . ..t_ - - ..t. 

21 3.4 't - ~ . 

~12. (:~.) = ~.13 11} -1J:~.-1 I-t) ~3/1) ~1-·t:. s -3·1· "lit·-=- 1!-. 
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7J {3) = - 1f -(-f). ~ . (- :) =- -fJ - ;~ = - if. 

H 
• 

a :. - 'iJ t 3) Q = ~ · to :: 3 6 ;: J M I 
'1-f 11 Jf ~ 

'faKHM odpaaoM MH HarnJn1 onp~eJIJIITeJib MaTpvll.J..ti M • OnpeAeJIHM 

Tenepb OCTaJibHHe SH6M6HTH KOpTeXa. 

- f -1 ) ) f7 
all3= 7Ju (2.) q1t~)-C)~ al((=(-; (-!- fo·36=- T· 

-1 1 -1 
' ' a, =- X) ( tl r;J, (f\- a.- Q -a 7J /-tJ 'iJ {-tJ = 

4{')... 11 I .H I 2.1 'fl lfl H 21 I ~ : 

. . 
- .i . 3 - .J. . 1 6 - (- 11.) . J. . 3 - . - ~~ . 

· - 'I Lf " 5 J.t - tO 

a to= a'f: 1 ['4, {-f)- a'f3 ~3 { t)- av,_ 7:)13 1-t)j ·::. 

- ..:L [-2 - (- il) . s- - 1- 5" "~-)1 7 ,; E.~ . 
- 36 S l I 0 l ltD 

a =- 'iJ { 1)- a. a. = 1 - Lt · ;~ =-- -/~ · 
~0 13 ::z:t . -(0 

~ (a) = _ a'~2. = s~ . ..1.. = ~ . 
-tO · a I 0 16 I ~0 

Y-1 

g {a).::. _ a .,3 _ 1];_ ~ 
.,_1 a- s·36 
I· Yl 

g [a}= .L :. .:L . 
..,,-2. Q"tl 3 b 

~ (a)~- a -=-to. 
~-1 J1 

. -(J 
tJ {a) = - a -:. -. tJ 20 (0 

3:1. 

.1.1 
/80 

g (a) -=- i? {a) :. B (a) = 1 . 
2,-1 30 .,., 

g (a) =~ - a ~ .1 · 
~0 . )l,. L( 

C ( a} ~:; - {) -.:. - Lt. 
31 21 

~ (a)=-CI -=-~ 
't:l.. iO 'tO . 

... 
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c s -= 1. 
-i 

= f- :!.) (- ti) -t (_ ~ ) ..!._ + t lf Jb \ 'fO 18 
:!1. - S" -. 
180 - 36 

., 
·s' -:: -t.-

'1. 

~ s = 120 
-f!J --. fJ. ( tt) = 

10 

(t'() = sl.l-
•.. 32. 

I. ) 1~ J:.- -1 = c f 0 ~0 -t 'I - b . 

:J.J . .i +LJ.t)il. ~t=_]_· 
- 10 b l 120 -~~ 

1) s 't . 3 2.. 

(M- : S = g (a) S -+ g {a) S + _g {a) S -=-
1 :4. 2. Cfl :t. '(2., 2. 4-f l. 

. I 
I 

l. 

s 
l 

1 0 -1 
-= C (a) . .S -r g (a) S + f, _ (a).$ = ..L. 

1 0 l 1, -1 J 1, -l. 3 . 3 b 

( 
-'1) 3 . l.. 1 c M • S -::. -8 (a) Sl ..,. & t~) S, .,. g [a) s -=-

. 3"f 3 .2-t ; ~0 ~ 4, ·1 J 

- -10· 
., 

Jb =- s:--. 
18 



! 
1. 

- 38 - ... 
--f) 'f ! 2. 1 (M : S = e l a.) S ·+ g t a.) .s ... ~ t a) s =-

2.., l 32.. 1 H l )() l 

- ·(j (- .§..) -+ (_ 4) .L ·= - 1.1.. 
- 10 18 ~ 36 3b 

= (- ~) (- f!) -+ (- ~) (-fa) ~ 16 = 1l· 

M 
-1 

l'IMe eT DVI~ 

.il -. .:/.. .§. 
36 1:L )b 

... _H ..1.. _jj_ .M -- 3b u .. .3b 

s t 
., 

-18 ti 

qeJIHOR-CYMMH VIMeDT paBJihqHJ:le np aHTVIqe c1m e np:wJio 3: eHVI.R. · OA­

lUUd 118 HHX JIBJI.R6TC.R penypCHBHHPi .l.leTO~ HaxO'lK,D;emt.ff uHUJI11T11qecRHX .· 

:w q:wcneHHHX peweH~ odHRHOBeHHHX ~:wwwepeH~VIaJibHHX ypuaHeH:w~. · 



- 39-

f JI A B A 2. 

MAT PH qHJ1E H P E.KYP C~BHliE ME TO))J1 B T l!.OPJAVl OBh.KHffi LHH1lX 

).(Vi (_fq> EP EHl.l)1 AJ1hHD.X YP ABH EI-lh l'l 

§ 1. HopuaJibHHe CHCT eMH ,D;HcfJQJe peHIU1 aJibHHX yp UBH6HV1~. 

KaK 11 asecTHO He TeopwH AMWqlepeHJ.J.HaJibHHX ypasHeHHt1, . oCSHKHO~ 

B6HHHU ~Tt1~q>epeHJ.J.Tt1anbHHM ypaBHaHH~W nop.a,n;Ka ~Ha8HBa6TCR ypaB­

H6HMa 

( 1.1 ). 

i 
KOTOpOe CBR8HBaeT HeSaBHCHMJD ne:~eMeHHJD S , HCKOMJIO 

1

·B6K-; 

T OpHyD cpyHKJ.J.JIID ~ = ~ {s.) H ee npo:i18BO~HJ:ia ~ 1/>) 7 j 
11(.s), .. . 1 ~ ('r..~s)~ 

B SaAaqe ltomH (HaQaJibHO~ aa.Itat~e) Tpe6yeTc.a Ha.1i1TM qacTHoe pe.., 
I 

meHMe, y,n;oanersop.aD~ee HatlaJibHI:JM JCJIOBVlRM 

(1.2) 

B Kpaesot\ 8aAaqe Ha uts) J,1 ee npOHoBO,JJ;HHe HaKJ.laA.liBaDTCR 

'Z. KpaesaxycnoaHUBTOtiKaX ~:~ 11 S=g. 
By,n; eM np e,n;nonaraT b, tiTO ypaBHI3H:Tt1e ( 1.1) p aapem11uo OTHOC:Tt1- . 

TenbHO CTapme~ npOit18BOAHOR: 

('1.) [ '{J ('1.-f} ] ~ { s) = 'P S, K { s), if s1 1 ••• 1 y ( s) . 
(1.3) 

Tor,n;a yp asHeHHe ( :1.3) · uoxHo csec~~H K paBHOC1UihHtH1 CV1CTe:ue 

ypaBH8HHR nepsoro nOp.MK& nyTeu U1M8HH lUfOUMX npOHBS~,JJ;HI:iX 

BCno:woraTeJibHI:UlH HeH8B6CTHHM11 <PJHKUl1RMl1: 
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I (~·1) v = ~~ ' . • •) j = K,_ ) 

CHcTeua ypaaHeHH~. , 
X, = )(;q 

I 
X~: )(.3 ) 

, 
x.,__-t= x'L 
x~.: ¥ ( s, x-t, '"l x'Z.) 

• 

(1.4)' 

(1.5)-
, L 

.[ 

(1.6) 

H&8HBa
1
8TCSI HOp:uaJibHOii ,ciJopuoU ,qHclJcJlepeHI.lHSJlbHOrO ypaBH6Hvl.fi · 

( 1. 3) , a . nDd aJI. ow cape:ua aw,q a 

x'(s) = f (51 x(sJ); (1.7)' 
" 

r,qe X(5) - n. - M6pHaSI B6KTOpHaSI cpJHRUHJI, Ha8HBaeTCJI H0p:U8Jll»• 

. HOVl CHCT6:UOvt· ,ll;Hc1Jrf'epeHI.lH8JlbHHX yp aBHSHHVl• ilpw 3'rOM H6KOTOpoe 

MHO:lcCTBO 8Hatielillvt X B TOtiKe .s = a I YAOBJ16TB0p.R10ll{HX 

ypaBHaHHD 1.7, HOCHT Ha8BaHHe ~30BOro MHOX6CTBa B TOqKe ~ 

a npOCTpaHCTBO, KOTOpouy npHHa,n;Jlt3%11T clJaeOB06 MHOX6CTBO, Ha8H­

Ba6TCJI tf>aaosHM npocTpaHCTBOM. MHoxecTao HatiaJibHHX eHatiaHHVl 

X~ X0 B TOtiKe S: So a aa,.qati«3 Kom11 dy,n;eu HaeHBaTh HatiaJIJ?-

HHJ.f cpaaoal:iu uHo:a:ecTaou H o6oaHati•aTh qepea M {S
0

) =M • ~YHI{UJ,1l) 
0 

x {s) , J,ll;OBJI,6TBOpSIDD{yD ypaBHSHHD ( 1. 7) H B TOqKe S =-S 
0 

paaHyD X0 E. M 0 , Htiaoae:u -rpaeKTOpHevt, a MHo:a:ecTBO Tpaex-

.t 

TOPH", HI'IMH&DUlMXOR 148 M
0 

, KU&OIEIM flY\i:KOil 1ipii.Gl<TOp1rlP1 M($), 

KpHsyD, np»H~nexam;yD .UHOXEtCTBY M (a) , Haaa-
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BSDT l})aBOBOPi TpaeRTOpHe~ B TOQK6 S =- Q, • Ecm1 MH0%8 CTBO 

M (a) RBJIReTCJI aauRHJTHM, TO nosepxHOCT:&, o'rpaHHQHBan~yn 

3TO MHO.IeCT BO, Oy,l\ell HM6HOBaTb ~:lBOBOPi OrH6aD~ePi nOBepXHO CTbl) 

M 060BHaQSTb qepea ( (a). 

fiyCTb H:UeeTcR· HaQ8JibH8JI cpaBOB<lJI OrH6a.DUlaJI nosepXHOCTb ((50 ). 

Tor).\ a np111 H8M6H6HHH .$ : TOQR11 X
0 
~ f (So) B CHJIJ ypaBHe- .. 

HHJI (1.7) o6paayDT HeKOTopyD HOBiD nosepXHOCT:&, KOTOpJD HaBO-. 

Be:u OrHOaDnte~ nosepXHOCTbD B paC11IVip6HHO:U 4Ja80BO.U npocTpaHCTBe 

(X, S) H 0008HaQHU nocpe,l\CTBOM f (x1 S). 
fipo~KUHD ( (x, 5) ~a OJIOCKOC't':b (Xd 7 S) , r,l\e i = t,~) ''') 'l. 

6yAe . .u Ha8IiBaT:& x. -or1116aD~eH KpHaoPI. 
d 

§ 2. M a T p H u a H T 

2.1. JiHHePiHHe CHCT6Mli .gMql£lJ6peHUJIIaJ1bHHX ,ypaBH6Hl!liL; Jln6yD 

. CHCTe:uy 00HKHO ~eHHiiX ,D;Hq){jlepeHll,lllaJibHiiX ypaaHem-I~ (B TOM QHCJie 

H O,l\HO ypaBH6HH6 fl.. -ro nOpR,l\Ka) MOXHO npViB6CTH K CJIICT6M6. 

BHAa · 

( 2.1) 

rAe p. (s) 
I<L 

H #I< (s) - aa.,n;aHHHe· cpyHKUlllVi H088.BHCJIIUO.t1 nepeMeH-

HO.t1 s . . ~YHKD;Hlt PK.i {s) HaBHBaDTCJI K03cpcpi1uHeHTaM¥1, a: 

GK {s,) csodo.gHHMH (2.1). EcJIH ace 
I - 4JI6H8lllll CVICT6MH CBO-: 

. f I< (s) = 01 

T·o CMCil6U8 (2.fJ Ha8HBaeTCR O,l\HOpOAHO~. YpaBH6HHe {iC.l) uox-· 

HO aanHCaTh B B6KTOpHO~MaTpHQHOU BH,l\6 
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x' = P(s)x -t fts), (G.3) 

r.rte·*x=x(s)-n.- :uepHH£1 BeKTop, a P(s) 

SJI eMeHT OMH KOT opot:i .RBJI.RIOT C.FI K03tPrT,VIUVItHTH 
. A 

flpHMep 2.1. C)Je,l\H ,.qVIclJllJepeHlJJ~IaJihHHX ypaBHeHHt1, HaH6onee qac-

TO HCTI0Jlb8JeMHX B MaTeU&T:VIKe V1 cpi18V1Ke 1 00060e :MeCTO 3aHHMaeT 

JU1Het1Hoe ypaBHeHVIe BToporo nop.FI,l(Ita, ·HMeJOm.ee BH,l\ 

XII+ f I 9 (s) x + n {s).x = o1. (s)J (2. 4) 

( . 

(2.5) 

r ,.q e 
{>{.s)i=O. 

Ma ,.qBy~ BupaxeHVIVl (2.4) VI (2.5) BTopoe .FIBJIR6TCR ooJiee o6mVIM,: 

nocKOJibRY ypaBHeHl'ie ( 2. 4) Bcer,n; a MOI.HO aun11c aT .hB BVI)~ e 

(2.6) 

ecnVI onpe,n;eJI:VITb p(s) cne,n;yiOm:viM o6paaoM: 

s 
p(s) = exp J 9fs) is , 

. CL 

r,n;e a - HSROTopoe 'li:VICJIO, nplH-l8.J~Jiexamee npoMe:J!yTRy I ' I 

Ha ROTOpOM onpe,n;eJieHH ace ~JMK~HH B .YPUBHeHHRX (2.4) H (2.5). 
! 

YpaBHeHHe ( 2. 5) He Mo:a:eT OHT.b aaniticano B B1-1,I\ e ( 2. 4), ecnltl cpYHK-
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Ul1.R p(s} He liHteeT HenpepHBHOVi npowaBo~Ho~. Ecn:H BBeCTNt 

Honse nepeueHHae 

(2.7) 

;~TO ypaBH6HHE.l ( ~, 5) MOI.HO aanl1C a'rh B B6ltTOpHO-MaTpV1tiHOU BH,IJ;e 
~~-
p~ 

~ = P(s) ~ -+ ~(s) 1 

r,zte 

0 
p (s)= 

-q;(s) o 

' 
Ecnw ct~vlT aT:& pts) » 

( 2. 8> 

I 
I 

'
2r9> , 

I 

r).. (S) - B6KTQpJ-JOVi cJ.)JHKll,Vlefi, 'l'O ypaBHeHVIe (~.5) ,IJ;JI.R TaK:WX 

tPJHl, ~J.tliil: .RBJIR8T C.R ypaBHe HvleM 1 a KBUD aJieHTHHM CVl CT6M8 ypaBH8HillVi 

BTOporo nop.R,D;Ka. B aTOM CJiyqae ~)-f'S) :vl Cjt(S) B (2, 8) .RBJI.R-

DT CJI 0JIOtiHHMJ.1 MaTpH~aM:W. 

2.2. iloHnTI1e uaTpw~aHT a. PaccuoTpVIM O,IJ;Hopo;~Hoe ypaBHeH:we 

I x = P(s)x. 

.:Ey.zt eM :we HaTh ero pemeH:we B B:W,IJ; e 

r,IJ;e R (~.SA-o)-· HeuoTopa.R MaTpVIttHaJI cpyH~li,VlR, KOTupaR np:vt 

paBHa e~VlHVltiHOVi uaTpvx~e I. 

R (q 5o/s,) =I. 

(2.10) 

(2.11). 

( 2. 1~) 
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llO~CTaBJIJIJI (G.11) B (2.10),noJiytUlM ~VH}lcilepeHIJ;l1aJ1bHOe ypnDHGHl1e 

~nn MaTpvlUH .R.(P, 5/J.,):. R ( 5/s.) -=-R: 

I 
R = P{s) R. (2.13) 

MaTpl1tlHaJI cfJYHKUl1JI R (P, >Js.o) , y,4osneTsOp.HIO~UJI ypaBHeHi1D 

(2.13) B HaqaJihHOMJ JCJIOBlriD (2.1t~), HOC:t1T Ha8Balli1e MaTpllll.l;aHTa ·: 

ypaBH6HM1JI (2.10). 0Ha JIBJ1JI6.TCR clJJ'HAaM0H'l'aJlbHOi1 Ci1CT0MOV! peme­

Hl1~ ypuBHeHJIIJI (~.10), HOpMYtpOBUHBOt1 B COOTBeTCTB11l1 C (2.12). 

YnpaxHei-me 2.1. ,ltonaaaT.o 
.s 

CJie,.q.}·IO~Jile CBOVi.CTBa MaTp11IJ;aHT a: 

1. · / R/=- e'K/' S < Pts)'> ds. 
so 

R~ { 5/so) = R-
1 

{ s,/s). 

' 
(~.14)' 

I . ' 

I 
(2.15) 

I 
2-, . 
3. R ( 5/s

0
) ~ R ( 5/s1 )R(S1/j~). (2.16) : 

4. R (P-t &, 5/so) = R (P, Sfso) R. ( ~ 5/sl)), . 
(2.17). 

-1 
F ;;. f< { P, s/so) G. R { P, 5/so). 

5. is [ R-~ { ~ -Yso)] = - R-1 
{ ~ S/1.) • P{s), (2.18) 

(2.1~.;:) 

2.3. <I>opMyJia Kom11. PaccMoTp11M HeO.I(HOpO.I(Hoe ypaBHeH:t1e 

t 
X = p ( 5) K -r I {.s). 

,. 
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s 
X= R{P, 5/so)·X0 +SR.(~ ·s;r:)f(t)d'l:. 

so 

)\ej;t CT Bitt T OJI h HO 1 n p0~1r1cpc})epo Hl\Hpye M BH paz e Hilt e ( 2 • 21) : 

I 
X= /?.

1 

{ ~ SA) x. + R (P, s;;.) / {s) = 

- P(s)· R(P, s/s
0

)X
0
+jfs)= P{s)x+/fs). 

(2.2:. 

Tion,yqeHHIJti peayJibT aT cnyzwr ,1.\ OK a 8&Te;;Ib CT DOM ( 2. (.; 1} B Clt1Jl.}' _9A.Tr1-

HCTB9HHOCT.Tr1 pemeHV1JI ypaBH9HM (2.20). 0opMynu. ((.;.21) HOCIItT HaS• 

B aHv1e cpopMy nH KomH, a MaTpVIua I( ( P, SJt) 1r1 MoHyeT CJI MaT pv~ueti 
Kom1r1:. 

(' 4 
~ .. MaTpvn~aHT c e,gvtHVIqHHM onJe,l{eJIHTene:u. TiycTb y Hac HMeeT· 

CII ypaBH6H.Tr1 e 

R, = 0 p ( s)"' (2.G3) 

rAe B :Ma'rpHne P{s) ace A:vtaroHaJibHl:le ane:MeHrH paBHH HY n10 

P (s)=o, 
fl.d.. . 

<eX.=-~,~, ... , n.>. (2.24) 

• RaR CJI9AY6T H 8 ( 2. 14) 1 onpe,l\6JIVITHJI b T aKO.ti MaTp.Tr1qHOi1 cpyHK I.VIll1 

. DOCTOJIH6H l1 TOt~eCTB6HHO paBeH ef~l1H.Tr1I.J,e, 

/R/=1. 

.llonaxew Teopeuy, ItDTOpaJI noaaonwt' pemeH~tte ypaaHeHHR 

, v . 
X :: (s) X ( 2. G6) 
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r,l(e B uaTp~tJHot1 riJYHIU.-'~~ V(s) Ba rnaBHoiii ,l(HaroHaJI~ IIIMeeTcJI 

xoTJI OH O,l(HH 1JTJIHtJHU£! OT HJJI.R aneueH'r, CBO,I.tiiiT.b K penreHHD ypaB-· 

H8HH.R 

z'= P(s)z., (~.27) .. 

r,l(e B uaTpH4HO.i1 tflYHKLJ,HH P{s) Ha rJJaBHo.t1 ,l(HaroHa.nH C'l'OJiT 

TOJl.bKO HY JIM. 

Teopeua 2.1. TiycT.b HMeDTcn ~Ba ypuBHCHHR: 

· R {V 5o/s ) = I · 
) o n J 

(2.29) 

rAe 

s 

I? ( s) = [1- S{t, Kg extd fi/ {t)- V. tr} of;:. V. (s). ( 2. 30) 
tl( s L' /(" Lt. 1j Lt<. 

0 

Tor,l(a MaTpHI.\SHTH R {V, Sfs
0

) 11 R {P, 5/so) CBR8UHH Me:s:,.qy co-. 

6 ot;t BHp ax eHH eu 

s 

R LJ V, 5/s.) = R,. ( P, sIs.}· e~p [~, (s) ds j (i, K = 1, 2, .• 11) (2. 31 l 
0 

AOKa8 aTeH.b CTBO. no KaJteM, t.ITO c:np an e;~JIHBO CT b BHp a.ze:rmi'i ( 2. 30): 

~ ·(2.31), r,l(e R. {P, 5/so) J/~OBJIEiTBOp.FieT ypaBH8Hli1IO (~.29), npH-<, 

BO,ll;!IIT K TOMy, tJTO R. {V, ~'/Jo) J,ll;OBJieTBOp.ReT ypaEHeH:VliO 

(2.28). ,Qn.F.t arroro npo,1.Wicpr!JepeHUJ,1pyeu ode qacTVI paBeHcTBa (~ •. 30) 

li1 DOACTUBHM B HHX (2.29) III (2.30). 
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I 

R 
i..l( 

~ 

= V .. ( s) R '~< (V, s;so) + P, (s) · f< ( P 5/so) exh 5 V. {r)c{i = 
.. L I " ~. 't 'l. /( , . r .s ~,, 

0 I . 
I I 

! : 

~ .s i i 

= [1- d {t, "-~ e.Kf f{V.,_,JtJ- I{ (t8 dt · R'I.J P, 5/~.) exp J V.,lr) dr ._ 
0 . .so 

= V ( S) · /( ( V . Sj.s ) 
L'Z. 'Z.K , 0 ) 

( t : 1, fl J ' • • I fl.) . 

(2.32 

nocuonhKY np11 .s = s 
0 

(2.33) 

'I'o y.L(OB.neT BopeH11e R { V, Sjso) JPUBHeH v110 ( ~. 2 8) /~ OKa8aHo. AH8:-
1 

JIOrl1tiHO MOXHO noi\aaaTh, qTO ecJIItl R (V, 5/;.o) nO.L(liitlHHeTcR ypaBHe-

Hitlro (2.28) Itl CDR8aHO c R {P, .sAo) BHpaxeHY.IeM (2.31), r~e P(s) 
~npe.L( en neT C.R qepea V (s) corJI a•}HO ( 2. 30), . ·ro R ( P, sAo). JAOB- ·· 

JieTBOpneT ypaBHeHl1D (2.29)~ 

TaKHM odpaaoM oT ypasHemut. A1ilJ1 MaTpvn~aHTa g napQMeHHtHt 
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onpe,T..teJI:vrT ene M ac er~ a MOXHO nepe~tTlil K yp aaHeHli.IIO ,T..tJIR MaTpli.ID,aH'r a 

c nocTOR~HHM onpe.z.tenwTeneM. 

§ 3. PeKypcl1BH:ae ueTO,l1H BHtililcneHvrR MaTpvru.aHTa. 

3,1. MU'l'PYI4Ha.FJ CTJ06Ht.IaTa.FI c!JJIUUI,YI.FI, I1yCTh YIMee'l'Q.FJ KJCOtiHO-
• 

HenpepuaHan MaTp:vrt~Han <fJ.YHK~l1R V(.s) ao.~aHHaR Hu HeKO'l'opou 

npouexyTKe f =[a,g]. BoahMeu r:eRoTop:aPl npm~texyToR I =[se~rsJ, · 
r .z.t e S,,'~· a. , s ~ i, 11 paao6'beM era H a n.. q acT ePl, BBe~R npo:Me-

xyTotiHHe T OtlR11 $ ) 5 , ... , $ · ' 11 n OJIOXlil M 
. 'f .2. 1\•1 

llS.=S.-S , 
d J J _., (/=:~:J, ... ,n; S,=-5). (3.1) 

J1yCTh BCe T04Rl1 paapHBU cpJHKl.l,Vllil BXO,T..t.FIT •B tn1CJIO TOlleR pa8Gl1e­

Hl1Jl (npoue:tyTOtiHHX TOt.IeK). BH6epeM B -JtiHTepaane I.= ( s. 's.) 
- . I J-f 1 · 

H6KOTOpyD TO'llKJ S 11 8Hat.I9Hl16 !fJJHKL,Jtll1 V (S) B TOt.IRe S, .. 
od oaHa'll11M qepea J V ( ;'). 4 

3aMeHHM ( annpoxmu.,mpyeM) HCXO,DJIYIC• CPJfii~qz,no V ( S) . HeKOTO-

po~ CTyneHt.IaTOPl ciJyHK$16~ V(J) a paa6HeH~eM ~ • CT.YneHt.IaTy:o 

tP.YHH~JtllO onpe,T..teJIJIDT ~Ba apitlcflMeT~!ti6CKl1X BOKTOpa: 

j 
(3.3) 

"' v (v) =II Vtt), V(2), ... , v(,1)JI 
. 7 

. (3.4) 

B6RTOp paadVIOHYIJl !flyHKl.l,ltiitl ~ S(v) VI BOKTOp 8HUt.I6H11P1 cfJJHIU~Vlltl 

VC'J). Ha:vrdonhmVI~ :vra npoMexyTROB paad:vrcrn•R odHt.IHo HaaHaanT Men~ . 
KOCT hn p aa6111 eHYIR, KOTopH~ MH o6 oai-Iut.IHM qepea I V I. 
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lv l = max ilS. 
i J ' 

j = 1) ~, ... } n... (3.5) 

3.2, RopTe;rr Ma.Tmr'IHO~i CWJ·IroJVIVI. IIycT:o r,meeTc.r.r Haoop 'IVICeJI p 
1 

r,n;e p == I ,2, ... , p H nycT:o a~m 'IVICJia I rrJiaBaKII\t1e t~~H,n;eKCbi I 

i 

f1 ( /=>) · , 1\0TOpbte 06paayroT 0,[(1-ry V'I8 BOBMO:Kl:IbiX rrepeCTai-IOBOK tJHCeJI P . , 
T ,e, n ( p) • I ,2 1 ,,,, ~ , 113 3HatJeirn:W KOMIIOH8HT BeKTOpOB A 5 ( ~) · 

1-1 MaTPH'IImX sJieMeHTOB V · ) , P,ZJ;e p , K = I,2, ... , j3 1 · .• 

rl{p), n (K jJfH1 > . 
o6paayeM axeMBIIT!l MaTPH•moro KOpTelll!l < A 

11 

J3 ( .V, v) cne,lQTRlili!M . 

o6paaqM: 

r. Ci ftt) == S(p,e)+V (/)AS+· 
~{j-1)+Pt-f>0{1,f>)' f3(j-').)+etj35(1,f) . n(p>,n.(t) J I 

e~p' i = 0, 1, ... > n . V ( n +-4) = V ( o) = 0 {c1 S =- ~ S :;::. 0) . 
(J tl+1 0 

OTHOCHTeJ1:0HO paaOV'ICHM V • tfucJio be I Becoaoi1 MI-IOIKMTe.m;, I 

a,n;ec:& .TIBJmeTC.TI 11pOH8BOJI:OHL1M napaMeTpOM, fipvt,. Bb1'Jt!ICJ18H11lli 8J18MOHTOB . 

KOpTema MaTPM'IHO'Ci cpyHrozyrV'I tJaCTO rrOJIE.raroTb:6' = I/2. llo,n; MaTpatnrn:-. e. . . 

MH SJieMeHTa.MH VtL(p), n(t) (j) MOlRr!O r:OiffiMaT:O 1\a.K MaTpTtttnrue Q;,10rot, 

TaR H C:Ran:ffpHHe cWH~HH, 
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. ; 
IIpHMep 3. I. ThiiliJtiCJIV'ITo aJieMeHTa MaTpJtiln-IOro I\OpTelKa <A ( v v)). 

V(s) ~~ ) 
~JJJI MfiTPM'IHO~ tlJyH~w , paBI-roli1: 

0 ~,_(s) V(s) = 
V').Js) 0 . 

Ha tUITe pBaJie [ 0, I] rrpvr paBHOMe prroJvr pas 6vreHHIII ~ (A\~ a\.= ... = 6.S"::: h.). 
IToJIOlKIIIM 6 = I/2, n(p)=P (p = I,2) • 3Hal!eHHJiclJYHK4HH V (i) 6y,I:\e~ 
Bbt6HpaTo B cepe,lOIIHe ... cooTBeTCTBy~ert:> HHTepBaJia ( j = I ,2) . T{aK .. 

CJI.e;rzyeT IIIS 8Hati81IIIIti tUt,r.(e:KCOD ~1aTptitiJIO.rO KOpTema, 'IIIICJIO Y"IS.CTlCOB 

paa6HeHHJI B ~I-niOM c.nytJae paBHO 2 ( n. = 2) • Ha.ti,l:\eM aJieMeHTbt MaT- 1 

PH'IHoro ROpTema (J' • 2) • 

D.. = J.. V ( -t!v) · h -= J. V ( 1) · A .. 
10~ :1.- 1:L ~ 1~ 

CL :.:LV { 1/v)·h+ ~ V ( 3/v)·h= .1.. 
32, 4 1'2.. ~ .1t;_, I ..<, 

v ( 1) . h -r j_ v ( ~). h . 
12.- I 2 12. 

I. 
I 

a =-a -=o =o =o-= J.-_ 
1 -1 . 2.0 lt .., "' S,3 
I 

Q -==- V { tfv) ·h. = V (1}-h.. 
1( ~/ 21 

a -=- V ( 3/") · h :: V (i) · h . 
'l3 ~ :Z.t 

MaTpiii'IHIDl KOpTem ,1:\JI.ff cfJYHKLV/IH V (s) E ,D;ai-IHOM c.;ry·qae COCTOIIIT H3 

lllJyx JniUie\iJ.rux ROpTeJKeti, BO BTOpOM III8 ROTOpbiX CTOHT TOo~1oRO e,IJ,V.'n-IIII.I.\bt. 

B nepBOM J1HI-I8HHOM KOpTeme ::meMeH'l'bl C nepBblM H9"I8TlrnM IIIlt,ri;SI<COM 

OIIpe,l:\e3JfiiOTCJt rlJyl·I~eJi1: V fS) , a 3JI9MSliTbi C nepBbiM lJ8Tl!T.JlM IIIH,D;9RCOM . . • ·1'). 

. - lk/liKLtMG~ ~~ ( J) • 
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3.3. Y.eJIHOK-CJMMH ltOp.TeJ.a MaTJW.ttiH011 rP.J'HIOJ,HVI. PuccMOTflVIM 

H6ltOTOpHO CBOMCTBa MO.Tfll1l.\H ti8JlHO;\-CJt.1M HOpTCXU MaTp114HOVl fllJHlt~ 

1.\IIlH V (s) • BEe~ eM rpyHKU.HD ~ ,l{BJX n apaMeTpoB K 111 p B · 

BitlA6 

( 3. 6) 

V (s) : 
· )n +1 £ (rt,p) 

<A · (n, V, v)/ S 
1' p 'it ( o, -1:) + t 

pt:-1 cnpaBe,rpilllBO p aBeHC'r BO: 

::£. { K-(> f) 

S
fL{K-1 1 p) 

( 1<) -s (3.8) 
~{o,.e)+1 ~{o,t)+t 

)j,OHa8aT6J1bCTBO. Tip:vr fJ 'f-f CaMHt1: 60JibillOi1 nepBI:iV1 VlH,J~eK·C 
fl(l(-1)+1 

SJI6l.16HTOB KOpTexa <A (K v v)>, BXO,JJ;.ffH~VlX B 'tJE;JIHOK-CJMMY 

'£, (K-1' P) 1,f ) : 
$ . {K-1), 

Z{o,t:)+-f paB6H jl{K-2)+p 1 ROTupHt1 Dplll JII06HX · 

p MGHI>me, tteM j3{K-1)+ 1 • Ho, RaK cne,n;yeT ViS onpe,n;eJieH~.ff 

SJI6M6HTOB ROpTeXa MaTpL'I4HOt1 rpyHRLl,Vllll 
. ' 

T alt RaK Bee .aJI eMeHTI:l KOpT ex eH. paBHH, TO pctBHH 11 VIX q em-IOK­

cyu:uH, tiTO ,D,Olta8ImaeT ·. CDOPlCTBO 1. 

CBOVlCTBO 2. ,l.lJI.ff j:J= 1 li!MeeT MeCTO pu.BeHc'rBo: 

• 
I 

·' 

i 
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~(1<-f, -t) "£(~<-~tJ · f1 ~rl(-1 e) s (K)= s (K-f) +AS ·G L v (K) s I (K-1} 
'£(0,-1:)+1 £(o,t}+1 " l=:l. nl1J,nte) ~{o,l:)-+f . 

(3.10) 

,l{o }{8.8aTeJib CT BO • flo Onpe.L{eJI eHV'ID JlEJBJ::lX qeJIHO lt-CJ l.lM Vl B CVIJiy 

CBO~CTBa 1 HM6bM: 

! 
I 

~(1<-1 1) -/. ! s 1 

{K);= 
z (o,-t)+- 1 ' 

-
~ ( K-1,.() -L 

::: Q., A( f) 1 • ( K,- VJ J). ~; ( K- fl. 
r. 1<- -+ 1 f(l(·t)·+f-1. I dt(O,t:)+1 r; 

3anMmeM nocne,rtHee B.tlp axeHHe B en e.L{yrom eM BVl,n e: 

' 

(3.11) 

( 3. 12) 

(3.13) 

H 1 ·.yqlll'l'i:iBUR onpe~ene·ime anm,leHT:>B HOp'l;'e:ia MaTfH·HIHOYi rrYHRUVlVlt 

nonyqHM 
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• 

· f3 de (K--t, e) 

As . ~L6·V . s (1<-,1),r.3.I4) 
K # e 0{'1) n(e) ~ 

~ ,.<. ' de.(o1t)-t 1 · : 

'ITO M COCTQBo~l.fieT ,IJ;O:Ka3aTeJ1oCTBO CBOt[CTBa 2 • . 
YnpruKHeime 3. I. IIo:aaaaT:&, HcnoJu,syn CBO~CTBa I H 2, 'tiT.O 'tJemro~ 

CYMMf:l MaTPHtJHOrO KOpTeG y.D;OBJISTBOP,ftiOT CJle,eyi<XqeMY pa3HOCTHO.MY 

~ (n-t, e) ] 
+ .S {n~·f) + 

?C(o1t)-+-1 
(3,I$) 

3e.. (n..- d(t,e), e) 

S ( n.- d{-t, e))+ 
3e. (O,t:) -t-1 

p-1 

. + Z: V (n) • 
e~t n. {f.'), n re) 

. p S 'de.(n.-1, e.) 
+. 6S·I:v · (n)·~G·V c~) · (n.-t)

1 . l'l.. n..(p),n{'f) e:.r;..e n.t-t),nte) ato,-t.)-rt 

(3.!6) 

YnpamHe.HHe 3,2. IIoKaaaT:&, 'tJTO IDJreeT MecTo paBeHCTBO: 

~ (o, f') s . ( 0) - f ( f1 t). 
~ (o1-t1-+1 

.(3.!7) ' 
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B. 4. flpe.gcTaBJieHHe MaTp~H~aHTa B BH,qe tl6JIHOR-HHTerpana·~· 

p aCCMOTpHM npe,qeJI hHHVl nepeXO,lt B CJie,qyiOIIt6M BHp aXeHWH 

_j_ 
t1S n [ 5 

~(n,p) 

de (o1t) +1 

( n..) 
1 ~ ( n-1, p) ] 

~> ( n- t) = 
~ fo1 t) +1 

(3.l8) 

: s' [tim s~(n,p) (n.)]= 9 [<ntp),n./t>JS~rs>"!.] 
CfS 1~1 ~ o z (o1t)+1 s 5

0 
· 

n ..... oo " 

3.ztech qepea <n(p),n.{f)l.J Vls)dJ. MH Ol>oaHa:tntnH npe.L(eJI qenHOR-
Scr 

CyUMH, ROTOptiVt Haaoaeu qeJIHOK-HH~erpanou. fiepexo,q.a R npeAeJiy . 

B pa3HOCTHBX ypaBH6HHRX (3.15-3.16), n.OJIJtlHU 

s s 

1 [< n{p), n{t)/ J V(s)d5] = V' . (s) ·< n(e),nlt)/ 5 V(s) ds 
«.S s n{p), n{e) .s 

0 I 0 
(3.19) 

~ I 

I 

I I 

Yt.UlTHBa.a (3.17), HaXO.ztHM, tlTO ,.qo1:aaaHa cne,n;yiOnta.a TeOpf:)ua. 

Teopeua 3.1. MaTpH~aHT 

.. 

. ! 

x' = V(s)ds (3.20)' I 

cyTh neBH1!· qeJIHOR-HHTer:pan xopTeJa :uaTpH4HOVt tPYHRJ.U1H V(s) : 

~ 

R (V, s./so) = // < rt(p)1 n(t) / ~ V (s) d s //. 
0 

( 3. 21) 

Cne,n;cTBHe 1. MaTplr'l4HHe aneueHTl:i uaTplt1UaHTa R {V, s;s,.) 

npMO.nM.IeHHO PUH1i ooo'.t'tH!I'l'O'rizy~ll{~u.c toieJIHou-oywau ~tOp'l'esa 11(&'1'• 

pH'4HO~ tP.YHKJ..tHH v (S) npH Bl:ldpaHHOil paadHeHHH ~. 



·£.(n,p) 

S (n,V,v), 
dt (o1t)+1 

(3.2t:::) ,. 

(n. (ph h. { 6)' pI t = 1' 2 J • "I I). 

' Cne,!\CTB1116 ;;::, )lnR YaTp1114HOVl mYHltlJ,IIllll 
" 

P(s) , cne,n; RoTopo~ 

paBeH HyJIIO, 

< p ( S )_'> :. 0 I ( 3. 23) 

onpe,n;em1T6Jlb Tip1116JHIX6HHOrO MaTp1111\lHTa, BH4111CJ1R6MOI'O C TIOMOII\bf 

qeJIHOK-CJMM, paB6H OTip6,!\6J111.T6JlJO T:)tiHOrO MaTphl.\aHTa Ha 

JID60M mare BH4111CJ16H111~ 

~(n, F) 
- 7)~ t II s ( n, P, v) ll = 1. 

';/!..{0, t)+1 (3.t::4) 

3T 0 CBO.WC'l' BO np1116Jl:lt1JtOHHOrO MaT p:!t1U aHT a RBJ1R6T CR 0 CHOBHl::JM O'l'Jl:lt1-

qJI1e M BH4111CJ1IIlT6jl bHO:Vl CX 6MH onpe,l( 6Jl eHIIl.fi MaTpVil.\ UHT a C TI OMOil~biO 4 6JI­

. HOK-CJMM OT JIIOO HX ApyrlllX BH4111CJH1T eJlbHH X CX 6M ( HaDpli!M6p 1 C X€JMH 

PyHre-KyTTa). TaKlllM o6paaoM, np111 BH4111CJI6hllllll pemeH.vlh ypaBHeH~R 

( 

X - P(s)x (3~2b) 

C yqeTOM ( 3.23) !l)U30Bl:lt1 OG'h8M TIJ'llRa 6y,n;eT OCTUDd'l'bCR TIOCTORH­

HHM Ha npOTRJt6HIIH1 BC6rO BH4111CJIYiTOJlbHOrO npOI..i,eCCU. 

Ynp.a:s:HeHHe 3. 3. TioHuaaTb, qTo peilleHVleM MaTpvl4Horo ypaBH6H111R, 

(8.~6) 



; 
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r,&e npuBH£1 qeJIHO.K-JIIHTe~paJI, oc>oaHaqaeMHiii ttepea 

~ 

paaeH 

I n.(p)1 n.{ t)> ~ V (s) ris. , 
. ~0 

=eUn­
lv/-atO 
.n..-..oo 

v ()! (r.~, 1::) s {n.). 
de (o,p)+-t 

(3.27) . 

1lpJIIM6p 3.2. C flOMO~:&D qeJIHO.K-CJMM BHl.IJIICJIV1T:& npV16JIIfllt6HHO 

SJI6M6HTH MSTplfl~aHTa ,&JIR ypaBH6H~R 

R' ( V, s;so) = v' {s)'R (V,. 5/so) 

~JIF! TOtiXl'l s '::-( ( so~o) , 8HaH, QTO R ( v, 0/o)-= t . Jll (JlJHK~Jil.fi 

V ( S) JIIM66T BillA 

\,l~) 0 
V(s) = 

0 V (s) 
12. 

CtiJIITaR, liTO n..(p)=(>, Jll.It1cnoJI:&ay.FI ItOpTe:at, Ha.ia,l\eHHHVl B npltlMe­

pe 3.1, HaU,I\eM SJieMeHTH MaTpir1~aHTa np11 pa86ItlCHltllll TI}lOMbl:yTKa. 

[0, 1] HS ,I\Ba paBHHX TtiHTepBS.Jia (A Sci: t) J-=1,2). 
'f J 2. 2.. 1 2.. 

R (..,I o) ::: S ( 2.) = a .S ~ S = a ( o S t s ) 1- S =-
a1 I 2., '(3 :t. 2.. 't3 J.:t ;z. ::z.. 2. 



r7 1 • 
-·\.)- 1., 

R '( 1o) ~ S 
5 

( 2) = · a S 'f + S 
3

:: ·i i 
11 1 sv .2. .2. 

: f ~,_ ( %) . h 
2 f '{, ( %)[ 1-t f h.

1 ~~ (
1/v) (~,_{'/.) +~1 {lJ.))] T '{,{Y'f)} T . 

+ f h).~~ {if~) [ ~2. (
1/ll} -t ~2. ( 

3/Jij 1" 1. 
~ 

So -= 1. · S ~ == a -= i V ( 1'"') · h . 
. 1 1. 10 1').. 

4 , . 0 . . 2. 

5 -= a · 5 -+ S = i V ( 1J() \1. · ( 11") · h -+ I. 
1 ~' i " 2-t 12.. 

s1

1 

= ~,_ ( ... s; .. ; h. [ ~,. t%)+ ~2 n~H [ 1 .. fh.'"V,., ('1 .. ; ~~t%d ... 

+ ~ ~2. ( -f/ti). h. 
I 

~ 3 ~ 

R4l. ( .,lo) = 5., (2.) = a4~ ~1 T s_, =-

= l h. .. \/,_,( ;;'~) f [ tt;,_ ( •!,) + If;,_ {% )j { 1+ f h .. '(,_,('!") ~2 { 'Aij .. 

+ v ( -if/{)1 .1 -t- i \( ( 1l() v ( -i{q) ~ i . 
11. J 2.1 1~ 

~ v 3 

R · { .,lo) -=- S ( z) : a S ~ S ~ 
1;t 1 S4 1 1 

"' ~ h
1 

~l. ( 3j4) v,.. {3/'f) [ [(~,_ ( %) T ~:J %)){ f + f ft \,( %} ~,_(%» + 

+ ~2. ( 1/" )] + . f '{, { .,1~) ~~ { 1v) h'"-+ i J ,. 

+ f h [~2. t "lct) -+ v,2. t JAE [ 1-t f ~-, ·'{, t r~J ~,_ r "'vJ} 1" 1. '1
2 
r vi()· h.. 
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§ 4. YpanHei-M.R BToporo nop.R,&Ea. 

OT ~ eJibHO ocT aHOBI.1MC.R H a BH tiJIH:Jiemtr:vr MaTp.vu.J,aHT a JIItlHeVi Ho ro· 

,&Ir1c!JcpepuHL\Ha.TihHoro ypaBHeHVlJI arroporo nop.R,&Ka 

is (pts)x') T q, (S)X ::0, 

Yp o.BHei-JJ.IIe ( 4.1) l'lrpaeT J.IICKJIIOtiVITe.rrnHYJO po.Jlb B p o.:?JIJ.IItiHHX o6-

nacTnX cpiii8J.IIKJti J.1I OTJ.IIM 00'b.RCHJI6TCJI ClOJ1biii06 KOJIJ.IItiLCTBO paOOT, no-
- . 

ca.RmeHHHX ,&aHHOMJ' ypaaHeHHJO. SanwcaHHoe B HOp:MaJibHOki cpopMe, 

OHO HM6bT· BJ.II,& 

X 0 V {s) X 
12. --

I I (Ll ~) . 
pts)X V (s) 0 p(s)x ... . ' 

;ll 

r~e 

(4.3) 

PemeHwe ypaBHeHIII.R (4.2) CSy,&eM :vrenaTh c noMOin;hJO MU'l'PVlli.UHTa 

X X 
0 

--
pls)X

1 (4.4 

DycTh cpyHKL\:VI.R V(s) - cTyne>It!aTa.R 1JYHini,VIR c n. J'tiUCTKaMJ.II 

nocTO.RHCTBa.,H nycTh V (j) - iJHatieH:vre cJlJHHD.l1J.II Vfs) Ha J -o 

yqaCTlte no CT O.RHCTB a (i:. 1) 2., "'J n ). 
Tor,qa npocToVl npoaepnoVi MOXHI) y6e~viTbC.A- qTo MaTpVl'lHlie 

3Jlel.I8HTH ·Ma'l'pVIIJ;aHTa· BHpa:taJOTC.R '.Jepea ti8JIHOIC-C.YMM1:J BTOporo no­

p.R,&R a: 
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. ln-2. +p -t :2. d(1,/') 

R (V 5(lfs) = F nfpJ,ntiJ,p,t-=t/~i (Ll.b) 
n.(p}, n{t) ' 

0 t -1 .... :l. J(t,t) > 

r.zte JieBI:ie qeJIHOifCJ.MMH eToporo noJ)JI,LU\a )J.JIR <!JJHIU~II1JI1 V(s) c,:Hynn­

MJI1 Ha rJI UBHO.t1 .ztV'I ai'OHaJIH onpe,n;e JIJIDT CJt 13 B~ 6 

m 

F 
K 

=a 
m. 

M-of tn-:t 

F + F 
K I< 

a -R (V. 2J n (:~.), n{1) 1 
( 

-1 

R (v, 
l'l('-},/n(-1) 

'jJ ( J/;·-,) = R { V 
n (rJ.), n (f) · n(rJ.),n l-') J 

~<-1- r F -~ 
I( -· ) 

1<-2. 

F =0 
K ' 

(4.6) 

(4.7) 

.(-0. ) -I- f R (V s.i;.t ) R ( V, srJ. ) 
J-f n(o~.)1 n(fl) > J""~ n.(fJ,n(r;.) Ji ~ i 

(4.9) 

a MOJJtHO 8aTIHCaTb TaRXH B B:VI).l;e 
'-J·-1 

(n.'tf) 0 

ll :. a = o. 
~1'1+( -1 

(4.10) 

TipH STOM 8Jl6M8HTH a 
:&J 

TOB OTyneHqa~oU ~YHHUMM 
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l. vn(z), 11/1) (i) . "<,,,,, 11/<) lJ) = - <l- (J) ~-ri)"" w(j) > 0 (4.11) 

I 

' • a.:Zj = ~(2.), n(-t) (/) W-1{J) :J-'h W{i)'-'Si. 
( 4 .1~) 

0. ).J~~~ = ~,,,, 111 •) (i) w _,fi) t h f w fj) "si 
( 4. 13) 

. -1 ~ 

2 • ~(2) n{1) { j) · ~{tJ, n(l) (i) =-'it(/) P fi) =- w (i) .t:. O. (4.14). 

ct = V {J) w- 1li) Jin w{i) ~~ .. si. 
lJ n(2.)1 n (1} 

a ~j) = V (J') w· 1tJ"' tQ f lJJfi) As .. 
i.J--f n(·fJ, n.t1) (,I d J (4.16). 

3. q, {i) = o. (4.1'/) 

~4.18) 

(4.1~') . 

Ynpa~HeHwe 4.1. lloKaBaTb, 4TO npH KJC04HO-nHHe~Ho~ unnpoK­

CMMaQM~ <lJJHKl.l,lllM v (s) B ypaBH6H.VJltl ( 4. ~). MaTp1t14HHe oH8M€HTH 

MUTpllll.l,aHTS MOXHO npH6HHXeHHO BHQ~CHHTb TIO ~opuynaM (4.~-4.9), 

r~e 

R ( v ~i/J ) ~ .t. l1 s. [ v (i) + v ( ·- t)j 
n(at), "(f) ) i--f :L J n(o~.,,1 n(f) n{r~-),nf/) J. 1 

()(' f = 1/2 ) d. :t-I. ( 4. 20) 
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WOpMJJIH ('1.5-4.~) C yti8'J.'OM (4.~.0) ¥1 (4.:G1) MO~HO HaBBaTh 

(lvpMJJJ ru.rn TpaDGIJ,H~i ,z:piR BHtiHCJI8HIIlil qeJII-IOK-HHTerpa.J:Ia. 

YnpaltHeHHe 4.2. DonaaaT&, tiTO npVJ. nycot.IHO-KBa,n,paTVltiHOVi an- . 

npOUCVl MCiHJ,ltl:ltl qlJHltUVIVl v {~) B ypaBHO Hltl¥1 ( 4. 2) 3Jier.teHTH MUT pHI.l,ElH~ 

TCl MO!.HO npwtdJIV!.l!8HHO.BHtlHCJI.F.lTh no tPOpMyJiaM (4.0-4.9), rAe 

R ( v. Vs. ) -:. .i <lS. r v {j) + 4 v u- '1.) + v ( j-·{ij . . 
n(c~-), nf!) ' J_., b d L ntr~->/,fiJ n{c~.),n(J) nf.l.),nfj) ( 4 • ~~) 

.. 

7:J ( i 1· ) = -7J {J%·-1) ·= 
fl (c~-), n(J) /J -1 .nfJ)1 n(c~-) J . 

(4.23) 

rJ.. f= 12' J J I 

a V (j-12.) o6oaJ-Iaqaer aHat.Iel-IVle cpyHKIJ,l1W V(s) B cep8A11He 

d ~OrD npOM8XJTKa. 

CoBOUJllHOCTh <!JOpMJJI (4.6-4.9) C yqe'l'OM (LJ.,22J 11 (4.~3) hlOX- · 

HO HU8BaTh <PopMJJ>Oi1 napa60JI ,n;.IIR rtpi110JIVlJli.8HHOrO BI1'Jl1QJICH1',R ll8Jl- .: 

HOK-V!HTerp UJI a. 

llpwMep 4.1. HahTW npwoJI11JCEJHHI:Hl aHat.IeHVlR aneMeHTOB Ma'l'Pfi1IJ.aH-. 

V {S) , paBHOM 

V(s)-=-
0 1 I 

-.) 0 (4.4G) 
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C nO:UOil\bD qlOp:UyJIH Tp aneQHiil ,ltJIJI \I43JIHO K-HHT erp aJia npH paBHOMep-. 

HO ll p aaOJII 6Hl1H ,ltJIJI ll . = 2 B T Oti:tte 5 = ft ( ll S1 : t\ S
2 

= ~ h.). 
flOJIO.J:l1U fl{1)=1, rt{~)=2 • Sne:ueHTH :uaTpH~aHTa 

.ztJI~ ~yHKUHl1 (4.24) paBHH 

' h· - .,, ' 
~·3.S·b . 

I 
R { hfo) = R (h 1o) 

. 21 ·H I£ > 
(4.25) 

.., . 

R { h/o) = h- JJ._· + 
.12. ' ' 3· 'I 

-- ... ' (4.26)· 

• 

Haiil.zte:w np1116JIHX eHHHe aHatieHIIIJI ~tJIR an eMeHTo a Rf'1(%) 1r1 R.1~.J hj0 ). -

c nououtbD g)opuyna Tpane:u1r1~ . .zt'nn qeJIHOK-ItiHTerp an: a~ 

(4.27):· -
. I 

! 

' . I 

. . l 

1 · 1 ( A') h ~ 
1 

('I o) ~ :z. · i · h - :z. : - r · 
( 4.28) 

' 

R ( 2./J) = :t. · j_ . h (- h - J.. ~t) - - -1 h '1... ;1.1 r ~ :1. . :1.. -. 8 . 
(4.29) 

a = ~' it 

-1 2. 
r~ ::--h 
\A-1 . 16 ) 

I .. 

. 2. 2.) 1 'l.. . 3 l. 

aJ = f (- i h.. - · ~ h = - v h , "s- = - 16 h. . 
(4.30) 

0 

F ~ 1. 
1 ' ' 

1 -1 L 'Z.. F :Q:--n. 
1 1 1b 

2. . I hJ 
~ : C< Q -t/::.-- +f. 

·1 ~ 1 6'1 
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R' ( h~) ~ 3 2. 3 ( J/ ' ( hl l h b · o-= F =a F-rF =-.1 h s-.1.. n +t--r.. = t-1..1.h+~. 
-t-f 1 '1 I 1 32 'f& 6 7 o'l S1'-

1 
F -= 1. 

l. . 

F =-Q. = fh. 3 2. 1 -( ~ .3 
F =a F -tF :--h · :Lft tf-= 1- :Lh ;t ;t ,. 2. J2 2 lf ;t. 8. 

SneMeHT~ KOpTexa B paanHqHHX odnaoTRX ~HBHKH (aneKTpOHHuR on­

TI1Ka, CTeKnRHHaR OllTIIiJta, rOJIOrparJlllR, bT60pV1R aneHTpHqecKHX :U.e­

neVl t aneltTp OMarHI1THOe none B. CJIO:VWTHX Cp 8)\ ax) l1MeiOT H OH KpeT HOe 

«)Itl8l1tl6C KDe C 0,1\epl: aHYI e, q•r 0 OTKpHBaeT ~Oll0,JIH11TO.H bHUe B08MOXHOCTl1 

,l(nR MO,ll;8n11pOBaHHR pu8,Jll1tlHHX npOI.\C(lCOB 11 TIOCTpOeH.VlR aHanOrOBHX 

y CTpoti CT B. 

§ 5. HenHHe~HHe odHKHOBeHHHe AV~ffiepeHQHanhHHe ypaBH6HMR 
.• 
I 

5.1. I1po11i8BOAHOe ypaBHeHHe AJIR H6JI11Het1Horo ypaBHeHHR. 

· IlycT:& H.ueeT CR Hen11Het1 Hoe ~IIicprj)epeHW1aJihHoe ypaBHeHHe, a ant'! caHHoe -

B B~~e 

I -
. X = I ( x, !:. ) 

r ,n;e X -:- n_- uepH.cfrl B6HT op. ·OdoaHarn:lM 

I x=r-
l'I np'oAt1clJr])ep 6H.UHpyeu no .s ypaBHe.ru1e 

-I( 

~~ '¥ X - X + CU.S ) 

• 
:HJU1 

- -I 

H~ H-·. y = + 

06 oaHatlHM MaTpt1.uy HI{ 0611 

trepe~ ·frx,s.)~ 
qepea 

( 5. 1) 
t 

BeH·rop X qepea ~: 

(b.~) 

(5.1) • l'orA a nonyqt1JIJ 

(5.3) 

(b.4) 
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~ ::. V { x, '>) 
1 

!J ,. jt•,s) 

Tor~ a ypaBHeHH e ( 5. 4) a an ~meT C.R B Bli1.L4 e 

(5.b) 

r.zt e 

s 
X {s) -::. J U(s) d~. (b.6) 

so 

YpaBHeHvle (5.5) HUBOBSM npov1aBO~I,HHM ,ypaBHeTIMeN,J~.IT.fl ypaBHeHli1JI 

(5.1). flo Bl1,l(J OHO HaDO:M11Hti6T H::>pMa.IThHJIO cilllpMy 8Ulllt1C11 JIViHC:tiHO­

ro HeO,[\HOpO,l\HOrO ypaBH6Hll1.fl 1 HO pJHKIJ,VJ.Vl V Ill f 8,[\eCb 8UBJilCJIT 

He TO.tibRO OT S 1 HO Jll OT X 1 orrpe,n;e.1IfieMO:rO ypaBH~HV18M 

r; ') 
o.~. 

R ( V (x/>), 5/s~) , r)\e 

~ ~ R ( V ( x, J) , sIs o) j ( 5o) ; 

ROTOpJD 6y,zteM Ha8HBaTh MaTpHUaHTOM ypaBHeHH.fi 

~ '-= V (x, s) j· 

(5.7) 

(5.!3) 

QqeBH,I\HO 1 qT 0 T ah Ot1 M UTp Itl:U.aHT TI t)/(qitiH.FieT CJI HeJIVlH e:tiHO MJ lliaTpititi-. 

HOMJ ,ztHcflr}'epeHlJ,HUJibBOMJ ypaBHOHH;O 
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5.3. 0 t.U1CJI6HHOM .V!HTerp:vtpOBaHHIIl H6JI1t1H6VIHHX ,ypaBH6HHM. 

VlcnOJib8y.R nOH.RTHe MaTpH!.\8HTa H6JlHH6.9iHOrO ypaBH6HH.R, UO.XHO 

Tp01t1Ta BHqKCJiliiT6JibHYD CXeMy pemoHMIJI ypaBH6HHJI ( b .1) • 

ITycTb B HaqaJibHHM uoueHT 

S=S 
0 ) 

(5.10) .: 

1118B6CTHO 8H8'li6HH6 lf>yHKll,KH V (J<01 S0 ): ~ • 3aMtiH.R.R Ha nepBOM KH-. i 

TepBaJie paa6HeHJIUI t1 S.1 lf>yHKll,HI> V (x, .S) nOCTO.RHH0.91 tflyHK-

:UIIleR V
0 

, pem:wu ypaa.HeHMie ( ~ • 9), nocne qero onpe~eJIHU 

8HQ'li6HH6 lf>yHK:UHH Y (-t) Ha KOHL~e nopBoro lllHTepBaJia COrJiaCHO 

BHpaxeHHD 

~., . 

~ {-t) ==- R {v., 5•/s.) · 'i0 + f R ( V. , 5'/r) ftx., t) dt, (5.11) 
0 

a .aHaqeHHe X {-t) no .. q,opuyne · 

~1 . 

x(-t)=- J ~(s}dS= f[y(i)+ttoJ}, ~(oJ::({xo,sfJ). (5."12') 
s 
0 

3aTe:U fiOJIOXHU 

(5.13) 

H npo)(eJiaeli aHanorH'liHYD onepuiJ.JrH', n ocn e qero n'onoJitJiHl x (s:l.) = x(2). 

H TaK ~anee • .LlaHHa.R npoD,e)(ypa OcHaqaeT, 'liTO Mil tPYHI<L.HM V(~<1 J) 
K f (x, S) aaueH.R6M cTyneH'llaTlll.M cfJYHKIJ,Ir1RMH nplll H6KOT OpO M 

paa6HeHHir1 V , npll! qeu aHaqeHlr'l.a tlJYHRIJ.VIH V (/+1) H f f/+1) MH 

.. _ ~~.nyqaeu noone MH'ferpHpos&Hlll.fl He j -ou I'Ipo.uexy'l'He. np111 e'llOV 
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AJIJI BHtt}l cne HIIlJI uuTpw.uaHTa R (V (x/;), s;_so) MOXHO nonbaoa aT b c.R 

tPOpMyJI aMH ,l.(JIJI MS'l'PHUaHT, JIHHekiHOrO ypaBH6Hl1.R B Bl1,1.(6 qeJI-

HOK-BYMM, tlTO npH 

(b.14) 

,n;aeT B08JJOXHOCTb B9CTl1 BHqHCJI6H}1Ji ,ll;Jl.R MHO.leCTBa TpaeK'l'Opiil~ 

c coxp aHe:tM eM wx tJ>aaoaoro od'b eua Ha Kax,n;ou yqacTK e np110JIH;.. 

xeaHoro HHTerpupoaaHH.R. 
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f J1 0. B a 3. 

B EKTOPHH E )l11 ~(D LPEHUH A~1hHl:lE; ODEP i\Ulilh Vl n O)~.b~·1IH.d E 

PEDEP ti 

§ 1. Do~DWZHHB penepH. 
• 

• 

1.1. Ar})£lH1HHHi1 penep. TiycT:b VIMBOTCR ,n;eVlCTBir1T8Jl:bHOe lJJ.1CJIOBOe 

0~ i 
npOCTpaHCTBO ~ C KaHOHVItiBCKir1U 6a8Ir1COM ~ B T04HB 

n. 
0 ~. R. PaccMoTpir1M HOKOTopoe JIIr1HeV1uoe npeo6paaoBaHir1e, l{OTopoe 

n. ~ 

TOtiKY 0 E: R nepeao~1Ir1T B TOqK~' M € R , a Ha6op BeKTOpOB ·. 
~ 
L · B Ha6op B6Ki'OpOB 

... 
e , Ir1 npH 3TOM BH110Jll·LijBTCR e,n;:viHCTBeH-

HOe yCJIOBHB 

le~, e:t, ... ,en..J *0, (1.1) 

• 

r ,n; e B JI eBOvi qacTIIl Hep O.BBHCTB a CT OliT On pe,n; 8J111T 8Jlb Ma'rplil LI,H 1 06-

paaoaaHHOPl HOOp,D;:viHUT aM:vi. BBHTOpOB OT HOc Y)T t.Jl.D-. 

HO KaHOHHqecHoro 6aa111Ca. I'oaopRT, tiTo TaHoe npeo6paaoaaH:we 

nplllH~JI ex:wT rpynne alflcpVIHHHX JIII1Hei1 LHX npeoopaaoa aHJ.tiVi. Ha6op · 

( M, ~ , e: , , .. , ( ) = ( r1, e:), 
y,n;~BJierBOpRDmiiiA JCilOBHD (1.1), H88HB89TCR 

(IIIJIVI 6aal1COM), TOtiKa M HaaaaaeTcR HatiU.J101,r penepa. .lvlH 

MOXeM paCCMO'l'pBTb penep, HOT0pi:rtl \33.BJIICl1T OT O,l..(HOrO IllJU'I H8CHOJ\b­

I.<l1X ,n;eAcTBVlTeJibHHX napmJeTpoa. TaitoP1 penep,. aaawc.Fiu~:rri:t-i OT napa~ 

MeTpoB, Haa:aaaroT no,n;mutHHM pencpoM. 1vl1:l B ,n;aJihHet1meM dy,n;eu 

~eJIO C TIO,D;Bl1XHH1ill OpTOHOp:MirlpOBaHHllMVl penepTMirl, 8UBJIIC.FIIIn1M:vi OT 

o~Horo nllpaldt~Tpa ( o,zn;onapaue'l'pM'C.lE~CllUr1Ml1· pem puiJI.1). 

1.2 • .l.lawl:eHVIR penepa. BecHoHetiHO MaJmh C,l\Birlr nu,n;B:vi='lBoro 

penepu onpe,n;eJIRIOT ,n;Ir11flri epeHUli'iaJibHHO cpopMH d M, dt11 cl~, ... , d{. 
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Mo:a:Ho noKaaaT.&, tiTO TaKJtie .ztJticfJ(I·epeHI..t:WaJihHue rpop:Mu ao.nJtiCHBaK:JTcn 

B Bl1,Lt e 

( 1. 2) 

de= we, (1.3) 
I . 
I I 

. ! 

r.zte WK l1 \!JtJ' ( 1<1 i.1i: -(~ :l.J"'J n.) .FIBJl.FIIDTC.FI ~vlqHpepeHJ.J,JtlaJI.bHl:i:Ml1 
cpopuaMl1 nepaott. CTeneHJti co cuan.FipHi:;iMlll BHatteHJti.FIW. 

~opMH VV .. .ztJI.FI opTOHOpM:TtipoBaHHHX ~nepoa JAOBJieTaopRor. 
l.J 

.zt OnOJIH!tiTeJI hHHM COOT HOID6HVl.FIM, }( OT opue nOJiJtl aiDT C.FI ~JtiqHJlepeHl.l,YLpO-

. B aHJtieM ypaBH6Hl1R OpTOHOpMitipOB UHHOCTJ/1: 

.-.J ,..J 

-I ~ -==t ""*rJ·:-t ul . e + e i = 0. 

IIo.ztcTaBJIRR B ( 1.5) aupaxeHJtie ,&JIR di Iti 

DOJIJ411.M 

( 1. 4) 

( 1. 5) 

Jtl8 (1.3), 

( 1. 6) 

T aRitiM odpaa OM, MaTpitil.l,a W ,rpiR op'r OHOpMvl pOBUHHHX p cnepoa 

.FIBJI.FI6TCR aHT11lCJ11MMbTpltlqHOM ( ROCOCliMM6Tp:Vi46CHOM) • 

1. 3. Penep <PpeHe. ConocTaDitiM KaJK:AOVi. r~vlcJ1tj epeHl.l,HpyeMO:Pi Kp¥1-

c R
J 

ao:M. B npucTpaHCTBe o,n;HonapaueTpvltteCIWe ceueficTso · 

OpTOHOpMJtipODUHHHX penepOB B 8TOM npocTpc.tHCTBe. llphBu.FI L on-. 

pe,n;eJIR6TCR H6KOTOpO:ti ~Jti~~epeH~WpJ·euoU ~JHltl.l,llle~ M (t) oT .ztet1-
nJ 

,.... • haz,n; o-t • 
OC' l3HC:iti0H11.FI.MV1 B 

1:1y 8Ha46Hl-'1D t CODOCTaBitiM CJI6AJIOIJ.4lll~l penep: ero HU4UJIOM 

nanReTc.R TOGKa M {t) Ha Kpl1Bcvl C ; Bt:.K'rop Z: (t) 
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aTo e,lll'1HhtiHifh ItacaTCJihHHiii ae:wrop 1t ltp.viBO~ C B TOtJI{e M (t); 

OH Op118HT111pOD.aH B HUilpaBJI6HJIIV1 B08pacTaHH.FI n apUME!Tp a t. 
B CVlJIJ CitaaaHHoro 

d M = W1 ~ , ( 1. 7) 

Tal\ Italt B8lt'l' OpH dM(dt npOnOpl.J,LOHUJioHH • ... 
i2 It) B elt'l' op BHOep9M B BVl,lle e,&Vi:HVItiiiOro B8HTopa, npo-

. "="' 

nop~hoHanbHoro BeKTopy cli.,jdt • Be~t•rop ltOCJie BH...;.i. 

onpe,I.(eJI~TC.fi O/~H08IIUtiHO B CYlJI] OpTOHOpMVl-

poBaHHOCTir'I penepa. TaRl'l':M o::-;paaoM, Ka:·.~j.oMy BHatiGH:viiO ·t w. 

cOtlOCTaB1t1M penep (M, [) • OH Ha3HBaeTC.FI penepoM <DpeHe Kil~Bbt1 ~ 
C B TOtiKe t . YpaBHeHH.FI ~BJIIJtteHM.FI TaHoro penbpa :vn.leiOT 

BJIIA 

• 
d~ = W1~ c. 7 d.t =- w r -t w t rJ(-=- w.., (. 

""' N ~ ., 2. 1 ~,l .3 ) ~ ... ~ .._ 

a {t) dt • CorJiac Ho ( 1. 7) 

~e~OBaTenbHO, lt08~~1t1UV18HT at~~)> o 
pa r1 M(dt • 3To oaHatiaeT, tiTO cpopMa 

cle 
BoabMeM B KaqecTBe napaMeTpa 

Tor ,I.( a ,llliicp!fJepeHI.\Ir'I a.TibHHe rpopMH 

Ha Hp:ViBOi1 

lil 

c 

Ir'I paBeH ,ll;JI:viHe 

w., ::. a (t) dt-

e 

( 1. 9) 

B6KTO-, 

c. 
e. 

,I.(e K~ (e) rJe Ir'I '<., re) c1e COOTBEJTCTB6HHO. 'feM C&IHM .onpe-:' 

,qenanrca ,qae WYHK~111H· k6 {l) 
OHM HaaHBaDTCR xpHBV18Ho~ (V1JI:t1 
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Vi!l:Vl B'l'OpOVl RplllmH3HO:Vi.) H o6oaHuttaDTCR COOTBeTCTBeHHO qepea 1(: "If 
-vJ-_Jf"' 0 'j p c p ~ 11Y , ., , r,n; e > - p iJAHY C Hp11Blll8Hll, "' - CJAl1.Y K y-

Q6H11R. 

~lcnonhayn o6o aHatteHl1e MaTpl1UH p {K) 

( 1.10 J 
0 t<l -I< 

;l.. 

p (~<) = -Kl 0 K_, 

K~ -I< 1 0 

ypaaHeHHe ,It BH 1: e Hltl JI penE-pa wpeHe o an IlliJie M B BJil,L( e 

dM 7' 
-=l.. 
ole -1' 

(1.11) 

r.zt e 

K =de= L, 
1 'C 

I<~ -::. o, 

1.4 •. Penep ,4up6y. 0pHeHTHpOBaTh ,n;:wcpr1)ep8HUMpyeuyJO l{pvtBJIO-

3TO 3H8tl¥iT B R8Jit,D;0£1 TOq}{e /'1 f:. L BH6paTb O,ll;HO 118 ,ll;BJX. BO. 

MO:!HHX HanpaaneHviVl e,n;VIHIIlqHoro RaCaTe:lbHoro BeRTopa H 
1 

C a 

TOttRe M (TaR, ttT o6a a ToT ae1-:T op :waMeHJIJICR HeiipepHBHO 

BMecTe c M ) • 
~JIR Toro, QT OOH 0 pVieHTHp OB aT I: DOBepXHOCTb s 

: ' ,n; OCT a-

TOtlHO BH6pa'l'h B Kalt,L( oiii T oq Re M €. S O,n;Hy lll8 ,n;ayx e,n; lll I-I Jlfll HH X 

HOpMaJI etf K s , nplrltteM au6r: aH H aR: · HOpMaJih ,ll;OJI~Ha 

HO M6HRThCJI BMeCTe C r1. 
TiycT h c - Oplrl eHTVIpOB8I-JH8JI JtpVIB aR, Jl E:ltclll~ M Ha Op:lii eHTir1-

pOB8HHOti nosepXHOCTVI S B RJ • ConocTaBlllM R(l:iit,I~OPI TOtJKe 

M E: C opToHop:MMpOB aHHI:IPl r:enep c Hatt aJIOM B TO tiRe M J 

KOTOpH.£1 HS8HBSeT CJI penepo lJ ~apdy ( ltphB Oii1 C 0'1' HOC WI' e .• b HO 

BepXHOCTJI! S 
.... 

). B KattecTBe . ~ 
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TOtiHe M -:"t 
L~ B0Bl:M9M 9,1\YIH:Vl'llHH£1 B9KTOp 1 Kaca-• B KatzeCTBe 

TeJibHH~ lt nonepXHOCT¥7 s B TO'llK€ M ' opT oroH aJI hHu:Vi K 
..... • 
L-1 H T aito£1, 'liTO 

...... . 
r~e Ll 

HOCT¥7 s 
B0Vl 1 c 
TaK: 

r,n;e 

l i.ll i 
J. ' 

i j 1 = ·1, 

- 9,l(JilH¥itiHaR HOpMaJib 1 onpe,li,6Jlfli0l.I.\UR Opi'leUTW..I}UO n OBepX~1 

• Eonw B ItatiecTae· napaMe'rpa Bi3RTh ~JIYIHJ ,n;yrH Ha KpVi-; · 
, I 

, TO ypaBHeHlllR· )(BYIXeHHR penepa Aapdy aanwcHna~TcR 

-+ 
' 

l.. -1 ' ( 1.T 
BHBHa, K~ - reo~ea:wqecKaR Kp:V!BYIBHa. 

YnpaxHeHv.re l. 1. nycT b r - penep <I;peHe, a ' 
- penep 

~ e-,..t 
,4apdy, r ,zte t.1 -=- -t 

H TIOBepXHOCT¥7 s 
, a V- yrOJ1 (~, ~) MeA~J HOpMaJihiO 

..... 7 
k1 B9KTOpOM L~ j BeitTOp L

1 

JieH DO KO.CaTeJibHOt1 K KplllDOVi: L · B CTOpOHJ B_OapaCTaHJ.1R ~JIYIHI:l. 

,.nyrw, BSKTOp z H'~·irpaBJieH no PJiaBHOti HOpMUJIH K KpltlBOiil 
1 C 

a aeKT op · S no; ·~d~·l-wpMaJIH; · C' 
B·~ Ha OpH9HT111pOBaHI~f6k TIOBepXHOCTJ1 s . 

L-1 D OKaa'~¥~),11 
,liTO B eRTOp RplllB118HH K. 

nep Aapdy, BHpaxaettf£ qepea Kp11i3yl:3HJ H 

penep <l>peHe; CJie~yiOli.\YlM Oop a80M: 

,it,' ,..,t.-

- OpTOHOp1MpOBaHHaR KpH-

RJ 
~ npocTpaHCTBe , 

, xapa1. T epv1ay FJll.(HH pe-. 

KpytieH1·te, onpe,zteJIRI<;lli.{VIe 

I 

IIIII I I ilJOp . 

!" 

K _ . 1< ~.nr _ _ 1 ,.M .cr 
;1. - -1 , ij .. ·' - f ,"\"'i~ I 'fj 

· J .Y pu:auo 1 H'JJ1 

p (.,I/ 
cl e -

I 
1,t' 1

1
1 d 

i ) 
I •• ':\,/ 
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2. J.. OpToroHaJibHBe CVICTeMH o~~ClleTa.PaccMo'rpVIM CVIC'l'e.My 

-HilT ( 0, X) , OpTH R()TOpOJ1 COC~~IlBJIRiYr OpTOHOpilllpOBilHHHl! penep, 

l • TotiHJ (1 B TaHOVi CVIC'reue .MO.lii:HO XupaHTep:vt80BaTb Hado,.;; 

• )~R Heno~BVIXHoro penepa 
-+ 
L 

KOHeqHo-uanoe nepeue~eH~e TOqHVJ 
a an .vi meT CR B n:vr~ e 

_, /) rJ- ~ :::; _/ {) ~ = X l. = L oO<, 
(2.1);; 

PaccMoTpVIM Tamte CHCTeuy Itoop.~VIHaT ( 0, t) 
1 OpTH HOTOp0.£1 -COCTaBJIRDT nO~BV~i.CHH~ OpTOHOpMvipOaanHHti penep L. , npVIqeu 

·ero ,l(BVI.l6HVIe Onpe~eJIR6TCR napaMb~~pOM 2>. TUH tl'l'O 

_,. tv ... dl'""- -+ I"J ~ 
if:!. = I O.) i. -= 7: I ( >.)-= i", - - W· i. = L w, 
d\ d~ 

.. , 
A = 1, 2, ... , n. . (2.2)~ 

dy~ GM 'l'Ol'~ a X apaHTep:vra OB aTb BeH'l' OpOM .. z. (-1.) 
11 oHaqeH:vreu n apaMeTp a 

, ·OTCtiVITtmaeMOI'O B)~O.Hb Hp11BO.Vi c I , no HOTopotl ~BVIXeT en TOtlKa M • ITapaMeTp 2>.. MOXHO · 

CtUIT O.T b 6~l-1HCT B6HFIO.Pl . HeHyJieB O.h IWMDOH6HT Ot1 Be HTopa 

2= r.(")~z('A), 

dy~eM Ha8HBaTb ero B9KTOpOM B CVIC'1'6M6 

npH 8TOM BHnOJIHR6TCR COOTHOilleffife 

i! (A). 

• (2.3) 

OTct~eTa ( M (<>-),z). EcJIH I 

(2.4) 

To TaKyD CHcTeuy OTctzeTa ( M (i~ )~· 2:} 6yAeM HaGHBaTb opToro~ ., • 

. HaJibHo.tt. Ann Heno.n;B:vr:tHoro penepa opToroHanbHO.Pl C:VICTeiJO~l OTCtle-
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Ta CJIJXI.1T OpTOrOHU.IIbHaR CJ.1CTeMa HOop,.qi.1HaT ( 0
1 

l:). 

PaccMo·rpi.1M HeopToroHaJibHJKJ Cvlc·reuy OTC'lleTa ( M ('j-A), d) 
Topa.JI CBJI8UHa C OpToroHaJibHO:ti· C:VZCT6MOVl OTC'lleTa (/'1 (2,._/, t:) 
nOCpeACTBOM COOTHOI1I0HY1JI 

2.;L - y 
~c -

T·eJI:& (RKOCSJttaH) KOTOpOU OTJ1l1'll6H 0~~ HJJI.FI 

I Y I ~ o. cz .. ar 
Can;3b ueX):(y ~ l1 o( ~ MOJ:HO ann.vwaTb tzepea MaTpl1u,y z 
o6paTHyD :uaTpl'II.J,e Y : 

. (~.?) 

r.zt e 

Z = Y-.1 
( 2. 8). ,·: 

llycTb HMeeTca HeopToroHaJibHaR CI.1c~~eMa OTC'lleTa ( M ('J>.), ~ ). 
'.i'or,Lta .l(Bl1XeHMe TO'll1U1 {)v C.JIOXUTC.fi Ji18 ABJX ,LtiHU£8HitJVl: nepe:-

M6Ilt eHVIR TO'llH:VZ M BA OJI:& HpV1 aoVl C l1 nep eM em EJH».R ·roq1m B 

YpaBHe~e ,ltDHXeH:VZJI penepa B STOM CJIJ'llae MMeeT BJ.1A 

. . :(2.10) 
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:<2.11) 

3anH c aa f (Jr.) a Bvi,l{ e 

11 no,l{CTaBHB B ( 2.9) ypuBHeHHJJ .liBMXeHH.FI penepa (2.IO) 11 (2.II, 
nony tll1M 

CJie,l{yJO~HM o~paao11 nepen~lmeu ypaBHeH:vw (2.I3'): · 

• 

( 2.13) f_ 

' ' .( 2.14 )' !! 
• I • ' 

' ' 

( (!. 15) 

:< 2.16) 
I ' 

i 
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(2.17): 

,...~ 

I 
: 

~a ( 2 • !7.) BH,l(HO, 'QTO llaTpHQa l ... nanneTcn MaTpHue~ aneueH-

TapHoro MarHda c 

Ten~» KOTOpO~ paBeH 

/Z/= 

I 

a ee o6paTHaR lllaTpHrta Y . HMee~~ BH.zt 

tiTO RBnaeTCR CneACTBlt16M clJop.uynH ( 4.16) rJiaBH 1. 

. ·§ 3. peKTOpHHe .zt:VHj)cpepeH~ aJibHlle onepaD,VIl1. 

· 3.1. OnepaTop "Ha6Jia". . BB~e:u ap:vu,PMeTHqecK:l-1~ BeKTop 

onepaT·Op ·"Hadna-" V ( ~) , r.zte 

(2.18)' 

~2.1~) 
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(3.1). 

~. 

H onpe~eJIHM reo:ueTp11ti6CK11Vi B6KTt)p 

H&JlbHO~ CHCTe:ue OTcqeTa (M (1)..), 2) 
~ 1 KOTOpH~ B OpTOrO~ 

HM66T BH~ 

3.ut~ll8HT 1 Ha ROTOpHtt ~ei1CTBJST onepaTop 

CJ,l.l6:U > SCJIH 3TO BOTpedyeTCJi ~Jl.R .HCHOCTH, BH.It18J YKaa.tmaT:& 

CTpenoquoM, H,.qynteM OT. onepaTop~, HanpHuep, 

(3.2) 

(3.3) 

'P (?:) , r,.u;e 

) 

~ 'l-11.- :uepH:at1 B6RTOp., _qepea otiepaTOp \l ~ 

(It1JIH .\7 ) 

liOl:HO np~cTaBNh'b B. BH~e 

TaRHM OOpaao:u, CHMBOJI nOJIHOro ,ltHipcfJepeHUHaJia c{ MO.iHO- paCCllaT­

p1.1BaTb KaR CKaJI.RpHHtt CHMBOJI, paBlUI:Pl ., . 

d = v (l) cl?: = c(; 'V(~). . . , (3.4)' 
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BJ fJT, T UR l1 no CJI e Hee. 

I1epeXO,I~ OT Cl1CT6MH OTCliSTa (M (t.>.), 2-) R CHCTSMe OTCtieTa 

OCJII(SCTBJIJI6TCJI CJJS,D;JlOII411M 06paoOM: 
,...., 

V' (~) = y \1 (~), 

v ( t) ~ v t~) Y. 
(3.5) 

C DOMOll(.blO onepaTopa 
11 Ha6na" IJ;JiJI H60pToroHaJI.bHO:t1 Cl1CT6Ml:l 

ctzeTa (M(y"), ~) 1 onepaTop \l('j) B 1\0Topo:Vl CBJioaH c onepa­

Topou V(l) B opToroHaJI.bHo~ CHcTeMe OTctzeTa ( M (~;..), t:), o,n;-

HO 118 ypaBHSI-lHVl ,D;B:t1:l6IDIJI pene:~ a aan.lllmeM B B~ e 

flpe,n;cTaBJIJIR ~ B B~e 

( 3. 7) . 

( 3. 8) 

OTRJ,D; a CJIO,T.tJST, liTO ,D;JIJI OpTOrOHUJibHOPl C:t1 CT$MH OTClieT a 

(3.9) 
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'"'I 2 0. • )tMaeprGHQVIJI B8K'l'Opa B OpTOrOHUJlbHOPi Ct1CTOl,W OTCtieTa. 

A~nepreHQVIJI aeHtopa JIBnJieTca CHunnpoM. ~nn opToroHan&HoU CVIc-• 

T6M~ OTcqeTa ee MO~HO aanVICaTb B BVI~e ,, 
'· 

ilOCHOnbHY ~nR OpTOHOpMt1pOBaHHOrO ~enepa 

.. ,..; 

06 oaHattV.tM aeKTop Y i {A) qepea C 

YitA)=C. 

Tor.zta uo:a:Ho aan:r.1caTb 

...... c -:. r. c : c [ = z ( ).) y r = i y i ().). 
'I I l' (; i ' 
···-··· 

!IO~CTBBIIIU (3.15.) B (3~::ltGt);, IIICITOnbiByR (.3.12). 

lllH; H () Jl b H.Y ,'', I[J] Of!'l' (' iolJOlJiLI 

- .. aHTJ4:C:WAW6TpvlqHaR MU'l'pVlll,S 
i = j_ 

( 3. 16) aanlllmeM a BH,It e f1-
1 

w 

~1 Cfl OJ1 b U,'j Ji 
I' 

~ u. ! l :.II,.., (j l I II 

{w=-w) 

't 

'!' I L ' ( ,\ ' 

(3.11) 

( 3 .1~) 

(3.14) ·' 

( 3. 15) 

I 

( 3.J16) 

I TO I 
I 

.. 
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(3.17) 

Ann Heno~BH~Horo pen8pu HMeeu odaqHoe BHpaxeHMe ~nn ~~Bep. 

reH~Hvr 

(d.18) 

BHpaxeHHe ~nn ~MBepreHQHH (3.17), aanvrcaHHoe B TeHaopHHX 

0008HaqeHH.RX 1 l'I 8B6CTHO no~ .H aaB a::iM8M ~VIBepreHIJ,HH ao COniOTHOrO 

BSKTopa f), 1 a TaRlte no~ Ha8BOffi18M ,ll;HBepreHI.rvm B RpitiBOnl-1HeVl- ,~ 
HOVl CHCTeMe ROOp~VIHaT. 

3.3. PoTop BGRTopu B opToroHa~IhHO.Vl CVICTeMe OTCTIOTa. PoTop · 

BCKTOpa RDnneTC.R TaHxe BCR'rOpOM, HOTOpHt1 B OpTOrOHanhHO:ti CHC­

TeMe OTCQeT U eanHCHBaeTC.R CJI6AJIOL1VIM OopaoOM (An.R TpeXMepHHX 

BCRTOpOB l'I onepaTopos): 

VlcnOJlh8J.R: COOTHOillSHVIe (3.49) H8 1 rnaBH 

0 ·a -a 3 ,.. 
p (a)= - Ql 0 a., 

Ct. -a 0 
.jl 1 

' • 

n o.nytuur, .Y\IW.t' id1 QJ!l ( S. 10), 

( 3.19) 

(6.20) 

(3.21) 

i 
I. 
l 
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·~ ,., ,-.; ~ 

7,ot g = V(r) p {B) r + t X V{i)i. ~ -.........___, ~ 

• ,..... ,..... 

= - v (r) PfC)t- {'X y t'O.) r 'vJ. g = ( 3. 22 y 

- Vrt) Pre) t -r 'tYifA) .t W ·C = ;-; r~> fYrB) i'.. t. d, 

,y 

c = y i.(Jt), 

Ho nocHOJibKy B cooTBeTCTBJtH1 c BHJaxeHl1eM (3;4~) JtJ.a 1 rnaBH BeK 

Topr.oe npo:viaBe.zteHl1e C>tJ MOXHI) npe.ztcTaBJtJ.'l'b B Bitl./.\8 

':"") ~ ,..J ~ 

e x d ::: c P {d) i , 

.., _, - ) y P~(,.., 'l ~ ,.., ) (,.., ) ~ c )( ()(. ':: i. {" w C; L = - i (A y p w (, I. . 

Wcnon~ayn ~OpMyny (3.39) Ma 1 rnaBH 

l1 ytU1Tl:lBaJI 1 t.ITO B TpeXMepHOM npoc•rpaHCTBe 

N IV . 

W-= P{K)=-P(~<) 
' 

r.zte 1<. - aeuTop Kpl1BMGHH, aanv1mnu . (3.;G6) B BJtJ.~e 

( 3. 26) 

(3.27) 
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• 

=- L (A) Y [ P(~<) Pf~)- PfB)Pt~<B. 

...... 

Tor~a OUOHllaTeJibHOe BHpaJ:eHTt1e ,LtJlJI 'UJt g Oy~eT BHrJIJI,LteTb 

CJie~yro~:vnlll o6paaoM: 

7.0t t =· v {t) Pt~)t.,. r: r>-) v [Pt~<) Pre) -PtB)Pf~tJ} r = 

= {v1~J P f') + r fA) y [PM PrO- Pfc) PfKJ]j t = 

"' t [Ptt) V(t) +[Pf&) P{l<)- f'{K) P( t)] y i ().)}. 

VlcnoJibayn: CBJI8b MeA.D;y ~(~) 111 \1 (J) , nepenvtme:w: (3.30) 

B BTt1,n;e 

(3.31) 

-1 

I 
' . . 

Y = [1- t {).) f?(~t~ (~)] [ T ·t .1. (X) P(~) ~ (J() i (>.)], 
(3.33) . 

• I"J . -i 

y-= [-t- ir>-)PfK)vt;;~ [J-ltA)fr")Pr~<)It")J. 

(3.34) 
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~ 

~ flOS'l'OMJ BHpUJieHl18 ,IJ,JIR ~t C 
,lll1HaT l1MeeT BH,IJ, 

r~e 

B HenO,IJ,DHXHOI CHCTeMe HOOp-

(3.35) 

(3.37) 

BHpUJ:SHJIIR (3.31) :III (3.32) B T8H80pHOVl qJOpMe 8UDHCl1 HOCRT H.aa­

Bai·IHe pOTOpa aOCOJIIOTI-IOrO BSKTOpa Ji.!JIH pOTOpa B Kp:WBOJI:WHetiHOt1 

CJIICTSMe ROOp,II,:WHaT. 

3. 4. aHatiGHltlG OpTOrOHaJibHOPi CI1CT8MH OTCti8Ta. flycTb JIIM88TCJI 

KpVIBOJU1H8Pl:HaR CJi.!CTeMa ROOp,l\VIH.aT, OpTH ROTOpOiil oopa8JIOT O,llHOn~- . 

paueTpvrtJec nvr.tl opTOHOpMvtpoB aHHHVi JO,l(BHltHHPi pen ep 'Z.. = 'Z.. ( M, f), 
HatiaJibHaFI TOtiRa M ROToporo· .~BvrxeTcJI no KpL-·lBOti C B 

CTOpOHJ B08paCTaHVIJI napaueTpa • 'l' or A a HeR OTopyro ·rotiRJ 

B npocrpaHcTBe MOJ.i:HO XapaHTepVliJOD aT b BGRTO}JOM ~ 

~ (k) KOTO-B HeOpToroHaJI.bHO.Pi CHCTeMe OTCti8Ta, COCTaBJIHiOliJ,aR 

poro onpe,IJ,eJIJieT noHoXeHHe ~OtiKH np:vr :f A : CC V1J t- , a . 
C OC TaB .ilf:IIOOJ;a.H 

RpH BOVi C • DycT :b ,II, aHHOPl HeOpToroHaJibHOPl CVI CTeMe OTCtJ eTa 

( M {y'A), ~) cooTBeTCTByeT opToroHaJI.DHaJI CHCTetw oTctieTa 

(M ( ~>.), ~) ,. ROT op aFI CBJiaaaa c Cl'[CTeMo.t-1 oTctieT a ( M ( y,\ ), ~) 
C.ll8,14JD~HM 06p aa OM: 

(3.38) 

. I 
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z (3.39) 

-1 

Y= 2,·
1

= [1-i(A)W~{k)] [I -t]{X)W¥(X)Z().)], 
(3,4U) 

xapah~~epwayeT ,D;Bl1Xeime penepa: 

(3.41) 

BBe,n;eHHe opT.oroHaJihHOVl c:vrcTeMll O'l'cqeTa noaBoJr.FieT aunMcHBaTb 

paaJI:vitiHHe ,n;:vrq)(IiepeHUH aJihHHe onepai~Jiil1 AJIR TIO.I\B.VD~Horo penepa B 

c!Jopue, aHaJ10l'l1tlHOtl cpopMe 8UTIVI CVi aTJtiX Oil C. paL,:Vllli AJIR HeTIOABWiltHO ro ,; 
' ,, 

penepa.· 1
1

aRl1M o6pa80M, aaROHH nphpOAH, :viMSJOll.Wle Al1£PrJepcHlJ,l1aJib-

HHv1 xupali'rep Jill aaniilcaHHHe B Heno.z;BVI.IHOi'i opToroHaJlbiJOi1 c:wc·reMe 

HOOPA"VIHaT, HueroT Ty xe caMyiO IIICXC')~Hyro rpopt·y aan:vrciii B noABV1X­

Hott Rpi1IBO~VIHet1HOVl CJ.IICT6M6 ROOp)~'VIHaT ).\Jl.FI_ OpTOrOHaJibHOi1 Citl CTeMH 

OTCqeT a. 

.. 

fl 
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f JI A B A 4. 

,llBVllEHVl~ 0)~HH04HO~I 0APH1iEHHOh liACThu,u. 

B aToiti rnas e MI::l p accuoTp¥1 u ypasHeJ,l1R AB¥IKeHl1R 11 11x peru eHl1e 

,ll;JIR O,llVli!OllH0.£1 aapRX6HHOt1 4UCTV1IJ,l::, a B CJIE:JAyJOmelll rJiaue nepeVi­

,n;'e.M K paCCM0Tp6HV1D O.D;liOBp8MOJiliOPC ,llBVlX6HV1R H8HOTOporo MHOX6CT­

Ba (aHcau6nn) qacTHIJ, c noMo~bD ~eopMvt or¥I6aJO~vtx. AJIR npaKTvt­

qecHvtX BH4¥1CJ18Hvt.£1 J,ll06HO DOJlboOEUTbCR 6eapaauepHOlll CV1CT6MOVI 

e,n;¥IHvtiJ,. B aTOM cnyqae nocne noc~ aHOBKl1 S(J,l.( aq¥1 MI::l nepexo,n;vuA: K 

6eapaauepHHM e,n;HHIIII.J.atM, p0mae'.u: ac,n;at~y VI peayni>TaTH peme1-mn 

npvt Heo6XO,ll¥IMOCTIII MOXeM CHOBa DF¥IBeCT¥I K paaMepHHM e,llvtHHIJ,aM. 

Cau aTan pemeHVIn a~aliiii npiii aTOM He aasl1C¥IT OT paauepHOCTIII 

B6Jll1 qltlH • 

§ 1. BeapadMepHue seJI!t14MHH. 

1.1. 06oaHaqem1n BeJivl4V1H. Bee paauepHI::le seJivt4V1HH 6y,n;cM 

t oooaHallaTb c noMOII{biO C!ti.MBOJia "asaa,n;oqKa", a 6 eapaa.MepHHe -,, 
i 6ea aT~ro Clr1MDOJia. By,n;cu ltlCnOJibuOBaTh cJie,n;yJOm¥Ie o6oaHatrGHviR: 

E - HaupnxeHH ocT b aJieHTp!t14ec HO ro n onn, D - an eHTp1148CK an 

¥1H,llJKI..l,VlR 1 £ -· ,2l;IIl3Jl6HTpl148CHa,q npOH¥IIJ,a8MOCTb 1 Cf; - aap.RA 

q aCTHIJ,H 1 - 06'b8MHaR DJIOTHO:!Tb 8UpR,LI;a, d - DJI O'l'HO CT b 

H - Hanp.u:eHHOC'l'b AlarHHTHoro non.R, 

B - uarH¥ITH a.R ltiH,ll;JKI..l,lr1R 1 

v - CKOpOCTb 4aCTl1l.l,H 1 C. - CHOpOCTb CB8Ta 1 

OTHOill8H¥18 CKOpOCTVl qaCTHIJ,H K CK~lOCTVl CBeTa
1 

-
1f c, I ( 1. 1) 

rn.- uucca qacTMIJ,H, m
0

- uacca noHoR, W- noJIHaR 0Hep-

r.I4R 4aCTVIIJ,H, ~ - aHeprHn noKO.F., '( - deGpaaMepHuR aHeprvtn, 
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1 
~== ' vt-J,_ ( 1.2) 

P - l1:t.my JlbC tiUCTl1l.l,H 1 

p = nl Vj • ( 1.3) 

t - apeM.R, F - c11n a, e - H8HOTOpUH XapaKTepHa.R ,D;Jll1Ha, 

a e,JJ;l1Hl1UaX KOTopoiii l18Mep.RDTc.R ac13 Jil1HeV1HI:Ie aeJII.1tMHH, x. (i.:t,2,3) 
(.. 

- KOOp,D;vlHaTH tlaCTH~H B H6DO,D; B:vl.XH1)V} OpT orOHQJlbHOVl C:vl CT eue KO op.~~· 

,J;l'lHaT, x.,- 6eapaauepHoe apeMR 1 

>< = £1; 
'f e (1.4) 

E 11 uo - cOOT BeT CTBeHHO .n,:vraJI,3KTpl1tleCK~.:.~..R VI Mai'H:Wl'HaFI npoHVI-
o /'' 

UaeMOCTH B llJCTOTe; 

aneKTp~qecKoro nonR, 

E - BeJil1tll1Ha aeKTop a HanpmteHHOCTH 

J3 - B6Jll1tiitiHa BeKTOpa MarHVITH.oii hH)I;JKUVIJ.1 
1 

( 1. 5) 

1.2. neapaauepHae ae.rmtiVIHH. Ecn11 BCe BeJIJ.14lllHH BI::lpaa:vrTh a 

CJ.1CTeMe 6,D;l1Hl1Q ( Vl , TO 6eopa8j,{E)pHH8 B6Jll14lilHH onp6,1\6JI.RTCJI 

tiepea paaMepHHe CJI 6AY I0ll(l1 M o6p aa Oll 

~ _JJ;e .• 
f - E m c.l, ~ ' 

C! 0 

- .. 
- X 
X: - ,. e 

• dx* v = r;{t , 

- P, * 
F=-·-F m c. l. 

0 

c).; v:. -­olx -
'f 

$!:_ B ~ 
B-;;. m c.. > 

0 

!==-
~I 7J 1! = ~ • 

OT,n;eJihHHe o6ooHatieHI.1.R 6y,ll;e.u B.tlO,l\.ftlTb no XO)J.J VI8.fiOXeHvl.R. 

(1.6) 
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1.3. l!eTupeXMepHHe B6Hl'opa. B11e,n;eu cne,n;yDlll.l1e o6oaHaqeHIIIR 

AJIR qeTupexuepHHX Benlll4IIIH: 

xt 
x2. o{l( 

X= XJ U: 
ciS ' 

x'l 

B Tex cnyqaRX, ROr,I4a aTo 

TpexuepHae BeKTOp~, HanpHMep, 

Hanpll1.uep, x, 

r,n.e 
-' 

x :::: }j x11 t2., x3 /l) 

0 -I 
(1'.7) (~ 

-l 
-

0 1 

' 
(1.8) 

no1'pe6yeTcs, 6y,n.eM paaJIJIIqaTb 

,( III 46THp6XM6pHii6 BGHTOp~, 

(1.9) 

u di dx'1. cl"i - ¥if=p, - - -cis ols o{'l.'l 

?J:. ol>< -........., -
o/X'1 

_J_ 
'I 

u. 
(1.10) 

(1.11) 

Kpo:ue Toro, 6y,&eu IIIcnoJib80BaTb To.RJ.e cne,n;yJO~Jile o6oaHaqeHVIs: 

l = II J~ , ,: , J~, t Jl, 

J~ = IJ l1, l}., J~ II. 
( 1. 12) 

( 1. 13) 

B A aJihHe.WmeM 6y,n.eu cql1T aT.b, qTo HaH f . - TIJIO'rHoCT b sJieRTpl1-

qecHoro aap.R,n;a, l1JIIII KOJil1qecTBO aap.HAa B e,n;111Hl1Ll,e oO'beMa, Ta.k .... 

-J - TIJIOTHOCTb 8Jl6RTpl1Q8CHOrO TOlta, 1/lJI:vl CKOpOCT.b npOT6I{aHJII.H 

8ti.p.R,~~a 0KB08b e,ll;l1H~J..4Y DJiOll(il,lJ;III, O'rHOCHTCJI H CBOOOAHHM aap.R,D,U.M, 

ABIIIXJll{l1UCR B BaKJJM8 1 np111li8U f' j 1o1 i• CD.H8aHH Me •. i.AJ co6o~i 

COOTHOIDEJHl18M 



- 87 -

- - cl'i 
J f1J - r #~' - (1.14) 

p v- = 9 
d - -U. 

(I' ( 1. 15) 

§ 2. YpaBHeHHJI MaKcBeJIJia. 

~.1. ~eKTOpHa.R cjlopMa ypaBHeHltltt MaHCBeJTJia. ~JIR Toro, tiT06H 

:r'IMeT .b n OJTHOe 11 T OtiHOe OD:ii!C Cil.H:L18 3J£8KT pouarHltlTHHX DOJie.vi, R OTOpne 

MOryT 111 8U8H.RT .b CR CO BpeueH eu npO:H8BOJibHl::HJ o6paao U 1 HeoC) XO,D;lli.MO 

aaniiiCaTb nonHyD Cl!ICTeuy ypaBHeHHtt MaRcaenna. B cHcTeue Cill oHa· 

111 ueeT B111A 

(~.1) 

~ -il v. 8 = 0 
' 

~-

=Z -;:::-*" oB . 
,. VJ( /:: =-7ft"' (2.2) 

*' .. 
:0 =EE 1 (2. 3) 

.ltn.a nonei1 B Bauyyue (_)A=-j'o) f.=t~, .J'oco::: -t/c.L) 6eopaaMepHHe 

ypa.BH6H111.R MaKCBenna uoxHo aan:v1ca·Ib cne,n;yJOID,lill.i oc>paaou: 

r,D;e 

-· 
- -t -:;: (JE . 
\1 X B = J + () x:.., ) 

- ..... "\J·B=O 
I 

(2.5) 

2.2. hl&TpltlqHa.R ~OpMa ypaBH8H:L1i1 B OpToroHaJibHO~ CltlCTeMe 

KOop,n;IIIHaT. BaeAeM BeKTOpH~e .uaTpvnui P (B) 11 P (8, ~) , 
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0 B -8 P( B) E 3 .2. 

P(B)= -B 0 81 P(B,c)= 
3 ,.... 

B -B 0 E 0 
2. -1 ' 

., 

P{B)=-P{-8)=- P{B)=P(-B), 

p ( 81 f) = - P (- 8,- E)= p (- ~ E)= - p ( 8, - E), 

* P (B,E) 11 uaTpvw.y G a TSKXe B9KTOpHJD UaTpWUJ 

. c = -13 0 
0 1 

P(B) -;;. 
P1t(B,E)~ =.· G 0 ·=CP(-8,E). 

(2.6) 

(~.7) 

( ~. 8) 

, r,JJ;e 

(~.9) 

.,.... * -... --- .. p (B,E)=-P {-8,-E)=-P (B;E)= P (-B,-E). (~.10) 
"' . 

YnpaxHeH11e 2 .1. fioKaaaTb, tiTO MaTpl1D,H P(a, C) , P (a,£) JA 

G- CB.R3aHH M9JLAy 0060V1 CJ19,l\Jl0Ull1MV1 COOTHOID9H11..RMl1: 

P(a,g)C.= P*(-a,-&}= P~(Q,&), 

C. P(a, g)= p* (-a, g)= P* (a,-C); 

P *' (a, B) [;. = P (-a, -g), 

c. p·ra, g)-== P (-a., c.), 

Hcno.uwHaR, tiTO 

(~.11) 

( ~. 1G) 

(~.13) 

(~.14) 

( 2.15) 

(2.16). 

B OpTOrOHQJibHOVl Clfl CTe:Me KOOp,11;11HaT ( {) X) ypaBH9Hl19 ( 2. 4) aa-
-.J o -;;r '") ~ · 

n~.me.u B BM,D;e ( V{x) ={/<"57' 0t > i:X '0i Jl): 
-f A 3 'i 

(~.17) 
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a yp aBHe HHR ( 2 • 5 ) - B Bv.l,Ll; e 

,.... rJ 

v(x) P[E,B)L = [ P{£,8)\l{x_l=O. (~.18) 

Ecnl!1 1!1CDOJibGOBaTb TOJibKO MQTPI!1Uli Bli1,D;a P(o., £) , To, onyCKaR 

OpTii, ypaBH6HI!1R (2.17) H (2.18) JlOJtHO sanV1C~Tb B CJI6,D;JDD.U,1X 

)I.BJX B ap1!1 aHT ax 

.-.I 

V ( r:) p ( 81 E) · Cr = j. 

V { x) P (- E, 8) = 0 (2.19) 

G . p (- B E) 'V (X) ': i 
~ a' (~.~0) 

TipH 3TOM cne,n;yeT IIOMHliiTI>, tiTO 

P(~ f) ·P(-£, B)-::. P(-E,B)P(8,E)-=- B£I'I' 

2. 3 • fpaHI!1tiHH6 ,YCJIOBVIR. flycTh HM66TCR DOB6pXHOCT b 1 RBJIRDil{a.R-
-4 

CR rpaHHUe~ ,n;oyx cpe,n;: cpe,n;H· 1 H cpe,n;H 2, H nycTb ~ - e,n;HHKH-

HH:t1 B6l\TOp ( TpeXuepHI::IM) 1 HOpMaJibB(;lW DOB8pXHOCTV1 paa,n;ena, r,n; e 

(2.22) 

(~.23) 

TiyCTb fn.,~ - DOB8pXHOCTHaR IIJIOTEOCTI> CD060.D;IIblX aapR,[(OB Ha rpa-
• 

Hl1IJ,6 paa,n;ena; J n.ol, - DOB8pXHOCTHaR nnorrHOCT b T ORa; j ~ 
ti8THp8XM8pHI::it1 B8KTOp norepXHOCTHOVl DJIOTHOCTv.l TORaJ 

(2.24) 

P ao ouo•.rp~u.' onyqa.U, uo r ,I( a ,n;Itlane £iTpVlti6CRaR .w :a.mrHwr Ha.R npo­

HVIUta.GMOCTH RBJIRIOTCR npo:viSBOJlbHHMVI cpyHHLi,VIRMIII HOOp,JJ;hHaT. B BeK-



- ao -

TOpHO:U BH~e rpaHV1qHH6 JCJIOBHR :UOJHO aanitlCaTh CJI6~JDID,:v.IM o6paaou: 

~ ( ;;{ (l.) - (1)) n: . fJ - f) :::;:: p ,ut; 1 

.=:! ( - (.2.J H_. (1 ') - • n x H - - dMC, 
(2~25) 

· Ft . ( 8 (.2.)- 8 (1}) = o, 
.=:! (-+ (2.) =-(f)) n.. X. £ - c = o. 

(2,26) 

Bs~bu qe'l'HpexuepHH~ BeRT op rL , r,n;e 

(1:::.27) 

11 C OOMOII{hD 3TOrO BeKTOpa aan:v.Ime:u rpaHllltiHHe JCJIOB:Y.lR (~.~5) .H 

(2.26) B UUTpl!l'CIHOU BH,II;6! 

fi [ P (He:) lJ(z.)- P ( H{1
; 'D(11

)) G = j-twt, 

it [ p ( -~(:) 8(2.)- p (-£(;) 8(11
}] = 0. 

G [ P (-He;) IJ<~)- P (- Hc1
: 'iJ(t))} n = jrw£, 

[P ( E1
:' 81~) - P ( E

1
;
1 

8
111

)) rt = 0. 

(2.28) 

2.4. YpaBHeHVIR MaKcaenna B Rpv:BOJIV1Hetl.HoVi CVICTcMe noop,n;r'lHaT. 
3 

TiycTh B npocTpaHCTBe R H:ueeTCR HenoTopa.R Kp11Ba.R C , B,D;OJih 

ROTopotl: ,n;sVIxeT oR T OtiRa M , RHJIRDlll.aRC.FI Haqanou TpexMepHoro 

OpTOHOpM:v.IpOBaHHOrO penepa. TiycTh B,ll;OJlb 3TOM KpV1BO~ OTCti11THBaeT-

CR napaME:iTp Y>-. , a qacTHUa B nJrocKoc·rVJ: lJx = co~t xapaR'rep:v.I-. 

ayeTCR BeKTOpOM g r~) • YpaBH6Hl1R ,ll;BVllt8Hlr1.fi pencpa orrpe,n;eJIR-

DTOR ypusHeH~BMH 

c1 "M = r~~~ . r v-J,\ ,\ 7 

(2.30) . 



- ~JI -

KaH MH 8HaeM, HeOpToroHanbHOt1 :!J11CT6Ue OTCT.IeTa (M (~;J 7 ~) 
MOJ!HO conocTaDJilTh OpToroHanbHJ!O 'Jl1CT6MJ OTcqeTa (M {t.~..), t:)). 

HOTOpHe CBJI8aHH M6l:,B;J COOOiit CneAJDm:VU.Il1 COOTHOIII6Hlll;IMl1: 

-( 

d l = z rlu = y oUt -d () ) (2.31) 

z ~ I- w ~ r ~) r r>-.l, (~.32) 

- -1 

y = l1 -7: ( ,\) w ~ ( k)] [I + I ( ~) w y {X) '[ (A)]' 
. . 

YpaBHeHJilJI MaKCBeJina B B6KTOprwu Bvr~e (~.4)- (2.5) MOJIHO no-

HJilMaT:D Halt ypaBH6HM, 6Uflli1Ci.HHb16 B OpTOrOHG.JibHOVl CJ.1CT6M6 OT-

.... .... ..... '() E v (i) X B = J ( l) + '()X'( ) 
(2.34) 

(~.35) 

McnonbayJI nony4eHHHe paHee BHfla:teHIIlJI AJIJI AI11BepreHl1;JilVI Ill po­

TOpa B OpTOroHanbHOH CJI1CT6M6 OTCGeTa, 8Uflhill6M ypaBH6HJ.1JI (2.34) 
It (2.3b) B BJ11,46 

V (?) .f ==[V fj! Y- {fA)'/ P(~<)] E =- f, (2.36) 

v ( ~ ~ 8 = [v r g) Y P r s) + l r A) y ( P, a) P r I<) - p r s) P r K) )j r = 
I 

(2.37) 

~(i). B-= [~fj)Y- !(A) y P(k)] 13 = o, (2.38) 
" 

(2.39) 

~ecb qepea P(K.) , Halt Ill paHee, o6oaHu4eHa. TpexuepHM MaT-

. plU~a W) 



r 

{1<) - ~~ -

(~.40) 

~ 
Bse)(eM a paCCI.iOTpeHVl.e 46TI:(pe.>:uepHHt1: penep L , TiiiW.ti, 

t.ITO ( He aaaVl.cVl.T oT napaueTpa :J,\ • 'l'or,.a; a, ecnli1. qepea P(~<,o) 
0008H&tU1Tb MaT p:mw ... 

P { K,o) = 
P(~<) 0 

0 0 (~.41) 
I 

yp asHeHl1 e ,.n;Bl1.16Hl1JI tLeTHpexuepr-wro pen epa 6 .YA err l1MeT b BV1.A, aHa­

JIOriiiqHHM ( ~. 3u) ~ 

(2.42) 

(2.43) 

(~.44) 

(~.4b) 

B1t1,4l1M, 'liTO ~'f-=-><.,=-tv ( Z
4
lJ'==1) . 

..., 
q6THp6Xl.lopHHtl B6ItTOp i ( z) MO.ZHO 3Hp U8:VI'l' b tlepea qeTHpexuepHIDi 

,...._, 

)~r 2) = J-;-1:~ J z. (2.46) 

BBOAR CHOBa B paCCMO'rpeHHe MaTpV11.4J P( ~E) , auninlliCM ypaBHe-

HVl.R (4G.3c)-(2.39) B tl6TI:ip6XM6pHO'M Bl'l,~e: 



r . . 

~ r . - ~J3 -

v I~)Y P(B,E) ·G ,. [ {A)Y [ P(B, E) G P{K, o)- P( K,o) P( 8, E) c)"' jrl}'l, 
(2.4?) 

(~.48) 

illOltHO 8Ulll1Ca'rb TUHXe TpaHCDOHl1pOBUHHI:lli Bap:ViaHT ypaBHSHlliti (~.A7.: 
11 (2.48): 

Cr PJ:!!)}ytJ) + [C. P(-8, E).P( ~a)~ P{K, o) (',. P(-B,E)}\1 if1"~h. 
4

& l 

P ( E,B) Yvt~) + ~ ( E, B) P(K, o) ~ P ( xo) P{£, B)] y i(t\) = o. .._____......, 
(~.5U) . ~ 

l'paHl1llHblt;; JCJlOBit'l.FI ,l\JIR l{p11BOJI11Heti -IOil! ClllC'l'S.Ml:l ROOp,.Ll;JtlHaT noJiyqa­

AJT\,;Jl l18 ypaBHSHV!ifl (~.47)-(2.50) :3aM6HO:t1 'Vf:J} Ha n · l1 jfd) Ha _ . 
d~ 

§ 3. YpaBHeH.w e ,IJ;BVI j[ eHMR aapmroi-I HHX q avr.vru • 

..;.1. YpaBHenVIe VIBMeHeHlllR sHepl~. PaccMoTpVlM ypuBHeHVIe 

~Bl1.1:6W1Ji aapRX6HHOi1 4 aCTitlU.tt, ,1.{ BJ.tlii y:r.qeU ~R B B aRyyMe 

[ 1 -+1 d ( -'1·) - - .-J 7! =- cl:- ¥ v- =- E -r v-x;B Vt ~ 3 x ' -vu 'f 
(3.1) 

r,.n;e ~ - 6eapaauepHaR sHeprl1R t~acTviUH, 

(3.t:.) 

llpO,l.{l1<,PqJepeHI.\illpyeM o6e liacTv. pa:3eHC'l'Ba l, v.~~) no D8t.JpariJ,:\:1JHO:.:y 

Bp61!8H11 X If• 

(J.J) 



YMHOX~M o6e qacT~ p aBe H CT B a. ( 3 • 1 ) 
-+ 

olv .fi-=- E·~ 
ol )( '1 

f1o~CT aB~B B ( ~). 4.) BHpa:l9H119 ,JJ;Jl.R 

no ny 4111 M : 

·-Ha 'l!. 

(3.4) 

~a (3.3.) 1 

( 3. 5) 

YpaaHeH111e (3.5) noKaaHaaeT 1113M8HEHMe sHepr111111 qacT111~H 1 KOTopoe 

onpeAeJI.ReT C.R an eKTp111ti eCim u ITOJ18M. 

3.2. Co6cTaeHHOe apeM.R. BupaxeH111e (3.2) MOXHO aan111caT& AJI.R 

ti8THpCXMepHOrO B9RTOpa X 13 Blfl,J.J; e: 

Y.n;o6Ho aaecT111 HOBJD nepeMLHHJD 

Jl 2CHO yp 2BH9H111D 

(;{y'!-V 
c{S - O· 

S 1 ca.RaaHHJD c X 
'f 

(3.6) 

cor-

(3.7) 

(6.8) 

BHpax~Hllle (3.8) HaaHBaDT qacTo ME~p~qecKoH ~opMo~. B Teop111111 

ITOB8pXHOCT8~ OHO HOCiflT HaaaaHJr18 r:epBOM KBa,n;paT1114HOi1 (lJOpMb'- no..,:.: 

BepXHOCT11 B paCCMaTp.vtBaSMOM tiCTHf18XMepHOM rrpoTpaHCTBe. MaTpvll.l,J 

G o6HtiHO 111MeHyroT ueTp11ItOlli .n;G~.HHc~ro qeTHpexMepHo ro npocTpaH-

CTBa. 

B pac:uaTp~t~aaeMOM cnyqaEJ ue.Tpli1lta HaarmaeTCR ram1J1eeaolli ueT­

p11KOR 111 11M99T Blll~ 



r 
~·' 
~ - 95 -

-1 0 00 

0 -1 0 0 -I Cl 3 

G - -- -f 0 0 () C) 1 

0 0 0 1 (3.9) 

flepBMBHHJD 5 H a8IlBalOT COO CTBBHHH M DpBMBHBM B,.D;OJI.b Tf.lG.BKTO-

"' pill~ qacTIIll.J,H, 11160 B CIIICTBMB, B n1060~ MOMBHT ABIIIXJ~B~C.fl BMBCTB 

C tiQCT~l.J,Bt1 
1 

dS .• npOCTO p~BHO IIIHT epB any Bp8MB~. 

MoxHo npe,.l\cTaBIIl'l'.b ce6e qeTapeXMepHHt1 no,n;s~xHt::Wi pcnep, Ha-

q an bH a.A: TOq R a fvl HOTOpOrO ,ll;B~XB~CR BAOJib BpeMeHHOt1 OC~, TaR 

RBJIFIBTCR DOCTOFIHHHM. Tor.n;a npOBRI.4111€~ 

tiBTHpBXMBpHOTO npOCTpaHCTBQ np111 )('1= conAt OJ,I.(BT o6HtiHOB TpeXMBp­

HOB 6BKJIIII,ll;OBO npocTpaHCTBO. 3apRX3HHaR tiaCT~l.J,a np~ 3TOM 6y,.D;€T 

Xap UHT8p1118 OBGI.'l'bCR BBKTOflOM X , paBHHM CJMMB BBHTOpOB 

X = X ( 4) -t II ~ }/ = ~. ( '1) + X (o/} 

3. qeTupeXlt.H:,pHas CKOpucTb. BBBABM tiBTHpexuepHyJO CHopocTb U 

(3.10) 

Tor,.n; a Blip axeH~ e ( 3. 6) MO.EHO aan~caT h B B~.n; e 

u C- u = 1. (3.11) 

YpaBHeHIIle (3.11) onpe,.n;enseT rvmeprosepXHOCTb BTOporo ,,op.A:,n;Ha B 

tiBTHpBXMepHOH upOCTpUHCTBe CKOpOC'I eVi (l..l) • llp11 A BII1Jt€H11111 tzaeTJ/1-

l.J,H COOTBBTCTBJlO~aR 8~ TOtiKa B npOC'I'paHCTBB CHOpOCTe.Pi (td..)ABII1XBT-

CR DO DOBepXHOCT~ (3.11). 3aMeT~M, tiTO 

3. 4. MaTp>.tJHa.A: l.l'OpMa ypaBHBH~t1 .1\B~xeH~.A:. 3annrrreM BUt.CTe ypaB­

HB~.A: ,ll; fMXBH~.fl tiaCT~l.J,H Ill ypo. BHGH~ t ~8MBHBH~,>I 8H eprvn1, ~CD OJ1b 8 J.R 

JHlTp~tiHJIO cflopMy B6lC'rOpllOrO LpOV.8BG,IJ;CHl1.R: 

ol ~ ~ -
..., Y Er<J L '+ ff P ( B') L = f ~ E + t P (B) ii. 

vis - u (3.1~) 



3,n;ecb 

cit 
Ts 

- 96 - ., 
I 

(3.10) 

- rrpexu:epHH~ B6KTOp CKOpOCTeVi 1 CO CTORID,~Vl V13 '1'p6X · 

nepBH X H 0.Ml1 OH6HT Be }{'I' •.Jpa U. 

YpaBHeH~R (3.12) M (3.13) .M0%}0 o6~e,IJ;VIHnTb u OAHO AnR l.I6TH-
-+ 

pexuepHoro I!6KTopa u: 

(3.14) 

~ = p ( B, E) ll, 
(3.1b) 

P ( 81 E) RBJ1R6T C.H ciJJHKlJ,li1 c.W OT X: 

p (B, E) := p ( f3 (x.), E'()C.}) . 

.YpaBH6Hlll6 (3.15) no CBOOO clJopl.W HanuMV!HaeT Jlll.tHGMHOe AVlfPi!~epeH 

uaanbHOe ypaBHeHHe. KaK V13Bec~Ho, ecn11 HMeeTc.a ypaBHeHhe 

(3.16) 

, MO.l[HO UOJIJl.Iv1'l'b JPUBH6HV16 

( 3. ~ 7) 

CpaBHV1BaR (6.1/) c (o.1b), uo:-;::Ho canv1CaTb ,1paBH6HV1e B qac'rHHX 

( 3. 18) 



r' 

-CJ7-

~cnonhBJR ypasHeHHe 

clx. 
ciS::::. u, (3.1~) 

Banlt1ill6M ypaBH6HHe AB1t1X6HIIiR t.IaCTHJ~H B BOC.~;~M:v'.l M6pHOM I!JaBOBOJ.l 

npOC'l'P aHcTBe 

0 ~ X (3.~0). 
d 'If 

d5 u 0 P(B,E) u. ·~ 
-~ 

' 
rAe 

0 B -8 
j ).. E., 

p ( B, E) - -8 0 81 f~ (o.21) - J 

B -B 0 E_, , 1 

E.1 E). E3 
0 

8.5. YpasHeHill.FI fiBI1JHHIYIH B noc"oniiiJOM wl.rm1'1'1IO.M none. 

AJIR MarHHT OCT aTlt1ti6CR oro TIOJI.fl yp aBHeHIII.fl ,ll;BltlXefMR ynpOll(aiOT CR 1 

TaR RaR B GTOM CJiyqae 3Hepr11R 'llai~TJilll,H He MeHR:8TCR. 

AJIR TpexuepHHX BORTopos X 111 U , ROTOpHe COCTORT 118 

nepBHX TpeX KOMTIOHeHT B6H'1' OpO B ;( M u_ , ypaBH6Hlt1R ,ll;B:L1-

lt6H:L1.fl 'l!aCTVlll,H B CTaTMti8CHOM MarHU'l'HOM TI0jl8 B Ili6CT.Vi.M8pHOM cpa-

BOBO:M npOC'l'paH~TBe npMoGpeTaTOT HVl,Il; 

X 
(3.2~) d -- -r)S ll 0 P(B) u 

r ,n; e 
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0 B -8 
.l :I.. 

P(B)= -83 0 81' (3.23) 

Bl..- 81 0 I . 

flpH 3TOM ROMDOH6HTH B6KTOpa u CB.R8 UHH uex,n;y co6ot1 C OOTHO-

meHI.1eM 

r-J 

-- 2. 
UU='6-1 . ) (3.G4) 

TO 6CT b ,ll;BH:S:6HV1K> q aCTVlll,H CO OTB6T CT BJ6T ,ll;BVl X 8Hltle T OtiKVl B npo CT­

paHCTB6 CKopocTeti ( u) no noBepXlWC'rVl mapa c PaAVlJCOM 7. .:fft. 
3.6. YpaBH6HH.R ,ll;BMX6HV1.R B Kp~BOHMH6~HO~ CMCT6M6 KOOpA~HaT. 

BepHeMc.R R no,n;BMXHHM penepaM. TiycT:o HMeeTc.R 'l'pexMePHHVl no,n;BMZ-

' 
HOt1 OpTOHOpMVlpOBaHHHPi. penep, ypaBH6Hlll.R ,ll;BV1JB:6HIII.R IiOTOporo CJTb 

A = 1. 2 J · 
. • J I 

eli: = P(K) L cfJ>-' 
r,n;e (( - BeRTop HPl1BV18HH. AJIR penepa 1>peHe (1\=-1): 

-( 
k=~=r.::') 1 (. 

(3.25) 

( 3.26) 

(3.27) 

f ... Pa.Al1JC· RpltlBL18HH. KaR 11 pa-

Hee, npe.n;noJiaraeTc.R, tiTO ,li;Blll1!teHV1e TOtzHM M) HatzaJia pencpa, 

DpOV1CXO,l{lllT B,ll;OJib H6ROTOpOt1 OpV1eHTlt.pOBaHHOt1 HplllBOt1 C , ,ll;JIHj)-

~epeHll,Vl aJI A.}' r11 ROT 0p0t1 8CT b ely,\ • BeKTOp OM i (~) o6osHatza-

eTc.R noJiozeHllle aap.RxeHHOU qacTHIJ,H (TOtzR:vi CL ) B nJIOCI{OCTVl 

~A-: C()V\4t ){aHHOMJ Tp6XM6pHOMJ perrJpy COIIOCTO.DM:M ti6THpexuepHH11 
-:t 

penep l. DJT8M ,n;o6aBJI6Hlll.R 'tl6TBepTO~ K0Mr10H6HTH , He 

• Tor,n;a ,n;Bl1X:6HJ11E qeTHpeX.MepHoro penepa 

dy,n;eT 0(lJ.10HBSTbC.Fi ypa.BH6HlllRW1: 

rJ f! ~ Z: dy,, , 
d f : p ( 1<1 0) t ~A -:. p ( 1<, 0~ "( t (A) c~ . 

ilycT .b HeopToroHaJibHOPi. Cl1CTeMe OTC'tl·3Ta ( M ( y,..), d) 

( 3. ~8·~ 

(;j.~9) 

COOTB6T-



- ~~-

CTBJOT OFl'OrOIIUJlhH.J..H Cl'lCTeMu. v'l'CtieTa ( M { Z)l), 2: ~ 
HaR C H80pToroHaJILHOt1 nocpe,ll;CTBO.M COOTHOilleH.Itl.R 

(3.30) 

r,n;e 

z (3.31) 

( 3. 3~) 

-1 

y = Z -
1 [1- i[>.)P{K,o)yfKij [I./I( X) P(~o )j (t) i fA[} ( 3. 33) 

Tor~a nepe.Mell.leHVIe T04Rl1 a onpe~eJUITC.R BHpal:eHlfleM 

t3.34) 

a cRopocTb TOttR:vr G 6y,.qeT 
"' u = r. u fl) = u (l) t .. 

(3.35) 
r,n;e 

(3.36) 

B opToroHaJihHO~ cVIcTeue oTctie1a ypaBHeHMR ~BVIXeHMR aapRxeH­

H o~ qacT:v.ILU:t :vrueiOT B:VJA, aHanorl1tiHb ~ 0 an111 c1t1 .YP aBHeHMPl B opT oro­

HaJihHO~ Cl1CT8M8 ROOp,n;~HaT: 

d lJ ( l) -: u ( 2) p ( B E) { =- f P (8, E)- U ( 2). 
ols ' ( 3. 37) . 

PacRpoeM JieByn qacTh ypaBHeH.ItlR (3.37) 



- roo -
Jaur o= ;ti ( iirz) t) "' is r t u (t)) = 

,_ 

- d..r u {t:-) + f c/q(t) -
dJ ds -

(3.38) 

IlOCROJib RJ t().) U fi) l1 [j /:f) i(A) e CT b C RaJIRpH 
1 

lWT OpHe MO.KHO 

. 
M6H.ffTb M6CTa1111 C .I(pyrl1U11 COMHO.tWl'8JIRill1 B npO:V.8Be,n;eH1111

1 
TO, DO,lJ;• 

CTaBJIRR U{t:) 118 (3.36), DOJIJti.VLi CJI8,l(J10mee ypaBHeH110 ,ll;B11Ze-

HOTOpOe MOXHO GanMcaTb TaRXe B B11A8 

r .I( e 

(0.40) 

B nocJie,n;HeM BHpaxemn1 mTp:wxou o6ooHatieHa npoVJGOAHaR no napaueT-

py y,, J 

YtiViTHBaR, tiTo 

K l_ ol<. 
- clJ>-
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iJ r ~) i r >.) = Z r A) u r1) = u"t:;), ( :_ .• ,11 > 

TIO,ll;CTaBlllM 8HatieHl1e MUTpl1IJ,H z B BHpaXeHl1e B KBUApaTHHX 

CH06KaX 8 ypaBHeH.IIll1 (3.39): 

( 3. 42) 

Tor,n;a ypaBH6Hl1e ,n;mu:eiD'IR B KplllBOJIViHevlHoPi clllCTeJJe Koop,n;l1HaT: 

npll1 MeT Bl1,ll;: 

r,n;e 
(3.43) 

-1 

'Y ":: [t- z (A) P(k, o) :f( "U [I'( + 1: ( %) P( K,O)j'fi\) 7 r\)}, (3.44) 



- I02 .... 

'W= FufA)+G~OO+f, 

F :. p ( B, E) -+ 2. 'll)\ I d) p (I<' 0)' 

c - u~ I :f) [ zv~) p ( K; 0) - fl' { 8,1') + 11,(~} p ( K, oj P( J<,o !} ' 

; = u,IJ) {P(B,£)-+11,(J)P(x,o)}L (>.) 

( 3. 4b) 

(3.46) 

'3.47) 

(3.48) 

B npaKTH48CK~X np:wnoxeHHRX qaJTO ~HTepccy~Tca, KaK ueHReT-

Cii B8KT0p U (,1) =- U ( tfit)) B 8aB:r1CltiMOCTH OT 8Ha48HMii I1UpdM8Tpa 

y;... • YuHO:i.li!B cnesa o6e qacTiil y)aBHeHV1R (3.4°) Ha Iv f-A\ 

I10Jl,Yl.Ik1M 

( 3. 49) 

G = u"tK) II{ [i) y [ u>-.ta)·P{K;o)-~~~B,E)+u"ti),Pt~<,o))·P(K,o)l (3.50) 

i= -= 1 '~ ( ;r.) Y [ p ( B, E) -t Z u)\ { ~) P ( d, o 8 J c 3. 51 ) 

- ) 7 ( 3. 52) t = 1./A{:f) f, {~) y [P(B,E) -.Zt~:·') P(x,o}_j if;..), 

l '1 (/\) "( :: [1- Z (,\) P(K,o) ?JIA)j I'~ (K) [I"'-+ P(K,o}qlt)?(;.)j ( 3.53) 

i ill8CTHM8pHOM cpa80BOM npocTp aHCTB8 ~ (/\) H tdA) ypaBH8HVl~ 

ABHX8H;,R., B KpHBOJihH8ViHOPl CHC'r8U18 l\OOp,Il;lliHaT aanHCHBS.TOTCR CJI8,11,J­

DI.Qk1M oop aa OM: 

~ (~~ 0 T ~I X) 0 

sfs 
-~ 

-r - (3.54) 
'U( K) Cr F urx) if 

t F -
OT 1-Ie 'l' Vl. M I 4'1' 0 cJJY Hit l~IIIH Ir1 ; a as Ill c .wr OT /jfX) Vl. ll;..f(f), I 

a d..S CBR8 aHO C dJA.. I1 oppe,n; CT 8 OM C 00'1' H Olll8Hlr1R 
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(3.55) 

OpH 4lr1 cneHHOM HHT erpHpos aHvllfl ,ypaBHeHIIlR ( 3. 54 ; uoJnio ctn1T aTh, 

'liTO Ha K aJrA OM aneueHTapHOM mare AHTerp111p OB aHII•R cpyHKll,IIliil G > F 
-

lr1 ; RBJIRDTCR DOCTORHHl:H411, KO'rOpl:le Onpe,n;eJIRIOTCR oHa48Hlfl.RMlr1 

~(t{} lr1 U'A {'j) Ha np6AH,LI;Jlll,eM ma:re. flplr1 TaKOM DOAXO,.u;e Ha Ka:l-

AOM mare ypaBHeHHR (3.54) MOXHO l1HTerp11pOBUTb KiaK Jiv1HeMHHe 

yp aBH6Hlr1R. 

3. 7. MeTpHKa Kpl1BOJII.1He:Ar.wro npocTpaHCTBa. B opToroHaJihHO~ 

Clr1CT6ll8 OTCQ8Ta MElTpl1Ka l1:Me6T BYIA 

~CnOJibBJR COOTHOill6Hlr18 

cX2= z ~) 
1r1 nepeXOAR K H80pT orOHaJibHO~ CHC~'6:Ue OT cqeTa 

IV 

(3.57). 

( M ( jf.), l ) , no-

(3.58) 

Gt'J) = Z Cr Z = {I'1 -fi{J.)jft)P(K,o~l G.[lv -P(K,O)/jfJr) it>.)] (3.59) 

P aa,n; eJIHB ode q acTH paBeHCTBa ( 3. b6) Ha 

,..., 

U(y) Z C Z ·Ufj} = i~l(f) Cr!'j) uf!J)-= 1. (3.60) 

YpaBH6HHe (3.60) on~CHBaeT rHnep~oBepxHOCTb B qeTapexuepHOM 

npocTpaHCTBe cKopocTe~, no KOTopcU ,n;BIIlXeTcR TOtiKa GL. 
HepeXO,l(JI K nepe:ueHHO~ ~(A) , npeodpaaye:u BHpaxeHJ.1e (3.56), 

c1 s2. = ( r1j (1{) ~~ .. fA)) C.lo) ( ~ /k) + ·i;J ().)) = 

= ~~ [ ~~Jr) -+i: O•J_] Cxlt) [ clJ;,t) -t if>f} = 
~vA A 

(3.61) 
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~a nocneAHero BHpaxeH~.FI Ha~~eu 

Dep e,n; pa,l.\HRaJiou B BHpaxeHHH ( 3, 60) MH BH6p aJIVl BHaK (+ /, CtiVlT aR, 

'liTO tl8CT~l.\H ,li;BHXJTCJI B CTOpOHJ B03pacTaHVIJi napaMe'I'pa :/,\· 

B npeA~J~VIX paccyx,n;eHVIRX HVItiero He rOBOpVIJIOCb 0 TOM, RaR 

BH6w.paeT C.R RpVIBa.R C 1 l1 0 KOTO_;JOti ,li;BlflX6T CR Hati @.JlO p enepa-

'l'OtiKaJ'1.B ,II;aJibHePi.meM 6y,n;eu CB.FI8HBGtrb BH60p KpHBOPi. L C CJ~6CTBO• 

BaHlfl6M OCSBOPi. tiaC'l'VIL\H. 

§ 4. 0 BH6ope TIOABVIJitHOVi: CVIC'l'SM:I ItOOpAJ.IJ.HaT. 

4.1. OceBa.FI qacTIAL\a. nycTb VIM63TC.FI TaRa.FI qaCT.ltlll,ii, ROTOpa.FI 

,II;BVlXSTC.FI .UO T0.£1 ze Car..i0i1 Oplll6HTV1p:>BaHHO.t1 RpltlBOPi. C , IIO HOTO­

poti ABVIXSTCJI TOt.~Ra M , .FIBJI.FIJOm;a.F.lC.FI HaqaJlOM l.IeTHpexuepHoro 

n o,n;BltiXHoro pen epa. T aKyro qa;c'l'VIIJ..Y ~~y.n; eu HaSH BaT b oceB o:£1 qacTVI­

IJ,ePi., a KpHBJIO C - OCbiO TIJtiRa 8a).FIX6HHHX q Gl.CTVIIJ,. · W6B:WA HO, 

HSOOXO,li;HMIHiiil H A OCT aT04 HHMH y CJIOBlrl.FIMJil ,}J.Jl.FI OC eBOM qaC'l'l1l.\H .FIBJI.FI­

DTC.FI 

(~ (lr) -.rv ( 4)) u lc) = o. (4.1) 

~a aT~x ycnOBHR cne.n;yeT 

( 4. 4~) 
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I ' 
i 

4,2, Ypamremur JJ:B1DfCOHI1.ff OCCBOti: t!QCTMLTJ;!, IlOCKOJibi{J B BLipame~ 

I-IH.fDC )J.Jm y M z OTCYTCTByrOT KO:MITOHeHThi ~X t1: ~ "i , TO )J.JI.fi 

• 
OCeBOJJ tJaC'l'~ crrpaBe,[(JMBO TOlK,Il;CCTBO 

Y(c) = Z (c)= 14 • (4.3) 

tia Db!pa>KeHRfi {3 .56) ,u;Jm MeTpvrror c.Tie,nyeT, liTO ,u;JI.rr oceBm1: tracT~ 

COCTaBJJ.fiKII\Me BeKTOpa CKOpOCTM UA (C) VI U
4 

(C) = ¥ (C) CB.ff3aHh1 

Me>K,ey' COOOM COOTHOmeHitteM 

~ L ~ u?\ tc) = u
4 

rc)- 1 = .€! ... ( c) -1. 

ITpvtMep 4.I. TloJIOifOOd A = I M aaiTMmeM: KB.1K,n;oe 113 tJeTHpex cRa­

.mrpHhlX ypanHeimVr ( 4. 4) • Tor.u;a no.r.rytJMM: 

oL u {c) 
1.-= 

olS 
( 4.5) 

1 

Jl l''rl ! 1 (4.6) 

.'I.'JJy, /, 

(4.?) 

oL 11
! (c.)= Er' f~) u {C) J Y~ :(c.)+ I< 1.1

1 
(c)) U

1 
(c);.:::: o. o<s 3 .., \). ~ 

(4.8) 

. r yp:t! . iP .,1:<tU1Ii1 .. 
Pemm-mff ypanuermti ( 4.5) - ( 4.8) MC•iKHO aa.rmcarrb B Biti)J.e: 

. ' . . : .'. ~- . 
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U c)= '2( (c)= (Ka. 84 (t)- k_~ 8)..(9) · ( 8;:. (c) El.(c).,. 8~ (c) EJ (c))= 
ll ( [K~ E:t (c).,. K

3 
EJ. (c)) 2 

s (4.!0) 

u (c) ~ItS £
1
ds. 

liO .s , 
~ ~ 

~·(C)., ~ u, {c) ds t y,. {c) 1 ~~{C)= I u~ {c)ols t y.,o (C) 
0 ~ 

(4.rn · 

VIa ypaBHeHHi1: (4.7) H (4.8) CJie)zyeT, 'ITO 1-ra KpliiBOi1: 

BHIIO~IDTCH paBeHCTBa: 

B {c)+ K u {c)= E (c) .u., (c)= E (c) u
1 

(C) 
J 3 1 ~ u .. (c) .:t d 4 . 

(4.12) 

B (c)+ K u {c)=--£ (c) ul({c) =·-£(c) u' (c) 
;t ;t 1 3 1{

1
(C.) 3 (/4 . 

(4.13) 

B 'JaCTHOCTH, rrpH OTCYTCTBJtm: SJ'ISKTPH'ISCKoro noM (E
1

(C):!!: E::t(C) = 

= s (C) = o) reo,n;e3M'IeCRaff :t1: HOP:Ma.Jll>Haff KPl1Blti3HI:il: orrpe,n;eJI.fiiOTC.fi 

KOMITOHeHT~M MarHHTHOrO IIOJI.fi 

8 'c) ;tl 

K). = - uof (c) . 

(4) 

YrrpamHei-me 4.!. BBO,Il;ff BeKTOp £ ( 1.) , r,n;e 

(II) 

£ (~) = 
E (~) 

c , 

(4.14) 

(4.15) 

ITOKa3aTo, lJTO B . C'fliJIY ypaBHemtFI ,I:(BHH8HM.ff OCSBOM tiaCTVU~ BUITOJn-IJI;.. 

eTCH CJie~~ee paBeHCTBO: 

(4.I6) 
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§ 5. ){B£1J:8HII16 aap.H!:8 HHHX llaC'rvtg B noc TO.HHHOU 

~JIGKTpoMarHHTHOM none. 

5.1. ~apaHT6p11CT:W46CKII16 ypaBH6ID1R ,D;RR B6l{'l'OpHHX MaTpiiH.J, no­

.iiR. P accuo·rpHM ypaBHeHvte ,.q B1.1XeHl1R ,.n;nR no CTORHHHX uaTpY!IJ, P( 8)J 

P(o,E) H P(B,E) • Ha.t1,~~;eu xapaHTepVIcTvtllecxHe ypasHeHJt·R aTl1X 

UaTpl1U 1 ,D;JIJI qero BH4V1CJI1.1Li COOTBt3TCTBYD~l16 onp6A6JllllT6Jil1 1t1 np1t1-

paBHR61l HX HyJID. 

3 ..., 
1 • I p {B) - A I 3 } = - A - ~ B (3" : ~ ( X ( s)) = 0. 

(5.1) 

)., -:: 0/ A.,, 2 = ± -r--;:B = t '- i3 i i3 =- ffl. (5.2 
'1 :t. ,.,_, 

2.jP(o,E)-~l'{J:: A- .A££= .d (>.{e)) =O. (5.a) 

~14=0; 
} 

(5.4) 

(5.5.) 

- :! iw..,. 
I 

:2. . 

A l ol.. + t - .BL. 
- + - + . l 't - - - - w2. 

I 2_ } 

( 5. 6) 

> z.. t. I t, w +"". I L. 

(5.7) 

Men OJlb ayn cpopuy ny r a.MViRb'l' OH a-Ka mil AJ1JI MaTp:wJ .. U:l f3 

a TaKXe TeopeMy faM1.1JlbTOHa-KsJIVl 1 JTBepx~anmyn, liTO BCRKUR 
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RBa,n;paTHM IHlTpHIJ.a 8 JAOB116TB0p.REIT CB06MJ XapaKT6pi.1CTiflll6CKO-

MY ypaBH6H111D, HaVl).{eu cne,D;y DntHe qooTHomeHHR 

P3(B) =- P(B) $; 
j L 

p (qE)=- P(qE)[, 

p'~ ( 8, E)= p~ { 8, E) [ cl._.Bj + (f/ E)2..L~. 

(5.9). 

(5.10) 

(0.11). 

Cn~yeT noMHHTh, llTO uaTpHI.UI P(B) 11 P(o,E) lflMeiOT HyJieBo~ 

011p6,D;6Jllt1T6Jlh, T 0 6CT b JIBJIJIDTCR OCOd eHHH Mill MO.TpH l.l,aMitl. 

5. 2. AB111XeH111e qucT11U B noc·r ORHHHx an eK TpJ.1qec K OM VI :Mai'HliiT­

HOM nonax. PaccuoTpHM AB11XeHit1e qacT11U B nocTORHHHX aJI~KTpi.1qec­

KOu 11 uarHHTHOY nonax. YpaBHeHH~ ~B111XeHif1R qacTif1U B opToroHaJib­

HOg CHCT6Y6 KOOp,D;I.1HaT B BOCbMHU6pHOM waoOBOM npOCTpaHCTB6 Mua­

DT Blf1,D; 

d 
olS 

)( 

·u 
X 

u. 

By.D;eM HCKaTb pemeH116 C11CT6MH (5.12) B Bl1.,JJ;e 

>( 

u 

( b .1~) 

(b.13) 

r,D;e MaTpVIUClHT BOCh1lliM6pHoro ypaBH3Hl1R R. (Yso) JAOBJieTBOp.ReT 

MaTpvttniOMY ,D;111WWepeHI.J,l1aJihHOMY ypaBH6HitlD 

d 
ots 

... .... 

IY X { 1/so) 
0 N {slso) 

C Halli.Jll>HHMlll JCJIO BVI.R:MM 

- 0 I'( .III'{·X(St1Q) 
: 0 P{B,E) ~ 0 M {S/sc) 

(5.14). 

( 5 .lb) 
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bO Cl>W1U6FJHO e yp QBH8Hl'l6 (b. 14) MOJ:HO aanwJ.C aT .b B Bl'l,D;6 Cl1CT6U~ 

,It BJX ti6THp 6X:M6pHHX yp aBH6Hl'ltt 

(5.16) 

(5.17) 

OTKyAa BIA,ztHo, tlTO M(:>/so) ·.aBJIRe~·c:R :uaTpl'lD,aHTOM qeTapexuepHoro 

yp aBH6HIAR 

du 
ols 

"' 
(5.18) 

ST oro l.ta.Tp:VILJ,aHT a . 

TlocKoJI.bKY OJ~Ha napa co6cTBeHHUX 8HatieH:w:L1 :uaTpl'lD.l::l P ( B, E) 

RBJ1R6TCJI qHC'fO MHHMOli, a ~pyraJi napa - BemecTBeHH0:£1, rrp11t1eJ.l · 

BHyTpiA KU.XAO~ napH C00CTB6HHH6 8Hat.I6Hl'IR OT.Q.Vl'lJCliOTCR Jll'llll:b aHa­

HOM, TO y,n;o6HO VlCKi.'l'b pemeHl'l.fl CV1C:T6Ml:l (5.16)-(5.17) B BV1,D;6 qJJHR 

IJ,VIH. OT Cg.S W
1 

(.S-S
0

) 1 .1in.. W1 {)-so)J eh W 4 (S-S0 ) 7 *h w;..(S-50 ). I· 

BBeAeM o6oaHaqeHwn ,n;JIR cJie,n;ynm11x WYHKD.l1~ 

(5.19) 

e - ""4--
I e), WA (S-Se) t~ w1 ( ::·-s.,) 

ds - - + _, 
w:L. w.z. 

.L. 1 

(5.~Ql) 

cA2 ,, M, WJ. ( ~ -~o) sin w 1 (s-s,,) 
. ......!t - 1f" -d !:>2. - - w)... w1 (b.~1) 

(5.22) 
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(5.23) 

( 5. 2'j ) 

YnpaXH6Hlr16 5.1. noKaaaTh, tiTO q1JHRJ4lr1~ 

aaHa uexAy cooo~ cooTHomeH~eu 

I Ill II 

~) ~ ~ '+' CB.FI-

1.f' v:: (BE) \r1 -t (E:).--!3) v ':' ( t). 25) 

TeopeMa 5.1. Pemem1e c~c"eua YJ:aBHeHltlV'l (5.16)-(5.1'7) ,n;JI.FI uaT-

pVlt~Hax ~y'HKl.l,~:£il X {5/so) 11 M ( 5/so) Ir1M66T B~A . . 

X ( ~.) = f {(BE)";,. ·].+{P{s,r:)-P{B,&){t~J3~[~\tc)~ + P {~E)tr11+ P(~G)'f-'1,< b •26 ) 

M (.s/s.)-~- : { (8E)~' Iy + [ P'W:)- P {B,E)(E':..2~U 11-''+ P {s,t) 11- '" + P( s,~:) '~-,,]; <b. ~7 l 
I 

r,n;e ~JHRUHii ¥(~) Ir1 66 npo¥.8BC,JJ;HH6 OnpeASJIRlOTC.FI ypaBH6Hlr1.FI-

·J.M (5.19)-(5.24), a 

W
1 
=./d.-~ t.$,:, w.._-= ,j ~.,. ~'--JJ', q. =--/(t'=-13'")'": Lt(BE}~ (5.28) 

(5.30) 
2. 

1. 1- ("' -) w,. w4 ~ 13 J: > (L.31) 

·yc5e,n;~MCJ1 CHaqaJia B B.HnOJIH6Hl1~ H(;.qaJibHHX .)!CJlOBv.iJ/1 (5.1b) 
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N e·/s.) =' 1 [(BEt I¥ ( ~.'- + ~) -1- OTo} =I, 
(5.33) 

B BVl,ll;e (5.2?) .)',LJ.OBilbTBOp.ReT 
• 

B BHpaxeHVIltl (5.35) B:u:ecTo nepsoro cnaraeMoro uo,lJ,CTaBVIM ero a!la­

qeavte, llOJiyqeaHoe Ha (b.25): 

/..... )l.. I v "- 2.) ''' P(B,G)·tB£ 1f' = P(B,f)'"lf -P{SIE)(€-/3 .lf'' (b.d6) 

''t ) a BHpaxeHvte B KBaApaTHHX Cl\OORaX np11 'lf cS upeo6paayeu, ltlC-

nonhay.R (5.11): 

p 'f { ~ E) - p ( B, E} ( t ~ J.~J = 14 (BE)~ 
Tor,.qa nonytl.lliM 

p (a, 1:) . M ( s /so) = 1 { P ( B, E) '"if v- P ( B, f) ( c '---J3) 1.f '''-+-

'+ ( 8 E) 2., 'if' I( J. 4 -t p3 (B) E) ~ ,,, -t p 2. ( fjl E) ~tv]. (b.38) 

CpaBHVIBa.R (5.38) ltl (5.39), y6tuj,,n;aeMc.R B v1X 'fOI,.D;eCTB8HIJOC'rVI, liTO 

,n,oKaBHBaeT Cn.tJaBe,l{JU1BvCTb ypaBHeHVl.R (b.1'l) AJI.R cpyHKL,h:W M (5/s0 ). 

BHnOJ!HeEltle :;paBHeH11.R ( b .16) HenocpeACTBeHHO cne,l{yeT lt!B cpaBHe­

Hltl.R (b.26) 1t1 (5.27;. 'l'ai\VlM os'.fJaBoM, TeopeMa (5.1) .ztOKaaaaa. 

YnpaltHeH:vJ.e 5.2. DoKaaaTh, liTO AJI.R nocTORHHo1·o 0JieuTpJ(jqecKo­

ro nuJlli. (13•0) cpyHHUvliA /VI(>!sJ H X(s/s.,) HMelJ•r Bit1A: 

N { s;s.) =I> P._{ o, e) ch t (~~,)-1 + p (o,t:) #, t/s -s,) 
(b. 39~ 
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5.3 • .LlBvJl:6Hl16 qac'l'l11\ B nocTu.R:n:iOM MarHWl'HOM nuJie (E =0). Ho-

c ltOJI~»Ky U
11

-= ~-= UM-d;· npM E =- 0 , ·.,: o ypasHeHIIiR .n;BIIJlteH.vJJI uox-

HO 8UllnCU1.b B nepeMeHHOM BJr1A6 

-./ 2.. 
uu='6-1. 

BBO,Il;.f.l :u:aTplllQ:HHe clJYHKIJ.lllYI M {5lo) YI X {5/so) 

(5.41) 

(5.4~) 

n opR,n; Ka 3x3., . 

(5.43) 

(5.44) 

Ynpa:m:HeHlt16 5.3. floKaaaTb, tiTO IPYHKJ..J,ltllt1 f'v/( 5/s(J) YI X(.s/sc) Hue-

roT Blti,D;: 

(5.45) 

flapa!.H:lTp .$-S
0 

MOXHO BHpa8~Tb·qepe8 6espa8M6pH08 Bp6MR 

(5.4''/) 
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11HTerpitipJ.fl npiti ~: CCW\Jt ( £:0) ypaBH6H.ft16 (5.47), ilOJlJ'lU'IU: 

s -s == i (x - x ) 
0 'l{ 't ItO ' 

Ynpax.HeHHe 5.4. llycTb B cHcTeue Koop~HHaT (o,x) ypaBHeHli1e 

ABH.i:6H.fti.fl aapJIX6HHOkl tli.CTIIliJ,l:i B no,~TO.fiHHOM uarHViTHOM ilOJie Ill:M66T 

iX = u(-) cis x , (b.4~) ' 

(b.50) 

flOKa8 aT b, 'QTO B CitiCTeMe K00p,L{V1HQ.T ( 01 2:) , CB.floaHHOW C C.v1C-

C 0 OT HOm 6Hlll6:M 

r,.l\e 

,..J 

T., 1 
,..J 

i{-t):: T=- 7, 0 (5.52) 
,.., 
T 0 

3 ' 2... i 

T = !B . ~ (x) P(B) 
.., ((B) o 7 

......, j3 ::::: 2.. 

T = - ·-- u (x) P {a) 
;I.. res) o ' 

_, 

T :: :B_ ~ (x) [ P2{B) + J3:LI ] · 
;, ( 8 Uo (x:)) ~ 3 ' 

(5.53) 

({ 8) =- - i;_ (X) P~(B) iiJf.) = (15'-1) f.."'-( 8 UJi)t 
(5.54) 

y p a B H 6 H1t1 e ,lJ; B.v1 X 8Hli1 SI .ft1.M6 8T B.v1,.D; 

cl! -(-) 
dS :::. u ~' (b.bb) 
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) 

TO 60Th ilORaOaT&, qTO B CMCT6M6 KOOpA~HaT (~f) 
-

(b .56) 

Hanp~BJieH no ocH (!) 73 ll '· , n . ./ JMOHhlll6Hl1R KOOp,I~.It1HaTH ~. 
-1 

Ynpax.HeHllle 5. b. lloHa!1 UTL, qTo uaTpwua T, o6_t. aTHuR l.UlT-

pHUe T Ha npe,.n;a,n;y~ero ynpaxH6Hl1R, III MeeT BHA MaTp.vlqHoro B6R'rO-: 

pa 

_., 
T 

-1 
T 

l. ' 
• 

(5.57) 

-1 ' -1 . 7; ) ·-T =- p {B) U{l) T :(p _B) +T ul) {i) 
)., J3"3 t> ) 3 J3l. -.3 v8 ) (5.58 

a ee onpeA;en:viTeJI& ) 1-
1

} paseH 

(5.59) ' 

YppaxHeHIIIe 5.6. floRaaaT&, qTo B C11C'reMe HOOp,ll,v•HaT (o, ~), 

noJiyqae.uolli ll18 Cli1CT6MH K00p,I4VlHaT ( o, X) JU1H6WHHM np eoopaaosa­

Hl16:U T B cooTseTcTB11H c BHpaxeHvleM (5.51), ypaBHeiD1R TpaeR­

TOpVlH qacTMll.H li1M6DT BIII,ll; BMHTOBO~ Jl11Hllll1 

"12..+~2.-=1 
., ;J.. ) (5.60) 

;; .. :. J3 (s-so __ ) -=-13 f- (. x- x ) r= ~ Q 't '(0 1 (b.61) 

np06KU.Iflil ROTOpot1 Ha TIJlOCKOCTb "l.!-::: C.0~1../t RBJl.R6TCii OKpJltHOCT:blO 

(b.60) e..-HHlii"liHOrO pa.n;:vtyca, ypaBHt:·H116 KO'l'Opoi1 S napaMeTpvitHiOKOkl 

~op.ue 8aTilllCHBaeTCR B BM,n;e 
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t:., ==- Co-5 J3(s-s.), 

:t;t. = jift 13 (s-s.,). 
(5.62) 

§ 6. Jll1Heap11I8aQVIJI ypaBH8Hlt1ti ,JJ;BVIXSHIIIJI ,JJ;JIJI qaQTVII.\ 

Eap~cHaJihHoro (npVJoceBoro) nyt~Ra. 

6.1. _DapaRCHaJibHHVl n_ytJOK. 061:f'IHO B npVI6opaX ynpaBJI8ID1JI ,D;BJt1-

%8HH6M aapJIXSHHHX tlaCTH:U (KopnyCK.}'JIJipHOODTllltJ8CKVIX ClllCTeMaX) 

paCCMaTpHBaDT )J,Blt1X8H~6 H6HOTOporo MHOX8CTBa ttaCTlll:U B ~a80BOM 

npOCTpaH'CTB6. ilycTh ilplll HSKOTOpOM 8Hatt8HI/H.1 napa •. lc.Tpa ~,\:::: ~>.o 

B Hat~an&HHI MOMeHT BpeueHH t HueeTcJI uHozecTBO qacTliiQ M 
. 0 0 

B £Pa80BOM npoc'rpaHCTBe.Tor,n;a :MHoxecTBO TpaeKTOpitl:h qac'rvl:U L B 

npocTpaHcTBe KOOp,L{viHaT Ha8HBalOT :ri.}'llKOM. B KaqecTBe oceBoiii qac­

TVI:UH qacTo BH6;,.paiOT T aKyD qacT~U.Y, TP aeKT opvrJI KOTopott liiMeeT 

Mlt1HHUaJibHJlO )J,JlHH.}' ~ 8 B C6X ApyrHX Tpae HT OpHi1 qaCTlllQ ,JJ;aHHOrO nyq 

Ka L np111 o,n;Hoti 111 T.oVi :a:e Hatta.nbHOi1 aHeprH~ qacT~Q. llyqoK, 

BCe TpaeKTOpllllll qaCTH:U ROTOpOrO HaXO,JJ;JITCJI ,JJ;OCTaTOllHO 6JIIII8KO OT 

TpaeKTOpHH oceBoVl qacTH:UH, HaaLmaeTC.fi rrapaKCI-IaJibHbiM 11:.m1 rrp11oce- 1 

BHU nyttKOM, a ·rp aeKT op:r.111 oceB ott ""lacTVIli,H Ha8HBaeT CJI oc .biO nyttKa. 

6.2. PaaHOCTh BpeMeH ,.u;avrxeHHJI VI aHeprvr0 oceBoi VI np~oce­

Boi1 qacTw:u. PaccuoTp~u o,n;Hy wa TpaeHTOpHiii qacTHll, nyt.ma L. 
BpeMJI ,JJ;B~XeH~JI no aTo.tl TpaeRT op~111 6y,n;eT U , ·r or ,.u; a K aR 

d4 
Bpet.lJI A BH X eH VIJI q acTVI:U n 0 0 CH c 6y)J.eT y"~ {c) • '-'ooaHat~VIM 

paaHOCTh 3TlllX BpeMeH qepea Ll Yl(· 
~ 'f : y., (C) -r 11 J'f . ( G .1) 

Odocmaqaa 

~ ( 6:J") =A u", ( 6.2) 

nonyqJt1u, ~~£Ptl:epeHUlllPYJI no .S BBp.axeHIIIe ( b.l ): 
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V'~f~)~ Uv(C)-tt:.U't. 
( 6. 3) 

; • 0rCJOAU BHAHO, tiTO A U'f .RBJ1.R6TCR paaHOCTbD aHeprlll£1 OC6BOi1 H. 

np14.ocesoi1 ttacTHIJ. )I,JlR o,.u.Horo H Toro xe aH~:rlleHJ..1R napa.ueTpa 'j,\· 

6.3. BeKTOpH MaJIHX OTKJ10H6HJAk npiiiOCeBO~ qacTHIJ,H OT OC6BOR • 
• 

Bei<TopH ~{X) H u O;) Ha. ocH C. dy)I.eM o6oaHat~aTb qepea ~ (~1 t.) 
H u(x,c) , rAe 

~(~,c) jA r~,c) 
~ (7\,C) ~ U{?\,C)-:::. (6•4) 

~.,(c) u.,(c) 

3)I,eCb qepea g {~, C) JA U {X, C) o6oaHat~eHH Tpex.uepHHe BeKTOpH, · 

A -He KOMTIOHeHTH KOTOpHX paBHH H;JJID {A= 1, .21 3) • Ho noc-

hOJibKY Ha OCJIL C OCT aJlbHH6 ,.U.BO HOMTIOHeHTH a·TVJ.X ·rpexuepHHX 

B6KTOpOB paBHH TaKJ:e H;JJ110 1 TO TIO(:Jl6AHJ116 MOI.HO BHpU8Jil'l'b B B111,1J.6 

r)I, e 

. 
L'l -

0 
0 

~ I ~. i{lf) . 

( 6.5) 

( 6.6) 

BBe,.n;eM CJie)I.y DIJ.rwe o6oaHat~eHV!R (~JIR BeRT ovuB, xap aKTep~i ayn~JAX 

OTH~lOH6Hl16 np1.10C6BOJ7l tiQC'l'JillJ,H OT OC6BOli1! 

~ ( ?:) - y ( Jr, c) == q; ( /()' ( 6. 7) 

u {X) . 

pf1.): (6.8). 

J 
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I1pHoceao.ti (napancH a.~1:o HHVl) nytzon .MO.'.\HO onpe,n;eJIVIT.b aepaBeHcT­

sa~m: 

q,(~)<< p (~) <"'-
(6.10) 

) 

r,ll;e L (if) - TpeXMepHHH B6KTOp, ~ - a.R KOMflOH6HTa HOTOporo 

paBHa HyJID, a ,.ll;Be 0 CT aJihHI:i6 - paEHI:i 6,.ll;VIHHI.re. 

6. 4. p a8HOCT b npo,n;OJibHI:iX CK OpOCT eVl. llpeA CT aBHM npO,.ll;OJI hHYD 

CKOpOCTb 

r,n;e U>.{~) H l.(A (C) - CKopocTVI (HJI11 TOtiHee, HMnynhcH) rrpwoce­

aoV! H oceaoPl qacTHI.J; ,n;JIJI O,ll;Horo H ·roro xe aHaqeffi1.R napaMeTpa Y>.: 
11cnoJI.bay.R BHpaxeHHe ,.ll;JI.R U.A l;j)

1 
• 

r,n;e 

{;(~)=/!~ +i(>.)jtX)P{K,oJ G[I,- P{K,o) y (,;) Lt>-il, ( 6.13) 

C ~>. l d) ; L {A) C (d) i (A) = - f - i (X) P ( ~ 0) i (A) • .[ ( >.) P { 1<
1 
o) d, ( ,t) -

- ~ {1\) P(~<1 o) C. P{K1 o)~(K) = 

= -1-r 2 i (>.) P(K, o) if I~)- j/" (lr) P{ K,o) G.P(J<, o)lj(/\)
1
. C 6.14) 
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Hali,D;eU 8HQti6HHR /.}.l(A C TOtiHOCTbD ,D;O tiJI6HOB BTOporo nopR,I4K& 

IUIJI 0 CT l1 , 

ha (6.12) nonyqHu: 

~ 1/A = - ~ U ~ (C.) [ 2 i (A) P ( K, 0) ~ ( k) -t 2 )/ ~ (C.) tl )j: ], 

A u' = A ( u., f:J) ) = ~ [ u>- (c) ~.~ uv - u., f c) a u"] 
<1~ UA(~) UA{C) ·) 

11a nocne,n;Hero BHpaxeHHR, y'tlHTHBa.fi, tiTO UvfC) tt U,._(c) CBR8aHH 

:ue~y co6o~ cooTHomeHHe:u 

onpe,D;emtiM .A 2/A. 

A u.,. = u~ {c) :Z (>..) P(K,o) D (Jr.)+ ltv (c) L1 u = 
" " 11 . UA(C) 'f 

= U (c)i(A)P{K,O)Cj-fii) -r li,{cj [t~;Jp(ii) 
>- u).. rc 

(6.16) 

6.5. PaaHocT:& BeRTOpHHX MaTpVlD, P(B):) AJIR npVloceBoL1 H oce­

BOtt tia.C'rHD,. flpe,n;cTaBHM MaTpl1uy P(B,E) AJIR npHoceBo¥1 qacTltlUH 

B BH,JJ;6 

p ( 8, E) =- p ( B (c)) E (c)) + 1J. p ( 8, E). ( 0 • ~ 7 ) 
I 

J,n;ec:& P(8{C))E(c)) - aHat~eHltle uaTpHD,H P(~E} Ha oc11 C. np11 

T ou xe aHat~eHVlVI napaMe'l'pa /!A , np.v1 HOTOpOM 6epeTCR MaTpltl-

ua P{B./:) B BHpaxeHIIIltl (6.17). 

flo OMOJlt.Kj' npeM.n )(:S~.:it eHlliJI llaCTl-II.lH n 0 CB 06:Vi ·rp ae.h TOpl1V1 p aBHO 

( 6. 18) 
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d d 
TO npOV18BO~HJ.D 7fi't MO.XHO 8aMEHJITb Ha Dp0118B0AHJD d~~~~ 

11 Hao6opOT. fiOSTOMJ, BBO,IJ;JI :UaTp:V.qHI:l:£1 B8HTOp -CTpOHJ ~ p (8,£), 
' (/ r ,.qe 

(t.19) 

nony1UIM BHpaxeHHe AJIJI t.1 P(B/:)c 'l'OllHOCThD ,n;o llJieHOB BToporo no­

PRAHa B CJI8AJDII(8M Bvt,n;e 

. . 

t.P{8,E)= o~~,E) (c.)· !j,-(X) =')} Cj,-(X)· P(B{c),E{C}) 

3aueTHM, liTO BHpaxeHHe 

?Jp ( 8(t)1 E{C)) 

'd"" ~ 
B AaJibHe~meu dy,n;eT o6oaHallaTb 8H~lleH11e npo118BOAHO:t1 

Ha 0C11 L · 

(JP(B
1

E) 
'0-d 

( 6. 20) 

6. 6. PaaHoCTh MaTp:vnux Y AJIJI npV1oceBolil· 11 oceBot1 l1aCT11U. 3a •. 

nwmeu :uaTp:vn~y Y AJIJI np11oct::.sow qacTl1:UH · B BI.1Ae 

y = Y (C) -t- Ll Y = ~[ -t A Y 
~, . ( G.21) 

r,n;e 

'( -= y [ I -t T r 1.) P { *~ o) tt tX) it~) 7 t.>.. l.f -v rJ !..J J 
6.2~) 

- -1 

y;_A: L-r- r tA) Pt K~oJ cl rxij. 

( 6.424) ' 

DOJI.}'qJ.1M C TOllOCThD ,I(O qJI6HOB BTupcro I10pRAl{a MaJlOCTv,: 
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· A Y = 6 \>-. · I lf + 1 'f ( ~) P { K1 0) ~J 1\) i ( ,\) ·=-

' --:: '{).).. z (>..) P(K,O) q;f7r)1'1 +~(X) P(K,O}q,_f>.) L (>-.): 
(6.25) 

_ 1 r o.) P t K o) or~) -t r r x) P r x, o) (/. r 1.) z- r).). 
~ ) v ~ v 

6. 7. Jl1t1H eap11 a aiJ,~JI ,yp aBHeHII111 ,I( BI.1l:E:.HI.1JI. Yp aBHeHHJI ,n; BI.1l: eHA R 

aapJI:&:eHH011 qaCTJt1IJ,li B Kpi.1BOJIVIH611HCt:L1 CJ.1CT'eMe KOOp,D;vmaT J.1:M6DT 

BH,l\ 

-- - -Cr F 
+ 

U(~) 

0 
-
~ . } 

~"' 7{ ll) ~{X) Y { ~ /3) P ( K; o) -J?( e, E) +~/J) P( 11, o ij Pf K,o) }, 

F : ly (X) Y [P(B, E) -t 2 UA t~) P(~o)}1 
G -= u:A I~) ~ {k) · Y [ P (81 £) -t ZI;..IJ) P(K, o)J L ( >.) 1 

-1 

I'f (~) y = l,/*) [ 1- f (A) P(K,o) Jf}\~ [.s~ T P("'o) y !~) r ().)} 

MH 6y,n;eu paccMaTpV1BaTb. TOJI.bKO ypaBHeHWe ,lJ,JIJI u (I\) 

duft) - -· ds = t yfk) T F u(t}+f, 

TaK RaK ypaBHeHft1e ,I(JIJI ~(") RB.rr.F.reTCJI TcmqJ;ecTBOM, 

Ytn1THBaJI nonpexHeMJ, 4TO 

(6~26) 

(6.27~ 

(6.G9) 

(6.30) 
I 

(6.31) 

6U(1.)-=.~(Jr)) (G.0~) 

~ {I'f{J<.)Y)=IIflk) [I'1 L(>.) P{K}O) ~(ii)+ P(K,O)Cf;(X)if;.Jj) (6.33) 
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Hai1AeM A G, A F l'.l .6. f· 

A C. -= t1 ~ \ { x) {' u>- (c) P ( x; o) - [P ( B (c)> £ (c)) + v>. {c) P ( K, o ij P ( K, o) J +- , 

I I 

+ U>-(c) 6 { I 11 (X)Y){ u>- (C) P{ 1<: o)-lf'(B(c), E(c)) + u;.. (c) P(~<,oij P{x~o)J ~ 

+ U>- ( t) ~ ( Jf) { 6 UA · p ( K: o) - ~ p ( B, E) + ll UA p ( ~ 0 J] P ( 1<, o)} =. 

:::: 71~ (c) I., (X) { ~ l!A [ 2 P{ k; o) -{f { B(c)pcJ) -r 2 ~(c) P(x,o !) P{ x,ofl + 

+ t1 (~(x)Y) i. ~(c) P{K:oJ -~(B(c),E(c}) i"U).(c)P(~ofj P(~oJ}- . 
(6.34 

- il p ( 8> G) · p ( K, 0) . 

~ F = A (~(X) Y) l- P {B(c), E(cJ) -r2. ~(c) P(K, o)j + 

· -+ 1'1 r ~) l-4 P ( ~ E) ...,. :t .1 u;.. . P f ~<, o ;] : 

(6.35) 

-.. : 

~! = .6. Ll;.. . I'f ( Jr) [ p ( B(c), c{C~ -r 2/A {c) P(K, oij i(t\) -t- 71). (c) 1!1 ( 1~ {i.)Y) [P(IJ{C),E(c~+ 

·+ U;..(c)P{J<,o)] ~(A)+ ZIA{c)L~P(B,E:)-r hli"P(~og L'(,\). 

~CTIOJih8JR paB6HCTBO (4.16) 

[P(B{c), E(c))+ zt,._ (c) P(~ o)] ,~[>.) =- f, (Jr}
1 

r ,D;e 

( 6. 36) 

( 6. 37) 

(6.38) 

aanv1meu BHpaxeH.IIie AJIR .6 F· u't (c) t.:('-1} l'.l. ,ll,JIR .t1 f.uvfc}t.(l()+6{ 

A ~ ul( (c) if zt) -= /j ( ~ (~) Y) [ P(B{c), E{c)) -r2lt;.. (c) P( K, af}·2J., (c) i. ( 't) -t 

+ IY (:r) [ t. P ( ~ P) -t 2. 6 ZtA • P[ J<, o)j 21., (c) t/'t)-=-

. M . 
- A ( I'v { ~) y) u '1 (c) E (It; L) -+ 1 '( / t) A p ( 1'3, E) ~( (j L ( ;J 

( 6 • 38). I 
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!:J. ~;u'~(C)i{ll}t&{= ~7JAI'1 (K)[P{B{(:),E(c)) -r2.UA{c)P{K,o)] i{A)-t 

I 
-r 6 ( Iv {X) Y) [ u~ {c) [ P( B(c), £{c))+~ (c) P(K,o)] i(J.) + u,[c) !:"'{ Jr/)} t 

+ II( r x) /j P ( B, G) [ u)\ {c) L'{ >.) T u'~ (c:) L'( ZrJ] =-

= flU;..~(~) [P{8{c)1 E{c))-+ ~UA{~)P{~<,o)j i(>.) + 

+ A ( ~ ( ~) Y) UA (c) E>. ( t) i. (1{) -t 

-+ I
11 

{ K) !J. P ( BJ E) [ UA {C) ~(A) -r 2/v /c) L'{lfJ}. 
( 6. 40) 

,. 

UOA CT aBJI.RR B ( 6. 40) Blip ax eHlllR ( 6 .. 16), ( 6. 20) 111 ( 6. 3d), n oJiyqvtM i 
I 

+ ~ ~cl) ~(X) [ P{ B(c), E(c)) + 2 UA {c) P(x,o f) t (A} i{4) (JfX) + 
A , 

-~ u~ (c) E)\ {c) ~ ( Lt) f {A) P (K, o) · ~ ( Jr) + 
I 
I + I, {X) 'IJ'i!ff • P ( B{G), I?{ c)) Cu~ [c) i />.) -+ 11, [c) i{'t) J ~ ( %) = 

·-= u,_ (c) II( {X) rr P[B(c), E{c)j- i{A) -t J2. liA{c) P(~o) L'(>) T E). (c) i(Ltj {()J P(~o)..,. 

-t ~{~) P(B(c),&{c» [ L·(,\) + ~~ ;:~ L'flf)} ~(lr) -t-

(6.41 



ilOCKOJlbltJ 

ol 
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q,(;t) c/ A~(X) 

p(X) - ds ~ u (X) 

cl :::A·-
o/S 

~(f.) 

u ft) 
6.42) 

'i'O, np:L1M6HJIR CKaJIJipHJIO onepa.ll,vllO L~ It ypaBH6HJ.1iU (6.31), DOJIJ­

q"y C TOqHOCTbD AO qJieHOB BTOporo nop.RAKa uanOCT~; 

A • pta (}j = d 't1 U{-¥-) ~ o/.p(K_}: 
~ s. crs " · 015 (6.43) 

(l-,.44) 

TO nonyq:LIJ.:u 

rAe 

! 

F (c)= I., (K) [ P {Bfc~ E(c))-+ 1 u).. (c) P(K)oJ). (6.47) 
1 

TaK KaK qeTBepTHE cTo.n6eD. VI cTpOJta :uaTpvll~ P(K,o) 11 P(k;o) 

RBJIRDTCR HJJ16BH~, TO 

P { 1<, o ) l. {lt) :: 0 , 
(6.48) 

ilOSTOMJ 

.c1. C. · ~'f (c) £{4)::. o. (6.49 ' 
1 

TivACTaBVIM B (6.4b) ·aHpazeHVIR (6.4E5), (G.47), H (6.41). Tur~a 
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+ v(~) P(B(c),E(C/} [if>.)+~~ t'(lfij -t il;..{c) P(K;o)­

- [P ( 8(~1 f {c))+ uA (c) P(K, o lj P(x,o;J ~/A)+ 

- + Jv fk) { ~A~~) [ P{8{e-~E(c))-t2~,'')P(K,O)j\f;.)[(lt)T 

+ p {6(c), E{cJ) -t 2..1,{;. {i) P{x,o)j p (lr) ·-

I 
i I 
I 

-=- UA (C)~ Or) r l/).{ t) p ( K.: (1) - [ P{B(G,~E{C) +VA (c) P(~ o)] ~ (Jr) P(~O}-t 

+ UA{c) P{~o)~ (A)PO<,o)+~{G)i/t}if~YP{K,o)+ 

-r ~{-J) P(Btc~ £tcy L-~·r~v-+ ~ r(% PfJ)o)_} rtf~) -t-. ).. 

'YpaBHeHVle (6.50) nepen:v1meM B BI.1n;e: 

r,.~~;e 

. V = uA (c) P(~<)o)- [ P{B(c>, E(c.J) +UA (c) P(J\ o)j h (}r) P(K,O).,. 

+ UA (c) P { 1<, o) I" (A) P ( ~ o) -+- E" (c) L. ( Lt)? (A) P (I} o) + 

-+ ~(11) P(B(c~ E(c)){t.(A)-+ u'f{(c,
1 

L'/1f)7 
(J . Zl). '-J 0 ) 

(6.50) 

(6.51) :1 

( 6. 5G) 

(C. 53) 

I1o,n;cTaBJIRR B (C.53) BHpaxeHI.1e (().37) 1 noJiytJ:VIM rf10pMJJlJ ,IJ,JI.FI 

W B J.1HO M BJ.1,l.(e.; 
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JlVIHeapYi80BaHHl:J6 ypaBH6HYl.fi A B:vllt6H:tl.H qaCT·:vll.J, B meC'l'YlM6pHOM waao-. : 

BO:M npocTpaHCTB6 ( q_,(~)1 pUr)) MOtHO aanwcaTb CJIEJJ;,YIOIIUIIM o6paoOM, 

q,(J\) 
_., -

0 UA (c)J.,J~) ((;{~) 

pf1i) -- -
pl~) 1'{ (X)V J_J~)W 

i1pwMep 6. 1. IloJiar aR 

p , r,I.te 

UL. 
I 

u,{c) ~ ~ 

p: u; - I u, {c)~ 3 

{l 1.( If d'U 
'1 

' 
aanv!CaTb JlltlH6apl.180BaHHH6 ,ypaBH6fiiiR ,ii;BIIIICeHviR qaCTVIIJ,. 

)J.Jut AaHHoro cnyqaJl Hu:eeM: 

~1 = ~ l. r ¥.), 'h. -=- C(, 3 r "'), rj. =- ~ '1 r ~), 
P1 =- P:a. (~), f;. =- PJ f>t), A~ fki /"f..L 

(6.54) 

( G.55) 

( 6. 56) 
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d ~ _, - -
~ = f-= Vo.; +Wf (b.57) 

Hai1A6-" .uaTplfltiHHe 3JleU6HTH uaTpltlU ·v Vl w. 

V = V ~- [ P {B[c),E(cj) + U rc) P (xJo)7 P {K o) + 
11 ,2l.. l3 '/ -1 • . ll ~ 32. ) 

· + u (c) P (~< o' P {~<,o) +,.,_0 ·[-P { B(c), ~{c)) -t- u,Jt~) P (B{c)> E(cy7= -
., . 2.1 ' '/ 1~ u yl; ').1 ~ ).<t ~ 

= r8 (c)~ U
1 

(c) KJ 1<.,- 'U_,{C) 1<
3
L- ~f)3 {C)+ ;tc) £5_ (c) Ll -t . ( 2. 1 ro(f::. 

(G. 58) 

-V -:= V = U (C) p {K 10) -+ Z/
1 

(C) p ( K, 0) (J_ ( k, 0) -+ 
12.. .4.3 1 .43 ' 'I ;u t 3 

(5.5~) 

. V V '() [ p (B { ) E {. )) .~u'f {c) P (B(C). E{.C)1)1 ~ 
=. :;::. rr4 . ., I C » . C. ~· 1(,J {C) ).If I (j 

1~ 4~ d~ ~ 1 

(6.60) 
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V = V = U {C) p ( K
1

1 o) -t ~~ [ ~ ( 8(C)1 E(c)) + ~vtfc;) p ( B(c.), E(c)\7 + 
~1 32.. 1 32 J:L .,( "'1 . 3'( ~ 

( 6. 6.1) 

V ::: V =- [P (8(C)1 E(c)) + U;{C) P {K,o)7 p {K,o) 1-
. 3.2. '/ 3.2 !J ~3 

a~ 3~ . · 

( 6. 6G) 

' - () () V ~ V = cuv [P..., {E{c)
1 

E{c)) + :!!.:0:~ · P { B(c) E{c))1 = 
~. ;l( (} lf ... '/. ll_, {£) 3'1 ) . I_} 

- ~ 8:1.. { ) _L_ () EJ {c) - ffj'1 G '+ 171 {C) CO J't .. 
(G. 63) 

~ - E (c) K - E (c) K -r 
:t. 1 1 :L ( 6. 65) 

V -= V ~ ~ {c). 
33 'tl.f 'b J'1 

(6.66) 

-
W - w -o H - .~l.- . 

\6.67) 
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w -= w ::0. 
.u.. 33 . 

W- = W = .. u'( (c) _ {) _, ) 
U { ') c J c = · ,_( . ) E1 ( c. . 

33 't 't 1 ~ I ~ ~ ( • 

... 

--

U'((C) p 
1At (C) 31 (KJ o)-

1 ·E {c) 
u/(C} 3 · 

W- W 1 p {Bfc) f (C)l.\ ::::. E.t. (c) 
, · ?>' -=- , 'f:t. = z,-t rcJ '(2. ' '! u1 (c) 

( 6. 68) 

! 
I 

(6. 69 

(6.70). 

(6.71) 

( 0. 7~) 

(6.73) 

(6.74)i ,, 

.YupaxHeH:vle 6.1. LoKaaaTh, tiTC B cTaTllltieCKOM uarHVl'l'HOM noJie 

ypaBH6H1tl.R: ,ll;B:v1X6H:vl.R: qac'l'l'U.J, B HplllE 0JlBH6MHOJii C1tlC'f6M6 K00pAI11HaT 

,n;nR p enepa <.PpeHe :v1M6IOT Bl1.D; ()..-= -t): , . v,_ ~2.. 
~3 0 .l 

~) 2.. 
I -

~a- - y' ( 6. 76) v'·' w<~) &. 

y' y~ l 

' 
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l:z.) 

r~ e 8Jl6M8HTH KBa,n;paTHHX ( 2X2) MaTp~U v 111 W (2.) :£1M610T B:£1~: 

~= ~) 
(.. 

(2.) , v = ;'f -
12. )(~(C) 

( 
81 (c) -t de) de + 
't( ~ (C) 

(2) (~) 
W1-~ -=- wl.'J. = o) 

(6.'77) 

(6.78) 

(6-.79) . 

( 6. 80) 

(6.81) 

(6.82) 

3~eCb ~ _ - pa.AHJC Kpi1IB:£16HH Kp:IJ.BOiil L 't - pa,I~IIIJC Kpy-

'll6Hi'i.R1 npV!tie:u:, Bj{c), K~ }t- H U1 {c)=- ~Vf(~cLRSaHH Me:r~y co6o~ 

C 0 OTHOill6H:£16M: 

(b.83) 

a KOMnoHeHTa MarHHTHoro noJI.R B Ha oc~ L paaHa HyniO: 
.4. 

B:J.. (c) -:::. o . ( 6. 84) 

6. 8. 0 coxpaHeHHitl cpaaoaoro o6'b6Ma. KaK 1113B6CTHo, ~ecJm B 

JIJIIH~HOM ~HclJClJepeHUitlaJ1bHOM ypaBHEHlllvl 

f 
X : P(s) x. (6.85) 

CJI6,ll; uaTpit14HO~ ( nxn) WJHKUV1111 p€.B6H HJJliO, 

(6.86) 
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WO cpa80Bid£ii 06'b6M B <flU30BOM npOCT)aHCTll6 (X) .FIBRR6TCR flOCTO.R.L· 

HOtl BeJmtnm o.t1. TaH, Hanpl!l.Mep, .n;n.fi .I(BH xeHH.R. q acTHI4 B cT aTHqec-

KOM uarHHTHOM none i I 
I 

Y..= P- (6.87) 

. ) 

J 

< p > .. ..f • < w > = w + w =0. 
q . (.( ..tl. 

(6.88) 

i( 

TO ecT b npH ,J;BHJ:eHlilH cpaaoBoro uHoxecTB a M (y~) B qeTHpexMep-

HOM qa30BOM npocTpaHCTB6 ( 'J ;1.' :fl) Y ~ > J i) 06'b 6M MHOX6CTB a 

f'/1 {y1) He aaBHClflT OT ~., H pa3eH M {do) • flpH aTOM npe,.q-

nonaraeTC.FI, qTo ABHXeHlile JIDdoPl TOqKH uHoxecTBa M (j.,) onpe- :. 

A6R.FI6TC.FI ypaBH6HH6M ABHX6HMR (b.85) C yqeTOM (6.87), TO eCTb 

OTCJT CTBJDT CT ORKHOB6HH.R qaCTlillJ, KaH. CO CT6HH.aM¥1 B aKJJMHOti K aue· 

pH, Ta~ H C ,.qpyrHMH QQCTlilll,aMltl. 

ilpH ABHXeHHl1 B npoH8BOJihHOM alleKTpoMarH.v.t.THOM noJLe 

. -1 

X:: 
0 UA (C) l.., {~) 

~J~)V I., f~)W 

(6.90) 

06'b8M cpa80BOrO MHO:Z:8CTBa j\1 ('J)) B ill8C'l'vlMBpHOM cpa30BOM npoc• 

paHCT Be ( G}.t (X) J p(K)) B TeqeHIIi8 AB liZ 8HIIJ.FI M6H.FI8T CR H Onpe,,~8Jl.FI8T-
CR npOAORbHO:t1 KOMnuHeHTOVl. :3R8KTp:rJ.qeCKOrO nOJlR ~{C) • 0,l.l,HilKO, 

MOXHO nepc..tlTH K HOBHM cpaaOBHM KO•)PAhH aT aM l~ (if) J p+ ( :r) 
1 

B 

npOCTpaHCTBe KOTOpHX cpa80Bl:ii1 06'b•3M 0J)J.8T RBR.FITbCR flOCTO.FIHHO.ti 

B 8J!VI lll'IHOJii• 

i. 
' 



,. 
I 
I 

I 
[· 
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BBe~eu cn~yn~~e BcnouoraTenbHHe o6oaHaqeHMR: 

cv o~) + qA if) 
'W" r:~) "' ) 'UJ (~)-

p (;( - p~{~) 
. '). 

( 6. ~2 J 

1'1 0 
I ... =-

0 I~ ( 1¥.) 1- i ~14) 
'A. 

Ha nocne)J,Hero BHpaxeHHR cne)J,yeT, qTo 

i i 
I 

. ( L.. 94) 

+ 
Tor A a CBR8b ue'!i.)J,J HO BI:Ill.ID cpaaoBHMh HOOPA~HaTaMVI W {X) ~ CT •- . · 

pHMl1 ·w(K) uoxHo ripe.n;cTaBVlT.b B Bki)J,e 

( 6. 95) 

. Yp UBHSHHR ,11; BL1XeHMR ,ll;JIR HOBHX .cpa8CtB.I:IX H OOp)J,VIHaT np)(i STO M npV~­

U:JT B~)J,: 

( 6. 96) 'i 

r )1, e i' 
i 
I 

-i 

0 'U/c) ~ (11) 

I,J11)V I'1 {lr) W 
' 
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0 0 

0 
, 

u>-. I'( ( 4) 

0 
-- -1 , 

'U U ] {lt) . A A it 

l1CTI0Jlb8J.fl ypaBH8HV16 )l;BVIX8HYJ:JI )l;JIJI OC6BOVI qa.CTllll.\H 

C T04HOCT.b.O ,JJ;O qJieHOB B'l'Oporo· nopR,D,Ka .MaJ10C'i'li! TIUJ1J4lr1M 

+ ( ... "()' I 
...... 

. 1 . -

(f.99) 

(6.100) 

(6.101) 

( 6.102) 
I 

+ 
.YopaxHeHll.le 6.2. floHaaaTI>, qTo ecJm MaTpvn~y P npe,n;cTa-

BltlTb B Blr1,Il;€ (C T04HOCTbD ,Il;O 4JI6HJB BTOpOrO nupR,n;Ka MUJIOCT~): 

0 1
11 

{X) [ u~' (c) II( { 1~ -t I'i { tt )j 

T { ~) VJ -t 
'i 

vlM8DT B~ 

I (G. 103) 



TaRl1M o6paaoM, ypaBH6HHJ1 ABHX6HHR B HOBHX ~a80BHX ROOVAWHaTaX 

H:UeDT Blfl,I{ 

~·(~) e 1./1{c), ~1
1 

(ti) 

~Yv) 
+ 

I1plr1 aTOM CJI6)\ MaTp.1.11.\H p paBeH HJJ1f0 J 

(C.109) 

(6.110) 

(b.lll) 

.1-1 np:itl )\Bl1:.i:eHm1H6ltOTOpOrD MHOX6CTBa B npOC'l'p0.HCTBe ( ~(X)1 p+(x)) . 
e.ro OO'b6M OCTaeTC.R nOCTORHHHM. 

YnpaEHei-me 6. 3. lloRaaaTb, tiTO np11 A -=-1 ,n;J1R cpaaoaHX ILOp;i;lil-

HaT 

v;t_ i I 
U1 {C) 1j z._ 

- -'t I 

~ ~3 p - •1 Lt., {c) y :0 - ( 6.1a;;: 
1: I 

4 ~., 
) ll ( li ~ '1) u J 
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·I~+ . p > 

0 L. -
~ (6.113) 
-+ f') 

L 
' 

V
.,. 

rAe sneueHTH uaTplllU W t- onp e,n;e JI.R.JOT C.R. one-

)I,J Dll\111 MW BHP ax eHIIl.R.Mlll: 

L, = o 
LK 

( i K -= 1 2 3 • i .+ K). 
I 1 1 I 

L = 1. 
33 

-t ( · -- ) - l- 7J 81 1 V =- B (c)+ "IS(c) IT(t)·K K- ¥(c) V:,(c) K - rvv (t)"' if:1 tc) 
11 1 1 1 1 3 <J 2.. 

v t ~ 'lf( c.) u. ( t) (I< I '1- J< k: ) - r() B l (G) -r -!:-- ~():33. (c). 
-t7- 1 1 4 3 'u~i3 v.,(c) (J 

-r _ _ () B 3 ( ) -+ _, . o E 2.. (c) v - ·10 1..( L 1J: (C.) '0 Lf '· 
· ·n - <Jlt 1 (]'1 

,, .-
()1=2.() 
~ (. 
j~ 
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+ . w = 0 
d.rJ.. J 

81 {C) 

}{(C)V:{C) -t- 2K_,. 

~~(c) .1ff:(c} E,_ {c)- r{c) KJ. 

-r 
~1-

r;'-[~) V/(c) E, { r..) + ¥(•:) K,._. 

£4 (c) 

a·~"( C) 7f/"{ C) 

E3 (c) 

§ 7. Jil1Heap118aiJ,l1R ypuBH6Hl1M ivlaRCB6JIJia B BO.KYJM6 

_B Rpit1BOJU1HeV1Ho~ CVICT eMe KOOPAl1HaT. 

B npeAnonoxeHVIVI, qTo IIJ10THOCTbiO roK• 11 nJIOTHOCT.bro a ap.RAOB 

MOXHO npeHe6peq.b, ypaBH8H.IIlR l~KCB6JIJia B BG.KJJMe B RphBOJH1H8~HO:ti 

Cl1 CT8Me KOOp,L{l1HaT aan11 ~liB aiOTCR en B,L{JIO~l1M OOpadou: 

~(B,E) ·C, + Z (A) 'j {P{B/)C. P(K,o)- P{~o) P( ~E) Gj~o ( 7.1 J 

V(y) Y P(-~B) -r LrA) Y [ P (-~B)· P( 1<, o)- P( ~<, o)·P(-c~ Bf/~o. (7.2 J 

"-' B STl1X ypaBHeHlt;Rx Ae:VicTBl1R onepaTOJ: a "Vf:J) O'I'HOCRTCR TOJI.bKO R 

MaTpVIqHuM !flyHKIJ.l1JUL .P { 81 E) 11 P(-£, B) • MaTp111.4a G VI MeeT 

BVI,L{ 

;:1, 
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G -
-I o 

3 

(7.3) 
' 

0 1 
: 
I 

llocKOJibKY B uaTpV'Iue P( K10) qeTBepTHe cToJr6eu 111 cTpoKa RBJI.R~T-
C.R HyJieEllHU1 1 TO cnpaBe~m1BO CJI6A~rD~ee paBeHCTBO 

G . p { k', 0) = p { K, 0) G . ('/. 4 ) 

flOSTOUY ypaBH6Hltl6 ( 7.1) UOXHO nepen:viCaTb B Blf!,l\6 

PacCMOTpV'IM, qeuy paBHO BHpa:a:e:-Ilt1e ffty) P{R)E) Ha oc:vt nyqKa. · · 

,JJ,onycT:vlM, c TOtiHOCT biO .n;o qneHOB n·3psoro nop.RAKa uano C1'111:. 

H0 uaTp:vlLl. a P { 8 ( C )7 E{C)) aa·s:vl Cltl r Ton b HO GIT //\ • TiosTOMY 

){JI.R npO:v18B6A6H:vl.R C[_t (X)~ (if) nonyqV'.IM 
~ 

Cf;{X)"lf(!J) = I {X). (7.B) 'I 
~ 

3aueH.R.R q_(11)~ly) Ha .l(J\) , Hav;AeM BBpaEeHV'Ie .~nR ~(;J) P{4E). 
~. 

(7.9) 
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Ha OCH c nyqxa ypaBH8HHR (7.5) H (7.2) np~MJT BH,n;: 

fi(~) P(B(c),E(c)) -t L{A)[P(Bfc1 E{<-)) ·P{K,o)-P(K,o) P(B{c),f(c)):: OJ ( 7 .~) . 

~{'J) P (-E(c), B{c)) ~ '[(A)[ P( -E (c),B{c)) P( K,o)- P(k,o)' P {·E{c),B(c))) ::o. ( 7. 7) 

noA BHpa.IeHHe:u: BHAa V(¥) P{d(c),E(c)) MH TIOHHMaeM 8HatieHHe 

BHpa:teHHR ~(;j) p (8
1

E} Ha OCH C. 
noJIOJUtlM A = 'i H aam111ieu yp :l.B.H8HV1R { 7. 6) H ( 7. 7) ,D;JIR R ax-

·~OVl H8 B6RTOpHHX ROMTIOH6HT. Tor,D;:t ,IJ;JIR jpaBH8HVlR (7. 6) TIOJlJ'llHM 

CJI6,ll;JD~H6 CKaJIRpHH6 ypaBH6HHR: 

_ d 83 (c) -+ o 86- {c.) + ~ (c) -= D. 
ra ~l. ~ ¥3 ro '<I~ 

(7.8) 

8
1 (C)_ E_§_., (c)+ Ci£1,. (C)+ B (C)K- B.,(c)K~=O. 
3 ro'(/3 rod" ~ 1 ('7.9) 

(7.10) 

(7.11) 

YpaBHeH1-1e (7.7) .n;aeT cJie,n;ylOmMe qeTHpe ypaBHeHMR: 

( 7.12) 

E' () ~£1 (C)+ uBL (c)-r£ {c}K-E (c)f( ·=0. - ~ c -t- ro t~ ru 'jv 1 ~ ..z. 1 (7.13) 

E (c) _ ~1 (c) ·-r ~ (c) + E (c)/( - E (C) k -=- o _ 
2.. roj)... . ro:J.., ., .~ .3 1 (7.-11.4) 
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( 7. 15) 

AHanorH tiHHM oc5p aa OM MOltHO n onytttl'l' h yp aBHeHHR MaKcBeJIJl a AJlR' 

KOaqJ~lHUHeHTOB np11 nepBoki 111 6oJree B:ICOI{IIIX cTeneHIIlRX yJ. 1 ~ 31 A~v. 

B qacTHOu cnyqae cTaTMqecRoro MarH:wTHoro nonR AJIR penepa 

<llpeHe ( K
1 
-=X~;' KJ. -=-0

1 
K1 -=- k-:: F) ypaBHeiDlR 1kllRCB6JIJia Ha ocli1 C. 

B Kp:WB0Jll1Hm:1HO:i.1 Cli1 C"''eMe 1\00p,L\:WHaT npvlHJi1MaiOT Bltl,D;: 

~ I 
i 
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fJlABA 5. 

T~OP~lH Ofli1 BAK)~l/lX V1. TIF.PVlO,Ulllqf .. CKAH 1)0K.Y C.V1POBKA 

B ,&aHHOli rnaBe MH paccMoT1)VLM MeTO,LI;H, noaBOJIRIOI.4J.tle OAHOBpeueH-· 

HO CJI6,&JI1Tb 6 a A BJII%6Hl"16M BC eX qaCTltlD,, BXO,ll;.fiJJJ,11X B H6K O'l'OpOe r!Juao-· , 

aoe :uHoxecTBO M . 3TJI1 ueTO,D;H ocHoBaHH Ha TOM, qTO ,n;ocTaToti- .i 

HO paCCM0Tp€Tb l"18M6H6HJ116 rpaHJil~H r MHOXeCTBa r1 , qT06H 

IT0Jl,Ytl11Tb npe,n;cTaBJI€HJ.tl€ 0 ,ll;B~XeHJIIJ.tl IT.}'tlRU qaCT11U B pacm~peHHOM 

waaOBOM npOCTpaHCTB6. ilOA pacmltlp€HHHM ~a80DHM npocTpaHCTBOM 

cp ( F, s) u1:1 noHvuJaeM npRMOe npoVJ.aE.e,n;eH11e RxF B€IIJ,E:;CTB6H-

HOi-'1 OCJII 5 Ill ~aaoBoro npocTpaHCTBa F 1 
TO 6CTb npocTpaH-

CTBO 
1 

B l:tOTOpOe BXO,ll;RT BC6 ~aSOB:b[€ ROOp,ll;VJ.HaTH Ill H68aB11CVdJaJI 

nepeMeHHa.fi S , onpe,n;eJIRlOID,aR .I\BVJ.JK.eHJIIe nyqRa qacTIII~. 

AHaJilll'l'V14€C 1\ oe OITVJ. caHJII e rp aHJIIIUl r MHOlt e CT B a M c F Hepaa­

pHBHO CBR8aHO C ITOHRT~R~ T60pltlltl KBaApaTl.14HHX WOPM• 

PaccuoTpVlM HeROTOpHe onpe,n;eneHHR III TeopeMH :v1a TeopVJ.IIl RB~­

paTVJ.tiHHX ~opu, ROTOpHe ITOHa,n;06.RTC.R HaM Dplll. ,n;aJibH6Yr:W6M Vl8JIOJte-

KBa..gpaTllltiHOVl wopMO:lli OT n nepeueHHHX x.,, )(~, ... ,x(l. Ha8HBaeT· 

C{:l O,ll;HOpO,n;HHYl MHOroqJieH 'P (X
1 

}( 1 ... 1 X) BTO}!Of! CT€TI6Hlll OT 3TV1X 
. J 2 n 

ne peMeHHHX • I!,cJ1lr1 B 8RT b ap:v1CfJM€T .11.1 q·SCRIIlM B6KTO p X C KO MITOH6H-

X 1 ) X). I ' • ') X n.. ' T 0 .KB a.n.p UTJ.14H.Y IO cp OPM.Y 'P (x) 

MOXHO SaiTl.1CaTb B MaTp114HOM BJII,ll;€ 

'{J (x) = x Ax 
' J 

RBa.n;paTVLtlHOti cpopMH. BHpaKt:JHllle (1.1) TOX,l\BC'I'BeHHO paBHO HJJID 

B TOM Ill TOJibRO B TOM CJl.}'ll ae, ec.rrfll A 
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( KOCOCV1Mr.!8Tpll1tiHii.R) MUTpVlll,U ( A =- A) . nocHOJlbl{.Y npov.a-

BOJluHJD MaTpVlUJ MOXHO npe~cTaBVlT~ B BV1~8 CJMMH C~MM8TpV14HOI 

( CV1MM8TpVI'll8C KOtl) .1.1 UHTL1Cit1MM8Tp11tiHOVi ( .l{O COCVlMMEJTp:vi ti8C KOVi.) MaT­

p~Hl,, TO noA MaTp:V1IJ,e:&i A B BHp:u:eH:vrlll ( 1.1) 6y.n;eu no~paayMe­

BaTb CVIW8TpV14HyD (,n;eV1cTBV1T8JlbHJG~) MaTpVll-IJ 

,v 

A=A. 
KBaApaTitlllHaJI rpopua ( 1.1 J Ha8I:maeT C.R noJIO:t~I.1T8JibHO oupe,n;eneH­

HOPi, O'l'p:viiJ,aTSJlb HO Onp e,n; 8JI8HH OJI.i 1 He O'l'pv.~.L,aT 8JlbHOVi. w.Jll1 nbD OJl OXJ.1-

T8J!hHOI, 8CJI.V1 ,li;Jl.R BC8X H8T,tJI.1BL1aJlhHHX X COOTB8TCTB8HHO 

X A X > 0 J X A X <. 0 ' X A )( ·~ 0) X A >( ~ 0. 

flpoJ~Iase,n;eu Jiv.~HePlHoe D!Jeo6paaonaHVIe nepeueHHHX X 

(1.1) cornacHo no,n;cTaHOBRe : I 

i 

x=T·~, (1.3) 

T - KB~paTHa)t (nxn) H80C068J-IHuR M8.'L'pv1L:;,U. J:J,~CTUB-

JlR.R (1.3) B (1.1), 110J1Jtll1M 

(1.4) 

( 1. 5) 

aan:wmeM (1.4) B s11,n;e 

( 1. 6) 

Vla ( 1.5) CJ18,D;J8T, tiTO MUTpllliJ,a 8 .RBJI.FI8TC.R CIIiMM8TplllliHOPl 

Mu.Tp.VII.J,eti ( B::: 8) . TaKL1M oupa80M, MU'l'PVIIJ.a JllllHeV1Horo O~HO-
po~Horo npeo6paaosaHL1R T nepeBO,I\VlT KBU,L\pUTV14HJf0 cPOPM.Y OT 

nep8M8HHHX X B RB a.n;paT11tiHJIO q10puy. OT HOBHX nepeMGHHHX Jl ·,., 

~·. 
•' 

AJIR Kax,n;o.t1 ,n;ei1cTB11TeJibHOV1 RBa,I1paTVltiHoti cpopMH ( 1.1) cy]4ecT­

ByeT AeV1 CTBvjTeJibHa.R opT or· HaJihH;:~;; (T T-::: ~-~) .MaT pvm. a T , np111- ,
1
; 
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BO.L\R~an uaTpvn.\y A K ,n;HuroHaJibHOMJ Blr1.L\J, a KB~paTJilqHyn 

cpOpMJ ( 1. 1) K HOpMaJI bHOMJ BViAJ: 

~ ~ ~ L 

xAx=~ TATy=\:~i ( . ) (1.7) 
l. = 1) :2, •. :, fl ) 

r,L\e MHOXBCTSO ,L\eACTSWT8JihHHX 4HC6B A. cocTasJIREJT cneRTp 
(,. 

codcTseHHHX BHaqeHlr1A Ma'rplr1I.Ux A . 
C nouomb:o .n;oc>asoqHoro npeodpaaosaHJIIR 

sHpa:a:eHllle ( 1. 7) npHS0,14l1TCR H KUH0Hl1qec KOM,Y Slti,Il;y 

2. 

X A X -= si3n A~· l.i. { 1.: :: 1, :21 "') n) 1 

( 1. 8) 

( 1. ~) 

+ 1 - t ) 
JllJIItl 0 , 8CJIV1 COOTS8TCTSJDII(66 rAe -si~~ \: paBHO 

C00CTB6HHOe 8HaqeHlr16 ;\, TI OJJ.OXlr1r SJI.bH 0, OT p:V.ll, aT 8J1bH 0 lllJI11 pas-
4. 

HO HJJID. 

)J.JIR TOrO, qTOOH S8lli.6CTS6HHaR KBSApu'l'lll4EUR cpopMa (1.1) 6H.:.. 

. Jia TIOJlOXIIlT8Jlb HO Onpe,L\6J18HHOVi 1 H800XO,Il;IIl MO Ill A 0 C TUT04 HO, trr 06H 

Tipii.i npHS8,Il;6HJI.iJI.i eeK ,Il;l1aroHaJI.bHOMJ SVl,I.(J S6lli.8CTS6HHHM H60C06eHHH.U 

Jllr1H8VlHHM npeo6pa80BUH116M nepe.ueHHHX ( 1. 3) see HOstiJ:illll..\V16HTH . i 

npiil KSaApaTaX HOBHX nep6M6HHHX S BHpaX8Hlr1lr1 (1.7) 6HJilr1 

n OJIOXIIlT 6JlbHH 

(1.10) 

§ 2. 3aMKH,YTH8 rHnepnoBepXHOCT:i1 BTOporo DOpR,D;Ha • 

• 
2.1. 06~eM Tena, orpaHMqeHHoro aaMRHyToVi ueHTpalhHOVi rwnep-

posepXHOCTbJO sToporo nopR,n;Ra. KaK l!IBsecTH'o, ypasHeHwe aaMKHY­

Toia li.BHTpaJibHOL'l rHnepnosepXHOCTl1 BTOporo nopR,L\Ka B npoc•rpaHCT­
Ort. 

Be 1\ OTilflCHsaeTCR ypaBH6Hltl8M 

(;::;. 1 ) 



~e uaTpl1u,a A .RBJI.ReTcR uaTpl1uetl nonoxwTeJl bHO onp e,n; eneHHOVi 

KB a,Li;paTH'llHO~ cJlopMH • p aCC.MO'l'pl1:U Jl)(lH e.t1HO e npeo6 p a30BJ.HJ..1t 

X= T-~, ( ~. 2) 

np.itiBO,Lt.Rll(ee RB~paTHllHJD cpopMy X A X 

(G.3) 

T ,n; OJIJtHa YA oaJieTBOp.RT h yp aBHeHwD 

,..J 

TAT= In., · (G.4) 

a ee onpe,n;eJUlTeJr b no,n;tm.H.ReT CR yp iiBHeHitliO: 

~ ~· 

/T/·)AJ·/TJ~ /T/·/A/: 1, (G.5) 

OT RJ,Lt a CJI6AJ6T 

- y.2.. 
IT/~ /AI. (2.6) 

MH paccuaTpY.lB aeu uaTp:vu.J,H 

Bae,n;eu uaTpltlu,y b 
T c nonOXVlTeJibHHM:V. onpe.n;env,T eJIRWtl. 

, oop a'l'HJlO MaT pit1IJ.6 A 
' 

~ -1 
\J-A. 

0npe,n;eHY.lT6Jlb MaTpHIJ,H 6 paBeH 

.-1 

/G/= /A/. 

/T) ·=,(G. 

(2.7) 

(2.8) 

(2.B) 

Haiii,Lt eM och ell n.. -Mepi-JOro Ten a, aaKJIDtieHH oro BHJTP¥1. noaepx-

HOCTH 
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X A X-::. f. 

OdoaHaqan aTOT o6~eu qepea 

(~.10) 

(2.11) 

ilepeXOAR K nepeueHHO~ 

(G.2) c uaTpvu~e~ T 
if , onpeAeJI.FieMOtl npeo6paGOBalllie~ 

, DOA4Ji1:H.FIIOI~e11C.FI ypaBH6Hli1:10 (2.4), Hru:i,.l(6M 

(2.12) 

I -ll 
;t 

((1-r i) 
) 

rAe r ( )() - rauua-clJyHKI.J,ItlR OT X I a 

- "'lz_ . -16,, 

I ({ I · v n. = I A I · vn 
RBJIR6TCR 06'b6MOU rL -MepHO.Vl criJopB. AJlR CJI,Y4a.FI 46THoro n_ 

(n_:2K) H HeqeTHOrO rl.. (rt.::.~K-1) DOJIJHHM: 

v = 
-tK 

(:G.13) 

K-1 k 
7[ 2 

'(2.14) v = 
:2. K-1 

T aiU1M oGp aaoM, onp eAeJIHT eJib MaTpLll . .J.H G oc5paTHOt'i uaTpM­

ue A KBC~ApaTH'llHOVl cflopMH, c TOllHOCTblO ,1.(0 H03cp~ltll.J,heHTa paBQH 

KBii.L~paTy od'beMa Tena, aaHmoqeHHOJ'O BHy·rpV1 noBepXHOCTIII (2.10). 

B AaJihHekimeu V+= $J 6yAe.M HaSHBaTh npViDG.J\ernn.al o6'heMO.M 

t'' 
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MHOXeCTB a, onp e,IJ;6JIR6MOI' 0 H epaB6HCTBOM 

X A X ~ 1 ( ~ . 1b ) 
J 

-1 
r~ e uarpva.J,a A :. 6 .RBJIReT CR .uaTp1Hl,ei1 n OJIOA.Vi 'l,eJibHO onpe~ eJieH-

HO.t1 KBa.ApaTH'liHOVi !JlOpMH 

x Ax >o. (2.16) 

2.2. 06'b6M TeJia, OrpUH.VI't.IeHHOI'C 8UMltHYl'Oti Hei.J,eHTpaJihHOh 

~HnepnoaepXHOCTbD BToporo nopR,n;Ra. Paccuorp~M o6~ee ypaBHeH~e 

flOBepXHOCTH BTOpOrO nop.H~Ka· B BH,D e . 
...r _.J 

X A X + g X + X /; == c. (~.17) 

r,n;e A · - · ClllMMeTp~!o~HaR Bell(ecT seHHaR Heoco6eHHa.R Ma'rp~ua no-

t-.J -1 "" 
c+6A ~=C.+gc;g>o. (2.18) 

' 

11po111ase~e:u B (2.17) aaueHy nopeMoHHHX corJ1acHo npeo6paaoaald~D 

'l'or,n;a noJiy'lllllM 

x Ax -r lx -txg -::.{j -l~)A (:;-6~)+t(~-G~) +(j-fc;)g = 

""FA~- 'i if- i C + l () 1:, d¥ - ls~ ... i ~- i 66 = i Ay -l ~~. 

(2.19) 

(2.20) 

TaKH~ o6paaoM, ypaBHeHllle noaapXHOCTlll (2.17) AJIR nepeMeHHHX 

~ uo:a:Ho aanvrc aT :b B BlllA e 

X Ax +it-+ X g = (j -l ())A f;rbB) + it;rD6) +(j -i r;,) b = 

r ~ 
't ,, 
I 

'l 
-1 

(2.21) 
~yAy- i8- i ~ + l r;;~ +tr l<i" ~it, -l t:{, =- fAr{r;b · .. · 

By,n;EJM Cli~TaT.b, tiTO MaTplllua A .FIBJIReTCR noJIOY1·~·re~1bHO oHpe,n;e-

-
neHHOiil. Tor ,I( a MaTplllua A BCJie,n;cTBJ/18 (~.18) TaKxe 6y,n;eT noJio- ' 
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X11Ten&Ho onp e.~ eJr eHHOV1, a ypaBHeH~R ( ~. 17) VI ( 2. 21) 6y;n, yT onpe­

;n,eJIRTh aaMKHJTJD norepxHoCTb. YpaBH6HVIe (~.21) B npocTpaHCTBe 

onpe~enneT ueHTpan&HJD noaepXHOCT&. 06'beM Ten a 
·~ 

aaKJIDqeHHOrO BHJTPL'l STOki noaepXHOCTL'l, paBHHVi 06'b8MJ TeJia Vn (x) 

BHYTPL'l noaepXHOCTlll (2.17), Tor;n,a onpeAeJilllTCR BHpaxeHIM1M:VA: 

£. - 1G l K! -vJ .:tK 

'1<-1 I( 

T[ ·.2 (4:;.23 
/·3·'S·" fl..K-1 

r;n,e 

(2.24· 
I 

.:t K-1 

: (t -r ,g G g ) I~ { . 
(2.25: 

TaKHM o6paaou, npv1ae,n; eHHHe o6'b ew{ 

-t K.f (' ''6) v v ltl<. 

.~.~:.. 

;tl{ ::tK 

vt 1·~·5· ... lK-1 \/ (2.~'7) 
I[ K.-1 • .2 I( 

~l<-1 )..1<.-f ' 
,D;JIR MHO :It eCTB a, onpe,n;eJIR8MOr 0 He;) aBeHCTBah!VI 

~ ,... 
' X A X + g X + ; g t- s G' g > 0) 

.. 

,. 
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(~.30) 

oupe.n;enRKJTCR c,PopMynaMVJ: 

((:.33.) 

(~.3~) 

OqeB£1~HO' qTO od'beM n -MepHoro Ten a BHJTPII.[ He8aMHHJTO~ 

TIOBepXHOCT£1 JiBJlii6TC.FI 6eCKOHeqHO 150JiblliOfl B8JlJI1qhHOV1. floaTOMJ H8-

o6XO~II.[MHM II.[ ,ll;OCTaTOllHlHA JCJIOBJ.18M 8aMKHJTOCTir1 DOB8pXHOCTVl MOJ:HO 

Cl!VlTaTb KOHellHOCTb 06'beMa, 8aKJID48HBOrO BHJTPH 8TO~ TIOBepXHOC­

'1'¥1. 3To yTBepx,n;eH£1e cnpaBe,n;nVlBO KaK ,n;nR rVlnepnoBepxHocTeiii TI no-' 

pR.n;Ha, TaR II.[ ,n;n.FI rVlnepnoBepXHOCTefl 6onee BHCOKoro nopR,n;Ka. 

Jlplt1M8p 2. 1. ilyCTb B n. -:uepHOM 8BhJ1Itl,lJ; OB OM npo CTpaHCTB8 onpe· 

.n;eneHa a aultHyTaR r£1nepnoBepxHocT h B'roporo n op.FI,n;It a 

xAx-=-1. 

A11R n-:;..2 ypaBHeHHe (~.33) IIIM8t.T B.vlA 

. ·~ 

~ ).. A X +2A ><.,>(-+A X =i. 
'11 ~ .., 1 '2. "· .2.2. 2. 

( ~. 34). ~ ' 
p 

Yp aBHeHJae ( 2. 34) .FIBJl.FieT C.FI ypaBHeHVle M ann11n ca c LJ,eHTpo M B Ha- I 
q ane KOOp~vmaT H a KOop,n;vlHaTHOPl HJJOCKOCTlti (X 1 ) x].,) • AByMepHHM 

i 

06'beMOM TeJia, SaKJIJOqeHHl:iM BHJTpVl 8JlJIVlDCa (~.34)', JiBJlR8TCR TIJIO-

' j 
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npmllep ~. ~. An.R. n = 3 

HO CT1J SJIJI.V>DCOJ.1A a 

yp i-.lBHeHvle ( ~. 33) onJ.1 CHB aeT noaepx-

(2.36) 

C IJ.8HTpOM B HatiaJie Cl1CT8llH KOOp~fllHUT 

co~a 6yAeT paBeH 

( v X X ) • 0:5'b eu -=-JIJIJ,1fl "t, ~) j .114 Q 

v- (2.37) 
~ 

rAe 

l A I 
'2.. 2. 2. 

-A A A +~A A A -A A -A A.-A A 
11 J,2.. 33 1'- ~3 13 f3 J.2.. 12.. h .2.1 1-f. 

I 
( 2. 38) 

2.3. I1poeKll,l1:1t1 aaMKH_yToll! noaepXHOCTM Ha nJIOcKOCTli1. B cnyt~ae 

n_ -Mepl·lOrO 6BKJIJ,1,L{OBa npOcTpaHC'rBa. paCCMOTpltlM np08Kll,J.1J,1 no-

BepXHO CTJ,1 

X A X= 1. (G.39) 

Ha TiirOcKOCTJ.1 (xi., XI() , rAe i, K = -t) 2, ... ) ''-- • ()qeB:It1AHO, qTo 

TaKMe npoeKll,hiii 6y;u,yT MMeTI> cpopMy aJIJU1nca, onpeAen.F.reuoro ypaB­

HeHweu 

x. 
(.. 

1 
j (~.40) 

X 
I( 

ltl Jl J,1 

A 
ii. 

~ z.. 
X. + 2 A X. X -t A X = 1 

I. i.t<. t. I< IC t<. K ) (~.41)· 

r ):( e MaT pva~a 

';, 

.l 

f, ' 
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.RBJ1JI6T C.R MaTpvu~etl nOJI6XIflT6JlbHO OnpeA6J16HHOt1 KBa,Ll;p8'I'll1liHOi1 cpop-

Ml::i 

MaTplflUY A (l
1

K) 6y 1J. eu. HaBHB aT b npoeKLJ,'V1et1 MaT pVll.I,H A H a A ayu:ep­

Hoe npocTpaHCTBO (Xi. 1 Xt<.). 

2.4. 3KCTpeu.aJ1bHH6 8HaqeHI11.R KOMDOH6HT B6KTOpa X Ha noBepx 

HO CT It1 • 06oaHaliVlM U.HOX6CTBO T0li6K Hti noBepXHOCTifl 

_, . 
XAK=f (~.43J 

{ 
t 
¥ 
J 

.,, . . ' '•' 

qepea r{A) . QqeBI.1,IP·lO, qTO HaX,L{a.R I.18 KOMDOH6HT B6hTOpa X . 1 • 

npo6 craeT Ha noBepXHOCTVl ( ~. 43) 8Haq6HI.1.R OT H6H OT opo ro X. · 
I.} I'Y\.ol.'l'\. 

X = mccx X. , 
i 1 rnax. )"' X.E r(A 

L, 

L :: t, .2 , ... , n. . (~.44) 

><' . I..J I'Y\.Uz, 
't 

'r 
.· ~f 

H 

Haiil,L{6M xi,mQI( 'V1 x~., m.~n.. ,L{Jl.R li6HTpaJibHOti noBepXHOC'1'J.1 (2.43). ··~·~1 .. ··. 
AJI.R sToro 6ylJ,eM 'VlCKaTb no uHoxec:TBy /{A) aKCTpeuyM r£1JHKD,J.1J.1 

j'i 
I 
l' . ' 

(;::. 45 ) ·l 

np.it1 H 8.illtl tlll1.lt1 COOT Hom 6H11•.R 

' ' 
'P ( P) = 0 = x A ;( - 1. (~.46). 

~ : 

KaK .lt1BBeCTHo, TaKa.R aaAQtia cno.L{wrcR H HaXOArAeHvuo aKC'1'pe.:uyua 

AJ1.R ~yHKUI11It1 ]arpaHxa 

!, 
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(;2.47) 

r~e 
- nocTORHH!:.Iii cRaJIRPHilV! MHOXhTe.;lb. B 'i.'Otme sH.CTpe-

JL (~) AOJil'.eH o6pa~aTbC.R B HJ.ilb: 

r~e X(exbt{t))- B6K'l'Op X c OA_Ho~ 11.1(1 ~KC'rpeuaJibHHX KOMnoHeHT, a 

Jr1M6HHO X. • BHpa:teHvre (2.48) oupalll,aeTC.fl B HJJib, 8CJIJtl 
L 

(~.49) 

U G I:, l i) -t- I.,) X ( exh r i))-=- 0. (2.50) 

.. 
TioCKOJihKJ TOX~fCTBeHHOe paac;HCTB·:> X=: 0 He y.LT.OBJieTBOp.HeT yc­

JIOBVID (2.46), TO ~JIR CJ~8CTBDBaHA.H perueHltlR O~HOpOAHOI'O JllllHeR-·. 

HOI'O ypaBH8HJtlR ·:2.50), OTJIJtl4HOI'O OT HJJlR, H806XO,l.l;ltlMO, 4T06l:J 

onpe,n;eJIV!TeJib MaTpVID,H A-
1 
G ~ {t.) -t ~ 6HJI paBeH HJJilD. 

noa·r OMY noJiy4 aeu 

I I-t- 'A-
1 c; I {t)J-== o. 

, 11 
(~.51) 

.HBJ1H6T C.R Ma'rpltlll,6W 8JI 8M6HTO.pl:-10I'O lll3l'Jtl6 i:l. . : 
.MaT pV!D.a 

~ -1 -
.l -r A G 1 I i) 

h n 

c i -oVi: npovlaBOARlll.ePi cTpOKOi1. Cne.n;oBaTejlbHO, ee onpeABJili1-

TeJib paB8H ,l.l;Jtlai'OHaJibHOMJ 3JI8M6HT J, CTO.fillJ,8MJ Ha. nepec 848HJtlJtl· 

i. -oVi cTpOKlll Ill i -oro c·r oJI6D.L, 

o'rKy.n; a H ax o,lflll M 
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(2.b3) 

I 
flOACTaBHRR (2.49) H (2.53) B (2,47), nonyqaeM 

2 L ) • \) l.J. 

Ho, nocKOHbKY 

\f> ( p) =- 0.} (~.55).:: 

TO HM86M 
::. 

L (P) == f (P), (,;:;. b6) 

OTKJ,D;a CHe,I(J e~ 

2.. l.. 

l ( Po) :::: X . (e~~d ~( i)) -=- X • t = ~ · · · V z. 'I t., e)( t l.. 1. 

J 
"' 

(~.57) 

·~ 

()qeBJ11AHO, qT 0 ,D;HR Ll.8HTpaHbHO:Pi ri OBepXHOC'fH ( 2. 43) 11M8eT 

MeCTO 

;::-
max. xi. = v G .. . 
x.er{A) "' 

L 

(2.58) 

-:::..- (i.59) ' 
' 
I 

.I 

06oaHaqaR qepea X {tnox. (i)) TaKoe aHaqeH1!1e BeKTopa X 
. 

np11 KOTOpOM ero l.. -aR KOMDOHGHTa paBHa 

ypaBHeHlt1R ( ~. b0): 

1< 1 ~= 1)~, .. 'J n. (~.60) 
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(~.61) 

T aHI!l M odpa30M J 3RCTP£:-~:U: UJl uHHe 8HU46H.lll.R K 0MllOH6iiT B6l{'r0p a 

)( Ha HOBepxHocTI!l K A X-= 1 onp~~eJl.RlD'l'CR cooTBeTcTBJDW.ll1l.M 

'-'" -1 

.n;»aroHaj!bHHMI!l aneMeHT :::MI!l MU'l'PIIliJ.H \J :. A . 
Ynpax.HeH.IIle G.l. IloKaaaTh, q•ro acnlll MHO:HtecTBa Bcex '.i.'04eK, 

npViH8,L\JlLJ.a~li1X 8 UMKHJT OVi H6U6HTp a.Tl bHO:Iit noBepXHOCTlll 

,._, 
X A X -+ g X -t X g ·= c 

X .. -' . 
d ) j'Y\.(., 

r,n; e 

(~.62) 

I 

(2.63) 

(2.64) 

(~.65) 

((:.66) 

'I,Jrnax{i)) { X,Jm~-~lJ/) - t<. -a.H KOMnOH·3HTa TaKoro BeKTopa X 

j -UR KOMDOH6HTU·KOTOporD Ha nosepXHOCT.lll ('.6~) 1!1M66T MaKCI!l­

MaJibHOe (MI!lHI!lMUJibl-106) 8HU46Hl16 1113 BC6X B08MUKHHX 3Htl46Hllli1 X. d 

Ha STOW TIOBepXHOCTI!l. 

. \ 

TaRl1M o6pa80M, 3KCTpeMaJibHE6 8HU46Hli1R KOMDOHGHT X. B6KT0- ,: . 
J 



pu X Ha flOBepXHO.CTRX (t;..43> JllJ111 (~.o~) 111M6.0'l' DpOC'l'OVl Q.HU" 

JilllTllltieCKI.1t1 BJilA, nonyqaeM:u.t1 np11 Jllc:noJib80BaHllllll MaTp11lUH G 1ll 

onpe,n;eJIR8MHW Bl:lpaX8HlllRMlll (2.58)-(~.61) Ill (~.63)-(~,66). 

§ 3. Orvl6aiOlll11l8 ceMePlcTBa perueHVt11 o6HKHOBeHHHX 

,D;JilqHlJe peH l.l11 a Jib HHX .YP aBHe I:-lllVl • 

3.1. 0rJiloaJ0!.4llle cpaaoBl:le noBepxaocTV1. PacuoTpwu o6HKHOBeHHoa 

JilllH6Vl H06 ,D;JilcpqlepeHI.J,VlaJibHO 6 ypaBH6 :-IVIe 

(3.1) 

r ,n. e P ( s) - uaTpllltiHaR nx n. cDy 1KD.lllR, · a X - n - uepHr:.Vi 

aplll!lJl.l6Tlllti6CKV1Pl. B6KT op. TiyCTb MHO:leCT BO HatiaJibHHx ,n; aHHHX 8~ a- . 

tilll Kom111 onv1CHBaeTcR HepaBeHCTBO:Il 

(;j.3) 

TioaepXHOCTb 

1'-.J 

xo A >< -= 1 0 0 

Haa oa eM HatiaJibHOVi orw6a10m; e:W cpa soB o11 n oaepxH ocT biO B cD a80BOM ' 

npOCTpaiVCTB6 (.x) ,D;JIR c'eMei1CTBa pemeH:L1Pl ypaBH8HV1R ( 3.1) C 

MHOJ18CTB01l HatiaJibHHX ,n;aHHHX (3.2). i\fu0.1[8CTBO Hill.JUJibHHX ,ZJ.UHHHX 

(3.2) odoaHatilllM qepea M (A(so))-=-f1
0

, a MHoxecTBO HatiaJibHHX ,n.aH­

HHX, JieXallU1X Ha DOB8pXHOCT:L1 (3.4) 1 OG03HUQV1M qepes r (A(J..))-= ~· 
8an1o1meu perueHYU> t\HlAUQltl I\ om~ ypaaHeHMR ( 3.1) ,ZJ.JIR 

Xo '- No 
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3. 5) . 

llyCTb X
0 

HaXO~MTCR Ha DOB6pXHOCT~ (3.4), TO 6CT& 

PaccMoTpVIu, 

Xo E r (3.6) ~ O· 

r I 
Halt M6Hii6TCR DOB6pXHOCTb c vH3M6HeHlti 6M ->. i. 

ji 

Ann aToro noAcTaB~u B ypaB~eH~e (?.4) aHatieHVJ.e. X
0 

, paBH06 :; 

-1 
X::: R. ·X. 

0 

Tor ~a noJiyqVJ.u 

~paBH6HV16 (3.8) MOXHO aanV1CaTb E· BY:IA6 

r~e 

(0.7) 

(3.8). 

( 3. 9) 

(3.10) 
' ~h~ 

I 
1 

J l :1 
r 

YpaBHeHVJ.e ( 3. 9) RBJ11IOTC.ff ypaErreHli!CM rli!rreprroBepxHOCTli! BToporo i'li 

nopJIAKa, HOTopyiO :uu o6osHatiMM qepes 

MHOl:eCTBO penreHvi.W ( (A(s)) , np1lti6M 

r {A (.s)) I M onpeA6JlR6T \'1!1 
' ' JlJ 

r { A(s)) RBJlRE:J'l' LR o~pa- :'; 

80M B CVlJIJ ypaBH8Hli1R ( 3. 1 ) , u. uaTpVIIJ.a A (s) 

- OGpaaOM MaTpVIIJ.H A 0 • llpl1 8 '.·OM MHOX6CT BO p 6Ill 8Hli1~i M (A(~))= 
-:: f'1 ( Ao) = N 

0 
ne1 exo,.u..v1 T B MHO:ateoT BO peiueH:Vl.Vi i'1 (A) J Ofllll.Oli-

Ba6M06 HepuB6HCTBOM 

xAx~t. \6.11) 
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ilOL8l XHOCTb ((A) RBJlR8TC.R oritiOalOIJJ,eL1 ~u80BOV1 nosepXHOCThD 

B ~a80BOM npocTpaHCTB8 ~) C6M6~CTBa pemeH~~ ~8 MH0%6CTBa 

M (A). 

IllJilll npo cTo uaTplllueiii c!JopMH. Yp aBHElHJile ( 3. 10) cnyx.111T .YP aBHE:IHJileu 

:3TOit1 uaTp¥1l.l,H. 

, o6pa'l'H~fiD MU'l'Pli1D.e A > 

c-- -1 
o-=-A 

( 3 0 1~) 
! .. 

(::1.13) 

MaTpVIUY b , 111rparomyn sai.H,YJO ponh B Teopllllll orltl6aJOJ.UlllX, Ha-. 

aoaeM or1116anmew MaTpvnJ,e:Vl.. YpasHE:Hitle (3.13) noKaBHBaeT, KaK c 

Vl 8M8H8HitlGM S M8H.R8T C.R MaTpll1l.l,H b. " 
HaiiiAeM onpeAeJI~TeJih MaTpVIUH G. 

(0.14) 

06oaHaqafl nonpexHeuy qepea <. P> cneA uaTpllll.l,H P J 

( 3. 15) : 

s 
exh f <. Prs>> cis ,- ~ ) 

0 

( 3. 16) 

TIOJlJ4VlM 
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(3.f7) 

.lllcnoHb ay .R pea y JihT aTH npe,n;H,n;ym. ero n H.parpacpu, HaPl,n;eu o6'beu 

MHO:a.eCTBa M (A) , o6oaHaqaeuH~ qepea V (A). , 

(3.18) 

. ~ 

~xp S < p(s)) ols · VK/. 
1· 3·S·" 2 J<-i S0 

(3.1~) 

G (s.) onpe,n;e-

JI.RDT cpopMy r:vmepnoaepXHOCTlt1 BT opor o nop.R;~Ka B eBnJllt1,J-\OBOM npo cT 

R
f'L 

pai-CT-:Be • Dp1t1 aTOM o6'beu Tena (MHOI.eCTaa), aaRJiloqeHHO-

ro aHyTplt1 aaMhHyrroVi noaepxHOCT.vl ( 3. 9), onpe,n;en.ReT cR BHpai.eHlt1.R-

Mlt1 (3.18) Jll (0.19). 

3. 2. Or:v16 aJOII\Vle KPVIBHe. ~iaKC Itl.IA:an hHHe VI MVlHVIMaJI .DHH e aHaqeHJil.R 

cpaaoaHX Koop,n;VIHaT Xl (i:. -t) 2, .•. J n.) no MHoxecTBJ f'vJ (A) 1t1nVI, 

qTO TO :a:e C~U.I06, no MHOJ:eCTBY r( A)'., 6y,n;yT 11M8TbBVl,n; 

l 
I I 

i 



l 
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BJD X. ;ni11. ( ~) - Mli!HlllMa.UbHOM Orlll6aiO,l!teiil.. 
4) 

bOSbMe.u HeKoTopyn TO'lKJ X 1118 MHo:s:ecTsa fv/ (A)=- M 
0 0 0 • 

B peayJihTaTe pemeH£1R ypaBHeHVlR ~: J. 1) nonytiVIM HElKOTopyn TpaeK-

T Op:!t1.0 X , 

I1poe KUlllR aT oili. TP aeKT opit1lll H a nJIO c ROC T .b 

r,l{ e 
. 

( x. ~) 
d, 

6yAeT X.(S), 
d 

X ci ( s) : [' (/} R. { ~ .s /so ) · x o > d ':: t, :l., ... J /1 . (3.4::.3) 

l1po TaRJ.IO Tp aeKT opit1K> MOltHO CRaG d.T b, tlT 0 OHa AOJ!JlHa OO.R8 aTSJlb­

HO HaXO,&li1Tb CR MS.lt,l{J MaRCVlMaJibHOti :£1 MlllHJIUJa.UJJHOL-! Orlllc5 aJOill,lllMltl Kpi11-

BHMitl, 

X. (s) ~X. (s) ~ X. (s). 
J) /"~'U.n. d 0 J IY\UX 

(3.24) 

BeRTOp, RounoHeHTaMlll ROToporo JIB.URDTC.FI X (l) X (s) 
-( n'"!Cl.( ' :2. rn''"- ) ) ) 

X (s) •.. , X (s) o6oaHatllllM tiepea X (5) 111 Haaoseu 
31 m~.<. 1 n,ma.x ) IY"'G.J\. 

MaKClllMaJibHHM OrJildarJmitlM cpa80BHM B6KTOpOM. JiHanor:vrtiHO onpei~SJilllM 

X . (s) • HopuH (A.UlllHH)· 
(Y) Ln. 

ST:VIX BSRTOpOB 6JAJT paBHH KBa,.L(p<lTHOMJ KOpHIO .V.1.8 CJie,l{a MaTpVl-

UH G: 

t --

0rJild aiOill,VIM tfla8 OBHvl B SKT op MO:.ttHO Tp aH T OB a 1' b T aKXe CJISAJ lOill,lllM 

oopaaou. HaqaJihHa.FI or:vit)aJOJ:Ita.FI cpa;3oBa.FI nosepxuocTh !(A,)-=/~ 

CTB6 (X 1 .SJ 

nosepXHOCTlll 

I 

5 B pacw:vrpeHHOM ~U80BOM npOcTpa~-

OOpuayeT flOB6pXHOC~'b 

r; (A) H a n.,lOCHOCT b 

~ (A) 

(xi' (,) 

• !!poeH~MH aT ovl 

, rl'O 8CTb nepe-

, I 



.. 
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ceqeHRe fl 0 BupX HOC Till ~{A) C flJlOCI<OCTb-10 (X. ~) ,IJ;UCT 
J ' ) 

,llB6 

~{A) 

X. Ill X. · • T aKIIIM oGpa30M, npoeHT1'1PYR 
J I /"(l((l(. J' NHV\. 

Ha uax,n;yJO 1113. flJ10 CKOCT ei.il ( XJ J • ~) 
. 

J = -1, :t, ... , n., 

Ml:i nony"YW!M BC8, K0Mf10H6HTH uaKC!tU&aJI.bHOrO 111 MlflHJr.MclnbHOI'O <lJaao-

BHX B8K'r0p0 8. 

3.3 • .UVIWll·epeHL,VJ.anhHOe ,ypaBH8HI.16 ,1.\JlJI OrVJ6aJOW.O~ MaTplllUH • .YpaB· :. 

HeHVIe AnR orJtlC) a.o~evi. MaTpVIIJ,H 

(3.26) 

JIBnJieT c.R pem eHVIe u Hel{ oToporo ,rtlll~'·' ep eHD.II1 aJihHoro yp asHeHVIR. 11ony-

tiVJ.M aTo ypaBH€HVie, ,rtiii!lJ~~ epeHIJ.lllPJR {) (s) no $ • Dpoltl3BOAHI:Ie 

no S 6yAeM o6oaHatiaTh mTplllXON. 

t:' I I r"' roJ r"' "" I 
\) - R "o R + R ~oR . (3.27) 

-i 

BMecTo VI R fl O,Lt CT aBVJ. M BHp 8X 8HIIl 7} 

,... I ("ooJ ,..... 

R ~ RP(s). 

TorAa nonytiVIM 

flo,n;CTaBn.RH B (3.30) BHpa:s:eHJ/18 (~3.26), HaV1,IJ;6M 

I ,...., 
6 :::. P { s) ~ -+ 6 P ( s). (3.31) 

YpaBHEJHVIe (3.31) RBJIReTcR MaTpit;'-IHHM AMiJlt~epeH~.)1:J.JlhHH.M ypaBHe­

Hl-teu ,L\Jll1 Or110UlOW.eJPi MU.f1'f.H1I.J,H t) (s}. n_:ro fH:1UlfJW'18M CJlJl.:Vi'r. BHpaxe-

H Ille ( 3. 2 C ) • 

~ i 
' ' 

' ~ 

. I 
I 
I 
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3. 4. HeiJ,e H'l'p an bHHe or.1t1.6 aroll.(VI e n oaepxH ocT Ill • HycT h HuqaJihHOV1 

OrHOaDil.(eA noaepXHOCTbD C6MBACTBa pemeHlllA ypaBHBHHR (~.1) dy~eT 

H6I.J.6HTpaJI&HaR SaMHHJT aR DOBepXHOCT b 
,.J 

X A X' T g )( -t i ~ -::: ~I. ( 3 . 32 ) 
o oo oo oo 

MHOlteCTBO T0'46H Ha 8TOt1 nonepxHOCTJ.1 OG08HatiJ.1M qepea rrAo,i,o), 
a MHOX6CTBO TO'll0H, OD11lCH1HlBM06 HepaBEiHCTBQM 

,..., "' 
- g G g <:: X A-. X + f5 >(. -t l g ~ f 

0 0 0 0 0 0 (.· 0 0 0 I 

(3.33; 

oooaaatUtM .tiepea /V} { A
0 

J go). 
'1'0r~a OrVI6aiOil.(B:tii cfJ0.80BOV1 DOBBflXHOCThlO npVI HBhOTOpOM i3Ha'4e-

Hitlltl napaue'l'p a .S RBJIRBT CR DOB &p>:Ho CT h 
,.,.. 

x Ax-+ ~x--t x~ =--t) (3.34) 

r ,n;e 

(3.3b) 

Yl~paxHeHllle 3.1. I1oH;..SaT&, qTo o6beM MHo:a:ecTBa /VI (A, g) 
k-18 cpaaosoro Hpoc·rpaHCTBa F ,DJR tie rHHX lll He'lle'l'HHX n onpe.. 

~6Jl.R0TCR BHpaX0HV1RMVI: 

V (A g)= 
lK 1 

(3.37) 

K-1 K. 
rr -2. 
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Ynpa:r.HeHHe 3.~ .• TioKaaaTb, qTO MaKClllMaJlhHaR IIi Mli1Hit1MaJibHaR 

0 ritlC) aDlll,lr16 KpVlBHe ,ll;Jl.H Ji6IJ,e HT paJI bHO:VJ. rp a a OB OVi OrlllO aJO~ei1 flO B epXHOC• 

Tlr1 (3.32) lr1M6DT Blll,n;: 

X (s) = i, max 
rna x ></s) = vf:- ~ 60 q iti! R b. R. i(J) -

xd., r(A,g) 

r (J) R ~ b0 , ( 3.:39 J. 

X, . (s) ~ 111.in., x.(s)=-/rr-r(Go~)l(J')RGoR i(J} 
4'tv\U\. xJ.fr(A,~) J · · 

l (J') R ~o go J ( /::: f, ~~ ... J It>. 
(3.4u) 

r.n;e 

(3.41) 

Tipv1Mep 3.1. H~TVl or1r16arow.JtiVi cpaaosHVi B6hTOp ,n;JIR ,n;lll([lri;epeHIJ,lr1-

anbHOro ypaBHeHlllR 

II x +K(s)x=o, (3.42) 

-.2.. 
~ (' s ,. ).z.j . 

I< ( s) -= } [ i + -ii~c 
} 

(3.43) 

fJ.. :2. C' Til _} rT, j~) ..:><:. n a. - napaMeTpH, Cl:.H1T8R, liTO HaqaJihHUR '*'a30i-.a.H Orlr1~ 

C)aiOII\aR DOB6pXHOCTb 3a_I(a6TCR ypaBH6HVl<:;M 

A 
~ I I~ 

xo +iA XX ~A X -=i. 
011 0(2. () 0 0.4:1.. 0 

( 3. 44) 
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X 
z:::. I 

X 

0 1 
P(s)= -J<{!) o 

J 

Ha.V1~e:u: aJie:u:eHTH ua.Tp:vuJ,aHTa 

R = -
1~ 

cL 
ws-in '4-'o 

YpaBHeH~e (3.44) aanwmeM B B~~e 

.Z A z ~ 1. 
""D a t> 

~ 
--1 .( A --A 

• A - - Cl;.l.\l. - /Ao/ 0 0 -A A 
.Oil.. 

aan.1.1meu 

, r~e 

pt~ 

011 ' 

(o.45) 

(0.4b) 

(3.46) 

l 
' 

(3.4'7) 

(3.48) 

(0.49) 

( o. bO) 

(:J.bl) 

l 
f 
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G == R ~ R'. 
0 

( 3. b~) 

0Hall8HV1~ h0MI10H6HT MalWVJ.Ma.ilhHOI'O OI'J.10anmero B8KTOpa TOI',JJ,a 

6y,11,yT paBHH 

'-. 
X 

~ ~ 

b ~ R b -t- 2 R R. G -r R b 
-fi 11 Ot1 (-1 1:t, 012... 1~ O:l-2.) (3.b3) 

, ~ :t. 2... 

X -b -=R G -+21? R G -tR 6' 
maJC ;1..?.. :l-1 011 :l1 .n. o i:J... :a. O;l:t ) (3.54) 

I',ll,6 

i 
A .I 

o11 \ 

6 -= A A -AJ..' (3.55) i 

Q2,:;l... Cl-1 G,;t~ Q/;:. ·1 

a sJieMeHTH MaTpVlUaHTa R =- R ( ~ ~fa) onpeAeJl.RIOT CR BHpaxeHVlRMirl 
0 

(3.45)-(3.48). 

§ 4. QrlllO alUll.l,J/i e C8MCi7!CTB a p 8lliE:I-lVlPi He O,i.J,H opo,D;HI:iX JI:v,He.W. HHX 

Airlc!JrJlepe HLJ,Itl uJI bHI:iX ,yp aBHe Hlrl:Vl. 

4.1 .. Orlt16UIOII\a.R qJaaoaa..q notep):HoCTb. PaccMoTpv.:u H80AHOpo.n;­

Hoe yp aB H~ Hlrle 

(4.1) 

pemeHVIe K OToporo qepea MaTpvn.J,aH'l' a anv1 CI:ilJ aeT CR B BltlAe rpupMj JIH 

KomVI: 

r,n;e ~ 

~ ( s) -=- S R ( ~ ~>fr) · { tt) d Z'. 
s 

0 
(4.3) 

' 'I 

i 
. I 



It1a (4.2) Ha.Vi.n;eM X 
o· 

T62 
- .I. -

ny~T b H atza.TibHa.R url1c5 aJOU{ a.R noBepXH OCT b r ( Ao)-:. ~ .RBJl.FI6T ~.R 

QeHTpanbHO~ noaepXHOCTbD 

x A x -== t. 
0 0 0 

flo,n;uTaEH.R.R B (4.5) BHpalteHVIe (4.,4), TIOJIJHIIIM 

,....,_-( -i ,..., "'-T -1 

(X - \f ) R A 0 R ( )( - 'f) ~: )( R A-0 R. . X -

---t -1 ,..,_( -1 

- ;p · R A R ·x- x R A R. 'f + 
0 0 

(4.6) 

:V1 en on hay a npexHl1e o 6 oa HatieHVI;:: 

(4.8) 

III BBO,I.J;R HOBHe 

-1 
g ( P( s)) -= 16 = - A · ¥ -= - 6 · '1 7 > (4.9) 

"' - 1 -· h r; 6 
J 

( 4. 10) 

! 
: ( 

1 

J 
;~· ' il 
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npeACTaBVIM BHp aXei-IVIe ( 4 • 6) B BitlA e: 

( 4. 11) 

3aueHa nepeueHHHX 

( 4. 1;G) 

nepeBOAitlT ypaBHeH~e (4.11) B ypaa~eHit1e 

(4.13) 

KOTOpOe RBJIR8TCR ypaBH6Hit16M BBMHHJTO~ rwnepnosepXHOCTitl BTOpOrO 

nopRAKa. Dpv. aTOM X RB~1R8TC.fl pemeHit18.M OAHOpOAHOI'O ypo.BH6-

HVIR 

X 
1 
= P (s) X. (4.14) 

T aKI.1M oo paaoM, n oasneHI.1e HeO,LJ HOp o~H oti ;~ o6 aBl{I.1 fr ();) B ypas-

H6HVH1 (4.1) npltlBOAVlT 1{ TOMJ, tiTC 1 HBtiBJ1bHaR ll,8HTpaJibHdR orvr6a­

JOII{UR lfJBBOB8R TIOBepXHOCTb (4.5) C Vl8M6H6H.VJ8M .S CTUHOBitlTCR 

HeiJ,eHTpaJI&HOPi TIOBBpXHOCTbD (4.11 ). 

4.2. MaKcMuan&HH~ It1 M~H~Man&trn~ or~OaDmv.e seKTopH. tibpaxe­

HI.1R AJIR KOMTIOH6HT 3KCTpeMaJibHHX Orlt10BJOII{V.X B6KTOpOB (~JIR MBKCVl­

MBJlbHHX 1.1 W1HVIMan&HHX BHatieHvrti q1aBOL'i:~X IWOPAit1HUT) B cnyqae 

ll,8HTpanbHOM HotiBJibHOPi OTit16aDmeti TIOBBpXHOCTitl MOXHO TIOJlJtiWTb 

TIOACTaHOBKO:Vi BHpaEeH:Vtii'J. (4.9) It1 (4.10) B cpOpMJJIH (~.63)-(~.66). 

B peayn&TaTe TIOACTaHOBIUI nonytiVIM (.I~na J, t< -== 1, 2, ... 1 n): 

X. 
J l MGll( 

-,;'(, 
dd .,.. "'· -J 

X, + y .. .} , ,.,a,... J 

( 4. lb) 

·if 
\ 
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X. , 
J 1 I'Y\.I..V\. 

- - - r;:- + 'P. - X. , + '-P;' Vbid' d . d,mt.n. (/ 
(4.16) 

( 4. 17) 

(4.18) 

TaiU'IM o6paaoM, Heo.n;Hopo,n;Hoe cJiaraeuoe p [s) B ypaBHeHI.1I.1 

( 4. 1) np1.1 BOAI.1 T lC C M81.U,6HI.1l0 SHGTpeMaJihHHX 8Ha48HYIL1 O,ll;HOpO,ll;HOrO 

ypaBH6HI.1.R: ( iJ .14) 1 npi.146M STO CM81f\8HI.16 paBHO C MemeHitl:O JI106 oro 

1.1a pemeHlflt1 yp aBHe HH.R: ( 4. 14) npH nep exo,n;e a Tor o .YP aBHeHH.R: B 

Heo,n;Hopo,n;Hoe • 

..::>aueTltlM, LITO Ha BeJIVItH1HJ cpaaoBoro D6'beua CJiaraeMoe fr (s) 
B ypaBH6HVlltl ( 4.1) He BJ1Vl.R:6T. 

4. 3. Haq:aJihHa.R: Hel.J.GHTP anhHa.n or116 aJOIQa.R: n OBepXH ocT h. lloJiy­

qeHHHe p68JJihTaTH JierHO ~6o6~I.1Tb Ha CJIJ4~ H6lJ,6HTpaJihHO~ Ha-

4aJibHOU orli16aome~ noBepxHocTlil 

·~ (>< ) =- x A x -r f, x -r x g -~ c~. 
0 0 0° oO DO"' (4.19) 

ITo.n;cTaBJI.R:.R: B (4.19) BHpaZeH~e (4.4) ,ll;JI.R: X 
0 

(4.20.) 

n OJiy 4III1L 

. ,...._1 -1 . -../ -1 

\f- (xo)-= (x -~) R Ac R (x-"') -1- ~v R { x--P) -t-

-t(x -:f) R--r go, 
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~ -1 - "'"-1 _, "--i , ~-'{ 

+ x (_R A R. "f' +R ~) 1-:P R A R. 'P-L o c o 

,-' -f ,..I""'--( 

&R'P-'fR g, 
0 0 

,..._-( rv-1 -1 
~=R e-R AR'f-b 0 0 

i I 

I 

(4~23) 

"" 1 Ax -t- g x +xG=- e.. (4.24) 

YpaBHerme (~.~4) onp~~enReT ~aB)BJD orMdaD~yn noBepXHOCTb ~nR 
yp aBH8H:£1.fi ( 4 • 1 ) . 

YnpaxHe H:£1 e 4. 1. DoH a a aT b, liTO ,n;JIR CJlJ'-1 aR Jiei.(eHTp aJJhH ovr Ha­

q aJibH O.t1 cpaB OB Ovl OrVI6 albm.eVl. D OB8 pXHO CTJ..1 :£1M8IOT M8 CT 0 CJl e,l(Y DID.M e 

" 'I 

( 4. 20) ·I 
\{), 

J ' 
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4.4. Jh1Heapl18aUV1R HeJiltlHetiHHX JPUBHeJ-n1tr,.. 11ocne JIIIlH8apl18aJJ,vH1 

HeJIJilHeAHHX ypaBH6HIIlR 06H4HO nony~aDT ypaBHeHltl.R BIIl,ll;a 

(4.27) 

CooTBeTcTBJDtUHe o,n;Hopo.n;Hl:W ypaBHSHlh.R aamtl.I!IE:M B cne,n;ymru.1x o6oa­

H aqeHliJ.fiX: 

X 
1 

- P (s) x. (4.28) 

)l,JI.R ypaBH6Hlll.R {4.27) SRCTpeMaJihHHe 8H-..48Hl1.R cpa80BHX HOOp,ll;H­

HaT Ha orH6an~eA noaepXHOC'I'lfl ce.t.~eVicTBa. pemeHlfl~ MOXHO aunltlcaTb :t 

B BI11,ll;6 

(s) + '-P. 
J I m "-< 

{ s) 
) 

X. . 
d 1 M.lM. 

( s) = X. . 
d) tvuM.. 

( s) -r ¥ . . ( s) 
J ' I'VIAA1. J 

(4.30) 

r.n;e 
~ 

rn o..x. 
xo E. r ( AO} ~(J/o) 

j R { ~/r) ~ (t, xo) dr: 1 

J., 
(4.31) 

~ 

m t,.,Yt,; 

><o E;, ( ( A0 , (,Co) 

J R ( 5 /t) fr ( L1 xc) dz. 
~{i (4.32) 

HaqaJibHa.R cpaaoBaR orlr16aiOma.R noBt::JpXHOCTb, HaH lf1 paHee, on:vtcH­

BaeTc.R ypaBH6HH6M 

"" !'-' 

x Ax +b><-t-?g-==c 
0 oO oo oo o 

( 4. 33) 

~JI.R nonyqeHIIl.R B TaHOM cnyqae OP~dan~~X HpltlBHX B BJil,D;e ~JHHWIIlti , 

OT S He00XO,l(l1MO ~JlR HaX,.u;O~• TO;.zl\111 J/18 HE:HOTOporo HUUOpu i.iHQ• 

46Hl1:t1 ~ OTI:iCKVlBUTb CBOiil SHCT?eMJM no BeKTOpHOMJ napuMeTpy 

)(
0 

, no,n;qV1HRSJlJ,eMJC.R yp i.iBH6HV1D ( 4. 3J). 

I 
i. 
'1 

i 

l 
' 

j 
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KaHOHvrtJec KL1E Cltl C1' e;,;n JmHeviHHX ,D,:VHj)rJ'GPE::HLi,VJ <:iJlbHHX 

ypaBHG Hltli1. 

5.1. Onpe,D,eJicHvre HaHOHL1tJ8CHorc ypaBHeHv,R. haHOHll.tJ8CHL1M 

ypaBHeill1€M ,YCJ10BL1.MCR Ha6HB8'l'b yphBH8H.Vl6 

j N (s) 2 

' 
(b.l) 

r~e J-1 (s) - BemecTBeHHaR CliJ.MMeTpltltJHaR uaTpv1ua - cpyHHIJ,L1R(2n~2n): 
.-.J 

H (s;)-==- 11 (s) , a 1 - llOCTORHHdR B8lli,8CTB8HHM Heoco6eHHaJI 

aHTL1CltlMM8TpL1tJHaJI MaTpL1IJ,a; J::- J. 
Jl.oC)yD aHTL1CL1MM8Tp11It1HJIO B811{6CT:3E:HHJD H80C06eHHJD MaTpvtt..y 

j MOXHO npe~CTaBVlTb B BL1~6 

Is I *- o, 

r~e s - B€ID,8CTB8HHaB MaTpliJ.ua, a Mw.Tpv.L.a 

J 0 -I - n. 
.;tn. I 0 

( 5. 3) 

n. 

3aueHa 

X :::. S-l (5.4) 

npvtBO,ll;VlT ypaBH8HV18 ( 5. 1) H BW~y 

1 c{ i. H{~)xJ - -
~n. cts 

rb.6) . ' 

r-.1 --( 

H {'>) = S f-1 ( ) ) .. 

( 5. 6) 

'' 

' j 
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- B611l,6CTB6HHaR CIIlMMeTp:Vll-IHaR JAaTpllll.J,a. 

5.~. CVJ.unneuTI1146Cime Ma'l'pvliJ,H .• Belil,ecTBeHHa.R uaTplll.IJ.a M 
JAOBJ16TB0p.RDI1l,aR COOTHOW8HII1D 

Ha<HmueTC.R .clt1MnJieK'l'II1LI8CKOi1 (ItlnJil :1 - op·1·oroHaJibHOlll ). MaTpv.u.y 

j HaBOB6M e~IIlHV!.LIHOVi CJilMDJl8HTlll'46CKOi.1 MaTpvu~e11. )J.JIR Hee cnpa- j 
:41"\. 

BbAJ1IIl.BH CJI8~JDlil,II16 B~pa:.teHIIlR: 

.:.1 l .. 

- J :! - -I 

T 
,...J 

T J T= J 
.:Z.n. .:<fl. 

y,n; OBJieT BOp .ReT T aiC.te ypuBHeHltl.RD 

,..J 

TJ T-=-J 
·~l'l.. .Zn.. 

)tJI.R ,ll;OKaBaTeJlbCTBa (5.9) JMHOXJAM (b.8) cnpaBa Ha 

T 01',1.{ a noJIJLIIIlM 

T-=- T I 

"' :1 TJ T- -_L 
:z.~ .2.11 2.l"L • 

~ -1 

TJ T=-:J - :/, ... 
~h 2.11 -. •• 

) 

LITO ,ll;OKaBHBaeT CnpaB6,ll;J1IIlBOCTb 10XA8CTBa (b.S). 

(5.7~ 

(5.8) 

(5.9) 

J T. 
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5.3 • .ill.iaTp:VHJ,aHT RaHOH.I.1\16CKOrO ypaBH6HV!R. 06oaHall.II1M 

lfl 8anJidii6M ypaBH6Hlli6 (5.1) B Blfl~S 

'"7'= d~ P( ~ z: S; l. cl s :::. (5.11) 

MaTpVIUaHT R{P, 'isu) ypaBHeHVdi ( );11) HuaoBeu MaTp:v:.uawroM KaHo­

H.II14eCKoro ypaBHeiD1JI (5.1). OH y,n;OBJieTBOp.HeT MaTp.1114HOMy ypaBHe-

HlflD 

(b. 1~) 

MaT.f.H1UaHT RaHOHlti\ISCKoro ypaB::-IeH.II1JI ( 5.1) y.n,OEJieTBOp.FieT Tox­

~E:CTBY 

f'J- -

R J R - :J. 
(5.13) 

)J.JIR .n,oKaaaT eJihCTBa nocJie,ll;Hero yrsepx,n;eHV1R npo,n;:wtpciJepeHUV1pyeu 

o6e qacTlfl T Ol:A ecTB a ( 5 .13). 

,....,_ ,..., - I 

R JR. -+RJ R. =o. (5.14) ~ 

llo.n,cTaB11M B (5.14) 8HatreH:VIe np0>18BO,li,HHX MaTp:WL(UHTa, JliVlTHBaR, i 

tlTO . ) I' 
! "'' ::::' R J = 

......., (- ,.., -
R J = ~~ H (s). 

(b. lb ) 

j 
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,...J - - -1- ...J -

-RH(s)J JR.-t-f<H(>)JZ:o (b.l6) 

i DoCKOJlbKJ np1.1 S=-~0 TOi.l:,D,tCTBO (5.13) cnpaBe,ll,JHilBO, TO BCJ1e,D,CTBV1€-

' i (5.16) OHO cnpaBe,n;ni.1BO np1.1 JIJ060M aHaqeHlll.J.1 S. 
' 

. II 

X K (s) X - K ( ~) 1./ :: 0 
-{1 12. (] , 

II 
l/ - K ( s) X - k · ( s) 1./ =- (1 
() 12 ~2.. (j ) 

JIBJ1JI€T CJI KaHOHhq€CK0~. ,U·JIR ST oro BB€,D,e M cpaao BrlVi B€li TOp 

X 

~ 
x' 
~' 

:vi 8alllt1ill€M CVICT€MJ ( 5.17/ B HOpMHJlbHOPi cpopMe 

I 
l =P(s)z, 

I 

T 0 K1~ K I -..., ...., 1::t. 

p(s)=- K ( s) = 
I 

I 
K (~) 0 K K 

1.::l. 
..,,., I. ......... 

(5.1'7) 

(5.18) 

(5.19) 

(b.10) 
........ 

YMHOXVIM ypaBHeHVI€ (5.~) CJieBa Ha CJ.1MDJie'KTJ.1qeCKJ10 MaTp1Hi,J J"f. · 

0 -.L 0 j_ 1- K (s) 0 l 
J I .1.. 2. 

t.==- I - 7-

I 
..... 

(b.11) 
4 I?.. 0. t< (s) 0 0 .J.. .. 

r-

;JaTpVIua 

I 
'· 

.. 
J 
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- J< (s) 0 
J-1 ( s) 

0 J).. (b. 12) 

JIBJI.FieTcJI cJ .. H.n.H:;Tplllt:IHOti 111 noaTO.i.1J ee MOXHO o6ooHU4111'L'b qepea H(s). -
Ta1H'1M o:SpaiJOM, cll1cTe:uy ypaBHeHlllh (b.1'7) MH npv!BeJilll H BlllAy, 

aHUJIOrll1t:IHOMJ (5.b), t:ITO rOBOplllT 0 TOM• t:ITO aTa ClllCTeMa .FiBJl.Fi6T­

C.Fi HaHOH11 t:I6CKOi1. 

~an~meM uaTplll~aHT ClllCTeMH (5.17) AnR nocTORHHO~ uuTp~~H 

K r~)=-~t) 11CilOJibay R COHpa~ eHHoe Q()oaH at:IeHwe uaTp11ll,aHTa 

( 5. 13) 

i1pe,L{Bap11TeJibHO BBeA eM CJI6AJl0~11e oc508HaLI6HlllR: 

o<.= ( 5.14) 

) 
B = 1-~-f T k~ :t - c 

1,1.. 2 ) 
(b. 1b) 

(b.16) 

'l' Ol'Aa aJI eueHT H uaTph l.l,aH'r a R NOJ.H o a an VIc aT b B BJil,n.e 



.. 

0 _ A. 
"~3- ":£ 
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R = ~ [ (1-r.;..) C:.,h w;<_ -r (f-dJ d; w 1]
1 

;1..1 

R = ; r(1-rJ.) ~ :thwL +(1-J) ~ yhwJ 
:1.4 L J).. I f J 

• 

(5.17) 

l1 OC hOJ1hKJ :u:aTpWUaHT R. .RBJI.fl6T C.R MaTpv.uaHT OM KaHO Hltl 'll6C.K oro 

ypaBHSH~R, TO OH yAOBJ1tTBOpR6T TOK~6CTBJ 

(5.18) 

4T 0 nopo:m:.n, aeT 16 CK u.n.flpHHX T Ol)J, eCTB ,1J.J1R aJieMeHT 0 B MaT .fJVlUaHT a 

( 5. 17). flOCKOJ1hRJ MaTpl'IIJ,a J'i .RBJl.flST CR 8,IJ;l'llll1'!H0M CltlMDJ10K-

Tlt148CKOi1 MaTpv.JJ,et1, T 0 MaTpl'IUaH'I R._ JA OBJ16T B0p.R8T T URX e T OX-

ASCTBY 

(5.19) 

5.4. 0 MaTpv1ue HOSWrT<VlUVIeHTOB HaHOHvltitCHOro ,ypaBHeHV!R. Pac­

CMOTp1'IM HaHOHl'I'll8CK08 ypaBH8Hl'I8 

X I =- p fs) >; 
) 

(5.20) 

MaTpiiil.l,a K03cQW1t1Ul18H'J.'OB p (s) HO'roporo p aBH a 
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-1 
P ( s) =:. J }-/( s) = - 1 1-1 ( s) . 

.z n ..tn 

r-1 ·""-' 

p (s) == -1/(s)J = /-1 (s)J . 
.Z.h - .2.(1 

(5.2~; 

11 a (b. 21) Vi (b. 22) en GAY eT, q·1.· o uaTp:VUJ, a P(.s) yAOBJieT BOpReT cne­

~yn~e:u:y COOTHOW6HWD 

r-.J 

PJ +J P=o .. 
.zn .ln. 

4. 5• VlHB apw aHT HSHOHVit.IeCH oro ypaBHeHWR. BoabMeil.i ltb aApaTVit.I~ 

HJD cpopuy 

~ (X(J))-= x (s) . A (s)x ( s)) 

rAe x{s) y~oBJieTBopReT AVig}rJ'epeHIJ.ViaJibHOMJ ypaBHeHViD 

x'=- P{s)x 
' 

(b.25) 

Vi aanwme:u: ee npo.v.;3BO/~HJIO no S. 

"lf"'=- x'Ax. +xA;x -+x Ax-'-=-x ( PA +,A'-t-AP)x. = 

"' I'- I )A -=-xA{G'P-6-+PG x. ( 5 .26) 

B nocne,n;Heu DHpaxeHVi:L1 M!::I V1CnOJib80Bam1 TOT q1aHT, liTO nocHvJI:OKy, 
I I .... 
I . 

I 

(6.27) p 

T 0 BHTIOJIHJIIOT CR CJie,I~JK)Jl.lVi e p aBeH CT B a 

I r-' ,-;I A \) -r A o ::::. c, 
I I A =-A6A. 

I ..... 
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Bl!i6epe:u b (s) B cne~yiolll,eM Bli1A8 

r~e 

(5.:;30) 

(b.31) 

(b.3G) 

K - noc·roRHHa.R Bemec'rBeHHaR Heococ5eHHUR :uaTpVtua ([1</ --FO). 

llpo~.llltlJri,epeHUVlpyeM T ox,n;ecT BO 

r 

(R -1) . 
V1 Ha.h~eu 

-1 I -1 I -f -1 . 

( R ) = - R R R =- R · P fs). (b.34) 

. 
3anv!lne:u npov18BO~HYIO no 5 OT Ma~'plllt.II-IOti cpJHKJJ,Vllll T ( s) IIIC-

nOJib8JR (5.3"1). 

T 1
= R1KR- 1

+ R K(R- 1)'= P{s)Rkk-~RKR-
1

P(s}=Pfs)T-TP(s). 
(b.3b) 

I 

Hc.:v.~eM Tenepb BI::IpaxeHll1e AJIR npol~3BO,..;Hoill 6 (s) , rAe G(s) 
onpe,n;eJI.ReTCR BI::IpaxeHvlE-lfli ( 5. 30) c yqe·1· OM (b. 31) lii (b. 3~). 

61 
= f 1

J -J T '=- fp{s) T- f p(.r) 7 J - J [r Pts)- P{s-) i] 
.th .211 Lr 'J ~n .::.11.. 1 . 

(b.d6) 

I - ,.,J ::::;: rv ~ 
G ~PTJ +TJ P-J TP-PJ T-= 

.l.I'J .l.l'l ~h .ZM 

==- p ( f 1 - J f) + (f J ~ 7 T_) p = p r; 1- G p 
.2.i<1 .:LI'I .,..., ... n 

( ( "7' v.0 1 

1 . 



- 175 -

flo,n;CTaBJIHR (5.3/) B (b.2l.), DuJl.flU1M 

l.f;
1(s)=o. (b.38) 

TaKlUl ocipaaoM MH .n;oRai3 an11 cne.n;y:o~yJO TeopeMy. 

TeopeMa 4.1. Ann RaHOHHqecRoro .n;w~~epeH4~anbHoro ypasHeHH.H 

{) (P, !l/rn) ' 
MaTp~UaHTOM ROTOporo .HBJ1.H6TC.H MUTp~qHaR ¢JHR4W.H ~ I~ 

r .n;e 

p (s.)-== - J j-f (s) 
,:(() J 

(S.40) 

-~(x)= 'lAx ) 

(b.41) 

r.n; e 

onpe,n;eneHHaR Ha p6III6HH.HX ypaBHElHHR (b.3S), .nBJI.H6TCR ViHBapHaH-

TOM, •ro 6~-;'J.'b 

(b.48) 

.n;nR JID6Hx X (s) , yAOBJieTsopniOll\WX ypasHeHHD (0.3:JJ. 

Cne,n;CTDIII.e 1. Ma'l'plllll,J K M01UW cEuraaJ.h c Md.'l'~_;11:U.eti 0: 
11 cnon.bay.H BHP axeHh e 

-R ( P, ~ /s .. ) G 
0 

R ( ~ s;J.,). 

Tor.n;a MaTpM.ua 6 aanlllmeTc.H B BH,n;e: 
0 

(5.44) 
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(b.45) 

Tio~CT aBJlR.fi TO~eCTBO 

(5.46) 

v 

lv -= K 1 - J k. (b. 47) 
0 .z.., .2 .., 

YpaBHeHllle ( 5. 4 7) ~ aeT B_OoMOXEOpT b no MaTplll~e K HaiilTJ.-1 uaT-

p111~J \)() . 

5.6. 06 oco6eHHOCTRX ~yHKU111lll P~) .n;nn KaHOHlll4ecxoro ypaB-

H8Hltl.fi. p aCCMOTpltlM WJHlU.~JtliO H (s) 
' r~e 

0 j_ p p r p ! 
n ~( 11- ;;_; .A.:Ll 

H { S) = - {n' P { J) ~ -
-l 0 p p - r -PI (5.48) 

n . 11 l.~ 11 /2..1 . 

liocKOJlbKJ cpyHKL.111R H fs) ~JIR KaHCIHltl4eCHoro ypaBHeHltl.H RBJIReTcR 

CHMM8TpH4HO:t1, TO HM68M 

."'-./ I"--' 

p p~'L p 
- ~1 

.-' ;l..f 
;z., 

H - H - ,-.../ (b.49) 
- p -P p -P 

(1 /] .. I ). t 1 ;:.I 

OTciO~a cne~yeT, 4TO B KaHOHlt148CI:OM ypaBHeHltlltl KBa,IJ;paTIIble 

( n. x rL) uaTplt1UH-6JIOI{lll MaTph4H<>iil cJl.YHKu·~IIl P(s) ltlueroT CJie.n;yro-

InJD CJtlMM8Tp111IO 

r-J 

p;J.( - ~-~ ) p = p 
~~ f)._ 1 (b.50) 

p ==- p 
:Z'l. 11 . 

(o.b1) 

Vlo (5.b1) CJ18~.)'8T paB8HCTBO HJJID CJie,n;a M.:lTfltllUI 

)-

~ 
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§ G. Oriil6a.JOU\IIle B nepMO.J~IIl46CHlllX CIIICTeMax. 

b.l. KaHoHvi46CKIIle ,ypaBHeHIIl.H c neplllO,l.\JiltieCRV!MIIl Hoa!Jlrl,vd.J..lt18H'ra­

M.VI. Pacc:uoTpiilM KaHOH.llltieCKOe AIIl<lJcJ;epeHl.l,.JilaJibHOe ypauHeHvre c nepiilo­

~JiltieCKJil:UIIl K03~~JilQ.lll6HTaMIIl 

x'= P(s)x P(~)=- P(:s+L) 
] ' 7 

( 6. 1) 

P (s)=- f. (s) 
i~ fl. ) 

,-.J 

P {s) ":: -·P {s). 
11 .24 

( ,, ':)) 
C.v 

fvl (L) ·= M '== R { ~ L/o). ( 6. 4) 

T { ~) =- R ( P, s i- LJ~: ) . (6~b) 

MaTpiiiUJ T(s) MO:tHo npc,n;cTuBJtiTh B BIIlAe ~YHKl.JJ'liil OT MaTpiilU fvl (L) 
Ill R { ~ 5/o) cJie,n;ynmiilu oc5paaoM: 

( 6. 6) 

)J,Jl.H ypaBH6HH.H ( 6.1) J,iHB&pt1aHTliM KBa,L(paTJiltiHa.H cfOpMa aam1-

meTC.H B BIIl,ll;e 

r6.7) 

- - - 1 - t '-" - I . ..- ·-· 

G { s) =- A r s ) =- I~ 1< ~ J - J. 1\ 1\ J\ 
.J.. tl ..: i! ' 

(G.B) 

cJ... - nocTO.HHHa.H cxaJI.HpHa.H BeJIJilt..IhHa, K - nocTO.Rl:iH<Hl Ht.:ocodUR 
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MaTpl1I . .\a. b oahMeM B ua qecT Be uaTpitl I.J.H I<' MaTpllli.J.Y M ( L). 

1{=- fV/(L)=t'vf. (G.S) 

TorAa, no,I(CTaBJ1ff.fi B (6.8) BHpaxeHllle (6,6), nonytiitlM 

6 (s) = T(s)} -1 T {J). 
:ln ~n . 

(6.10) 

Ho !l>yHKI.J.VIR T(s) AJIR ypaBHeHVJ..R ~6 .1) RBJI.FreTcR nepv10Ait1qecuoY1 

c nepit10AOM L. 

(6.11) 

flOGTOMJ ~aaoBaR Orl16au~aR DOBep~HOCTb, XapaKTep~3J8MaR MUTpit1-

I.J,8Yl 6 , 6yAeT B GTOM CJiyqae :1epl10,~It1'48CKOi1 !fJHKD,ItreYl C nepit10-

AOM L 
6.~. YcTOYltU1BOCTh nepitlOAl1ti6C.i<V1X pemeHvlli. tc;rw MaTp.vu.J,a G 

0 

DOJIO.ltl1T8.flhHO ODpeAeJieHa, TO GTO H806XO,J~It1MO Ill ,l.l;OCTU'fOtiHO .ll,JIR 

Toro, qT06H TpaeK~opVIVI oHJIM orpaHitltieHH. TaKJilM o6paaou, ycno­

BYieu JCTOWtiJilBOCTVl pemeHJillli 6yAeT il0J10l':It1T8JihBOCTh unp8A6JIIt1T8JIRI 

MaTpkU.lH 60 • 

I. G I ·= I f"l ( L) J - J M { L) I > 0. ( 6. 12) 
0 ~h ~~ 

G. 3. HopuMpOBI<a oritloaro~eJI.i. fl)CTORHHJIO oL 6yAeu Bua.HBc.Th 

HopuwpoBotiBOYl nocTORHHOYl. Ee MOIHO onpeAeJIJilT0 B 6dBI11CJilMOCTM 

oT Toro, liTO It16Bec·rHo 66 orM6all)~~rn. EcJIM Jll3Be:c·reH oo'beM 'LJ;:..ao­

BOro MHOJteCTBa, 6UlUllOti8HHOrO BHJTfH1 vlHEU[Jili:.J.HTHOtl DOEOpXHOCTlj;l, 

•ro HOpMV1pOBOt.lHJlO ilOCTORHHJD c/... MOJ!HO onpe.ll,6JIV!Th ll13 ypaDH61H1R: 

__ n 
/L -h( '6 ~. ) \ - • lo 
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Tor ,I.\ a n ony4IIll.l 

(6.14) 

6. 4. 0rJilc5aromJile HPJilEHe. 3anJilmOM BHpazeHvie ,ll;Jl.R MaKCIIlMaJlbHHX 

aHa4eHitLvi <f!a30BHX .. KoOp,L\V1HaT ><.; {i=11 2, ... ,n)no MHoxecTBY M(A), 
r ,1.\ e n 0 CJI6).{ Ha6 onpe,n; 6JI.R6T CR Hep ..... B6HCTB 011 

,.., -1 ·-
0 < x A ( s) x =- x ~ A ts) x ~ 1 (6.15) 

B c.rre,rzyi~eM BtJI,n;e : 

(6.16) 

1CJI~ Jll8B6CTH0 1 4TO oHa46HJil6 {. X. (s) { He ,l.I.OJI.i.tHO npeBH-
d) I'Y\Q)( 

maT b HenoTo poro aHaqeHIIIii Q.., , 

TO, HSXOAR MSKCIIIMaJihHOe aHaqeH:Wt:l 

8Ha46Hhkt [ o, L], 

6 max 6 
J i) fYl ct;( 

s~ro,J..] 
Ji 

-S. {r) 
Jq' 

no 

{ s)' 

s 

(6.17) 

I 
I 

TIO MHO.I.eCTBJ 

( 6. 18) 

MO:£HO 6lll,6 0,1.\HIIIM CTIOC060M I10JIJ4lll~'b HOpMlllpOBOqHJIO IlOCTORHHJIO id8 

ypaBH6HIIIR 

2.. a 

(C.19) 



t 
! 

- ISO -
Ecna ~aBecTHO BHa4eHHe 

TO TIOJIJ4IIIM 

Xi MCl.X. (S) B H81<0'r Opo11 'rOQKe S ) . 

' 
2. 

X • /'Yl et1- ( S ) 
41 - • 
' 6 .. (s) 

Jd 

'1.1. J1Jt!HtJ1HHe ypaBH8HIIlR BToporo nopRAKa • .d Teop~Itl nepiilOAH­

qeCK0£1 rpoKycHpOBKH qacT o .B cTpe'ia:eT CR ypaBH6HIIle BT oporo nopRA­

Ka 

I/ 
X -t- K (s) X = 0 

C nepi110,L{IIl48CKO~ ~JHKUII1611 

Z= 
X 

x' 

aanHmeu ypaBHeHJile ( 7.1) B Hop:uanhHOi1 cpo·pMe 
I z= P(s)l, 

p (s) -
() 1 

- K(sj 0 
- P {s+L). 

YMHOJ:HM cneaa ua'rp~uy P (s) He; -1~ . Ilony4IIlM 

0 i 

-1 0 

I I 

Q 1 I - f([S) 0 I 

( 7. 1) 

('1. 2) 

I I 

I 

('l. 3) 

(7.4) 

('/.b) 

('I. 6) 

iJ?yHKD.IIIR H ( s) RBJIReT CR c~s.1Me'l' f'~4H011 MuTplilL.GL , r. o :J'i' o .\!.Y yp aaHe-



r 
I 
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H¥18 ( 7.11) .RBJIRS'rC.R .KaHOHVl48CKJ.1M. 

JloupexHeMy o0uaHa4aR MaTpvil.J,J nepVlo,n;a qepea M { L,}
1 

0 -{ 

1 0 

'-f 
t ·0 

2, fv1
1

_, M -N 
....... , .u. 11 

M -M -:ZM 
:z.:4 11 , ~1 

P acitpHB aJI onpe~eJIIi1TeJib, H axo~ltl M 

lV/ f1 Jv/9.1. 

t'vl,sz. M?..'J.. 

> 0. 

Tahlt1M o6paaoM, nonyqaeM uaaecTnoe ycJrOallle ycTOi14IIlBOCTVl 

('7.8) 

('1.9) 

(7.10) l 
l-JOpMiilpJR Orlt16aiO~JIO qepea ~Jai30BH~. 06'beM, HaM,n;eM HOpMlllpOB04HJIO 

DOCT O.RHHJD 

v~ 
--;::====-' V Lf- (N -r rv:-)~ 

1-1 .. ~ 

('I • 11) 
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DI411M oc5p aao:u: 

:t 2. 

-z ( s) - X (s) = oZ G' (s) = 
1 MQJC, - met~ f1 

I 

(7.1~) 

('7.14; 

-
K OTop aR on peA eJIReT :u a Tpvw.y 6 

1 

, 'I. lb ) 

'I.~. Jl:v1HePlHHe ,ypasHeHV.Ui qeT sepT oro u u PRA Ka. P ac cuoTpVl.M 

Cl1CTeMy AB,YX JIVoHeViHHX JPUBH6Hltlll1 BTOpOrO nopR.n;Ka 

(( 

X - K (s) X - K (s) <J = 0, 
11 12.- 0 

(7.16) 

r,n;e K (s) K (s) Ill k,Js) - nepll. O,I.(VItieCKiti e ciJyHRI.J.Itlltl c nepv10.4 OM L; 
11 ' 14 ...... 

Bso.n;R, RaK ooHtiHo, tj)uaosHVi seh Top ~ J 

Z= 
(7.18) 
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8 arillllli€ M Cl!1C T6MJ ( 7. 16) B HOpMaJI hH 0!1 cp OpMe 

f . 
l -=- P(s) 2. 1 

p (s)~ 
. \ 

0 

K 

l. 

0 K (s) . ,22. • (7.19) 

KaK cJieAyeT 11:_ (5.11)
7

ypaBHEH111e (7.1~) RBJIR6TCR KaHOHJilqecmnA. 

MaTp11ua 6 AJIR aT oro cJiy'l aFI aa;-i.wmeT en B B11A e 

~T T ·-t T 
_,... 

T· -T I ·-I 
13 1'1 .23 33 11 '13 1:t. 

·r1~+~"!> ~~ T -T 
..... -T I 

6 ( s) ~ 
~~ 3~/ li '('1 .2.-:t 

~~·-~1 T -T - :<_T -T -T 
3'1 ;tt 31 ~;t '(( 

('7.20) 
T -T T -T -T -T -:ZT 

'Cl 1~ . I.( f.( :t:L ?.~ '<I '1.2 ' 

rAe T{s) - nepVIOAMl.leCRaR MCJ.Tpaua 
1 

T ( j r. R ( ~ J tr4/s) = R fv/ R -1 
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X (o) , noJrytn1M 
mcu. 

~ 

x,..,QJC.{o) T () 
{V/ :J.'f S J 

13 

2., 

XMft-< ( o) - { ) 
lv I 31 s I 
I ·11 ?> 

(t.26) 

:z. 
)( I o) 

l"vlax ' T {f). 
M '(~ 
{. '1 ) 

( 7. 2 7) .: 
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IIPID10H{EI1HE 

3armmeM a;m'Oplri'l'M nporpa.MMI::.t tMCJiel:Il-IOI"O liliiTerpTIIpOBaHIDI .r~wl~pe:t-~1-
a,loHOI"O ypanue:rm.s: 

R
1 

( 5/so) = P(s) R ( Sfs.,)J 

f< ( sf>/ s G ) = f~ ( o)' 

Ha OCI-IOBe peeypCHBHOI"O M8TO,D;a ti8IDIOK-C·YMM· 

(I) 

(2) 

3,n;eco P(s) - KB~aTHM ( f3'Kj3) :r..raTpvru;a-clJyuKLI;l'r.ff, ,n;;,m KOTopou 

c~ecTByeT JllliTerpa;,1 ~o P{s)ds • R(~(j) - np.mn:oyro.~1:oHM ( f I(¥) 
Ma.Tpvru;a-~na .. I,Rf!, co,n;epr~aJI j3 CTPOl~ a o CTOo~16u;oB. Ilpiii ~ = I · 
IvraTpLW;a R. {SI'>~) npeBpaE.{aerrc.FI B BeKTOp .. 

Ec,-m R. {o) = If , r.n;e 1ft - e,IU11M"'II:IM ( fJ ~~..f) i.Ta.Tpr.ru;a, TO 
pemGlM6 ypa:aHeiDLH (I ) .ffBj'JR8TC.ff Ma.Tpltll~a.HTOM ,Il;.i1fl ypaBHOHI'Lff 

x' (s) = P(s) xt~), (3) 

r,n;c X(~) - B8KTOp IIOp.ff,D;Ra jJ j Co~18,Il;')Ba.Te;,1:0HO, peill8HI'!8 ypa.BH8I·IM.f! (3) 

MOlliHO 3anHCa.To B BH,n;e: 

EC.iM '6 = I Iii R.(o) = X (o), TO penrerrne ypaill-I8illi.ff {I) ecrrb peme­

Hlie ypa.Bnmnm ( 3) , To-ocT:o R (s/!)
11

) = X(;) • 
Paao6:oeM I/IHTepBaJ1 .1. = (so) s) Ha n 't!aCTH1JlibfX ltll-ITO}?I3Cl.J10B 

T. = (S. S.), r,n;e ; = I,2, ••• , n.. , vr o6omra'!lf1.M $ = ~~t ,s.-.s. =h., 
! J-t ' J" a .1 J ., J 

r.n;e h 1 - mar l1HT8I"pti!pOBalrn:R, KOTOps.ti MOilWT O:bFL':O B".aK nocrrO.:illl-ThiM, 
J 

Tar-< It1 ne peMellHWJI. 
3a.Mei-mM (QyHKL.l;t1IO P(s) cTyrrerltra.Tot1 I eyco,mo-nocrrom-n-ro~V (i1YJ1I:i.4Itieit 

P (j) , r.n;e j - HOMep t'!HTOpBaJia I. , B116epe111 P(j) B Bn,u:e 3Wl'18il1I.fi 

liJYlnO:.JJttlll P(s) :a oepe.IJ~nte L1&11~epua.Jis. J .. ~· : 

p td) = p ( S, ·t ; h ·) 
J- f J j 
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3a,n;a,n:I!IM u;e.~1oe trn:Co~10 ol , KOTopoe onr:e,n;e.~meT O,IJ;HH t13 BapMaHTOB a.rr-
f"'J 

ropnTMR KH'l'erpt-tpoBai-U-t.fi. I1cno~M e,n;vnMtmlm Bei<'l'op-cTpoey i. ((.L), r}J.e 

f':" ' - I 

L{o(_)= ll~,o, ... ,o~1~o, ... oll
1 

oL~f3, 
• 

o(, 
:J ,._ 

i.. (.!. tj>)-= i{.x). 

I:toMITOHeiiTLt iK (d..) BeKTOpa l (o<) pani:m 

L K (~) -::. d { K
1 
~)) 

r,n;e J ( K/) - CVIMBO.i1 KpOI·IeKepa.. . 
Honyro Ma.Tpmzy v (i c) ' no.~wiar~:.fi nyTeM 3aM8liil i.. -o11 c•rporo-t 

I v "' 
B KBa,rwaTHO~i ( j3 l\f) Ma.TpiD.l;e I:Ia BOJCTOp-CTpOey C llOp.fi,D;Fa J 
o6o3I:Ia."Il1M "Iepes 

v {~c)= rv. 
c + 

,..,. 
F (i)V 

1\ruR.Izyro VI3 Ivia.Tp~ p (i) t1 p { i) 3:3-IMITIC:M B B~ Bei<TOpa-CTOo~16D;a, 
KOMllOHGHTaMV! KOTOporo c;;ty.KaT CTpOtirot oTUIX MaTpVIu;. 

p-1> (j) pi'> (i) 

p (j):: pn {i) :5 {J) ~ ~~~-(~-: 

Han fWD\a:e p, 
) 

P Kv)= '' ~1 (J/, p"~ (J), ,,. , Pi(, {j) n, k-;; 1, ~, ... ,' 

Jl,'IR SaMI-niWC Be JITJ!"II1H: J3 , oL , (( , n.. , h , P (j) , R ( o) 
sa.rrmiieM a,1ropwrM j -ro II,ItiKJia /mara/ ID-rTerpVLpoBidvr.s: I J = I, ~2, ••• , n. I· 
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j. u a., {j) == ~ ~> (i). ~- + QjJ•1 (j-1) 

d. 1. 2. S{j1t) = a
1 

(j), T {i--t) ~, ~ (ol). T(j-1) 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

j. t(: 1. 

j- K. 2. 

• • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • 

j. f· 1. 

J. f· l. 
J. ,. 3. 

j. f t:. -(. 
j. f3 ·t1. Q.. 

i· f+1. 3, 

,..... -
a~ li) = P {i) 

,- d. tp-1 > 

$ (j,f) = Ci.fl {j) · S {J,,o-t) + F (d.rfl·'). ,5 (J~ ;- t) 
S (j, I) = T {i) 

rJ . .~ 

(LJ3 T/ ( i) -:::: ~ r: > ( J) h_,. + L (d.) 

S {;~ 1 .. t) = o..r1 (j) · s (j,p) + F let.). s {J, .f') 

S {j 1 1 t 1) ~ R fd-) 

3.IJ;eci> CiK (i) - BeK~1op-cTpOI{B. 1m .J3 I:o:,r;rro~roHT, R{j), J (/, "') u T(/) -
rrpRMoyro.nMrue ( f1 x r;) MaTprtiiJ;ll, K = l ,2, ... , j3 +I; j = I,~~, ... , 11.- • 

,lJ;.im: TOI'O, 'tJT06:u a.~1rOplllTM 3U};JaOOTU.i.:, liCOOXO,LT,HMO sa;:carrb IIO.'IaJibli::.le a { 0) VI T { 0) • 0H.LI sa,n;aiO'l'C.II C.~10.If.YKi.i,I'; .' T 0 c5l;~:t~3 qr·.:: 
p+1 

""' . I ' L :·.'-I 
I t ) 

T ( o) -::: }~ ( c,i. 
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. ~ 

B pe3y.~1:oTaTe J -ro ~Y~..~1a no;rrytraeM HCXO.D;l-Ibre sualiellJtLff a p·..-t (iJ 
:v.r T (j') ,n;.~'Iff j +I -ro I.J;"L1KJ1a :v.r 3Ha1IeJ:me MaT.P~I R ( 5/so) B TO•II\e 5 = S .. 

J 

Ec.~JH B j -OM I~Utl!e Mhi He C06:v.rpaeMC.ff BhiBO)J;ltiT:O Ha ITCliaT:O 3HaliQI·TIIG 

I.IaTp~ R (j) , TO nocJie,r.r~Hllle ~Be orrefa.I..J;ll1 B aTOM ~KJ!e rrp0113BO,IJ;HT:& 

He J::ry'd!HO • 
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